
AN INTRODUCTION TO GEOMETRIC GROUP THEORY

JAKE ZUMMO

Abstract. Geometric group theory begins with an understanding of groups

from a combinatorial perspective. Free groups provide the template for con-

structing other groups, and relations provide the details. The first half of this
paper explicates these two notions in detail, culminating in the rigorous defini-

tion of a group presentation. In the second half, we build a geometric intuition

on these foundations through the Cayley graphs of groups and the actions of
groups on their graphs, culminating in a proof of the famous Nielsen-Schreier

Theorem.
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1. Introduction

The concept of a “group presentation” is likely familiar from elementary group
theory. Informally speaking, a presentation ⟨S|R⟩ is a representation a group in
which every element can be written as a concatenated string of “generators” in S
bound to a set of “relations,” or equations, in R. From a combinatorial perspective,
a presentation is the ideal lens through which we are to study groups. Yet several
questions must be addressed in order to study presentations from a rigorous stand-
point: which presentations define a unique group? can every group be written as a
presentation? in particular, how might one write (Z,+) as a group presentation?

Sections 2 and 3 are devoted to establishing a firm foothold in the group pre-
sentation and related topics of free groups and relations. All of our results in these
section demonstrate some interplay between the “words” and universal properties.
For instance, in Definition 2.6 we define the subgroup generated by a subset S,
as the “minimal subgroup containing S,” a definition that is rooted in a universal
property (all subgroups containing S are contained in the “minimal subgroup”).
Then in Proposition 2.7 we find a simple realization of this subgroup generated by
S as a group of words.
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As another example, we construct a free group in Proposition 2.5 from our
intuition about the words in such a group. We then derive a universal property of
this constructed group in Theorem 2.9, and in Theorem 2.15 we show that every
group with this universal property is identical to the constructed group. Other
variations on this theme of equating words and universal properties are explored
again with generating subsets in Proposition 2.10 and with the correspondence
between relations (universal) and normal subgroups (words) in Proposition 3.6.

Our discussion in Sections 4 and 5 is slightly more informal, following the solid
foundations established in the preceding two sections. The goal here is to estab-
lish a geometric interpretation of groups by means of their Cayley graphs, which
requires the rigorous definition of group presentations in Definition 3.7 to be well-
defined. We make the connection between relations and cycles in Cayley graphs
in Proposition 4.3 and trees and free groups in Proposition 4.7. Briefly, relations
and free groups are the only ingredients necessary toward constructing all groups,
so cycles and trees are the necessary ingredients toward understanding all Cayley
graphs.

The last section of the paper is devoted to proving the Nielsen-Schreier Theorem.
To this end, we must introduce group action: first in Definition 5.8 in the broad
context of action on arbitrary graphs, and later in Example 5.11 in the context of
groups acting on their own Cayley graphs. Surprisingly, the study of groups acting
on their own graphs provides insight into the groups themselves through geometric
properties.

2. Free Groups

The following is an abstraction of the notion of a closed, associative group oper-
ation.

Definition 2.1. Let S be a set. The set of formal inverses S−1 denotes some set
which is disjoint yet in bijection with S. For any s ∈ S, we denote this bijection
as s 7→ s−1 and (s−1)−1 7→ s := s1 and regard s−1 as the formal inverse of s. We
refer to members of S ∪ S−1 as letters and finite sequences in S ∪ S−1 as words.
We call the unique empty sequence in S ∪ S−1 the empty word, denoted by e. The
set of words in S ∪ S−1 including the empty word is denoted by (S ∪ S−1)∗.

Members of S can be thought of as “formal group elements” for the following
reason: taking S = G to be any group, words in S find a natural realization as
combinations of group elements under the group operation of G. Because the group
operation is associative, and because inverses are guaranteed by the group axioms,
each word in (S ∪ S−1)∗ corresponds unambiguously to one group element.

Definition 2.2. Let (G,×) be a group with identity element 1 and let S ⊆ G. The
canonical extension i∗ : (S ∪ S−1)∗ −→ G is defined inductively as follows:

i∗(e) = 1

i∗(sx) = s× i∗(x)

i∗(s−1x) = s−1 × i∗(x)

where s ∈ S and x is any word in (S ∪ S−1)∗. If S = G, it is clear that i∗ is
surjective. Later in Proposition 2.7, we derive a sufficient condition for i∗ to be
surjective under any given S ⊆ G (namely that S generates G).
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Nevertheless, the canonical extension i∗ between words and group elements is by
no means one-to-one. For instance, if some g ∈ G satisfies g3 = g, then the words
ggg and g, though formally distinct in (G ∪G−1)∗, represent the same element in
G. To realize a bijective correspondence, we must construct a group that is “free”
of any relations, aptly called a free group.

It will be instructive to consider what the identity element looks like in such a
group. Consider the following word:

w = sε11 · · · sεnn s−εn
n · · · s−ε1

1 , where si ∈ S and εi = ±1 for 1 ≤ i ≤ n

If S is comprised of group elements, the group axioms then stipulate that w = 1.
But it is clear that e is the identity element of the operation of concatenation of
words, so it follows that w = e = 1. We call this the trivial relation because it
is the only relation (i.e. cancelling inverses) that necessarily holds in any group.
More broadly, if w1, w2 are words in (S ∪ S−1)∗, then the following relation holds

w1(s
ε1
1 · · · sεnn s−εn

n · · · s−ε1
1 )w2 = w1w2

Because the two words above are formally distinct, they represent distinct elements
in (S ∪ S−1)∗. Therefore, (S ∪ S−1)∗ cannot be a group under concatenation until
we introduce a method to “reduce” words and eliminate letters.

Definition 2.3. Let w = sε11 · · · sεnn be a word with si ∈ S and εi = ±1. We say
that w is reduced if s

εi+1

i+1 ̸= s−εi
i for all 1 ≤ i ≤ n − 1, i.e. no letter in the word

is adjacent to its inverse. In particular, we denote the empty word by e and note
that e is reduced. Let F (S) denote the set of reduced words in S.

