
THE ADAMS SPECTRAL SEQUENCE AND THE HOPF

INVARIANT ONE PROBLEM

EHA SRIVASTAVA

Abstract. This expository note discusses the Hopf invariant one problem and

its relation to the Adams Spectral Sequence. We cover a quick proof of the
Hopf invariant one problem, originally due to J.S.P. Wang in [3].
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1. Introduction

Although the Hopf invariant one problem was initially presented as a question
in geometric topology on the existence of division algebras over R, it has since
become a classical problem in algebraic topology. Notably, Frank Adams developed
the Adams Spectral Sequence in [1] in order to solve this problem, and since then,
his famed spectral sequence has become one of the most powerful tools we have
to compute the stable homotopy groups of spheres. Though a quicker proof via
K−theory is now generally presented as the standard proof of the Hopf invariant
one theorem, Adams’ original proof in [2] utilizes secondary cohomology operations.
Ultimately, his argument implies that a cerain differential in the Adams spectral
sequence is nonzero, which in turn is equivalent to the nonexistence of elements of
Hopf invariant one. In [3], J.S.P. Wang presents an extremely quick yet little-known
proof of the desired differential via induction, which is the approach reviewed in
this paper.

We begin by giving a description of the Hopf invariant one problem: Given a
continuous map

f : S2n−1 ! Sn

we may attach a 2n-cell to Sn along f , forming the mapping cone as the cellular
complex

Cf = Sn ∪f D2n.

It is easy to compute the cohomology of Cf : The cellular cochain complex with
coefficients in Z is given by

C∗(Cf ,Z) = Hom(C∗(Cf ),Z).
1
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Recalling that the cell structure of Sn is given by a single 0-cell and a single n-cell,
C∗(Cf ) is freely generated on one generator in degree 0, n, and 2n, and is zero
otherwise. Therefore, we also find that C∗(Cf ) is isomorphic to Z in degree 0, n,
and 2n, and is zero otherwise. Since n > 1, all of the boundary maps are zero, and
so we conclude that the cohomology is

Hi(Cf ) =

{
Z i = 0, n, and 2n

0 else

Let α denote a generator of Hn(Cf ) and let β denote a generator of H2n(Cf ). Then
we must have that α2 is an element of H2n(Cf ), so we may write α2 = kb for some
integer k ∈ Z. We call k the Hopf invariant of f , and denote it H(f). The Hopf
invariant one problem then asks the following: For which values of n does there
exist a map f such that H(f) = ±1?

Immediately, we see that n must be even. If n is odd,

α2 = (−1)n
2

α2 = −α2

by graded commutativity of the cup product. This implies that α2 is zero, and
therefore H(f) is zero as well.

Maps f : S2n−1 ! Sn with H(f) = 1 can be explicitly constructed when
n = 1, 2, 4, or 8. When n = 1, twice the identity map ι : S1 ! S1 has Hopf
invariant one. For n = 2, a map with Hopf invariant one is given by the map
η : S3 ! S2 appearing in the classical Hopf fibration

S1 ↪−! S3 η
−−! S2.

Similar constructions yield maps ν : S7 ! S4 and σ : S15 ! S8, which both have
Hopf invariant one. The details can be found in [4]. Remarkably, these are the only
possible values for n. This turs out to be an extremely deep result, and was finally
established by Adams in [2] using his eponymous spectral sequence and secondary
cohomology operations. In this paper, we will discuss how the Hopf invariant one
problem can be translated to a question in stable homotopy theory and address
how the Adams Spectral Sequence answers this question.

2. Properties of the Hopf Invariant

In this section, we briefly establish some key properties of the Hopf invariant.
Because the Hopf invariant depends only on the homotopy class of the map f , it
defines a transformation H : π2n−1(S

n) ! Z. In fact, this map is a homomorphism,
which we state as the following proposition. The proof below is adapted from the
proof appearing in [5].

Proposition 2.1. Let the map H : π2n−1(S
n) ! Z be defined by sending a ho-

motopy class [f ] to its Hopf invariant H(f), where f is any representative of [f ].
Then H is a homomorphism.

Proof. Let f : S2n−1 ! Sn be nullhomotopic. Then the resulting mapping cone
satisfies

Cf = Sn ∪f D2n ∼= ΣS2n−1 ∨ Sn ∼= S2n ∨ Sn.

