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Abstract. Morley’s Categoricity Theorem states that if a theory has a unique

model of size κ some uncountable cardinal κ, then it has a unique model of

size κ for every uncountable κ. While the statement is interesting in its own
right, the theorem is all the more interesting due to the ideas in the proof,

which stimulated the development of stability theory in the following decades.

This paper provides an exposition of the theorem, following a later proof due
to Baldwin and Lachlan.
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1. Introduction

A first-order theory T is called κ-categorical if T has a unique model of cardinality
κ, up to isomorphism. For finite κ, κ-categoricity is rather uninteresting. IfM is a
finite structure of size κ, then the complete theory of all sentences satisfied byM is
κ-categorical, and has no models of any other size. The question of κ-categoricity for
infinite κ is far more fruitful. The complete theory of an infinite structure need not
be κ-categorical, and by the Löwenheim–Skolem Theorem, it must have models of
every infinite size ≥ |T |.  Los, investigating categoricity during the 1950s, identified
three ways in which a theory in a countable language L can be κ-categorical for
infinite κ:

(1) κ-categorical for every infinite κ.
(2) κ-categorical just for κ > ℵ0.
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(3) κ-categorical just for κ = ℵ0.

There are many theories demonstrating each of these possibilities, for instance:

(a) Algebraically closed fields of a fixed characteristic. Such a field is deter-
mined up to isomorphism by its transcendence degree over the prime sub-
field. The fields of finite or countable transcendence degree are all count-
able; thus there are countably many countable models. On the other hand,
if a field has transcendence degree κ > ℵ0, then the field itself has size κ,
so the theory is κ-categorical.

(b) Infinite vector spaces over a countable field K. This is a theory in the
language L = {0,+,−, (k(x) : k ∈ K)}, where each k(x) is a unary function
symbol interpreted as scalar multiplication by k. A basic linear algebra fact
is that a vector space is determined by its dimension. Since K is countable,
the vector spaces of finite or countable dimension are all countable, so there
are countably many countable models. On the other hand, if a vector space
has dimension κ > ℵ0, then the vector space itself has size κ, so the theory
is κ-categorical.

If instead K is a finite field, then the theory is ℵ0-categorical as well,
since the finite-dimensional vector spaces are no longer infinite.

(c) Infinite sets. This is a theory in an empty language, with an axiom for each
n < ω stating that there are at least n distinct elements. Evidently this
theory is κ-categorical for every infinite κ.

(d) Dense unbounded linear orders. The rationals (Q, <) are the unique count-
able model of this theory. However, for every uncountable κ, there are 2κ

distinct models.
(e) The random graph. This is a theory of a graph (i.e., a symmetric binary

relation) with an axiom for each n < ω stating that for every two disjoint
sets A,B of n vertices, there is a vertex adjacent to each element of A and
no element of B. Like the previous theory, this theory is ℵ0-categorical,
but there are 2κ distinct models for every uncountable κ.

 Los asked if possibilities (1)–(3) are the only ways in which a countable theory
can be categorical in an infinite cardinal; which is to say, if a theory is κ-categorical
for some κ > ℵ0, must it be κ-categorical for every κ > ℵ0? Morley, in his 1965
thesis [6], answered this question in the affirmative:

Theorem 1.1 (Morley’s Theorem). Let T be a countable theory. If T is κ-
categorical for some κ > ℵ0, then T is κ-categorical for all κ > ℵ0.

The goal of this paper is to prove Morley’s Theorem. We will not follow Morley’s
original proof, but rather a 1971 proof by Baldwin and Lachlan in [1]; we will pull
from several accounts of the proof, namely [2, Chapter 3.1], [4, Chapter 9], and [5,
Chapter 6.1].

From now on T is assumed to be a countable and complete theory with no finite
models. When investigating categoricity, completeness is no restriction at all; a
simple application of the Löwenheim–Skolem theorem called the  Los–Vaught test
states that if T has no finite models and is κ-categorical for some infinite κ, then
T is complete.

Examples (a) and (b) above are the motivating examples of uncountably-categorical
theories to keep in mind throughout the proof of the theorem. In both examples,
models of the theory are determined up to isomorphism by a cardinal invariant: the
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transcendence degree for algebraically closed fields, and the dimension for vector
spaces. An essential point of this proof of the theorem is that we can develop a
notion of dimension for arbitrary uncountably-categorical theories.

In Section 2, we introduce pregeometries, the structure for which this notion
of dimension will be developed. Section 3 introduces types and algebraic closure;
Sections 4 and 5 apply these concepts, first to a subclass of uncountably-categorical
theories called strongly minimal theories, and then to strongly minimal subsets
of theories. Sections 6, 8, and 9 complete the proof of Morley’s Theorem, by
showing that uncountably-categorical theories are characterized by two properties:
ℵ0-stability (defined in Section 6) and the non-existence of Vaughtian pairs (defined
in Section 8). Finally, Section 10 briefly examines the number of countable models
of an uncountably-categorical theory.

1.1. Background and Notation. This paper assumes a basic knowledge of model
theory (for example, the first quarter of the logic sequence at UChicago). This in-
cludes the definition of languages and structures, the compactness and Löwenheim–
Skolem theorems, and elementary maps and embeddings. For all relevant definitions
and theorems, see [3].

Recall, we are assuming that T is a countable complete theory with only infinite
models. The letter L denotes the language of T . The letters M,N are used to
denote models of T , and the letters M,N are used to denote the underlying sets. If
A ⊂M is a subset of the domain of a model, then L(A) is the expanded language
obtained by adding constant symbols for each element of A. Abusing notation, we
also use the symbol L to denote the formulas in the language L, so for instance
we will write ϕ(x) ∈ L for a formula in one free variable over L. For a formula
ϕ(x̄) ∈ L in n free variables, ϕ(M) denotes the set {ā ∈ Mn : M |= ϕ(ā)}. As
in the previous sentence, ā typically denotes a finite tuple of elements of a model.
We will often write ā ∈ M to denote a finite tuple of elements of an unspecified
length, rather than explicitly specifying the length and writing ā ∈Mn. For brevity,
concatenation is often used to denote the union of many sets or elements, so for
instance Aa denotes A ∪ {a}.

2. Pregeometries, Independence, Dimension

As stated, a central part of the proof of Morley’s Theorem is the following: to
every model of an uncountably-categorical theory, we can assign a cardinal invariant
called its dimension. This notion will generalize the transcendence degree of an
algebraically closed field, as well as the dimension of a vector space. To that end,
we first define a pregeometry, an abstract setting in which one can talk about
closure, independence, bases, and dimension.

Definition 2.1. A pregeometry (X, cl) is a set X together with a closure operator
cl : P(X) → P(X) defined on subsets of X, which satisfies the following for all
A ⊂ X:

(1) (enlargement) A ⊂ cl(A).
(2) (idempotency) cl(cl(A)) = cl(A).
(3) (finite character) cl(A) =

⋃
A0⊂A finite cl(A0).

(4) (exchange property) If a ∈ cl(Ab) \ cl(A), then b ∈ cl(Aa).

A set A ⊂ X is closed if cl(A) = A.
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If V is a K-vector space, then (V, span) is a pregeometry, whose closed subsets
are precisely the linear subspaces.

Definition 2.2. Let (X, cl) be a pregeometry. A subset I ⊂ X is called independent
if for each i ∈ I, i /∈ cl(I \ {i}). A subset I ⊂ X is a basis for X if I is independent
and cl(I) = X.