Example 2.4. Let x, y ∈ S. Then xyy−1xxyxx−1 can be reduced to xxxy.
Through the deletion of finitely many pairs of letters adjacent to their inverses,
we seek to show that every word can be transformed to a reduced word, irrespec-
tive of the order of deletion.

Proposition 2.5. F (S) is a group under concatenation and reduction of words.

Proof. The idea is to concatenate two words and subsequently reduce the resulting
expression to a member of F (S). It is not necessarily true that the concatenation
of two reduced words is another reduced word, so care must be taken to show that
the result of this procedure is independent of the order of deletion. This procedure
terminates after a finite number of letters have been reduced (since the input words
are themselves finite) and is associative; see Cravitz [3] for details. The empty
word is the identity element. If w = sε11 · · · sεnn , then w−1 = s−εn

n · · · s−ε1
1 , since

ww−1 = w−1w = 1 upon reduction. □

We call F (S) the free group on S. This is a large group: if S is nonempty, then
F (S) is already infinite. Still, F (S) contains no “excess” elements, but precisely
those elements necessary to a free group containing S. The following results make
this precise.

Definition 2.6. Let G be a group and let S ⊆ G. The subgroup generated by S,
denoted ⟨S⟩, is the smallest subgroup of G containing S, i.e.

⟨S⟩ =
⋂

S⊆H≤G

H
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Since the intersection of subgroups is a subgroup, ⟨S⟩ is indeed a subgroup. If the
entire group G is generated by S, we call S a set of generators for G.

Proposition 2.7. ⟨S⟩ = {sε11 · · · sεnn : si ∈ S, εi = ±1, n ∈ N}, i.e. ⟨S⟩ is the set
of finite words in (S ∪ S−1)∗.

Proof. For ease of notation, let K = {sε11 · · · sεnn : si ∈ S, εi = ±1, n ∈ N}. Since
we can take s ∈ S as s1 ∈ K, it follows that S ⊆ K. Moreover, the product of
finite words in S ∪ S−1 is another finite word in S ∪ S−1, so K is closed under the
operation of G. If g = sε11 · · · sεnn ∈ K, then

g−1 = s−εn
n · · · s−ε1

1 ∈ K

Thus K ≤ G, and since ⟨S⟩ is the minimal subgroup containing S, ⟨S⟩ ⊆ K.
Note here that the identity element in K is realized as the empty product of letters
in S ∪ S−1.

Since each subgroup H over the intersection contains S, ⟨S⟩ itself contains S.
Because of group closure, ⟨S⟩ contains every finite word in (S ∪ S−1)∗, showing
that K ⊆ ⟨S⟩. □

Corollary 2.8. F (S) is generated by S.

Proof. To make sense of this proposition, observe that S ⊆ F (S) since each s ∈ S
is a reduced word. By construction, every element w ∈ F (S) takes the form w =
sε11 · · · sεnn ; in fact, the requirement that w be reduced is not even invoked here. The
result then follows from Proposition 1.6. □

Now we are in a position to precisely define what it means for the group to be
“free” of relations.

Theorem 2.9 (Universal Property of Free Groups). Let S be a set. For every
group G and every map φ : S −→ G, there is a unique group homomorphism
φ : F (S) −→ G extending φ. In other words, φ is the unique homomorphism
making the following diagram commute.

S
φ //� _

��

G

F (S)

φ

==

Proof. Corollary 2.8 assures that every w ∈ F (S) takes the form w = sε11 · · · sεnn
for some si ∈ S and εi = ±1. This representation of w as a reduced word in
S ∪ S−1 is unique by the very construction of F (S). Let sε11 · · · sεnn ∈ F (S). Any
homomorphism φ extending φ must satisfy

φ(sε11 · · · sεnn ) = φ(sε11 ) · · ·φ(sεnn )

= φ(s1)
ε1 · · ·φ(sn)εn

= φ(s1)
ε1 · · ·φ(sn)εn

This takes care of uniqueness.
To show existence, let the above formula serve as a definition for φ. Since

S generates F (S), the map φ : F (S) −→ G is defined for every member of its
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domain, and the uniqueness of the representation of each w ∈ F (S) as a word in
S ∪S−1 ensures that this function is well-defined. To show that φ is homomorphic,
let w1, w2 ∈ F (S), with w1 = sε11 · · · sεnn and w2 = tδ11 · · · tδmm . Then

w1w2 = sε11 · · · sεnn tδ11 · · · tδmm = rσ1
1 · · · rσp

p

where the latter represents the product w1w2 as a reduced word. Importantly, the
latter product consists of a subset of factors in the former product with their expo-
nents, differing only by the cancellation of inverse pairs. It is important to reduce
w1w2 into this form to apply our definition of φ in terms of this representation.

φ(w1w2) = φ(rσ1
1 · · · rσp

p )

= φ(r1)
σ1 · · ·φ(rp)σp

= φ(s1)
ε1 · · ·φ(sn)εnφ(t1)δ1 · · ·φ(tm)δm

= φ(w1)φ(w2)

The third equality follows by insertion of some pairs φ(si)
εiφ(si)

−εi and
φ(ti)

δiφ(ti)
−δi , being the images of those pairs which were deleted upon the re-

duction of w1w2 into a reduced word. Finally, the fact that φ extends φ is implicit
in our definition of φ.

□

To understand the full gravity Theorem 2.9, we compare it here to the analogous
universal property of subsets which generate but are not necessarily free.

Proposition 2.10 (Universal Property of Generating Subsets). Let G be a group
and let S ⊆ G be a generating subset. Then every homomorphism φ : G −→ H is
uniquely determined by its extension φ|S.