Therefore, the cohomology is given by

H̃∗(Cf ,Z) ∼= H̃∗(S2n,Z)⊕ H̃∗(Sn,Z).
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However, the square of a generator in H̃n(Sn,Z) is zero for dimensional reasons, and

H̃n(S2n,Z) = 0. So, if α ∈ H̃n(Cf ,Z) = H̃n(S2n,Z) ⊕ H̃n(Sn,Z) is a generator,

α2 = 0 ∈ H̃2n(Cf ,Z). By definition, f has Hopf invariant zero.
Now, let [f ], [g] ∈ π2n−1(S

n) and take representatives f, g : S2n−1 ! Sn. Recall
that [f ] + [g] is defined as the homotopy class of the map

f + g : S2n−1 −! S2n−1 ∨ S2n−1 −! Sn.

Consider the space Cf∨g obtained by attaching two 2n−cells to Sn along f and g.
Then Cf∨g can also be described as the quotient space obtained by collapsing the
equitorial disk of the 2n-cell of Cf+g to a point via the quotient map q : Cf+g !
Cf∨g. Let e2nf+g be the 2n-cell in Cf+g, and let e2nf , e2ng be the 2n−cells in Cf∨g

attached along f and g respectively. Moreover, let βf+g ∈ H2n(Cf+g) ∼= Z be the
generator dual to e2nf+g, and let βf , βg ∈ H2n(Cf∨g) ∼= Z⊕Z be the generators dual

to e2nf and e2ng . Then, the induced celllar chain map q∗ sends e2nf+g to e2nf + e2ng .

This implies that the induced map in cohomology satisfies q∗(βf ) = q∗(βg) = βf+g.
Let αf+g and αf∨g be the cohomology classes corresponding to the n-cells in Cf+g

and Cf∨g respectively. Because q is a quotient map, q is a homeomorphism on the
n-cells. Therefore, q∗(αf∨g) = αf+g.

Also, because α2
f∨g ∈ H2n(Cf∨g) and βf , βg generate H2n(Cf∨g),

(2.2) α2
f∨g = kfβf + kgβg

for some kf , kg ∈ Z.
Now, consider the restriction to the subspace Cf of Cf∨g. Namely, consider the

inclusion map

ιf : Cf ↪! Cf∨g.

By considering the long exact sequence in cohomology of the pair (Cf∨g, Cf ), we
find that ιf induces surjections ι∗f on cohomology. As Hn(Cf∨g) and Hn(Cf ) are
both freely generated abelian groups, the induced homomorphisms ι∗f are in fact
isomorphisms. Thus,

ι∗f (αf∨g) = αf

ι∗f (βf ) = βf

ι∗f (βg) = 0.

Applying ι∗f to both sides of 2.2, we find that α2
f = kfβf , which implies that

kf = H(f). Likewise, restricting to the subspace Cg of Cf∨g and considering the
inclusion ιg : Cg ↪! Cf∨g, we find that kg = H(g). Thus,

α2
f+g = q∗(α2

f∨g) = q∗(H(f)βf +H(g)βg)

= H(f)q∗βf +H(g)q∗βg

= H(f)βf+g +H(g)βf+g

= (H(f) +H(g))βf+g.

By definition of the Hopf invariant, this impliesH(f+g) = H(f)+H(g). Therefore,
the map H : π2n−1(S

n) ! Z taking a homotopy class [f ] to its Hopf invariant is a
homomorphism. □
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Another key fact of the Hopf invariant is that when n is even, maps with any even
Hopf invariant are guranteed to exist. A map of Hopf invariant 2 can be explicitly
constructured as the Whitehead product of the identity with itself, [ιn, ιn]. The
full construction of [ιn, ιn] and the computation of its Hopf invariant can be found
in [6]. With the existence of such a map and the previous proposition, we have the
following result.

Proposition 2.3. When n is even, there always exists a map f : S2n−1 ! Sn of
Hopf invariant 2.

Importantly, these two propositions imply that the existence of a map of odd
Hopf invariant is enough to imply the existence of a map of Hopf invariant one.
This allows for a well-defined mod 2 reduction of the Hopf invariant, defined using
cohomology with coefficients in F2. This reduction is the subject of the next section.