For K-vector spaces, these agree with the usual notions of linear independence
and bases. In linear algebra, in order to define dimension, one shows that (1) every
vector space has a basis, and (2) any two bases of a vector space have the same
cardinality. The proof of (1) is via Zorn’s Lemma, and the proof of (2) is by a
“replacement” lemma, showing that any basis can be transformed into another,
one vector at a time. In the case of pregeometries, very similar proofs will show
the analogues of both (1) and (2).

Proposition 2.3. Let (X, cl) be a pregeometry.

(1) There is a basis I for X.
(2) If J is another basis for X, then |I| = |J |.

Proof.
(1) Let P = {I ⊂ X : I is independent}, and consider the partially-ordered set

(P,⊂). If C ⊂ P is a chain, then J =
⋃
I∈C I is an independent set which

is an upper bound for C. Indeed, if J fails to be independent, then by finite
character J fails to be independent on a finite subset J0 ⊂ J , and this J0

must be contained in some element of C.
By Zorn’s Lemma, P contains a maximal element I. If I is not a basis,

then there must exist some i ∈ cl(X) \ cl(I). If I ∪ {i} is independent,
then this contradicts the maximality of I. So there must exist some j ∈ I
for which j ∈ cl((I \ {j}) ∪ {i}). The exchange property then implies that
i ∈ cl(I), a contradiction.

(2) We first prove the following claim.

Claim. Suppose I0 ⊂ I and J0 ⊂ J are subsets such that I0 ∪ J0 is a basis
for X. Then if i ∈ I \ I0, there is some j ∈ J \ J0 so that I0 ∪ {i} ∪ J0 \ {j}
is a basis for X.

Let J1 ⊂ J0 be a minimal subset with i ∈ cl(I0∪J1) (by finite character,
there is some finite J1 for which this holds, so we can take it to be minimal).
Since I is independent, there is at least one element j ∈ J1, any such j will
satisfy the claim. We have i ∈ cl(I0 ∪ J1) \ cl(I0 ∪ J1 \ {j}), so by the
exchange property, j ∈ cl(I0 ∪ {i} ∪ J1 \ {j}). Then I0 ∪ {i} ∪ J0 \ {j} is a
generating set: cl(I0 ∪ {i} ∪ J0 \ {j}) contains j, hence I0 ∪ J0, hence all of
X. Moreover, I0∪{i}∪J0\{j} is independent: suppose i ∈ cl(I0∪J0\{j}).
By minimality of J1, i /∈ cl(I0∪J1 \{j}). By exchange, j ∈ cl(I0∪J0 \{j}),
contradicting the fact that I0∪J0 is independent, and completing the proof
of the claim.

If J is finite, then applying the claim inductively, starting with I0 = ∅
and J0 = J , we can show |I| ≤ |J |. Swapping the roles of I and J , we can
also show |J | ≤ |I|.
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If J is infinite, then there are |J | many finite subsets J0 ⊂ J , and by the
finite case, each I ∩ cl(J0) is finite. Since

I = I ∩ cl(J) =
⋃

J0⊂J,J0 finite

I ∩ cl(J0),

we find |I| ≤ |J |. Swapping the roles of I and J we obtain |J | ≤ |I|.
�

Thus, the following definition makes sense, and agrees with the notion of dimen-
sion in vector spaces.

Definition 2.4. For (X, cl) a pregeometry, the dimension of X, denoted dim(X),
is the cardinality of any basis for X.

3. Types and Algebraicity

Our goal now is to give models of an uncountably-categorical theory T the struc-
ture of a pregeometry. First, however, we have to introduce a fundamental concept
in model theory: types. Roughly, a type describes an element (or set of elements)
that might exist in a model of T .

Definition 3.1. Let T be a theory, M |= T , and A ⊂ M . An n-type over A is a
set p of L(A)-formulas in n free variables which is consistent with T .

An n-type is complete if for every formula ϕ(x̄) ∈ L(A) in n free variables, either
ϕ(x̄) ∈ p or ¬ϕ(x̄) ∈ p.

If M contains a tuple ā such that M |= ϕ(ā) for all ϕ(x̄) ∈ p, then we say ā
realizes p, or thatM realizes p. In general, it need not be the case thatM realizes
p, as we show below. However, by the compactness theorem, there is always some
model N �M which realizes p.

Note that every tuple ā ∈ M realizes a unique complete type over a parameter
set A, which we denote by tp(ā/A).

Example 3.2. In the theory of algebraically closed fields of characteristic 0, let p
be the set of formulas

{q(x) 6= 0 : q(x) a nonzero polynomial with coefficients in Q }.

Then p is a 1-type over Q. Note that p is indeed consistent, as any finite set of
polynomials has only finitely many solutions. Since p is exactly the type of an
element which is transcendental over Q, p is not realized in Q, but is realized in
every other model of the theory.

Definition 3.3. For T a theory, M |= T , and A ⊂ M , STn (A) denotes the set of
complete n-types over A. We write ST (A) for the union

⋃
n<ω S

T
n (A). When T is

clear from context, we omit it and write Sn(A) and S(A).

Definition 3.4. A type p ∈ Sn(A) is isolated if there is a formula ϕ(x̄) ∈ L(A) in
n free variables so that for all ψ ∈ p,

T |= ∀x̄(ϕ(x̄)→ ψ(x̄)).

The formula ϕ is said to isolate p.
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Remark 3.5. For p ∈ Sn(A) and ϕ(x̄) ∈ L(A) a formula in n free variables, define

Uϕ = {p ∈ Sn(A) : ϕ ∈ p}.

The sets Uϕ give a basis for a topology on Sn(A). Then p is an isolated type iff it
is an isolated point in this topology, and a formula isolating p is a formula ϕ such
that Uϕ = {p}.

In the world of a complete theory T , isolated types are those types that must
be realized in every model of T . Indeed, a formula ϕ isolating a type p must be
consistent, so T |= ∃x̄ϕ(x̄), and any witness is a realization of p. Conversely, if a
type is not isolated, then we have the following fundamental result. For a proof,
see any model theory text, e.g., [5, Theorem 4.2.3].

Theorem 3.6 (Omitting Types). Let M be a model, A ⊂ M , and p ∈ S(A) a
non-isolated type. Then there is an elementary submodel N ≺M in which p is not
realized.

Using types, we can define a closure operator that will give our theories the
structure of a pregeometry.

Definition 3.7. Let M be a model, A ⊂ M , and ϕ(x̄) ∈ L(A). We say ϕ is
algebraic if ϕ(M) is finite. A type p ∈ S(A) is algebraic if it contains an algebraic
formula. A tuple ā ∈ M is algebraic over A if its type tp(ā/A) is algebraic. The
algebraic closure of A, denoted acl(A), is the set of elements a ∈ M which are
algebraic over A.

Note that whether a formula is algebraic does not depend on the ambient model.
Indeed, for some k

M |= “there are exactly k elements satisfying ϕ”,

and thus the same is true in any elementary extension ofM, or indeed any elemen-
tarily equivalent model containing the parameters of ϕ. Similarly, whether or not
an element is algebraic over a given set does not depend on the model, and hence
neither does the algebraic closure.

Example 3.8.
(1) In the theory of algebraically closed fields of a fixed characteristic (or in

fact, just in the theory of fields), algebraic closure exactly corresponds with
algebraic closure in the field-theoretic sense.

(2) In the theory of K-vector spaces, algebraic closure is exactly the linear
span.

(3) In the theory of infinite sets, the algebraic closure is trivial, i.e., acl(A) = A
for every set A.

For an arbitrary model M of a theory T , (M, acl) need not be a pregeometry.
However, properties (1)–(3) of 2.1 always hold.