Proof. Let g ∈ G. Since S generates G, we can write g = sε11 · · · sεnn for some (not
necessarily unique) choices of si ∈ S and εi = ±1. Let φ : G −→ H be another
homomorphism extending φ|S . Then

φ(g) = φ(sε11 · · · sεnn )

= φ(s1)
ε1 · · ·φ(sn)εn

= φ(s1)
ε1 · · ·φ(sn)εn

= φ(g)

so φ is uniquely determined and is equal to φ.
□

Remark 2.11. The preceding proposition is the strongest universal property we
can infer about generating subsets. If the assumption that S generates G is omitted,
the uniqueness of φ cannot be ensured. In contrast, Theorem 2.9 allows us to
work in the opposite direction, extending an arbitrary map φ : S −→ H to a
homomorphism on G.

It is clear that the converse of Proposition 2.10 also holds. The next proposition,
therefore, follows immediately.

Proposition 2.12. Let F be freely generated by S. Then F is generated by S.
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Proof. Since F is freely generated by S, any map φ : S −→ G to some group G
uniquely extends to a homomorphism φ : S −→ G; in the particular case when φ is
the restriction of some homomorphism, the universal property of Proposition 2.10
is satisfied, so that S generates F . □

As expected the condition that a subset freely generates a group is stronger than
the condition that a subset generates a group; our terminology is consistent.

Example 2.13. Z is freely generated by {1}. Let H be a group and let φ : {1} −→
H be a map. For any n ∈ Z there is a unique way to write n as a sum of 1 and
−1 up to cancellation of adjacent inverse pairs (this is a defining property of Z).
Therefore, the following function is well-defined on Z:

φ(n) =


0 n = 0∑n

i=1 φ(1) n > 0

−φ(−n) n < 0

Moreover, the equations above are necessary conditions that φ be homomorphism
extending φ, proving the uniqueness part of the assertion.

Example 2.14. Z is generated but not freely generated by {2, 3}. Since gcd(2, 3) =
1, Bezout’s Theorem guarantees that every integer can be represented as a combi-
nation of 2 and 3 (i.e. a word in 2 and 3). Nevertheless, the representation of 1 as
a word in 2 and 3 is not unique: 3− 2 = −3 + 2 + 2.

Suppose for the sake of contradiction that {2, 3} did satisfy the universal prop-
erty. Let H be a group in additive notation, and let x, y ∈ H with φ(2) = x and
φ(3) = y. Then

φ(3− 2) = x− y

φ(−3 + 2 + 2) = −x+ 2y

Then for any group elements x and y, the relation 2x = 3y would necessarily
hold. Worse, since 2 and 3 commute under addition, the universal property would
seem to imply that

φ(3) + φ(2) = φ(3 + 2) = φ(2 + 3) = φ(2) + φ(3)

and H would necessarily be Abelian. This contradicts our assumption that H
be an arbitrary group.

Although Z admits a free generating set upon refinement to a sufficiently small
subset, by no means can this be said about every group. In contrast, a fundamental
result in linear algebra is that any generating set of vectors can be trimmed down
to a linearly independent basis with the universal property of uniquely extending a
linear transformation. This leads to the classification of vector spaces in terms of
dimension, and so too follows that of free groups in terms of “rank.”

Theorem 2.15. Let G be freely generated by S. Then

(a) G ∼= F (S)
(b) If S′ also generates G, then |S′| ≥ |S|.

Proof. (a) This follows immediately from the uniqueness stipulation in the uni-
versal property of free groups.
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(b) We assume here that S is finite; the general case for an infinite set of
generators relies on a more advanced argument that can be seen in Loh [1].
Consider the maps from S to the group Z/2Z. Since |Z/2Z| = 2, there are
2|S| such maps, by elementary combinatorics. By Theorem 2.9, each map
on S induces a distinct homomorphism from G to Z/2Z, and conversely
every homomorphism from G to Z/2Z induces a distinct map from S to
Z/2Z (the restriction to S). In total, there are exactly 2|S| homomorphisms
from G to Z/2Z.

On the other hand, there are 2|S
′| maps from S′ to Z/2Z. Following

the discussion in Remark 2.11, not every one of these maps will induce a
homomorphism from G to Z/2Z (unless S′ is free generating). However,
Proposition 2.10 ensures that each such homomorphism induces a unique
map from S to Z/2Z (the restriction to S). Therefore, the number of

homomorphisms 2|S| cannot exceed the number 2|S
′| of maps from S to

Z/2Z, so 2|S| ≤ 2|S
′| and consequently |S| ≤ |S′|.

□

Definition 2.16. Let G be a free group. The rank of G is the minimum number
of elements in a generating subset of G.

By Theorem 2.15, the rank of G is also the number of elements in a free-
generating subset of G, and uniquely determines G up to isomorphism. Henceforth,
we shall speak of free groups of a certain rank instead of specifying generators.

3. Relations and Quotients

Free groups allow us to construct groups with relations a priori instead of ref-
erencing specific groups that arise naturally. A rigorous description of groups in
terms of generators and relations then follows.

Definition 3.1. Let G be a group and S a set of generators for G. A non-trivial
relation in S is an equality of i∗(w) = 1 for some w ∈ (S ∪ S−1)∗. Recalling an
earlier definition, a relation of the form sε11 · · · sεnn s−εn

n · · · s−ε1
1 = 1 is known as the

trivial relation.

Remark 3.2. Any identity involving words of S is equivalent to a relation:

w1 = w2 ⇐⇒ w1w
−1
2 = e

Thus, it suffices to know the relations in a group to understand algebraic prop-
erties such as commutativity.

Corollary 3.3. Let G be a free group. Then G has no non-trivial relations.

Proof. This follows in light of our discussion in Example 2.14. We constructed G
so that only the trivial relation (i.e. reduction of words) holds. □

In general, a relation in a group implies many other relations. If G is a group, r
is a relation in G, and w is any word in G, then w−1rw = 1 immediately follows.
So any conjugate of a relation is another relation. Recall the following definition.

