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Abstract. In recent years optimal transport has found many varied appli-

cations across pure and applied mathematics. In this report we will detail
how the tools of optimal transport can be developed in order to establish two

inequalities: one from geometry and one from functional analysis. In this

pursuit, we will show how optimal transport can lend differential and convex
structure to the space of absolutely continuous measure on Rd, made possible

by the optimal transport map.
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1. Introduction

While originating in physical problems of earth-moving and resource allocation,
the techniques of optimal transport have found surprising pure applications in ge-
ometry, probability, and differential equations. This report will detail how optimal
transport can be employed to establish two inequalities, one from geometry and
one from functional analysis.

First, an aside on notation. In what follows X and Y will be two Polish spaces.
We denote the space of signed Radon measures on X as M (X) and the space of
Borel probability measures on X as P(X); in either case a subscript ac will indi-
cate the subspace of absolutely continuous measures when the underlying space is
Rd, and we freely associate between absolutely continuous measures and their den-
sities. We will also denote by Cc(X) the space of compact, continuously supported
functions, which in the case of X locally compact satisfies Cc(X)∗ = M (X) by the
Riesz representation theorem. 1

Date: DEADLINES: Draft AUGUST 14 and Final version AUGUST 28, 2021.
1See [10, Theorem 6.19].
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2 BENJAMIN SCOTT

Now we are able to introduce the two ways transport between measures is un-
derstood.

Definition 1.1. Given µ ∈ P(X), ν ∈ P(Y ), and a Borel map T : X → Y, we
define the pushforward measure T#µ by

T#µ(B) = µ(T−1(B)), for all B ⊂ Y Borel.

We say T is a transport map from µ to ν if T#µ = ν.

Theorem 1.2 (pushforward change of variables). Let µ ∈ P(X), ν ∈ P(Y ). Then
T#µ = ν for T : X → Y if and only if∫

Y

φ dν =

∫
X

φ ◦ T dµ

for all φ : Y → R Borel and bounded.

Intuitively a transport map specifies a way to carry infinitesimal pieces of µ from
each point x ∈ X to a point T (x) ∈ Y in such a way that ν results. Another notion
of transport between measures is given by what is called a coupling.

Definition 1.3. Given µ ∈ P(X), ν ∈ P(Y ), we say γ ∈ P(X ×Y ) is a coupling
of µ and ν if

γ(A× Y ) = µ(A), γ(X ×B) = ν(B) for all A ⊂ X, B ⊂ Y Borel

or equivalently
πX
#γ = µ, πY

#γ = ν,

where πX : X × Y → X and πY : X × Y → Y are the two projection maps. We
denote the set of couplings of µ and ν by Γ(µ, ν).

A coupling no longer specifies explicit destinations for each point in the source
space. Instead, it encodes the amount of mass transported from a Borel set A ⊂
X to a Borel set B ⊂ Y by the value γ(A × B). This relaxation will resolve
some difficulties encountered when ones tries to find transport between arbitrary
measures, since it enables mass in the source to be “split.”

We are now ready to introduce the two problems which lie at the foundation of
optimal transport: those of Monge and Kantorovich. We let µ ∈ P(X), ν ∈ P(Y ),
and suppose c : X×Y → R is a Borel function which when evaluated at (x, y) gives
the unit cost to transport mass from x ∈ X to y ∈ Y.

Problem 1.4 (Monge). Find a transport map T from µ to ν such that∫
X

c(x, T (x)) dµ(x) = inf

{∫
X

c(x, T (x)) dµ(x)

∣∣∣∣T#µ = ν

}
.

Problem 1.5 (Kantorovich). Find a coupling γ of µ and ν such that∫
X×Y

c(x, y) dγ(x, y) = inf

{∫
X

c(x, y) dγ(x, y)

∣∣∣∣ γ ∈ Γ(µ, ν)

}
.

Although the Monge problem is more appealing to the intuition it need not
admit a solution. For instance, if X = Y = R, µ = δ0, and ν = 1

2δ1 +
1
2δ2, then the

set of transport maps from µ to ν is empty. The reason for this is that any Borel
map T : X → Y can specify only one destination for the atom at 0. Additional
assumptions can recover the guarantee of a solution in the Monge problem, but
in the Kantorovich problem the set of couplings is always nonempty, since we can
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define the product measure µ ⊗ ν(A × B) = µ(A) × ν(B). For this reason we will
perform our analysis in the setting of the Kantorovich problem then derive results
in the Monge problem as a special case.

Strictly speaking, we will neglect the goal of minimizing the cost in favor of
deriving transport maps with the greatest possible regularity. The reasoning for
this is twofold. First, optimality in terms of cost is actually irrelevant to our stated
goal of resolving functional and geometric inequalities. Second, the transport map
we seek can be had with weaker assumptions than a solution to the Monge problem.
Nevertheless, we will note in the text where an additional assumption bridges the
gap and guarantees optimality.

In the subsequent sections we will care chiefly about the case X = Y = Rd and
c(x, y) = |x− y|2, and we will take as given m, the Lebesgue measure on the Borel
sets. First, some useful definitions and results from convex analysis will be estab-
lished. These ideas will then be applied to the question of existence and uniqueness
in the problem of finding a transport map between two measures. After that, an
alternative notion of convexity for functionals on the space of absolutely continu-
ous measures will be developed. Finally, we will resolve the Brunn-Minkowksi and
Sobolev inequalities.