Lemma 3.9. For any model M and any X ⊂ M , the restriction of acl to X
satisfies properties (1)–(3) of a pregeometry.

Proof.
(1) (enlargement) If a ∈ A, then tp(a/A) contains the algebraic formula x = a,

so a ∈ acl(A).
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(2) (containment) Let a ∈ acl(acl(A)). Then tp(a/ acl(A)) contains an alge-
braic formula ϕ(x, b1, . . . , bn) with parameters bi ∈ acl(A). For each bi,
tp(bi/A) contains an algebraic formula ψi(y) ∈ L(A). The formula

∃y1, . . . , ynϕ(x, y1, . . . , yn) ∧ ψ1(y1) ∧ · · · ∧ ψn(yn)

is an algebraic L(A)-formula contained in tp(a/A), and hence a ∈ acl(A).
(3) (finite character) Let a ∈ acl(A). There is an algebraic formula ϕ(x) ∈ L(A)

which is satisfied by a. Then for any finite A0 ⊂ A which contains the
parameters of ϕ(x), we have a ∈ acl(A0).

�

4. Strongly Minimal Theories

Unfortunately, the exchange property will not generally hold even for models
of uncountably-categorical theories. However, in this section we will investigate a
special class of theories for which exchange holds in all models. Later on, we will see
that uncountably-categorical theories are in some sense built out of these special
theories.

Definition 4.1. A theory T is strongly minimal if for every model M |= T , and
every formula ψ(x) ∈ L(M) in one free variable, either ψ(M) is finite or ¬ψ(M)
is finite. In other words, every definable (with parameters) subset of M is either
finite or cofinite.

Example 4.2.
(1) If M is an infinite set, then every formula is equivalent to a boolean com-

bination of formulas x = a for a ∈ M . So a formula can either say “x is
one of these finitely many elements”, or “x is not one of these finitely many
elements”. Hence this theory is strongly minimal.

(2) IfM is a K-vector space, then every formula with parameters a1, . . . , am ∈
M is equivalent to boolean combination of formulas of the form k1(x1) +
· · ·+ kn(xn) = l1(a1) + · · ·+ lm(am) where ki, lj ∈ K for all i ≤ n, j ≤ m.
In case there is only one free variable, i.e., n = 1, this formula reduces to
saying that x1 is equal to some vector. Thus this theory is also strongly
minimal.

(3) If M is an algebraically closed field of a fixed characteristic, then every
formula over M is equivalent to a boolean combination of polynomial equa-
tions (see for instance [Theorem 3.2.2][5]). Since any polynomial has finitely
many solutions, all definable subsets of M are finite or cofinite.

Lemma 4.3. Let M be a model of a strongly minimal theory. Then (M, acl)
satisfies the exchange property, and hence is a pregeometry.

Proof. Suppose that a ∈ acl(Ab)\acl(A). Then there is an L(A)-formula ψ(x, y) so
thatM |= ψ(a, b) and ψ(M, b) is finite, say of size n. Let χ(y) be the L(A)-formula
stating

|ψ(M, y)| = n.

Thus M |= χ(b). If χ(M) is finite, then b ∈ acl(A), hence acl(Ab) = acl(A), which
is a contradiction. Thus, by strong minimality, χ(M) is cofinite.
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If ψ(a,M) is finite, then it witnesses that b ∈ acl(Aa) and we are done. So
assume ψ(a,M) is cofinite, and let k be the size of the complement. Let ξ(x) be
the L(A)-formula stating

|¬ψ(x,M)| = k.

Then M |= ξ(a). Since a /∈ acl(A), ξ(M) must be cofinite, and we may choose
distinct solutions a1, . . . , an+1. For each such solution, ψ(ai,M) is cofinite. Since
χ(M) is also cofinite, we may choose b′ ∈ χ(M)∩ψ(a1,M)∩· · ·∩ψ(an,M). Then
χ(b′) states that |ψ(M, b′)| = n, but ψ(ai, b

′) holds for each ai. �

Lemma 4.4. Let T be a strongly minimal theory, M |= T , and A ⊂ M . There is
a unique non-algebraic type in S1(A).

Proof. By strong minimality, for any ψ(x) ∈ L(A), either ψ(M) is finite or ψ(M)
is cofinite. That is, either ψ is algebraic or ¬ψ is algebraic. So there is at most
one non-algebraic complete 1-type over A. If ψ1, . . . , ψn are non-algebraic, then
each ψi(M) is cofinite, so ψ1(M)∩ · · · ∩ψn(M) 6= ∅. Thus the set of non-algebraic
formulas is consistent. �

Lemma 4.5. Let M,N |= T where T is strongly minimal. Let I ⊂M and J ⊂ N
be independent sets. If f : I → J is any bijection, then f is a (partial) elementary
map.

Proof. If f fails to be elementary, then it fails to be so on a finite subset of its
domain, so it suffices to consider the case when I and J are finite. In this case we
prove the result by induction on n = |I| = |J |.

When n = 1, let I = {a} and J = {b}. By independence, a, b /∈ acl(∅), and thus
a, b both realize the unique non-algebraic type over ∅. Thus f is elementary.

In the general case, suppose I = {a1, . . . , an, an+1} and J = {b1, . . . , bn, bn+1},
and assume that the map ai 7→ bi for i ≤ n is elementary. By 4.4, there is a unique
non-algebraic type over a1, . . . , an as well as over b1, . . . , bn. By independence,
an+1, bn+1 must realize these non-algebraic types, and thus the map ai 7→ bi for
i ≤ n+ 1 is also elementary. �

Lemma 4.6. Let M be a model and A ⊂M . Then |acl(A)| ≤ |A|+ ℵ0.

Proof. There are |A|+ℵ0 many L(A)-formulas, and each can only determine finitely
many elements of acl(A). �

Proposition 4.7. Let A ⊂M , B ⊂ N , and let f : A→ B be an elementary map.

Then f extends to an elementary map f̂ : acl(A)→ acl(B).

Proof. Consider the set

P = {g ⊃ f : g is an elementary map, dom(g) ⊂ acl(A), ran(g) ⊂ acl(B)},
partially ordered by inclusion. A chain of maps in P has an upper bound given by
the union, because a union of an increasing chain of elementary maps is elementary.

Let f̂ ∈ P be a maximal element, Â = dom(f̂) and B̂ = ran(f̂). Suppose Â 6=
acl(A), and let c ∈ acl(A)\Â. Let ϕ(x, ā) be an algebraic formula isolating tp(c/Â),
which is necessarily algebraic. Then ϕ(x, f(ā)) is also algebraic, and isolates a type

p over B̂. Since p is algebraic it is realized by some d ∈ acl(B). We may extend f̂

by setting f̂(c) = d. This is elementary because both c and d satisfy ϕ, and hence

both have the same types over the domain/range of f̂ .
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The same argument shows B̂ = acl(B). �

We can now prove a preliminary result relating to uncountable categoricity.

Proposition 4.8. Let T be a strongly minimal theory. Then T is κ-categorical for
every κ > ℵ0.

Proof. Let M,N |= T be models of cardinality κ > ℵ0. Let I be a basis in M ,
and let J be a basis in N . By 4.6, we must have |I| = |J | = κ. Let f : I → J be
a bijection. By 4.5, f is an elementary map. By 4.7, f extends to an elementary

map f̂ : acl(I) → acl(J). But acl(I) = M and acl(J) = N , and thus f̂ is an
isomorphism. �

5. Strongly Minimal Sets

As mentioned, it is not the case that all uncountably-categorical theories are
strongly minimal, although each example we have seen so far has been strongly
minimal. Consider, for instance, the following theories.