3. The Steenrod Algebra

We originally defined the Hopf invariant in terms of the cup product. Under this
definition, the Hopf invariant is not invariant under suspensions, as all cup products
of suspensions vanish. Ideally, we would like to have cohomology operations that
are stable, meaning they commute with suspensions. This allows us to work in the
stable homotopy category, where we have a whole host of powerful computational
tools at our disposal. It turns out that the reduction to cohomology with mod 2
coefficients also allows us to transition to stable homotopy.

In F2-cohomology, we can explicitly describe the cohomology operations in terms
of operations called Steenrod squares.

Definition 3.1. (Steenrod Squares). The Steenrod Squares are stable cohomology
operations between the mod-2 cohomology groups of a topological space. Namely,
for each i ≥ 0, there exists a cohomology operation

Sqi : Hn(−,Z2) ! Hn+i(−,Z2)

such that:
1. Sq0 is the identity map.
2. Sq1 is the Bockstein homomorphism associated with the coefficient sequence

0 ! Z/2 ! Z/4 ! Z/2 ! 0.

3. Sqn is the cup-product square.
4. Sqi is 0 for all i > n.
5. The Cartan formula holds:

Sqk(a ⌣ b) =
∑

i+j=k

Sqi(a) ⌣ Sqi(b).

6. The Adem relations hold: For i < 2j,

SqiSqj =

i/2∑
k=0

(
j − k − 1

i− 2k

)
Sqi+j−kSqk.

7. The Steenrod Squares are stable, namely they commute with the natural
isomorphism Hn(X) ! Hn+1(ΣX).
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A full construction of the Steenrod Squares can be found in [6], though this
axiomatic definition will suffice for our purposes. The Steenrod squares generate
a Hopf algebra over F2 known as the Steenrod Algebra, denoted A, which will
come up repeatedly throughout the calculation of the stable homotopy groups of
spheres. Moreover, the Adem relations imply that Sqn is indecomposable if and
only if n = 2i for some i. For detailed proofs of these facts, see [5] or [8].

Given a map f : S2n−1 ! Sn, this additional algebraic strucutre determines
H∗(Cf ;F2) as an A−module. This allows us to define the mod 2 Hopf invariant
H(f) of f as follows:

Definition 3.2. Let f : S2n−1 ! Sn, and let Cf denote its mapping cone. Let α
and β be generators of Hn(Cf ;F2) and H2n(Cf ;F2) respectively. The mod 2 Hopf
invariant of f is defined as the integer H(f) ∈ {0, 1} such that

Sqnα = H(f)β.

Because the Steenrod squares are stable cohomology operations, we can show
that a map with Hopf invariant one yields a nontrivial element in the stable homo-
topy groups of spheres:

Proposition 3.3. Suppose f : S2n−1 ! Sn has Hopf invariant one. Then f
determines a nontrivial class [f ] ∈ πS

n−1, the (n− 1)st stem of the stable homotopy
groups of spheres.

Proof. Suspend f to the map Σf : S2n ! Sn+1, and form its mapping cone CΣf
.

Because suspensions preserve pushouts, there is a homeomorphism CΣf
∼= ΣCf ,

where Cf denotes the mapping cone of f . We know that Sqn : Hn(Cf ;F2) !
H2n(Cf ;F2) is nontrivial, as H(f) = 1. Since the Steenrod squares are stable
cohomology operations,

Sqn : Hn+1(ΣCf ;F2) ! H2n+1(ΣCf ;F2)

is also nontrivial. Now, we claim that Σf is not homotopic to the constant map. If
it were, then

ΣCf
∼= CΣf = Sn+1 ∪Σf D2n+1 ∼= Sn+1 ∨ S2n+1,

so there exists a retraction r : ΣCf ! Sn+1. This retraction induces surjections
r∗ : H∗(Sn+1;F2) ! H∗(ΣCf ;F2) on cohomology. By naturality of cohomology
operations, the following diagram commutes:

Hn(Sn+1;F2)
r∗ //

Sqn

��

Hn(ΣCf ;F2)

Sqn

��
H2n(Sn+1;F2)

r∗ // H2n(ΣCf ;F2)

However, H2n(Sn+1;F2) = 0, so the diagram above implies Sqn ◦ r∗ = 0, which is a
contradiction as r∗ is surjective. If we iterate this procedure by repeatedly taking
suspensions, we find that f determines a nontrivial element [f ] ∈ πS

n−1. □

The properties of the Steenrod squares also immediately cut down on which
values of n can possibly allow for a map of Hopf invariant one.