Definition 3.4. If G is a group and r ∈ G, then the conjugacy class of r, denoted
[r], is the set of elements in G related to r by conjugation, i.e.

[r] = {g ∈ G : g = x−1rx for some x ∈ G}
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It is easily checked that g ∼ r ⇐⇒ g ∈ [r] is an equivalence relation on G.
Our preceding remarks then demonstrate that every member within the conjugacy
class of a relation is another relation. By similar proceedings, if r is a relation and
x, y ∈ [r], then x · y and x−1 are both relations. The following result formalizes
this notion and demonstrates that products of members of the conjugacy class of a
relation r are the only relations implied by r.

Definition 3.5. Let G be a group. If H ⊆ G, we say that H is normal if H
gHg−1 = H for all g ∈ G, and write H ⊴ G. The reader should verify that H is
normal only if H can be written as the union of conjugacy classes. If R ⊆ G, we
denote the smallest normal subgroup containing R by ⟨⟨R⟩⟩, i.e.

⟨⟨R⟩⟩ =
⋂

R⊆H⊴G

H

Proposition 3.6 (Normal Generation). Let G be a group and R ⊆ G. Then

⟨⟨R⟩⟩ =
〈
{w−1

i rεii wi : wi ∈ G, ri ∈ R, εi = ±1}
〉

Proof. For ease of notation, let K =
〈
{w−1

i rεii wi : wi ∈ G, ri ∈ R, εi = ±1}
〉
. Since

each H ⊴ G contains R, ⟨⟨R⟩⟩ contains R. Moreover, the intersection of normal
subgroups is a normal subgroup (the reader can easily verify this), and therefore
⟨⟨R⟩⟩ is itself a normal subgroup containing R. By closure under inverses, each
rεii ∈ ⟨⟨R⟩⟩, and by closure under conjugation, each w−1

i rεii wi ∈ ⟨⟨R⟩⟩. Therefore,
⟨⟨R⟩⟩ contains each of the generators of K, so K ⊆ ⟨⟨R⟩⟩ by the closure under
products of these generators.

To show that K is a normal subgroup containing R, let r ∈ R. Then r =
1−1 · r · 1 ∈ K, so R ⊆ K. It follows from Proposition 2.7 that K, being gen-
erated, is a subgroup. To show that K is normal, let x ∈ K be written as
x = w−1

1 rε11 w1 · · ·w−1
n rεnn wn. Taking a generic w ∈ G yields

w−1xw = w−1(w−1
1 rε11 w1)(w

−1
2 rε22 w2) · · · (w−1

n rεnn wn)w

= (w−1w−1
1 rε11 w1w)(w

−1w−1
2 rε22 w2w) · · · (w−1w−1

n rεnn wnw)

=
(
(w1w)

−1rε11 (w1w)
) (

(w2w)
−1rε22 (w2w)

)
· · ·

(
(wnw)

−1rεnn (wnw)
)

Since each wiw ∈ G, it follows that w−1xw can be written as a product of some
conjugates of R, i.e. another member of K. Having shown that R ⊆ K ⊴ G, it
follows that ⟨⟨R⟩⟩ ⊆ K.

□

Given a set R of relations, the normal subgroup ⟨⟨R⟩⟩ is an explicit construction
of the relations implied by R. The path toward constructing an arbitrary group
based on generators and relations now lays clear; starting with a free group, we
shall subsequently append a number of relations until we are left with a group that
has no other relations than the relations we added and their implications. The
next result shows that this process specifies a well-defined group with the desired
properties.

Definition 3.7. Let S be a set and R ⊆ (S ∪ S−1)∗. The group generated by S
with relations R, denoted ⟨S|R⟩, is defined as follows:
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⟨S|R⟩ := F (S)/ ⟨⟨R⟩⟩
where F (S)/ ⟨⟨R⟩⟩ refers to the quotient group of F (S) by the subgroup ⟨⟨R⟩⟩.
Since ⟨⟨R⟩⟩ is normal, the quotient F (S)/ ⟨⟨R⟩⟩ is a well-defined group. The next
result shows that ⟨S|R⟩ has the properties we expect.

Theorem 3.8. Let S be a set and R ⊆ (S ∪S−1)∗. Let π : F (S) −→ ⟨S|R⟩ denote
the canonical projection of F (S) onto its quotient group, i.e.

π : F (S) −→ ⟨S|R⟩

w 7→ w ⟨⟨R⟩⟩
and let i denote the inclusion of S into F (S). Recall from Definition 2 that i∗

denotes the canonical extension of reduced words into group elements. The following
universal property holds: for every group G and every map φ : S −→ G such that
R ⊆ ker(φ ◦ i∗), there exists precisely one homomorphism φ : ⟨S|R⟩ −→ G such
that

φ ◦ π ◦ i = φ

In other words, φ is the unique homomorphism making the following diagram
commute.

S
φ //� _

i

��

G

F (S)

π

��
⟨S|R⟩

φ

FF

Proof. Applying the universal property of free groups to F (S) yields a unique ho-
momorphism φ : F (S) −→ G extending φ. Since R ⊆ ker(φ ◦ i∗), it follows that
R ⊆ ker(φ), since i∗ extends S to F (S). This is a sufficient condition to apply
the universal property of quotient groups (see Loh [1]) to get the intended unique
homomorphism φ.

S
φ //� _

i

��

G

F (S)

π

��

φ
<<

⟨S|R⟩

φ

FF

□

Corollary 3.9. Every group is the quotient of a free group. Every group admits a
presentation.
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Proof. Let G be a group and F (G) the free group generated by G. The canonical
extension i∗ : F (G) −→ G is a surjective homomorphism, and it follows from the
Fundamental Theorem of Homomorphisms that

G ∼= F (G)/ ker i∗

so G is the quotient of some free group. Let φ denote this isomorphism.
Now let R = ker i∗, i.e. those words in F (G) which evaluate to 1 under the group

operation of G. We hope to show that

G ∼= F (G)/ ⟨⟨R⟩⟩
so that we can write G = ⟨G|R⟩ to prove the second statement in the corollary.