2. Review of Convex Analysis

The theory of convex functions and their derivatives will form the basis of our
investigations into solutions of the Monge and Kantorovich problems. Many of the
classical differentiability results for sufficiently smooth functions can be realized in
an analogous form for convex functions in an appropriately weakened sense. In
this section we will issue some necessary definitions to realize the aforementioned
differentiability results.

First, we will make precise our notion of convex function.

Definition 2.1. A function φ : Rd → R ∪ {+∞} is said to be convex if

φ((1− t)x+ ty) ≤ (1− t)φ(x) + tφ(y)

whenever x, y ∈ Rd and t ∈ (0, 1). The domain of a convex function, dom φ is the
convex set {φ < +∞}. We say φ is closed whenever its epigraph {(x, y) | y ≥ φ(x)}
is closed or equivalently1 when φ is lower semicontinuous.

Hereafter we will suppose φ : Rd → R∪{+∞} is a (not necessarily closed) convex
function. While φ is always continuous on int dom φ, we have no hope of ensuring
differentiability at every point. However, we can relax the notion of gradient to
that of subgradient, which describes a hyperplane lying below the graph at a given
point.

Definition 2.2. Given x ∈ Rd, we say y ∈ Rd is a subgradient of φ at x if

f(z) ≥ f(x) + ⟨z − x, y⟩
for all z ∈ R. The collection of all subgradients of φ at a point x defines a multi-
function called the subdifferential of φ at x and is denoted ∂φ(x). We identify the
subdifferential with its graph in the following way

∂φ =
⋃

x∈Rd

{x} × ∂φ(x).

1See [8, Theorem 7.1].
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If φ is closed, then the subdifferential is continuous in the sense that for a
sequence ((xn, yn)) ⊂ ∂φ with xn → x and yn → y, we have y ∈ ∂φ(x), which is to
say the set ∂φ is closed. Since φ is locally Lipschitz at every point of int dom φ,
one can conclude by Rademacher’s theorem and Definition 2.2 the following

Proposition 2.3. For almost all x ∈ dom φ, ∇φ(x) exists. Moreover, ∂φ(x) =
{∇φ(x)} if and only if ∇φ(x) exists.

Proof. See [8, Theorem 25.1 and 25.5]. ■

In fact, we can go one step further and supply a condition for second differen-
tiability of φ at the points where ∇φ exists. This is done by indentifying a second
derivative ∇2φ(x) at a point x where ∇φ(x) exists if

lim
h→0

sup
y∈∂φ(x+h)

|y −∇φ(x)−∇2φ(x)(h)|
|h|

= 0.

This derivative, called the Aleksandrov derivative, leads to the following theorem.

Theorem 2.4 (Aleksandrov’s). The Aleksandrov derivative ∇2φ(x) exists for x ∈
dom φ almost everywhere.

Proof. See [4, Theorem 6.9]. ■

This next definition will give a simple but powerful way to characterize the
subdifferential of convex functions.

Definition 2.5. We say a set S ⊂ Rd × Rd is cyclically monotone if for all
(x1, y1), · · · , (xn, yn) ⊂ S, we have

(2.6)

n∑
i=1

⟨xi+1 − xi, yi⟩ ≤ 0, where xn+1 = x1.

The analogy here with the smooth case is evident. Paraphrasing Rockafellar, the
condition in (2.6) can be thought of as a discretization of the classical requirement
that the gradient of a conservative vector field induced by a convex potential should
have positive semidefinite derivative and closed line integrals over the field should
vanish. Indeed, we can identify the subdifferential of a convex function by the
cyclical monotonicity property.

Theorem 2.7 (Rockafellar’s). The subdifferential of a convex function is cyclically
monotone, and a cyclically monotone set is contained in the subdifferential of a
closed convex function.

Proof. See [8, Theorem 24.8]. ■

Another useful definition arises out of the need to define the inverse derivative
and is called the Legendre transform.

Definition 2.8. The Legendre transform of φ, φ∗ : Rd → R ∪ {+∞} is defined by

φ∗(y) = sup
x∈Rd

⟨x, y⟩ − φ(x).

Some useful properties of φ∗, along with the inverse property we have just men-
tioned, are now introduced.
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Proposition 2.9. The following hold for x, y ∈ Rd:

(i) φ(x) + φ∗(y) ≥ x · y.
(ii) φ(x) + φ∗(y) = x · y if and only if y ∈ ∂φ(x).
(iii) If φ is closed, then y ∈ ∂φ(x) if and only if x ∈ ∂φ∗(y).

Proof. See [8, Theorem 23.5] ■

The preceeding definitions and results are all hallmarks of convex analysis. We
now discuss a few of more specialized results. Each of these was proved by McCann
in [6] or [7].

Theorem 2.10 (convex inverse function theorem). Let φ : Rd → R ∪ {+∞}
be convex. Suppose there is x0 ∈ Rd such that ∇φ(x0) exists, φ is finite in a
neighborhood of x0, and φ has Aleksandrov derivative Λ at x0. If Λ is invertible,
then φ∗ has Aleksandrov derivative Λ−1 at ∇φ(x0). If Λ is not invertible, then φ∗

has no Aleksandrov derivative at ∇φ(x0).