Example 5.1.
(1) Let T be the complete theory of (Z/4Z)ω. This is an uncountably-categorical

theory (in fact, totally categorical; a model is determined up to isomorphism
by its rank as a Z/4Z-module). However, the formula x + x = 0 defines
an infinite and co-infinite subset of any model, so T is not strongly mini-
mal. Also note that no model satisfies the exchange property. For example,
if a ∈ Z/4Z is an element of order 4, then a + a ∈ acl(a) \ acl(∅), while
a /∈ acl(a+ a).

(2) Let T be the theory of an equivalence relation E with two infinite classes,
and a function f interpreted as a bijection between the two classes, with
f2 = id. This is again totally categorical; a model is determined up to
isomorphism by the size of either of the classes. However, for any model
M |= T and any element a ∈M , the formula E(x, a) which singles out one
of the two classes defines an infinite and co-infinite subset of M .

However, in the first example, the set defined by x + x = 0 is just an infinite
F2-vector space, and we know F2-vector spaces are strongly minimal. Similarly, in
the second example, for any element a, the formula E(x, a) singling out one of the
two classes defines an infinite set, and there is no way to pick out an infinite and
co-infinite subset of this equivalence class. This leads to the following idea.

Definition 5.2. Let T be a theory andM |= T . Let ϕ ∈ L(M) be a formula in one
free variable. Then ϕ is a minimal formula if ϕ(M) is infinite, and every definable
(with parameters) subset of ϕ(M) is either finite or cofinite. If ϕ is also a minimal
formula in every elementary extension N �M, then ϕ is called a strongly minimal
formula.

Note that a theory is strongly minimal if and only if the formula x = x is strongly
minimal. It will turn out that every uncountably-categorical theory does have a
strongly minimal formula.

In the same manner as 4.3, one can show the following lemma.

Lemma 5.3. Let T be a theory, M |= T , and let ϕ ∈ L(M) be a strongly minimal
formula. Then the restriction of acl to the set ϕ(M) satisfies the exchange property,
and thus (ϕ(M), acl) is a pregeometry.
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Proof. See 4.3. �

We can also prove a modification of 4.5, with a slight adjustment to deal with
parameters.

Lemma 5.4. Let M,N |= T , and let M0 ≺ M,N be a common elementary
submodel. Let ϕ ∈ L(M0) be a strongly minimal formula, where ā ∈ M0 is the
parameter required by ϕ. Let I ⊂ ϕ(M) and J ⊂ ϕ(N) be independent sets, and let
f : I ∪ ā→ J ∪ ā be a bijection which fixes ā. Then f is an elementary map.

Proof. See 4.5. �

In Sections 7 and 8, we will see the condition that the parameters of ϕ lie in
someM0 ≺M,N is no restriction at all, as (1) there is a model of T which embeds
into every other model, and (2) the parameters can be taken to lie in this model.

The next order of business is to show that an uncountably-categorical theory has
a strongly minimal formula. To that end, we will show that uncountably-categorical
theories are characterized by two properties which place very strong restrictions on
the definable subsets of any model of the theory.

6. Stability

Definition 6.1. Let T be a theory and κ an infinite cardinal. We say T is κ-stable
if for all models M |= T , and all A ⊂M with |A| ≤ κ, we also have |S(A)| ≤ κ.

The first property characterizing uncountably-categorical theories is ℵ0-stability.

Proposition 6.2. Let T be a theory which is κ-categorical for some κ > ℵ0. Then
T is ℵ0-stable.

In order to prove this proposition, we introduce indiscernible sequences.

Definition 6.3. Let M be a model, and let (I,<) be a linear ordering. Let
A = {ai : i ∈ I} ⊂ M be any subset of M indexed by I. We say A is an
indiscernible sequence in M (of order-type (I,<)) if for every n < ω and ev-
ery i1, . . . , in, j1, . . . , jn ∈ I with i1 < · · · < in and j1 < · · · < jn, we have
tp(ai1 , . . . , ain) = tp(aj1 , . . . , ajn).

For ai, aj ∈ A, we may write ai < aj to mean that i < j in I, even though the
linear ordering is on I and not on A, and even though the linear ordering need not
be definable in M.

Note that an indiscernible sequence A has a unique n-type realized by any se-
quence of n increasing elements from A. The main result about indiscernible se-
quences is that we can always find models where they exist. Its proof is an appli-
cation of Ramsey’s Theorem, a combinatorial result concerning edge-colorings of
hypergraphs.

Lemma 6.4 (Ramsey’s Theorem). Let X be an infinite set, let n, k < ω, and let
[X]n denote the collection of subsets of X of size n. For every coloring of [X]n

using k different colors, there is an infinite set S ⊂ X for which all elements of
[S]n are the same color.

Theorem 6.5. Let T be a theory, and let (I,<) be any linearly ordered set. Then
there is a model M |= T containing an indiscernible sequence of order-type (I,<).
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Proof. Let {xi : i ∈ I} be a set of variables indexed by I. Let Γ be the set of
formulas

(1) xi 6= xj , for each i 6= j in I.
(2) ϕ(xi1 , . . . , xin) ↔ ϕ(xj1 , . . . , xjn), for each ϕ ∈ L and i1 < · · · < in and

j1 < · · · < jn in I.

We show T ∪ Γ0 is consistent for all finite Γ0 ⊂ Γ. There is a finite I0 ⊂ I so that
formulas in Γ0 only reference variables xi with i ∈ I0. There is also a finite set of
formulas Φ0 so that Γ0 includes only formulas of type (2) when ϕ ∈ Φ0. We may
assume all formulas in Φ0 are in n variables.

Let M |= T be infinite, and let X = {ak : k < ω} ⊂ M be a countable subset.
Since X is linearly ordered, elements of [X]n correspond to increasing sequences of
m elements of X. We may view the formulas in Φ0 as determining a 2|Φ0|-coloring
of [X]n. That is, if k1 < · · · < kn and l1 < · · · < ln in ω, then {ak1 , . . . , akn}
and {al1 , . . . , aln} have the same color iff M |= ϕ(ak1 , . . . , akn) ↔ ϕ(al1 , . . . , aln)
for each ϕ ∈ Φ0. By Ramsey’s Theorem, there is an infinite S ⊂ X so that all
elements of [S]n are of the same color, i.e., have the same behavior on each ϕ ∈ Φ0.
Assigning the variables {xi : i ∈ I0} to elements of S, we find Γ0 is consistent.

By compactness, there is a model M |= T ∪ Γ. The interpretations of the
variables xi in M give an indiscernible sequence of order-type (I,<). �

Definition 6.6. A theory T is model complete if for everyM |= T , any substructure
N ⊂M is actually elementary: N ≺M.

In fact, one can expand any theory T to an essentially equivalent theory T ∗ in a
larger language which is model complete1. We refer to [2, Chapter 2.5] for details
on the construction; the basic idea is to add new function symbols (called “Skolem
functions”) which give a “canonical” solution to every consistent formula. This
fact, along with indiscernible sequences, are used to prove that in any theory, we
can always find models which realize very few types.

Proposition 6.7. Let T be a theory. For every infinite cardinal κ, there is a model
M |= T of size κ, so that for every B ⊂ M , M realizes at most |B| + ℵ0 types in
S(B).

Proof. We assume without loss of generality that T is model complete. By 6.5,
there is a model M |= T containing an indiscernible sequence A of order-type
(κ,<). Passing to an elementary submodel if necessary, we may assume M is
generated by A.

If for any B ⊂M ,M realizes at most |B|+ℵ0 types in S1(B), then by induction
one can show the same is true for any Sn(B). Thus, it suffices to show the result
for S1(B).