Consider the following diagram.

G
φ //� _

i

��

⟨G| ker i∗⟩

F (G)

π

��
⟨G|R⟩

φ

BB

From Theorem 3.8, we are given a unique homomorphism φ making the above
diagram commute. It is clear by construction that φ must then be the identity
function.

□

As a final application of this theorem, we revisit a basic fact of elementary group
theory.

Proposition 3.10. Let G be a cyclic group (i.e. G is generated by a single ele-
ment). Then G ∼= Z or G ∼= Z/nZ for some n ∈ N.

Proof. Let r denote the generator of G. Either G is freely generated by r, in which
case it follows from Theorem 2.15 that G ∼= Z, or G admits some relations in its
presentation, say rn1 = 1, . . . , rnk = 1. These k relations are equivalent to

rn = 1, n = gcd(n1, . . . , nk)

Since n|ni for 1 ≤ i ≤ k, the latter relation implies the former relations. The other
implication is a consequence Bezout’s Theorem, i.e. the identity

n = x1n1 + · · ·+ xknk

where xi ∈ Z for 1 ≤ i ≤ k. □

Proposition 3.10 shows that complexity in group theory arises in groups that
are quotients of rank 2 or greater free groups. The following example demonstrates
why quotients of rank 2 free groups are significantly more complicated than their
rank 1 counterparts.
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Example 3.11. Let G = ⟨{s, r}|R⟩ where R = {srs, srsr}. Then

1 = srsr = (srs)r = 1 · r = r

Already we can conclude that G is cyclic; the presentation of G in terms of
two free generators is misleading. Since srs = 1, it follows that s2 = 1, and
either G ∼= Z/nZ or G is trivial. The latter option can be ruled out by rewriting
R′ = {s · 1 · s, s · 1 · s · 1} = {s2}.

In Example 3.11, no algorithm was employed to reduce the relation set to a
familiar form as in Proposition 3.10. This makes central problems in algorithmic
group theory more difficult for groups which are quotients of rank 2 free groups,
such as the group in Example 3.11. For instance, the “Isomorphism Problem” of
determining whether two group presentations define isomorphic groups, is difficult
in such groups, while 3.10 completely resolves the problem for cylic groups. For
more information in this area of group theory, see Touikan [4].

4. Cayley Graphs

We now turn our attention to finitely-generated groups (i.e. those with a finite
set of generators) and develop a geometric interpretation of such groups that will
elucidate some of their basic properties. Our previous interpretation of groups as
a set of generators and relations will prove invaluable here.

Definition 4.1. Let G be a finitely generated group. The Cayley graph of G with
respect to the generating set S, denoted Cay(G,S), is the undirected graph whose
vertices are elements of G and whose edges are pairs {g, gs} for each s ∈ S ∪ S−1,
i.e. those group elements which differ by right multiplication of a generator or the
inverse of a generator.

Proposition 4.2 (Properties of Cayley graphs). Let G be a group and S a finite
set of generators. Then

(a) Cay(G,S) is simple if and only if S contains no elements of order 1 or 2.
(b) Cay(G,S) is regular.
(c) Cay(G,S) is locally finite.
(d) Cay(G,S) is connected.

Proof. (a) Cay(G,S) is simple if Cay(G,S) contains no multi-edges or loops.
These are precisely the types of edges corresponding to group elements
of order 2 and 1 respectively. If the identity element 1 is included in S,
each vertex in Cay(G,S) has a loop corresponding to multiplication by this
element, and no information about the group is divulged. Hence, we can
exclude 1 from S without any loss of generality. Also, it is conventional to
abbreviate the multi-edges corresponding to a generator of order 2 with a
single dashed edge.

(b) Cay(G,S) is regular if each vertex has the same degree. Let g be a vertex
in Cay(G,S); the number of edges incident to g is |S ∪ S−1|, which does
not depend on g.

(c) Cay(G,S) is locally finite if each vertex has a finite degree. Since |S ∪S−1|
is finite, this follows from (b).

(d) Recall from graph theory that a walk is a sequence of adjacent vertices.
Cay(G,S) is connected if there exists a walk between every two vertices.
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Let g1, g2 ∈ G. Since S generates G, we can write g1 = sε11 · · · sεnn and

g2 = tδ11 · · · tδmm for some si, ti ∈ S and εi, δi = ±1. We can interpret these
products as walks in Cay(G,S) in the following way:

1
s
ε1
1 // sε11

s
ε2
2 // sε11 sε22

s
ε3
3 // · · ·

sεnn // sε11 · · · sεnn = g1

1
t
δ1
1 // tδ11

t
δ2
2 // tδ11 tδ22

t
δ3
3 // · · ·

tδmm // tδ11 · · · tδmm = g2

Here the arrows denote right multiplication by some element in S ∪ S−1

(these are precisely the edges in Cay(G,S)). The walk 1 −→ g2 admits
a walk g2 −→ 1 by way of reversing each arrow in the formulation above
beginning at g2 (this is precisely the formula for the inverse of a group
product described geometrically). The concatenation of walk g2 −→ 1 with
walk 1 −→ g2 gives a well-defined walk g2 −→ g1 as desired.

□

The last proof demonstrates the connection between walks in Cay(G,S) and
words in (S ∪S−1)∗. Let W1 : g1 −→ g2 and W2 : g2 −→ g3 be walks in Cay(G,S).
We form the concatenated walk W1W2 by joining the vertices of W1 with those in
W2 in the order they are given. Then W1W2 is a well-defined walk from g1 to g3
corresponding to the product of the words defined by W1 and W2. To summarize,
every walk in Cay(G,S) can be identified with a word in (S ∪ S−1)∗.