Theorem 2.11 (convex implicit function theorem). Let φ : Rd → R ∪ {+∞} and
ψ : Rd → R ∪ {+∞} be convex. Suppose there is x0 ∈ Rd such that φ(x0) = ψ(x0),
but ∇φ(x0) ̸= ∇ψ(x0). Assuming ∇φ(x0) − ∇ψ(x0) is directed along x1, without
loss of generality, then there is a neighborhood U of p and a 1-Lipschitz function
f : Rd−1 → Rd on which φ(x) = ψ(x) if and only if x1 = f(x2, · · · , xd). It follows
that φ and ψ are locally equal on a set of measure zero.

Theorem 2.12 (Jacobian theorem). Let φ : Rd → R ∪ {+∞} be convex. If φ has
Aleksandrov derivative Λ at x0, then

m(∂φ(Br(x0)))

m(Br)
→ detΛ, as r → 0.

Moreover, if Λ is invertible, then ∂φ(Br(x0)) shrinks nicely1 to ∇φ(x0).

3. Existence and Characterization of the Optimal Map

We now turn our view towards establishing some results regarding solutions
to the problems of Monge and Kantorovich. We will follow the geometric and
topological method of McCann as in [6], which establishes the necessary result in
greatest generality. Historically, this has also been approached via the factorization
of vector fields or through Kantorovich duality.

Here we will solve2 the Kantorovich problem for finite combinations of Dirac
measures. Then we will demonstrate that such combinations form a dense subset
of the space of probability measures under an appropriate topology. Passing into a
limit will demonstrate existence, and uniqueness will follow as a result of Theorem
2.11. We begin with the first order of business, solving the problem of Kantorovich
in the discrete case.

Proposition 3.1 (existence of a cyclically monotone pairing). Given n points
x1, · · · , xn and n points y1, · · · , yn, there exists a permutation σ such that the set
{(xσ(1), y1), · · · , (xσ(n), yn)} is cyclically monotone.

1A sequence of Borel sets (En) shrinks nicely to x if there is a sequence r(n) → 0 such that

En ⊂ Br(n)(x) and infn m(En)/m(Br(n)) > 0.
2We will use the word “optimal” to mean in the sense of cylically monotone support, since

this property is much more relevant to regularity results on the optimal transport map. The

relationship between this property and optimality in the cost will be demonstrated afterwards.
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Proof. Since the set of permutations is finite, we can simply select σ such that

(3.2)

n∑
i=1

⟨xσ(i), yi⟩

is maximized. Without loss of generality we will assume σ = I. Now we wish to
demonstrate cyclical monotonicity.

Take k of the points (xi1 , yi1), · · · , (xik , yik), and let ik+1 = i1. Now we define a
permutation σ′ as

σ′(i) =

{
ij+1, if i = ij for some 1 ≤ j ≤ k

i, otherwise.

Since we chose σ to maximize (3.2), we have

n∑
i=1

⟨xσ′(i), yi⟩ −
n∑

i=1

⟨xi, yi⟩ =
k∑

j=1

⟨xij+1
− xij , yij ⟩ ≤ 0,

as desired. ■

Corollary 3.3. In the case of µ = 1
n

∑n
i=1 δxi

, ν = 1
n

∑n
i=1 δyi

, there exists a
coupling with cyclically monotone support.

Proof. We assume the points have been indexed so that (x1, y1), · · · , (xn, yn) forms
the cyclically monotone pairing as above. Then we define γ = 1

n

∑n
i=1 δ(xi,yi). One

can check then that γ is a coupling of µ and ν, and that its support is the cyclically
monotone set {(x1, y1), · · · , (xn, yn)}. ■

Before we go further, we should briefly make a note on the topology of measures.
Since Rd is a locally compact Hausdorf space, we have M (Rd) = Cc(Rd)∗, and as
a result we can use the idea of weak-∗ convergence.

Definition 3.4. Given a sequence (µn) ⊂ M (Rd), we say (µn) converges weak-∗
to a limit µ ∈ M (Rd), sometimes denoted µn

∗
⇀ µ, if∫

φ dµn →
∫
φ dµ, for all φ ∈ Cc(Rd).

This notion of convergence induces what is called the weak-∗ topology. It turns out
that this topology can be metrized by the transportation cost for linear distance,
c(x, y) = |x − y| by what is known as the Wasserstein distance. Those interested
should see [5] for more.

The following theorem will enable us to take the previous results and translate
them to the continuous case through a limit process.

Lemma 3.5. The following set forms a weak-∗ dense subset of P(Rd)

(3.6)

{
1

n

n∑
i=1

δxi

∣∣∣∣∣n ∈ N, x1, x2, · · · , xn ∈ Rd

}
.

Proof. The set P(Rd) is convex, and is weak-∗ compact by the Banach-Alaoglu
theorem.1 Moreover, the Dirac measures form the set of extreme points for P(Rd),
therefore by the Krein-Milman theorem, we know the closure of the set of convex

1See [9, §15.1].
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combinations of Dirac masses,
∑n

i=1 aiδxi
is dense. One can take the coefficients

ai to be rational, then we can recover a form more like (3.6) by taking n to be
the least common denominator across every ai and encoding the numerator with
appropriate multiplicity of the points xi. ■

Now we demonstrate that the relevant properties of a sequence of couplings is
preserved under weak-∗ limits.

Lemma 3.7. Let (γn) ⊂ P(Rd × Rd) and suppose γn
∗
⇀ γ ∈ P(Rd). If supp γn

is cyclically monotone for all n, then supp γ is cyclically monotone. If µn
∗
⇀ and

νn
∗
⇀ ν, where µn and νn are the left and right marginals of γn, then γ has left and

right marginals µ and ν.