Fix B ⊂ M . Since M is generated by I, every b ∈ B is of the form tb(āb) for
some term tb, and some āb ∈ A. Let C = {a ∈ A : a ∈ āb for some b ∈ B}. Note
that |C| ≤ |B|+ ℵ0.

Since A is linearly ordered, elements of [A]m correspond to increasing sequences
of m elements in A. Define an equivalence relation ∼C on [A]m as follows: for
ā, ā′ ∈ [A]m, ā ∼C ā′ iff ā, ā′ have the same order-type with respect to C, meaning
that for each c ∈ C and i ≤ m, we have ai < c iff a′i < c, and ai = c iff a′i = c. Let

1We caution that this is different from the model completion of a theory, which is a theory in
the same language as T , and does not always exist.
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[A]<ω =
⋃
m<ω[A]m, and extend the relation ∼C to [A]<ω so that sequences can

only be equivalent if they have the same length.
When ā ∼C ā′, indiscernibility of A implies that tp(ā/C) = tp(ā′/C). Then it is

also the case that tp(t(ā)/C) = tp(t(ā′)/C) for any term t, and since every element
of B is a term with parameters in C, we have tp(t(ā)/B) = tp(t(ā′)/B). Since
every element of M is a term with parameters in A, the number of types in S1(B)
which are realized in M is at most |[A]<ω/ ∼C |+ ℵ0.

Now the fact that A has order-type κ becomes relevant. For a ∈ A \ C, let
Ca = {c ∈ C : c < a} be the initial segment of C determined by a. Note that
ā ∼C ā′ iff for each i ≤ m, either ai = a′i ∈ C, or ai, a

′
i /∈ C and Cai = Ca′i .

Since the induced ordering on C is a well-ordering, the number of initial segments
of (C,<) is |C| + 1. Thus, |[A]m/ ∼C | ≤ (|C| + |C| + 1)m ≤ |C| + ℵ0. It follows
that

|[A]<ω/ ∼C | =
∑
m<ω

|[A]m/ ∼C | ≤ ℵ0 · (|C|+ ℵ0) ≤ |C|+ ℵ0.

Since |C|+ ℵ0 ≤ |B|+ ℵ0, the result follows. �

Proof of 6.2. Assuming T is not ℵ0-stable, we can construct two non-isomorphic
models of size κ.

(1) LetM |= T and let A ⊂M be such that |A| ≤ ℵ0 and |S(A)| > ℵ0. We can
assume |M | = κ. By compactness and Löwenheim–Skolem, we can pass to
an elementary extension, also of size κ, realizing uncountably many types
in S(A).

(2) By 6.7, there is a model M of size κ which realizes at most |B|+ ℵ0 types
over any B ⊂M . In particular it cannot be isomorphic to the first model,
which realizes uncountably many types over the countable set A.

�

7. Prime Models in ℵ0-Stable Theories

Definition 7.1. Let T be a theory, M |= T , and A ⊂M . The model M is prime
over A if whenever N |= T and f : A → N is an elementary map, there is an
elementary embedding M ≺ N which extends f . A model of T is prime if it is
prime over ∅, meaning it embeds into every model of T .

The key theorem in this section is that prime models over parameter sets always
exist for ℵ0-stable theories.

Lemma 7.2. Let T be ℵ0-stable, M |= T , A ⊂ M , and ϕ ∈ L(A) a consistent
formula. Then there is some isolated type p ∈ S(A) which contains ϕ.

Proof. Supposing otherwise, we will construct 2ℵ0 distinct types over a countable
A′ ⊂ A to contradict ℵ0-stability. Let 2<ω be the set of finite {0, 1}-valued se-
quences. Inductively, for each s ∈ 2<ω, we can find consistent formulas ϕs ∈ L(A)
so that

• ϕ∅ = ϕ.
• If s ⊂ t, then M |= ∀x̄(ϕt(x̄)→ ϕs(x̄)).
• If s 6⊂ t, and t 6⊂ s, then M |= ¬∃x̄(ϕs(x̄) ∧ ϕt(x̄)).
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Having chosen ϕs, there must be a formula ψ ∈ L(A) so that ϕs ∧ ψ, ϕs ∧ ¬ψ
are consistent. Indeed, were this not the case, ϕs would isolate a complete type
containing ϕ. We then set ϕs,0 = ϕs ∧ ψ and ϕs,1 = ϕs ∧ ¬ψ.

Since we used countably many formulas to build the tree, we can pass to a
countable A′ ⊂ A which contains the parameters of each ϕs. Let 2ω be the set
of countable {0, 1}-valued sequences. For each f ∈ 2ω, the set {ϕs : s ⊂ f} is a
consistent set of L(A′)-formulas, so let pf ∈ S(A′) be a complete type extending
{ϕs : s ⊂ f}. Then we obtain 2ℵ0 distinct elements of S(A′), contradicting ℵ0-
stability. �

Proposition 7.3. Let T be ℵ0-stable,M |= T , and A ⊂M . Then there is N ≺M
which is a prime model over A.

Proof. Let λ = |A|+ ℵ0. Passing to an elementary submodel if necessary, we may
assume |M | = λ. Inductively, for α < λ, we choose elements cα ∈ M and sets
Cα ⊂M so that

• Cα = {cβ : β < α}.
• tp(cα/A ∪ Cα) is isolated.
• If ψ(x) ∈ L(Cα) is consistent, then M |= ψ(cβ) for some β < λ.

Let {ψα(x) : α < λ} be an enumeration of the consistent L(M)-formulas in one
free variable. At step α, let

Γ = {γ < λ : ψγ(x) ∈ L(A ∪ Cα), and for all cβ ∈ Cα, M 6|= ψγ(cβ) }.

If Γ 6= ∅, let γ be the least element of Γ, and let ψ = ψγ . Otherwise, let ψ be x = x.
By 7.2, there is an isolated type pγ ∈ S1(A ∪ Cα) which contains ψ. Let cα ∈ M
be a realization of pγ .

By the Tarski–Vaught test, A ∪ Cλ is the universe of an elementary submodel
N ≺ M. We have to show that N is a prime model over A. Let M′ be another
model and f : A → M′ an elementary map. Inductively, we extend f to the
elements of Cλ. Suppose we have extended the domain of f to A ∪ Cα, so that it
remains an elementary map. Since tp(cα/A∪Cα) is isolated in N , f(tp(cα/A∪Cα))
is isolated inM′. Thus it is realized by some dα ∈M ′, and we may define f(cα) =
dα. When we are done, f is an elementary embedding of N into M′. �

8. Vaughtian Pairs

The second property characterizing uncountably-categorical theories is the (lack
of) the following.

Definition 8.1. Let M,N |= T . The pair (M,N ) is called a Vaughtian pair (for
T ) if N ≺ M, and if there is a formula ϕ ∈ L(N) in one free variable for which
ϕ(N ) is infinite and ϕ(M) = ϕ(N ).

This places another significant restriction on the definable subsets. It means
that given a model of T , there is no way to extend the model without increasing
the size of every (infinite) definable set.

Proposition 8.2. Let T be κ-categorical for some κ > ℵ0. Then T has no Vaugh-
tian pairs.

The proof of this proposition is perhaps the most difficult step of the theorem,
requiring some additional machinery from stability theory. Its proof will be delayed
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until later. However, we will prove the following in this section, which assuming
8.2, will complete the proof of Morley’s Theorem.

Proposition 8.3. Let T be an ℵ0-stable theory which has no Vaughtian pairs. Then
T is κ-categorical for every κ > ℵ0.