Proposition 3.4. If f : S2n−1 ! Sn has Hopf invariant one, then n = 2i for some
i ∈ N.
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Proof. Let α and β denote the generators of Hn(Cf ;F2) and H2n(Cf ;F2) respec-
tively. Because H(f) ≡ 1 (mod 2), Sqn(α) = β. If n is not a power of 2, Sqn can be
decomposed into a sum of products of Steenrod squares Sqk with k < n. However,
for all 0 < k < n, Hn−k(Cf ,F2) = 0, so Sqn(α) = 0. Therefore, n = 2i for some
i ∈ N. □

Importantly, this definition allows us to equivalently reformulate the Hopf in-
variant one problem. The question now becomes: for which values of n does there
exist a map f : S2n−1 ! Sn with mapping cone Cf such that Sqn connects the
bottom cell of Cn to the top cell in F2−cohomology? For such n and map f , the
extension

0 ! H∗(S2n,F2) ! H∗(Cf ,F2) ! H∗(Sn,F2) ! 0

does not split as a short exact sequence of A-modules. Therefore, f represents
a nontrivial class in Ext1,nA (F2,F2). In certain cases, we can explicitly determine

Exts,tA (F2,F2) as a A−module. The following proof builds off of the one appearing
in [7].

Proposition 3.5. When s = 0 or 1, Exts,tA (F2,F2) has the following strucutre:

1. Ext0,tA (F2,F2) =

{
F2 if t = 0

0 if t ̸= 0,

2. Ext1,tA (F2,F2) =

{
F2 if t = 2i for some i ∈ N
0 else

Proof. Let I(A) denote the augmentation ideal given by the counit ε : A ! F2 of
A. Consider the short exact sequence of A-modules

0 ! I(A) ! A ! F2 ! 0.

This gives rise to a long exact sequence, part of which is given by

(3.6) 0 ! Homt
A(F2,F2) ! Homt

A(A,F2) ! Homt
A(I(A),F2) !

! Ext1,tA (F2,F2) ! Ext1,tA (A,F2) ∼= 0,

where Ext1,tA (A,F2) ∼= 0 because A is certainly a projective A−module. First,

suppose that t = 0. Then the map Hom0
A(A,F2) ! Hom0

A(I(A),F2) is simply the
map F2 ! 0. In this case, the long exact sequence in 3.6 implies

0 ! Hom0
A(F2,F2) ! F2 ! 0,

so we immediately have

Ext0,0A (F2,F2) ∼= Hom0
A(F2,F2) ∼= F2.

Now, suppose that t ̸= 0. Then Homt
A(A,F2) ∼= 0, so the long exact sequence in

3.6 becomes

(3.7) 0 ! Homt
A(F2,F2) ! 0 ! Homt

A(I(A),F2) ! Ext1,tA (F2,F2) ! 0.

This implies Ext0,tA (F2,F2) ∼= Homt
A(F2,F2) ∼= 0 for t ̸= 0, and concludes the proof

of (1). Moreover, 3.7 also shows that Ext1,tA (F2,F2) ∼= Homt
A(I(A),F2). We then
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have that

Ext1,tA (F2,F2) ∼= Homt
A(I(A),F2)

∼= Homt
F2
(F2 ⊗A I(A),F2)

∼= Homt
F2
(I(A)/(I(A))2,F2),

where the second isomorphism is due to the change of rings theorem. The quotient
I(A)/(I(A))2 is the graded vector space of indecomposable elements of A. From

earlier, we know that these are precisely the elements of the form Sq2
i

, for i ∈ N.
Therefore, I(A)/(I(A))2 is 0 except in degrees t = 2i, where it is generated by

Sq2
i

. This concludes the proof of (2). □

By convention, we let hi ∈ Ext1,2
i

A (F2,F2) denote the generator dual to Sq
2i ∈ A.

It turns out that this Ext group is closely related to the Adams Spectral Sequence,
which will provide us with yet another way to examine the Hopf invariant one
problem.

4. The Adams Spectral Sequence

The importance of the Adams Spectral Sequence in the development of modern
homotopy theory cannot be understated. While the spectral sequence can be de-
fined in greater generality, we will focus on the version that will be most relevant
to us.