Proof. We prove the first claim by contradiction. If γ did not have cyclically mono-
tone support, then there would exist k points (xi, yi) ⊂ supp γ that violate the
inequality in (2.6). Moreover, we can select neighborhoods Ui of (xi, yi) such that
the same inequality is violated whenever we select k points, one from each of the
neighborhoods Ui. Since these points belong to supp γ, we know γ(Ui) > 0 for all
Ui, which implies that for large enough n, γn(Ui) > 0 for all Ui. However, this

implies that supp γn ∩ (
⋃k

i=1 Ui) ̸= Ø, and supp γn therefore contains a subset that
is not cyclically monotone, in contradiction with our supposition. This proves the
first claim.

Let f ∈ Cc(Rd).We can treat f as a function on Rd×Rd independent of its second

argument and then extend appropriately to take f ∈ Cc(R
d × Rd

), where bbR
d

denotes the one point compactification of Rd. Since (γn) embeds in Cc(R
d ×Rd

)∗,

we can extract a weak-∗ limit point of (γn), γ
′, in Cc(R

d×Rd
)∗. Since Cc(R

d×Rd
)

contains the constant functions, we know by the definition of weak-∗ convergence,

γ′(Rd ×Rd
) = 1. Additionally, γ and γ′ coincide on Rd ×Rd, which can be checked

by an ascending limit of Cc(Rd×Rd) functions converging pointwise to the indicator

of Rd × Rd. Therefore, γ = γ′. If f ∈ Cc(R
d × Rd

)∗ is independent of its second
argument and supported on a compact subset of Rd in its first, then∫

f dγ′ = lim
n→∞

∫
f dγn = lim

n→∞

∫
f dµn =

∫
f dµ.

Using Urysohn’s Lemma and taking limits,1 we can deduce that γ(A×Rd
) = µ(A)

for all A ⊂ Rd compact,2 which is to say µ is the left marginal of γ′. The same
proof can be carried out to check that ν is the right marginal of γ′. It follows then
that γ = γ′ has the correct marginals. ■

Theorem 3.8. Let µ, ν ∈ P(Rd), then there exists a coupling γ of µ and ν with
cyclically monotone support.

Proof. Using Lemma 3.6, one can obtain sequences

µk =
1

n

n∑
i=1

δxi
, νk =

1

n

n∑
i=1

δyi
,

1That is, taking continuous functions f : Rd → [0, 1] such that f(A) = {1} and f({d(x,A) ≥
1/n}) = 0.

2In Rd the Borel σ-algebra is also generated by the compact sets.
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where (xi, yi) is ordered such that the support of

γk =
1

n

n∑
i=1

δ(xi,yi)

is cyclically monotone and γk has marginals µk
∗
⇀ µ and νk

∗
⇀ ν. Now γk lies in the

unit ball of Cc(Rd×Rd)∗, so extracting a limit point γ tells us that γ is a nonnegative
measure with cyclically monotone support and µ and ν as its marginals. This last
fact forces γ to have unit mass, as desired. ■

The next theorem will be central to the our stated goal of proving various in-
equalities, since it equips the optimal transport map with a great deal of regularity.

Theorem 3.9 (Brenier’s). Let µ ∈ Pac(Rd), ν ∈ P(Rd). Then there exists a
unique (µ almost everywhere) optimal transport map from µ to ν given by the
gradient of a convex function φ : Rd → R ∪ {+∞}.

Proof. We will address existence. From Theorem 3.8, we have that there exists
γ with cyclically monotone support and µ and ν as its marginals. Rockafellar’s
theorem tells us that supp γ ⊂ ∂φ, for some closed convex function φ : Rd →
R ∪ {+∞}. Therefore ∂φ is closed. The set of points where φ is differentiable,
dom ∇φ is a Gδ set,1 which is to say it is Borel. Moreover, since the boundary of
dom φ is measure zero, we know because ∇φ exists in dom φ almost everywhere
and µ is absolutely continuous that µ(dom ∇φ) = 1.

Now we should demonstrate that (I ×∇φ)#µ = γ. Consider the set

S = {(x,∇φ(x)) | x ∈ dom ∇φ} = (dom∇φ× Rd) ∩ ∂φ.

Since ∂φ is closed and dom ∇φ is Borel, we know S is Borel. Moreover, S is of
full measure for γ, since µ(dom ∇φ) = 1 and supp γ ⊂ ∂φ, so γ(Z ∩ S) = γ(Z) for
Z ⊂ Rd × Rd. This implies that for M,N ⊂ Rd Borel

γ(M ×N) = γ((M ∩ (∇φ)−1(N))× Rd ∩ S) = (I ×∇φ)#µ(M ×N).

Since the Borel sets in the product space are generated by products of Borel sets,
we have (I ×∇φ)#µ = γ, and therefore ∇φ#µ = ν, as desired.

Uniqueness is more laborious and a full proof can be found in [6]. ■

We will now relate the property of cylical monotonicity to that of optimality in
the cost. The reason we have neglected to do so until now is that cyclical mono-
tonicity, and the structure it places on the optimal transport map, is all one needs
to deal with functional and geometric inequalities. However, to derive optimality
results one requires a further assumption: thatf finite second order moments, i.e.∫

|x|2 µ(x) +
∫
|y| ν(y) < +∞.

First, a necessity result.