The most important remaining step is to show that we can find a strongly min-
imal formula.

Lemma 8.4. Let T be a theory with no Vaughtian pairs, and let ψ(x, ȳ) ∈ L. There
is some n, depending on ψ, so that for all M |= T and ā ∈M ,

|ψ(M, ā)| > n =⇒ |ψ(M, ā)| ≥ ℵ0.

Proof. Let L′ = L ∪ {U, c1, . . . , cm} be an expanded language, where U is a unary
relation and c1, . . . , cm are constants (m is the length of the ȳ parameter in ψ(x, ȳ)).
Let T ′ be the L′-theory which says

• U(M) is the domain of a proper L-elementary submodel of M.
• For each ci, U(ci) holds.
• ψ(M, c1, . . . , cm) ⊂ U(M).

Suppose towards contradiction that for each n < ω, we have models Nn |= T where
n < |ψ(Nn, c̄)| < ℵ0. Let Mn � Nn be a proper elementary extension. Then
also n < |ψ(Mn, c̄)| < ℵ0, since finiteness is preserved under elementary extension.
Evidently, eachMn can be expanded to a modelM′n |= T ′. Then by compactness,
there is a modelM′ |= T where |ψ(M′, c̄)| is infinite. But this gives us a Vaughtian
pair for T . �

The preceding lemma can be thought of as showing that in theories with no
Vaughtian pairs, “there exist infinitely many” can be re-written, in first-order, as
“there exist more than n”. This allows minimal formulas to be upgraded to strongly
minimal formulas, as shown in the following corollary.

Corollary 8.5. Let T be a theory with no Vaughtian pairs, and let ϕ ∈ L(M) be a
minimal formula over some model M |= T . Then ϕ is strongly minimal.

Proof. Fix a formula ψ(x, ȳ) ∈ L. Let n1 and n2 be as given by 8.4 for ϕ ∧ ψ and
ϕ ∧ ¬ψ, respectively. By minimality of ϕ,

M |= ∀ȳ(|ϕ(M) ∩ ψ(M, ȳ)| ≤ n1 ∨ |ϕ(M) ∩ ¬ψ(M, ȳ)| ≤ n2).

Since this holds in every elementary extension of M, ϕ is strongly minimal. �

All that remains is to find a minimal formula over the prime model of T .

Lemma 8.6. If T is ℵ0-stable and M |= T , then there exists a minimal formula
ϕ ∈ L(M).

Proof. Suppose there is no minimal formula over M. In a similar manner to 7.2,
for each s ∈ 2<ω, we will find consistent formulas ϕs ∈ L(M) so that

• ϕ∅ is x = x.
• If s ⊂ t, then M |= ∀x(ϕt(x)→ ϕs(x)).
• If s 6⊂ t, and t 6⊂ s, then M |= ¬∃x̄(ϕs(x̄) ∧ ϕt(x̄)).
• ϕs(M) is infinite.
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Having chosen ϕs, since ϕs(M) is infinite and ϕs is not minimal, there is some
formula ψ ∈ L(M) partitioning ϕs(M) into two infinite subsets. Let ψs,0 = ψs ∧ψ,
and let ψs,1 = ψs ∧ ¬ψ. Concluding in the same way as 7.2, we contradict ℵ0-
stability. �

Combining 7.3, 8.6, and 8.5 quickly yields the following proposition.

Proposition 8.7. Let T be an ℵ0-stable theory with no Vaughtian pairs. Then
there is a strongly minimal formula over the prime model of T .

Proof of 8.3. Let M,N |= T be models of size κ, and let M0 ≺ M,N be the
prime model of T . By 8.7, T has a strongly minimal formula ϕ ∈ L(M0). Let
ā ∈M0 be the parameter required by ϕ. Since T has no Vaughtian pairs, we must
have |ϕ(M)| = |ϕ(N )| = κ. Choose bases I ⊂ ϕ(M), J ⊂ ϕ(N ). By 4.6, we
must have |I| = |J | = κ. Let f : I ∪ ā → J ∪ ā be a bijection fixing ā, which
is an elementary map by 5.4. By 4.7, f can be extended to an elementary map

f̂ : ϕ(M) ∪ ā→ ϕ(N ) ∪ ā. By 7.3, there is a model M′ ≺ M which is prime over
ϕ(M)∪ ā. But since T has no Vaughtian pairs, it must be the case thatM′ =M.

Thus f̂ extends further to an elementary embedding M ≺ N . If this embedding
is proper, then (N ,M) is a Vaughtian pair as witnessed by ϕ. So in fact, the
embedding is an isomorphism M∼= N . �

Combining everything, we obtain

Theorem 8.8. Let T be a theory, and κ > ℵ0. Then T is κ-categorical if and only
if T is ℵ0-stable and has no Vaughtian pairs.

Proof. The first implication is by 6.2 and 8.2. The other implication is by 8.3. �

Corollary 8.9 (Theorem 1.1, Morley’s Theorem). If T is κ-categorical for some
κ > ℵ0, then T is κ-categorical for all κ > ℵ0.

Proof. This follows immediately from 8.8, as one side of the bidirectional implica-
tion does not depend on κ. �

9. Non-existence of Vaughtian Pairs

In this section we fill in the missing piece by proving 8.2. Actually, we will prove
the following proposition.

Proposition 9.1. Suppose T is ℵ0-stable and has a Vaughtian pair. Then for any
infinite κ, T has a Vaughtian pair (M,N ) where |M | = κ and |N | = ℵ0.

Then 8.2 follows quickly: let ϕ ∈ L(N) be a formula witnessing that T has such
a Vaughtian pair. By compactness we can produce a modelM′ where |ϕ(M′)| = κ.
Thus we have two distinct models of size κ for all κ > ℵ0.

This section, in particular the proof of 9.8, will use a number of basic facts about
saturated models, which can be found in the appendix to this paper. A first lemma
shows we can reduce any Vaughtian pair to a pair of countable, saturated models.

Lemma 9.2. Suppose T is ℵ0-stable and has a Vaughtian pair. Then T has a
Vaughtian pair consisting of countable saturated models.

Proof. Suppose we have a Vaughtian pair for T , witnessed by the formula ϕ. In
a similar manner to 8.4, we form an expanded theory T ′ in the langauge L′ =
L ∪ {U, c1, . . . , cn}, which says
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• U(M) is the domain of a proper L-elementary submodel of M.
• For each ci, U(ci) holds.
• ϕ(M, c1, . . . , cn) ⊂ U(M).

Since we have a Vaughtian pair for T , we have a model M′ |= T ′, which we may
take to be a countable model of T ′. Now we form a chain of countable models
M′n |= T ′ for n < ω, such that

• M′0 =M′.
• M′n ≺M′n+1.

• if A ⊂ M′n is finite, and p ∈ ST (A), then p is realized in M′n+1; if in fact
A ⊂ U(M′n), then p is realized in U(M′n+1).

Having constructedM′n, we constructM′n+1 as follows. Enumerate as {Ai : i <
ω} the finite subsets of M ′n. For each Ai, since T is ℵ0-stable, there are at most
countably many types in ST (Ai). If in fact Ai ⊂ U(M′n), then for each type p ∈
STk (Ai), the set p∪{U(x1), . . . , U(xk)} is consistent, since U(M′n) is an elementary
submodel of M′n. Thus we can take a countable extension of M′n+1 � M′n where
each such p is realized, and if the parameters of p are in U , then p is realized in U .