Theorem 4.1. Let X denote a connective spectrum of finite type. Then there
exists a spectral sequence converging to the 2-completed stable homotopy groups of
X, whose E2 page is given by

Es,t
2 = ExtsA(H

∗(X;F2),F2),

and has differentials dr : Es,t
r ! Es+r,t+r−1

r . In the special case that X is the sphere
spectrum,

Es,t
2 = Exts,tA (F2,F2) =⇒ (πS

t−s)
∧
2 .

The full construction of the Adams Spectral Sequence is beyond the scope of this
paper, but the original formulation can be found in Adams’ paper [1] . Additional
references include [8] or [9]. We will discuss its usage, some foundational results, and
the relevant differentials. In particular, we will record the following well-established
result on the multiplicative structure of the Adams Spectral Sequence in the case
of the sphere spectrum, originally due to Adams in [1].

Proposition 4.2. In Ext2,∗A (F2,F2), the only relation between products of hi’s is

hihi+1 = 0.

Moreover, the only relations between products of hi’s in Ext3,∗A (F2,F2) are

hihi+1 = 0, hih
2
i+2 = 0, h2

ihi+2 = h3
i+1.

Let us now tie this back to the Hopf invariant one problem. Proposition 3.4
implies that E1,n

2 = Ext1,nA (F2,F2) is isomorphic to the vector space of degree n

indecomposable elements of A. As earlier, let hi ∈ E1,2i

2 = Ext1,2
i

A (F2,F2) denote

the elements dual to Sq2
i ∈ A. Since Proposition 3.3 demonstrated that a map

f : S2n−1 ! Sn with Hopf invariant 1 determines an element in πS
n−1, the (n− 1)st
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stem of the stable homotopy groups of spheres, hi should detect this map. Namely,

hi ∈ E1,2i

2 survives to E1,2i

∞ . Thus, h0 detects 2ι, h1 detects η, h2 detects γ, and h3

detects σ. This now becomes a problem of computing the relevant differentials in
the Adams Spectral Sequence for the sphere spectrum. For instance, we can easily
show that there is no element in π2n−1(S

n) of Hopf invariant one when n = 16.

Lemma 4.3. The following differential in the Adams Spectral Sequence for the
sphere spectrum is nonzero:

d2(h4) = h0h
2
3.

Proof. Because h3 detects the classical Hopf map σ : S15 ! S8, h3 must survive
and give an element in the 7-stem of the stable homotopy groups of spheres. Since
σ is in an odd stem, anticommutativity of the product in πS

∗ implies that σ2 = −σ2.
Therefore, 2σ2 = 0. Becuase multiplication by h0 corresponds to multiplication by
2 in πS

∗ , we know h0h
2
3 cannot possibly detect a map in πS

∗ . Since all differentials
on h0h

2
3 are zero for dimensional reasons, h0h

2
3 must be the target of some other

differential. The only possibility is d2(h4) = h0h
2
3, and h0h

2
3 ̸= 0 by Proposition 4.2.

□

We can now finally put the Hopf invariant one question to rest. The following
proof is due to J.S.P. Wang in [3].

Theorem 4.4. In the Adams Spectral Sequence for the sphere spectrum, the fol-
lowing differential holds for all i ≥ 4:

d2(hi) = h0h
2
i−1 ̸= 0.

In particular, hi does not survive to E1,2i

∞ for i ≥ 4.

Proof. We proceed by induction on n. The base case is precisely Lemma 4.3. Now,
suppose that for some i ≥ 4,

d2(hi) = h0h
2
i−1 ̸= 0.

Because hihi+1 = 0, we must also have that

d2(hihi+1) = 0.

Since differentials are derivations, applying the Leibnitz rule to the above relation-
ship implies

hid2(hi+1) = d2(hi)hi+1.

Applying the inductive hypothesis to this yields,

hid2(hi+1) = h0h
2
i−1hi+1 ̸= 0,

where the right side is nonzero by Proposition 4.2. Moreover, because h2
i−1hi+1 =

h3
i , this equation becomes

hid2(hi+1) = h0h
3
i ̸= 0.

This can only be the case if

d2(hi+1) = h0h
2
i ̸= 0.

Therefore, hi does not survive to E1,2i

∞ for all i ≥ 4. □

Corollary 4.5. The only n such that there exists a map f : S2n−1 ! Sn of Hopf
invariant one are n = 1, 2, 4, and 8.
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