The converse of this statement is not true in general; a word w ∈ (S ∪ S−1)∗

represents a family of walks in Cay(G,S) with different starting and ending vertices,
a particular of which is the walk 1 −→ w.

Proposition 4.3. Let W : g −→ g be a closed walk in Cay(G,S), traversing
the sequence of edges (sε11 , . . . , sεnn ). Then sε11 · · · sεnn = 1 in G. Conversely, if
sε11 · · · sεnn = 1, then W is a closed walk.

Proof. By the definition of a Cayley graph, g · sε11 · · · sεnn = g, and the result imme-
diately follows from left cancellation.

Conversely, if sε11 · · · sεnn = 1, then W has ending vertex g · sε11 · · · sεnn = g and is
therefore closed. □

Proposition 4.3 equates closed walks in Cay(G,S) and relations in G. A closed
walk at some vertex in Cay(G,S) is necessarily a closed walk at any vertex. A
graph with this feature is said to be homogeneous, although a proper definition of
this term exceeds the scope of this paper. Homogeneity represents a high degree of
symmetry in the graph and cannot be deduced from the graph properties described
in Proposition 4.2 (b), (c), (d), 1 as the following example demonstrates.

Example 4.4. The following cannot represent a Cayley graph:

1Proposition 4.2 (a) is actually a consequence of homogeneity



AN INTRODUCTION TO GEOMETRIC GROUP THEORY 13

In contradiction to Proposition 4.3, the walk along generator 2 is closed at ver-
tices 1 and 3 but not closed at vertices 2 and 4; generator 2 must simultaneously
represent an order 1 and order 2 group element. The homogeneity of the Cayley
graph ensures that every vertex is essentially indistinguishable, although the edges
are certainly not.

There are essentially two different types of closed walks.

Definition 4.5. Let g ∈ G. A walk of the form

g
s
ε1
1 // · · ·

sεnn // s−εn
n // · · ·

s
−ε1
1 // g

is known as a trivial walk. Graphically, this walk represents the tracing and retrac-
ing of some steps. This walk is analogous to the trivial relation, being a closed walk
in any Cayley graph.

Trivial walks are the only closed walks in free groups, just as the trivial relation
is the only relation in free groups. A walk with no trivial sub-walks represents
a reduced word in the group. Intuitively, a non-trivial closed walk should pave
some cycle in the Cayley graph, though the walk might retrace some its edges or
traverse the same cycle a number of times. Non-trivial closed walks are precisely
the non-trivial relations of a group and thus relay essential information about the
underlying group.

Definition 4.6. A cycle is a non-empty walk in which every vertex is traversed
only once except for the starting and ending vertices which coincide. A connected,
acyclic graph is called a tree.

Theorem 4.7. Let F be freely generated by S. Then Cay(F, S) is a tree.

Proof. Proposition 2.12 ensures that F is generated by S, and Cay(F, S) being
connected follows from Proposition 4.2 (d). It suffices to show that Cay(F, S) is
acylic. Suppose for the sake of contradiction that Cay(F, S) contains a cycle:
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1
s
ε1
1 // s

ε2
2 // · · ·

s
εn−1
n−1 // sεnn // 1

where n ≥ 2 and we assume without loss of generality that the cycle begins and
ends at 1. Denoting sε11 · · · sεnn by w, we then conclude that w = 1. Since each
vertex was assumed to have been traversed only once, w is not the trivial walk, and
since n ≥ 2, w is not the empty word. In contradiction to Proposition 3.3, w is a
non-trivial relation in F . □

Our proof of Theorem 4.7 amounts to a “translation” between graph-theoretic
and group-theoretic language. The converse of this theorem is essentially true,
though its validity depends on the precise definition of Cay(F, S) and a more careful
translation.

Figure 1. The unique free group of rank 2, up to isomorphism. The
Cayley graph extends infinitely without cycle. Credit to Jim Belk [5]
for the image.

Graphically, if G is a group and R a set of relations in G, the transformation of G
to G/ ⟨⟨R⟩⟩ can be visualized as the “gluing” of some vertices on the Cayley graph of
G as to form new cycles in the graph. Corollary 3.9 then has a remarkable geometric
interpretation: every group can be constructed through a sufficient “gluing” of the
branches in some infinite tree.

Example 4.8. Let F be freely generated by {a, b}. By appending the relation
a = b to F , we recover the free group of rank 1. This transformation of F into a
quotient group is depicted here through the “gluing” of branches on Cay(F, {a, b}).
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Figure 2. The first three steps in this infinite procedure are depicted
here. Each step brings the horizontal branch closer to resembling
Cay(Z, {1}) when viewed locally from the graph’s center, the identity
element. Notice that the self-similarity of Cay(F, {a, b}) implies a cer-
tain overlapping of the branches when superimposed by this quotient.

The following two examples demonstrate the only two types of exceptions to the
converse of Theorem 4.7. We shall formulate a partial converse in Theorem 4.11.

Example 4.9. The graph Cay(Z/2Z, {1}) is a tree, but Z/2Z is not free.

Figure 3. The graph Cay(Z/2Z) with edge representing generator +1.
The graph appears here as a finite tree.

This exception exists merely because of our convention to abbreviate the edges of
order 2 generators with a single edge. The edge in Cay(Z/2Z, {1}) is more properly
seen as a multi-edge or cycle between between 2 vertices. This is a necessary
sacrifice for simple Cayley graphs.

Example 4.10. The graph Cay(Z, {1,−1}) coincides with the graph Cay(Z, {1}),
the latter of which is a tree, although {1,−1} is not a free generating subset.