The union
⋃
n<ωM′n is a countable model of T ′, and it induces the desired

Vaughtian pair of countable, saturated models of T . �

From here, we prove 9.1 by showing that we can “stretch” the larger model in a
Vaughtian pair (M,N ) to a larger modelM′, so that (M′,N ) remains a Vaughtian
pair. Repeating this step κ times, we can extend the larger model to have size κ,
as desired.

The difficulty is ensuring that in an extension, we still have ϕ(M′) = ϕ(N ).
First of all, we should choose the extension to be as small as possible. Since we still
want it to be a proper extension, one way to enforce that it is as small as possible
is to take it to be prime over M ∪{b} for some choice of b ∈M ′ \M . However, not
only is it the case that an arbitrary choice of b might satisfy ϕ, but an arbitrary
choice of b might introduce some other c into M ′ which satisfies ϕ. Thus b must be
chosen carefully.

Any element a ∈M \N is an element that does not satisfy ϕ, and which did not
introduce any new elements into M that satisfy ϕ. So we might choose b ∈M ′ \M
which “looks like” the element a ∈M \N . That is, we pick b ∈M ′ \M for which
tp(b/N) = tp(a/N). Now b does not satisfy ϕ, since it has the same type as a.
But suppose that b introduced a new element c into M ′ which satisfies ϕ. For
such a c, tp(c/Mb) must be isolated by a formula ψ(x, b) ∈ L(M), because M′ is
prime over M ∪ {b}. In particular, ψ(x, b) implies ϕ(x). We would like to transfer
this knowledge back to a, reaching a contradiction by finding an element of M \N
satisfying ϕ.

We might argue as follows: the formulas ∃x(ψ(x, y)), ∀x(ψ(x, y) → ϕ(x)), and
∀x(ψ(x, y)→ x 6= n) for n ∈ N are all satisfied by b. Since a has the same type as
b over N , a also satisfies them, and hence there is a c0 ∈M \N which satisfies ϕ.

Unfortunately, this is incorrect, because ψ(x, b) is parametrized in M , not in N .
We do not know that a and b behave alike with respect to other elements of M .
(In fact, they obviously do not; x = a is an L(M)-formula satisfied by a and not
by b). What we want is to choose b ∈M ′ \M which looks like a “generic” element
of M \N . To formalize this notion, we need to introduce some ideas from stability
theory.
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Definition 9.3. Let p ∈ S(B) be a type. We say p does not split over A ⊂ B if for
all ϕ(x̄, ȳ) ∈ L, and for all b̄, b̄′ ∈ B with tp(b̄/A) = tp(b̄′/A), the following holds:

ϕ(x̄, b̄) ∈ p ⇐⇒ ϕ(x̄, b̄′) ∈ p.
That is, membership of a formula in p depends only on the parameter type over A.
In case q ∈ S(A) and q ⊂ p, we say that p is a strong heir of q.

If p does not split over A, this somehow means A already contains enough infor-
mation to specify p. Strong heirs are the most “free” or “generic” extensions, i.e.,
the ones that add as little information as possible from the larger parameter set.
To resolve the issue described above, what we will end up doing is to taking b to
be a realization of a strong heir of tp(a/N) in S1(M).

Example 9.4. Let T = ACF0. Let p ∈ S1(Q) be the unique non-algebraic 1-type.
Let t be a realization of p in some model, i.e., t is a transcendental element, and
consider the larger parameter set Q(t). If q ∈ S1(Q(t)) is the unique non-algebraic
type, then q is a strong heir of p. On the other hand, if q ∈ S1(Q(t)) is the algebraic
type isolated by x = t, then even though q extends p, q is not a strong heir of p
since it does not split over Q; for instance, tp(t/Q) = tp(t + 1/Q), but x = t ∈ q
while x = t+ 1 /∈ q. Adding the formula “x = t” was too specific of a choice.

Now let p ∈ S1(Q) be the algebraic type isolated by x2 = 2. Let q ∈ S1(Q(
√

2))

be the extension of p isolated by x =
√

2. Then q splits over Q, i.e., is not a strong
heir of p, since tp(

√
2/Q) = tp(−

√
2/Q), but q does not contain x = −

√
2. Unlike

the previous case, p has no strong heir over Q(
√

2); any extension of p must pick

between “x =
√

2” ∈ p and “x = −
√

2” ∈ p.

In ℵ0-stable theories, the splitting relation has particularly nice properties. We
do not prove them here, but collect them in the following lemma.

Lemma 9.5. Let T be ℵ0-stable.

(1) Let M |= T , A ⊂ M , and p ∈ S(A). There is a finite subset A0 ⊂ A over
which p does not split.

(2) Let N |= T be an ℵ0-saturated model. For any p ∈ S(N) and any M� N ,
p has a strong heir q ∈ S(M).

Proof. See [2, Lemma 3.1.9] for a proof of (1) and [2, Lemma 3.1.10] for a proof of
(2). �

In the informal argument described above, we required M′ to be prime over
M ∪ {b}. Since we require ℵ0-saturation in order to guarantee the existence of
strong heirs, we will actually need a different notion of “primeness” which the model
M′ should satisfy, which can be thought of as “prime relative to the ℵ0-saturated
models”.

If p ∈ S(A) and B ⊂ A, then by p � B we denote the type {ϕ(x̄, ā) ∈ p : ā ∈
B} ∈ S(B).

Definition 9.6. Let M |= T . We say M is ℵ0-prime (over A ⊂ M) if (1) it is
ℵ0-saturated, and (2) for any ℵ0-saturated model N |= T (containing A), there is
an elementary embedding M≺ N (fixing A).

A type p ∈ S(M) is ℵ0-isolated if there is a finite B ⊂ M so that p is the
only complete extension of p � B to M . The model M is ℵ0-atomic if tp(ā/M) is
ℵ0-isolated for every ā ∈M .
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Just as isolated types are the types that must be realized in every model, ℵ0-
isolated types are the types that must be realized in every ℵ0-saturated model.

The analogue of 7.3 holds for ℵ0-prime models of ℵ0-stable theories as well; the
proof strategy is similar and we omit it.

Lemma 9.7. Let T be ℵ0-stable, M |= T an ℵ0-saturated model, and A ⊂ M .
There is a model N ≺ M containing A which is both ℵ0-prime over A and ℵ0-
atomic over A.

Proof. See [2, Lemma 3.1.6]. �

Now we can state and prove the “stretching” lemma.

Lemma 9.8. Suppose T is ℵ0-stable and has a Vaughtian pair. Whenever (M,N )
is a Vaughtian pair of ℵ0-saturated models of T and N is countable, there is an
ℵ0-saturated model M′ �M, so that (M′,N ) is a Vaughtian pair.

Proof. Let a ∈ M \ N , and p = tp(a/N). By 9.5, as N is ℵ0-saturated, p has a
strong heir q ∈ S(M). Moreover, there is a finite set A ⊂ N over which q, hence
p, does not split. Extending A if necessary, assume A contains the parameters of
ϕ. LetM′ �M be an ℵ0-saturated model containing some b ∈M ′ realizing q. By
9.7, we may take M′ to be ℵ0-prime and ℵ0-atomic over M ∪ {b}.