Proposition 3.10. If γ is optimal for the Kantorovich cost, then supp γ is cycli-
cally monotone.

Through the following duality, we can make this condition into a sufficient one.

1See [8, Note after Theorem 25.5].
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Theorem 3.11 (Kantorovich Duality). Let µ, ν ∈ P(Rd). If µ and ν have finite
second order moments, then

min
γ∈Γ(µ,ν)

∫
−x · y dγ(x, y) = max

φ convex

∫
−φ dµ+

∫
−φ∗ ν.

These results culminate in the following theorem.

Corollary 3.12 (fundamental theorem of optimal transport). The following are
equivalent for the Kantorovich problem with µ, ν having finite second moments:

(i) γ is optimal
(ii) supp γ is cyclically monotone
(iii) supp γ ⊂ ∂φ for some convex φ : Rd → R ∪ {+∞}.

Towards the end of establishing the regularity on the optimal transport map
when µ and ν are absolutely continuous, we will now follow the program of McCann
in [7]. This will culminate in an integral change of variables type theorem between µ
and ν, along with a differential equation relating them, both based on the derivative
of the optimal transport map.

Lemma 3.13. Let φ : R → R ∪ {+∞} be convex and let Ω = int dom Ω. If
µ ∈ Mac(Ω), then for a Borel set M ⊂ Rd, ∇φ#µ(M) is equal to µ(∂φ∗(M)).

Proof. By definition, ∇φ#µ(M) = µ((∇φ)−1(M)). If ∇φ(x) ∈ M, then x ∈
∂φ∗(∇φ(x)) ⊂ ∂φ∗(M), so (∇φ)−1(M) ⊂ ∂φ∗(M). Moreover, the difference is
a subset of the points where ∂φ is not single valued, which is a set of Lebesgue
(and thereby µ) measure zero, therefore

∇φ#µ(M) = µ((∇φ)−1(M)) = µ(∂φ∗(M)). ■

Proposition 3.14. Let φ : Rd → R ∪ {+∞} be convex, let Ω = int dom φ, and
let µ ∈ Mac(Ω). Suppose x is a Lebesgue point of µ at which is the Aleksandrov
derivative ∇2φ exists and is invertible. Then at ∇φ(x), the symmetric derivative
of ∇φ#µ exists and is equal to µdet(∇2φ)−1.

Proof. If x ̸∈ Ω, then the result is automatic since µ vanishes in a neighborhood
of x, so we may assume x ∈ Ω. Then φ is finite in a neighborhood of x, ∇φ(x)
exists, and ∇2φ(x) exists and is invertible, therefore by Theorem 2.10 we have that
∇2φ∗(∇φ(x)) = (∇2φ(x))−1, which combined with Theorem 2.12 gives

(3.15)
m(∂φ∗(Br(∇φ(x))))
m(Br(∇φ(x)))

→ det(∇2φ(x))−1, as r → 0.

Moreover, since ∂φ∗(Br(∇φ(x))) shrinks nicely to x and x is a Lebesgue point of
µ, we have

(3.16)
µ(∂φ∗(Br(∇φ(x))))
m(∂φ∗(Br(∇φ(x))))

→ µ(x), as r → 0.

Multiplying (3.15) and (3.16) then applying the identity in Lemma 3.13 yields the
result. ■

Corollary 3.17. Let φ : R → R ∪ {+∞} be convex and let Ω = int dom Ω. Then
det(∇2φ) ∈ L1

loc(Ω). Moreover, the pushforward of det(∇2φ) through ∇φ is equal to
Lebesgue measure restricted to ∂φ(M), where M consists of points x such that the
Aleksandrov derivative exists, is invertible, and x is a Lebesgue point of det(∇2φ).
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Proof. Let K ⊂ Ω be compact. Since ∂φ is continuous, by Lemma 3.13 we know
that ∇φ∗

#m(K) = m(∂φ(K)) < ∞, therefore ∇φ∗
#m is Radon and its absolutely

continuous part is locally integrable on Ω. On M ⊂ Ω, where ∇2φ is invertible,
we can apply Proposition 3.14 to the measure ∇φ∗

#m along with Theorem 2.10

to find that its absolutely continuous part is equal to det(∇2φ). Since det(∇2φ)
is zero outside M, we find that it is equal to a locally integrable function almost
everywhere, and is thus locally integrable.

Now if we apply Proposition 3.14 to ∇φ# det(∇2φ), we find that the symmetric
derivative is equal to 1 on ∂φ(M), and because M is full measure for det(∇2φ),
∂φ(M) must be full measure for ∇φ# det(∇2φ). Thus, ∇φ# det(∇2φ) is equal to
Lebesgue measure restricted to ∂φ(M). ■

Theorem 3.18 (monotone change of variables). Let µ, ν ∈ Pac(Rd), and let φ :
Rd → R∪{+∞} be a convex function such that ∇φ#µ = ν. Let Ω = int dom φ, and
let X ⊂ Ω be the points where the Alexandrov derivative ∇2φ exists and is invertible.
Then X is of full measure for µ. Moreover, if F : [0,∞) → R is measurable and
F (0) = 0, then∫

Rd

F (µ(y)) dy =

∫
X

F

(
µ(x)

det(∇2φ(x))

)
det(∇2φ(x)) dx.