Figure 4. The graph Cay(Z, {1,−1}) is depicted here with multi-edges.
Moving leftward along the blue generator is equivalent to moving right-
ward along the red generator, and vice versa. We consider these two
edges to coincide in a Cayley graph.
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In general, Cay(G,S) coincides with Cay(G,S∪S−1) on account of our definition
of a Cayley graph. Again, this issue can be easily circumvented.

Theorem 4.11. Let G be a group and S ⊆ G a generating set such that s1 · s2 ̸= 1
for any s1, s2 ∈ S. If Cay(G,S) is a tree, then S freely generates G.

Proof. Suppose for the sake of contradiction that S did not freely generate G.
Proposition 3.3 implies the existence of a non-trivial relation on the words in S.
Proposition 4.3 and the assumption that no two elements in S invert each other
then implies a cycle in Cay(G,S) from the non-trivial relation, contradicting the
fact that Cay(G,S) is a tree. □

5. Actions on Graphs

Definition 5.1. Let Γ = (V,E) and Γ′ = (V ′, E′) be graphs. An isomorphism
between Γ and Γ′ is a bijection f : V −→ V ′ such that

{v, w} ∈ E ⇐⇒ {f(v), f(w)} ∈ E′

If Γ = Γ′, then f is said to be an automorphism. The set of automorphisms of Γ
is denoted by Aut(Γ).

Remark 5.2. The distinction here is somewhat subtle. For instance, the following
transformation is an isomorphism but not an automorphism:

Figure 5. The vertices of the left graph are transformed into the ver-
tices of the right graph in a way that preserves edge-connectivity. Yet
the two graphs are not the same; {A,B} is an edge in the left graph but
not the right graph.

Proposition 5.3. Let Γ = (V,E) be a graph. Then Aut(Γ) is a group.

Proof. (1) Let f, g ∈ Aut(G), then f ◦ g : V −→ V is an automorphism:

{(f ◦ g)(v), (f ◦ g)(w)} ∈ E ⇐⇒ {g(v), g(w) ∈ E} ⇐⇒ {v, w} ∈ E
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(2) If f ∈ Aut(G), then f−1 : V −→ V is an automorphism; since f was
assumed to be bijective, f−1 exists, and if {v, w} = {(f ◦ f−1)(v), (f ◦
f−1)(w)} ∈ E, the edge preservation of f implies {f−1(v), f−1(w)} ∈ E.

□

Graph automorphisms are better suited for our algebraic purposes than isomor-
phisms. For clarity, we compute the automorphism groups of some graphs here.

Example 5.4. Let Kn denote the complete graph with n vertices. Then

Aut(Kn) ∼= Sn

Figure 6. The 6 automorphisms of the graph K3 as represented by
actions of the group S3. Permutations here are represented in cyclic
notation.

In general, any permutation σ ∈ Sn induces an automorphism on Kn; however
the vertices of a complete graph are rearranged, the edge relations (every vertex
adjacent to every other vertex) shall remain constant.

Example 5.5. Let Cn denote the cyclic graph with n vertices. Then

Aut(Cn) ∼= D2n
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Figure 7. The automorphism group of the graph C4 is represented here
as another graph: the Cayley graph of D8.

Any automorphism of Cn can be completely described by the effect of the trans-
formation on two adjacent vertices; if f ∈ Aut(Cn) maps vertex 1 to vertex i, maps
vertex 2 to vertex i± 1, then f necssarily maps vertex 3 to vertex i± 2 – the only
vertex adjacent to the image of vertex 2 but not the image vertex 1. Because Cn

is regular of degree 2, there is a one-to-one correspondence between such automor-
phisms of Cn and rigid motions of the regular n-gon, hence the appearance of the
dihedral group.

Example 5.6. Let Pn denote the path graph with n vertices. Then

Aut(Pn) ∼= Z/2Z

Figure 8. The left graph shows P4 and the right graph shows its image
under the unique non-trivial automorphism of P4. This transformation
fixes no vertices in place but the edge {2, 3} remains fixed.

Figure 9. The left graph shows P5 and the right graph shows its image
under the unique non-trivial automorphism of P5. This transformation
fixes a singular vertex 3 in place but no edges.

From the diagram, we see that the order of the non-trivial automorphism is 2,
precisely what we expect in Z/2Z. The reasoning is as follows: Pn has exactly
two vertices of degree 1, and the image of any such vertex under an automorphism
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must be another vertex of degree 1; Pn has exactly two vertices adjacent to a
vertex of degree 1, which the automorphism must swap in accordance with how
the two vertices of degree 1 were swapped; there are exactly two vertices of the
next type, etc., repeating until the center of the graph is reached, we see that every
automorphism of Pn is completely and unambiguously determined by the effect of
the transformation on the degree 1 vertices.

Remark 5.7. In Example 5.5, the graph Cn is isomorphic to the Cayley graph of
Z/nZ on a single generator; it is natural to wonder whether Aut(Cn) ∼= Aut(Z/nZ).
Nevertheless, any automorphism of Z/nZ maps the generating element 1 to another
element of order n, and there are precisely ϕ(n) such maps, where ϕ denotes the
Euler totient function. Since ϕ(n) < 2n, there are many more automorphisms of
the graph Cn than of the group Z/nZ.

The diagram in Figure 6 hints toward the fact automorphisms of a graph repre-
sent a type of group action. Recall the following definition.

Definition 5.8. Let G be a group and X a set. A group action on X is a homo-
morphism ρ : G −→ SX , where SX denotes the symmetric group on X. If ρ is un-
derstood, then for x ∈ X and g ∈ G we abbreviate the expression (ρ(g))(x) := g ·x.

This definition extends to the automorphism group of objects in a category (the
symmetric group being the specific case of the automorphism group in the category
of sets). For our purposes, however, the following definition will suffice.

Definition 5.9. Let Γ be a graph and G be a group. A group action on Γ is a
homomorphism ρ : G −→ Aut(Γ).