Suppose there is some c ∈M ′ \M withM′ |= ϕ(c). SinceM′ is ℵ0-atomic over
M ∪ {b}, tp(c/Mb) is ℵ0-isolated over B ∪ {b} for some finite B ⊂ M . Extending
B if necessary, we assume B ⊃ A. Since M is ℵ0-saturated, there is a countable
saturated model N0 ≺M containing B. Uniqueness of countable saturated models
implies there is an isomorphism f0 : N0

∼= N which fixes A. We claim f0 extends
to an elementary map f1 : N0 ∪ {b} → N ∪ {a}. Indeed, for d̄ ∈ N0,

ϕ(x, d̄) ∈ tp(b/N0) ⇐⇒ ϕ(x, d̄′) ∈ tp(b/N0) whenever tp(d̄′/A) = tp(d̄/A)

⇐⇒ ϕ(x, f0(d̄′)) ∈ tp(a/N) whenever tp(f0(d̄′)/A) = tp(f0(d̄)/A)

⇐⇒ ϕ(a, f0(d̄)) ∈ tp(a/N),

where the first implication is because tp(b/N0) does not split over A, the second
is because f0 is an isomorphism N0

∼= N which fixes A, and the third is because
tp(a/N) does not split over A.

Let M′0 ≺ M′ be ℵ0-prime over N0 ∪ {b}. Since tp(c/N0b) is ℵ0-isolated, M′0
contains c. Since M is ℵ0-saturated and contains N ∪ {a}, f1 extends to an em-
bedding f of M′0 into M. But then f(c) ∈ M \ N is an element satisfying ϕ,
contradicting the fact that (M,N ) is a Vaughtian pair. �

With the above lemma, we can prove 9.1, which will conclude the proof of Mor-
ley’s Theorem.

Proof of 9.1. By 9.2, T has a Vaughtian pair (M,N ) of countable, saturated mod-
els. Applying 9.8, we may construct a sequence of models {Mα : α < κ} so that

• M0 =M.
• For each α, (Mα,N ) is a Vaughtian pair, Mα is ℵ0-saturated, and Mα �
Mα+1.

• At limits, Mα =
⋃
β<αMβ .

Let M′ =
⋃
α<κMα. Then (M′,N ) is a Vaughtian pair, and since a new element

is added at each step, |M′| ≥ κ. By Löwenheim–Skolem we can reduce to a model
of size precisely κ. �
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10. Countable Models of Uncountably-Categorical Theories

The Baldwin–Lachlan proof of Morley’s Theorem yields the following corollary.

Corollary 10.1. Let T be κ-categorical for some κ > ℵ0. Then T has at most
countably many countable models.

Proof. The strongly minimal part of a countable model of T has either finite or
countable dimension; in proving 8.3, we showed two models of T whose strongly
minimal parts have the same dimension are isomorphic. �

Each of the examples of uncountably-categorical theories that we have seen fits
into one of two cases:

(1) The only countable model is of dimension ℵ0 (e.g., infinite sets, vector
spaces over a finite field, the two examples of 5.1).

(2) There are countably many countable models (e.g., algebraically closed fields,
vector spaces over a countable field).

This leads to the following question: is it possible that an uncountably-categorical
theory has more than one but only finitely many countable models? Baldwin and
Lachlan proved in [1] that the answer is no: an uncountably-categorical theory
is either totally categorical, or has exactly ℵ0 countable models. While the full
Baldwin–Lachlan result is beyond the scope of the paper, we will be able to show
that it holds assuming there is a strongly minimal formula without parameters.

Proposition 10.2. Suppose that T is an uncountably-categorical theory, and ϕ ∈ L
is a strongly minimal formula. Then T has either one or ℵ0 countable models.

Proof. Since ϕ requires no parameters, we can refer unambiguously to the dimension
of any model of T (more specifically, the dimension of the strongly minimal part).

Suppose T is not countably-categorical. Then T has a model Mk of some finite
dimension k. Let Ik ⊂ ϕ(Mk) be a basis. Let p ∈ S1(Ik) be the unique nonalgebraic
type containing ϕ. LetM�Mk be an elementary extension containing an element
a which realizes p, and let Ik+1 = Ik ∪ {a}. Let Mk+1 ≺ M be a model which
is prime over Ik+1. It is clear that Mk+1 has dimension at least k + 1. To show
it has dimension exactly k + 1, suppose b ∈ ϕ(Mk+1) is independent from Ik+1.
Since Mk+1 is prime over Ik+1, tp(b/Ik+1) is isolated by some ψ ∈ L(Ik+1). Since
Mk+1 |= ψ(b), and b /∈ acl(Ik+1), it must be the case that ψ(Mk+1) is cofinite in
ϕ(Mk+1). Since acl(Ik+1) is infinite (it contains acl(Ik) = ϕ(Mk)), there is some
element of acl(Ik+1) satisfying ψ. But this is absurd, as ψ isolates a non-algebraic
type over Ik+1.

Repeating this argument, we obtain a model of every finite dimension ≥ k. �

As mentioned above, the difficulty arises when the strongly minimal formula ϕ
requires a parameter ā in the prime model M0. In this case, given an arbitrary
model of T , there may be many realizations of tp(ā), and each one could, a priori,
give rise to a different dimension. So there may be one model which, viewed from
many different perspectives, has many possible finite dimensions. The extra work
Baldwin and Lachlan did is to show this is not the case: different realizations of
tp(ā) in the same model always give rise to the same dimension. In fact, the extra
work in this case is necessary: there are uncountably-categorical theories in which
there is no strongly minimal L-formula.
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Example 10.3. Recall from 5.1 the theory of an equivalence relation E with two
infinite classes and a bijection f between the two classes so that f2 = id. If ϕ ∈ L
is a formula in one free variable, then ϕ(M) is invariant under the automorphism
defined by f . So if ϕ(M) is infinite, then E(x, a) defines an infinite and co-infinite
subset of ϕ(M), and ϕ is not strongly minimal. That is, a strongly minimal formula
must pick out one of the two classes, but there is no way of doing so without choosing
a parameter.

Appendix: Saturated Models

This appendix includes the definition and some basic facts about saturated mod-
els. For proofs, see [3, Chapter 5].

Definition 10.4. Let κ be an infinite cardinal. A model M |= T is κ-saturated if
for all A ⊂M with |A| < κ,M realizes every type in S(A). We sayM is saturated
if it is |M |-saturated.

Proposition 10.5 (Existence of κ-Saturated Models). For any M |= T and any
κ, there exists an elementary extension N �M which is κ-saturated.

Proof Sketch. We will find a κ+-saturated extension, which clearly is also κ-saturated.
Construct an elementary chain of models {Mα : α < κ+} satisfying the following:

• M0 =M.
• For each A ⊂ Mα with |A| ≤ κ, every type in S(A) is realized in Mα+1

(apply compactness for each A and each p ∈ S(A)).
• If α is a limit ordinal, then Mα =

⋃
β<αMβ .

Let N =
⋃
α<κ+Mα. Then regularity of κ+ implies that N is κ+-saturated. �

Proposition 10.6 (Uniqueness of Saturated Models). Let M,N |= T be saturated
models with |M | = |N | = κ. Let A ⊂ M , |A| < κ, and f : A → N an elementary
map. Then f can be extended to an isomorphism M ∼= N . In particular, any two
saturated models of the same cardinality are isomorphic.

Proof Sketch. Let {aα : α < κ} and {bα : α < κ} be enumerations of M and N ,
respectively. By induction on α < κ, we extend f as follows:

(1) If aα is not already in dom f , use saturation of N to find b ∈ N realizing
the type {ϕ(x, f(c̄)) : ϕ(x, c̄) ∈ tp(aα/ dom f)}, and set f(aα) = b.

(2) If bα is not already in ran f , use saturation of M to find a ∈ M realizing
{ϕ(x, f−1(c̄)) : ϕ(x, c̄) ∈ tp(bα/ ran f)}, and set f(a) = bα.

After κ steps, we have an isomorphism M∼= N . �

We caution that in general, saturated models of a given cardinality do not always
exist, and κ-saturated models of the same cardinality need not be isomorphic.
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