Proof. Since ∇φ#µ = ν, we know φ is finite on a set of full measure for µ, therefore
∇2φ exists µ almost everywhere, and is invertible but for the set ∂φ∗(Z), where
Z = {y | ∇2φ∗(y) does not exist}. Since ν is absolutely continuous, we have by
Lemma 3.13 that µ(∂φ∗(Z)) = ν(Z) = 0, so µ(X) = 1. This proves the first result.

Let M be the set of Lebesgue points for det(∇2φ). Since det(∇2φ) is L1
loc(Ω),

we know M and X differ on a set of Lebesgue (and thereby µ) measure zero. Thus,
∂φ(M) has full measure for ν. Since ∇φ pushes det(∇2φ) foward to Lebesgue
measure on ∂φ(M), the pushforward change of variables

(3.19)

∫
∂φ(M)

F (ν(y)) dy =

∫
M

F (ν(∇φ(x))) det(∇2φ(x)) dx.

Taking ν to coincide with its symmetric derivative, we find by Proposition 3.14
that ν(∇φ(x)) = µ(x)/ det(∇2φ(x)) on X. Thus, using the fact that F (0) = 0 to
change domains of integration, we find∫

Rd

F (ν(y)) dy =

∫
X

F

(
µ(x)

det(∇2φ(x))

)
det(∇2φ(x)) dx. ■

The first part of the proof in Theorem 3.18 and an application of Proposition
3.14 gives the following.

Theorem 3.20 (Monge-Ampere equation holds almost everywhere). Let µ, ν ∈
Pac(Rd) and let φ be the convex map such that ∇φ#µ = ν. Then the Monge-
Ampere equation

ν(∇φ(x)) det(∇2φ(x)) = µ(x)

holds for x ∈ Rd µ-almost everywhere, where ∇2φ is taken in the Aleksandrov sense.
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4. Displacement Interpolation and Displacement Convexity

In this section we will describe an alternate notion of interpolation between mea-
sures in the space Pac(Rd). This definition was originally introduced by McCann
in [7]. There he sought to investigate the behavior of a cloud of gas in Rd modeled
by a probability density ρ subject to an energy functional of the form

E(ρ) =

∫
Rd

U(ρ(x)) dx︸ ︷︷ ︸
U(ρ)

+
1

2

∫
Rd

∫
Rd

V (x− y) dρ(x)dρ(y)︸ ︷︷ ︸
V(ρ)

,

where U describes the internal energy of the gas cloud and V its interaction energy.
Under certain assumptions, he was able to derive a convex structure of E, called
displacement convexity, which was instrumental in showing that the gas cloud pos-
sesses a unique ground state. For our purposes this same definition can furnish a
simple proof of the Brunn-Minkowski inequality. It is this definition we will develop
now.

A simple example illustrating why an alternate definition may be appealing is
as follows. Let x, y ∈ Rd. If we select an attractive interaction potential such as
V (r) = |r|2, then V will not be convex on P(Rd). That is, V(δx) = V(δy) = 0, but
V((1− t)δx+ tδy) > 0 for all t ∈ (0, 1). The interpolation we get from (1− t)δx+ tδy
is of course nonphysical: it sees mass traveling in an instant from x to y. If we
interpret δx as a particle residing at x, then a natural way to carry it to y is linearly,
i.e. via δ(1−t)x+ty for t ∈ [0, 1]. This interpolant will minimize V just as δx and
δy did since V is translation invariant. This takes advantage of the linearity of the
ambient space over the linearity of the space of measures, and turns out to be the
appropriate generalization.

We begin with a definition.

Definition 4.1 (displacement interpolant and convexity). Given µ, ν ∈ Pac(Rd),
Theorem 3.9 implies that there is a unique map ∇φ given by the gradient of a
convex function such that ∇#µ = ν. Then the displacement interpolant between µ
and ν is the measure

[µ, ν]t = ((1− t)I + t∇φ(x))#µ.
We say a functional F : P(Rd) → R is displacement convex if for any µ, ν ∈
Pac(Rd)

t→ F ([µ, ν]t)

is convex for t ∈ [0, 1].

As was hinted at before, this notion of interpolation allows us to establish the
displacement convexity of V.

Theorem 4.2 (displacement convexity of interaction energy). Let µ, ν ∈ Pac(Rd),
and let γt denote the displacement interpolant along the convex map φ such that
∇φ#µ = ν. If V is convex, then V is displacement convex.

However, displacement convexity of U will require more effort. First we should
establish some basic facts of the displacement interpolant.

Proposition 4.3. Given µ, ν ∈ Pac(Rd). For t ∈ [0, 1] and γt = [µ, ν]t we have

(i) γ0 = µ and γ1 = ν.
(ii) γt ∈ Pac(Rd).
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Proof. See [7, Proposition 1.3]. ■

Lemma 4.4. Let Λ be a nonnegative symmetric d × d matrix, and let v(t) =
det((1− t)I + tΛ). Then v1/d is concave.

Proof. Since the invertible matrices are dense in the space of square matrices, we
can assume Λ is invertible. Since v1/d is continuous, we need only show the mean
value property and the rest follows by the density of dyadic rationals.

Since Λ is nonnegative, symmetric, and invertible, we know it admits a diago-
nalization

Λ = Q


λ1

λ2
. . .