In the case where G = Aut(Γ), the permutation representation of the action ρ
is simply idAut(Γ). By the Fundamental Homomorphism Theorem, any group G
acting on Γ has G/K ∼= H ≤ Aut(Γ) for some K ⊴ G, so it suffices to understand
Aut(Γ) to understand the actions on Γ.

Remark 5.10. To every group action on a graph there is an associated group
action on the set of vertices, which we shall denote by ρ′:

ρ′ : G −→ SV

g 7→ ρ(g)

Since ρ′(1) = ρ(1) which is the identity in Aut(Γ) and ρ′(g1g2) = ρ(g1g2) =
ρ(g1)ρ(g2), it follows that ρ′ is a valid group action. We should view actions on
graphs as actions on the vertices with extra structure.

Example 5.11. If G is a group generated by S, then G acts on Cay(G,S) in
a natural way: an element g ∈ G induces an automorphism on Cay(G,S) by
mapping each vertex g′ to the vertex gg′ (the order of the factors is important here).
Because left multiplication permutes the elements in a group, this action permutes
the vertices of Cay(G,S), and it suffices to show that the transformed edges are the
original edges. If {g′, g′s} is an edge of Cay(G,S), there is a corresponding edge
{g · g′, g · g′s} in the transformed graph. Since gg′ ∈ G, no new edges have been
introduced, and similarly no edges have been removed.

Note that right multiplication does not in general define a group action on
Cay(G,S); the edge {g′, g′s} transforms to the edge {g′ ·g, (g′s) ·g}, which does not
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necessarily exist in Cay(G,S). Nevertheless, the image of Cay(G,S) under right
multiplication by some element is isomorphic to Cay(G,S). The reason is simply
that any permutation of the vertices of a graph defines an isomorphism, and right
multiplication certainly permutes the vertices of Cay(G,S).

Figure 10. Left multiplication defines an automorphism of the graph
Cay(D6, {r, s}).

Figure 11. Right multiplication defines an isomorphism but not an
automorphism of the graph Cay(D6, {r, s}). The edge {1, s} exists in
the left graph but not the right graph.

One final definition will be necessary before proving some results.

Definition 5.12. Let Γ = (V,E) be a graph, G be a group, and ρ : G −→ Aut(Γ)
an action. We say that ρ is free if for all g ∈ G, g ̸= 1, we have

∀v ∈ V, g · v ̸= v and

∀{v, v′} ∈ E, {g · v, g · v′} ≠ {v, v′}

In other words, no edge or vertex remains fixed by the action of any group
element except for the identity.

This seems to be a strong condition to impose on the actions of groups on graphs.
In fact, we shall form an analogy between free actions and free groups in Theorem
5.14 that corroborates this thought.



AN INTRODUCTION TO GEOMETRIC GROUP THEORY 21

Proposition 5.13. Let G be a group generated by S. Let ρ denote the action of G
on Cay(G,S) given by left multiplication, as described in Example 5.11. Then ρ is
free if and only if S contains no elements of order 2.

Proof. Suppose S contains an element of order 2, denoted by s. The isomorphism
ρ(s) transforms the edge {1, s} to {s · 1, s · s} = {s, 1}. Therefore, ρ is not free.

Suppose conversely that ρ is not free, and that the automorphism ρ(g) fixes an
edge or vertex for some g ∈ G.

(1) Suppose ρ(g) fixes some vertex v. Then g · v = v, so g = 1. We have
purposefully excluded the instance of g = 1 from our Definition 5.12 (it is
an axiom of group action that the identity element always acts trivially),
and since no other element fixes a vertex, ρ(g) must fix an edge.

(2) Suppose ρ(g) fixes an edge {v, vs}. Then {g · v, g · vs} = {v, vs}. There are
two possibilities:
(a) g · v = v and g · vs = vs, so that g = 1, as before.
(b) g · v = vs and g · vs = v, so that

s = v−1gv

g2v = gvs = v =⇒ g = 1

s2 = v−1g2v = 1

If s = 1, then {v, vs} is not a proper edge between two distinct vertices,
but rather a loop on one vertex. This is a degenerate case which we can
safely ignore.

□

Figure 12. When D6 does not act freely on Cay(D6, {r, s}). In the
graph above, the three red edges corresponding to an order 2 generator
are fixed by the action of the automorphism ρ(s).

Theorem 5.14. A group is free if and only if it admits a free action on a non-empty
tree.

Proof. Suppose F is a group freely generated by S. Then Cay(F, S) is a tree by
Theorem 4.7. S contains no elements of order 2, otherwise s2 = 1 is a non-trivial
relation in F (in contradiction to Proposition 3.3). Proposition 5.13 then guarantees
a free action on a tree in the left multiplication of F on Cay(F, S).
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The converse of this theorem is more complicated, and we only give a brief
overview here; for the full proof, see Loh [1]. Essentially, free actions on a graph
admit a “spanning tree” for the action, i.e. a subgraph of the tree which contains a
single vertex for each orbit of the group action. Proposition 5.13 is a useful lemma
here. Taking the edges joining the vertices in this subgraph as a set of generators,
it can then be shown that these edges generate the group acting upon the graph
and that the Cayley graph with these generators is a tree. By Theorem 4.11, it
follows that this set of generators freely generates the group. □

Corollary 5.15 (Nielsen-Schreier Theorem). Subgroups of free groups are free.

Proof. Let F be a free group and let G ≤ F be a subgroup. By Theorem 5.14, F
acts freely on some non-empty tree, Γ, i.e. there exists an action ρ : F −→ Aut(Γ)
which is free. The condition of being free is universally quantified over members
of F , so ρ|G is also a free action on Γ. The converse of Theorem 5.14 then implies
that G is itself free.

□

Corollary 5.15 represents a first triumph in geometric group theory. A purely
algebraic proof of the theorem is possible yet substantially more difficult. In con-
trast, the theorem follows almost immediately from the purely geometric argument
given here.
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