λd

Q−1,

where λ1, λ2, · · · , λd ≥ 0 are the eigenvalues of Λ. Therefore, if s, t ∈ [0, 1] and
s < t, then

det((1− s+t
2 )I + s+t

2 Λ)1/d =

d∏
i=1

(1− s+t
2 + s+t

2 λi)
1/d

≥
d∏

i=1

(
1
2 (1− s+ sλi)

1/d + 1
2 (1− t+ tλi)

1/d
)

≥ 1
2

d∏
i=1

(1− s+ sλi)
1/d + 1

2

d∏
i=1

(1− t+ tλi)
1/d

= 1
2 det((1− s)I + sΛ)1/d + 1

2 det((1− t)I + tΛ)1/d.■

Theorem 4.5 (displacement convexity of internal energy). Let µ, ν ∈ Pac(Rd),
and let γt = [µ, ν]t denote the displacement interpolant along the optimal transport
map ∇φ. If r 7→ rdU(r−d) is convex and nonincreasing on [0,+∞), then U will be
displacement convex.

Proof. Let X denote the set where the Aleksandrov derivative ∇2φ(x) is defined
and invertible. Theorem 3.18 implies that X has full measure in µ and because
U(0) = 0,

(4.6) U(γt) =
∫
X

U

(
µ(x)

det((1− t)I + t∇2φ(x))

)
det((1− t)I + t∇2φ(x)) dx.

A small subtlety to note is that the integral above should be taking place over the
set where (1− t)I + t∇2φ(x) is invertible as per Theorem 3.18, which is potentially
larger than X. However, since µ and thereby U(µ/det((1−t)I+t∇2φ)) die outside
of X but for a set of measure zero, the two are equal can neglect this consideration.

Let x ∈ X, Λ = ∇2φ(x), and v as in the statement of Lemma 4.4. Then v1/d is
concave and r → rdU(r−dµ(x)) is convex and nonincreasing, therefore their com-
position, which is exactly the integrand in (4.6), is convex for t ∈ [0, 1]. Integrating
with respect to x yields that t→ U(γt) is convex as desired. ■

The sufficient conditions just given for the two energy functionals to be displace-
ment convex both turn out to be necessary as well. Those interested should see
[11].
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5. Brunn-Minkowski Inequality

With the major results of optimal transport and a criteria for displacement
convexity in hand, we are now able to turn our view towards establishing a result
in the class of geometric inequalities.

Theorem 5.1 (Brunn-Minkowski inequality). Let K,K ′ ⊂ Rd be compact. Then

m(K +K ′)1/d ≥ m(K)1/d +m(K ′)1/d,

where K +K ′ denotes the Minkowski sum {k + k′ | k ∈ K, k′ ∈ K ′}.

Proof. We start by fixing the measures µ = m(K)−1χK and ν = m(K ′)−1χK′ . It
follows that µ ∈ Pac(Rd) and ν ∈ P(Rd). Therefore, we can define γt = [µ, ν]t to
be the displacement interpolant between µ and ν.

Now we wish to demonstrate supp γt ⊂ (1 − t)K + tK ′. Since ∇φ#µ = ν,
we know ∇φ(x) ∈ K ′ for almost all x ∈ K. Therefore, ((1 − t)I + t∇φ)(x) =
(1− t)x+ t∇φ(x) ∈ (1− t)K+ tK ′ for almost all x ∈ K, so γt((1− t)K+ tK ′) = 1.
It follows by the definition of γt that supp γt ⊂ (1 − t)K + tK ′, since the latter is
compact.

Let U : Pac(Rd) → R be defined by

U(ρ) =
∫
Rd

U(ρ(x)) dx, U(y) = −y(d−1)/d.

The choice of U is evident after some reflection: U(µ) = −m(K)1/d and the negative
sign ensures Theorem 4.5 applies. Therefore, by the dispacement convexity of U ,

(5.2) U(γt) ≤ −(1− t)m(K)1/d − tm(K ′)1/d,

and by Jensen’s inequality,

(5.3) U(γt) ≥ −m(supp γt)

(
1

m(supp γt)

∫
γt

)(d−1)/d

= −m(supp γt)
1/d.

It follows combining (5.2) and (5.3) that

m(supp γt)
1/d ≥ (1− t)m(K)1/d + tm(K ′)1/d,

and since supp γt ⊂ (1− t)K + tK ′, we can conclude

m((1− t)K + tK ′)1/d ≥ (1− t)m(K)1/d + tm(K ′)1/d. ■

6. Review of Weak Derivatives and Sobolev Spaces

To understand the discussion in the next section, one needs to understand the
functional analytic notions of weak derivatives and the spaces they induce. These
ideas and more will be introduced in this section.

The inspiration for the definition of weak derivative comes from the integration
by parts formula. That is, if u, v : R → R are two continuously differentiable
functions, then for any a, b ∈ R∫ b

a

uv′ = uv|ba −
∫ b

a

u′v.

If we assume u and v have compact support, then∫
uv′ = −

∫
u′v.
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This formula, when treated as definition of differentiability, allows us to expand the
class of functions which are differentiable, while retaining many familiar properties
of the normal derivative.

Definition 6.1. Given u ∈ L1
loc(Rd). We say a function v ∈ L1

loc(Rd) is a weak
partial derivative of u in the xi direction if for all smooth compactly supported
functions φ : Rd → R, ∫

u∂xi
φ dx = −

∫
vφ dx.

The weak partial derivative in the xi direction is unique almost everywhere, so we
denote it by ∂xiu.

It can be shown, as was done in [3], that the weak partial derivative satisfies a
number of desirable properties. In particular, it is uniquely defined almost every-
where, it is linear, and the space of integrable functions possessing integrable weak
derivatives

W 1,p = {f ∈ Lp(Rd) | ∂xi
f exists and is in Lp(Rd) for all 1 ≤ i ≤ d}

equipped with the norm

∥u∥W 1,p = ∥u∥Lp +

d∑
i=1

∥∂xiu∥Lp

forms a Banach space.
This last property is an improvement over a classical space like C∞, which may

fail to be complete under uniform convergence. Importantly, the completeness of
the Sobolev space allows us to derive results by a limiting process, all the while
preserving regularity. We will now discuss a few useful results which will be instru-
mental in proving the Sobolev inequality, which allows one to embed W 1,p in some
higher order Lebesgue space.

Theorem 6.2 (Meyers-Serrin). Let u ∈W 1,p. Then there exists a sequence (un) ⊂
C∞ ∩W 1,p such that un → u in W 1,p.

There exists an even more general notion of derivative, which discards the re-
quirement that the derivative of a function be a function itself. This leads to the
idea of distributional derivative, which is a linear functional on the space of smooth
compactly supported functions that satisfies an analogous “integration by parts”
formula, but we will not pursue this idea to any major lengths. Instead, we will
mention a special case, which is of the distributional second partial derivative of a
convex function, which will take the form of a signed Radon measure.

Theorem 6.3 (Hessian measure of convex function). Let f : R → R ∪ {+∞} be
convex. Then there exist signed Radon measures µij = µji such that for all i, j,∫

f∂xixj
φ dx =

∫
φ dµij .

Moreover, the Aleksandrov derivative of f coincides with the absolutely continuous
part of the matrix valued measure given by the entries µij .

Proof. See [4, Theorem 6.8] ■

This result is crucial for the Sobolev inequality, as it will allow us to take ad-
vantage of the regularity of the optimal transport map established by Brenier’s
theorem.
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7. Sobolev Inequality

We finally turn our attention to the last result of this report, the Sobolev inequal-
ity. We follow the method of [2], making use of the results developed in Section 3,
specifically the differential structure of the monotone rearrangement map.

In what follows we will take 1 ≤ p < d, and we define the Holder conjugate of
p, p′ = p/(p − 1), and the Sobolev conjugate of p, p∗ = dp/(n − p). Moreover, we
define the function hp by

hp(x) =
1

(σ + |x|p′)(d−p)/p
,

where the constant σ has been selected so that ∥hp∥Lp∗ = 1. The functions hp will
form the extremal functions in the Sobolev inequality to follow and will yield a
sharp constant therein.

Theorem 7.1 (Sobolev inequality). Let p ∈ (1, d). If f, g ∈ Lp∗
(Rd) are two

functions satisfying ∥f∥Lp∗ = ∥g∥Lp∗ and ∇f ∈ Lp(Rd), then∫
|g(y)|p∗(1−1/d) dy(∫
|y|p′ |g(y)|p∗ dy

)1/p′ ≤ p(d− 1)

d(d− p)
∥∇f∥Lp∗ ,

with equality achieved when f = g = hp.

Proof. We begin by reducing the problem in a few ways. Since |∇f | = |∇|f ||, we
can assume f, g ≥ 0. From Theorem 6.2, we can assume f, g ∈ C∞

c (Rd). Finally, we
can normalize ∥f∥Lp∗ = ∥g∥Lp∗ = 1.

Define the following probability densities

(7.2) F (x) = fp
∗
(x), G(y) = gp

∗
(y),

and take φ to be the convex map such that ∇φ#F = G. By the definition of
pushforward measure we have∫

G(y)G(y)−1/d dy =

∫
F (x)G(∇φ(x))−1/d dx,

and the Monge-Ampere equation implies∫
G(y)G(y)−1/d dy =

∫
F (x)F (x)−1/d det(∇2φ(x)) dx.

Now we use the AM-GM inequality to get∫
G1−1/d ≤ 1

d

∫
F 1−1/d∆Aφ.

The Alexandrov Laplacian, ∆Aφ, which is the sum of the diagonal of the Alexan-
drov matrix, forms the absolutely continuous part of the distributional Laplacian,
∆D′φ, itself being the trace of the matrix valued Hessian measure. Therefore, we
only increase the value of the integral by replacing ∇Aφ with ∇D′φ, so∫

G1−1/d ≤ 1

d

∫
F 1−1/d∆D′φ.

Now we can apply the integration by parts formula in each coordinate,∫
G1−1/d ≤ −1

d

∫
⟨∇(F 1−1/d),∇φ⟩,
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substitute based on our definitions in (7.2),∫
gp(d−1)/(d−p) ≤ −p(d− 1)

d(d− p)

∫
fp

∗/p′
⟨∇f,∇φ⟩,

and apply Holder’s inequality in each coordinate to find.

(7.3) −
∫
fp

∗/p′
⟨∇f,∇φ⟩ ≤ ∥∇f∥Lp

(∫
fp

∗
|∇φ|p

′
)1/p′

.

Again by the definition of pushforward measure,

(7.4)

∫
fp

∗
|∇φ|p

′
=

∫
|y|p

′
gp

∗
(y) dy.

Combining (7.3) and (7.4) proves the inequality.
To check the claim that hp yields equality, one should simply substitute f = g =

hp and verify equality at every step. We can no longer treat hp as a test function
in the steps involving distributions, but they follow regardless due to the fact that
∇φ = I. ■
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