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Abstract. We provide an introduction to Ito calculus and stochastic pro-

cesses, specifically Brownian motion, in order to rigorously define integration
with respect to Brownian motion. We then introduce the Feynman-Kac for-

mula to provide intuition for basic pricing and arbitrage. We use this formula

to derive the Black-Scholes model for pricing options using arbitrage free as-
sumptions. Modifying the initial assumptions of constant volatility, we then

derive the Heston model using stochastic volatility.
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1. Probability Spaces and Random Variables

We will begin with an introduction to certain probabilistic concepts in order to
better understand stochastic processes in the following sections.

Definition 1.1. (Sample Space). A sample space Ω is the set of all outcomes of
some procedure. After a procedure has happened, exactly one outcome must have
occurred. Additionally, each outcome has an assigned probability to occur.

Definition 1.2. (Distribution and Density Functions). The distribution function
F : R → [0, 1] of a random variable on its sample space Ω is defined as

F (x) = P(X ≤ x).

Additionally, if X is a continuous random variable and if there exists a function f
such that

F (x) =

∫ x

−∞
f(y) dy,

then f is the density function of X.
1
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Definition 1.3. (Expectation). The expectation of a continuous random variable
X is defined as

E[X] =

∫
Ω

X dP

and if X has density f, then

E[X] =

∫ ∞

−∞
xf(x) dx.

If a discrete random variable has no density function with values x1, x2, ..., xn then
the expectation is given by

E[X] =

n∑
i=1

xiP(X = xi).

Definition 1.4. (Variance). The variance of a random variable X is

Var[X] = E[(X − E[X])2] = E[X2]− E[X]2

Definition 1.5. (Central Limit Theorem). IfX1, X2, .. are independent, identically
distributed random variables with generic E[Xi] = µ and Var[Xi] = σ2 < ∞ and
letting

Zn =
(X1 + ...+Xn)− nµ

σ
√
n

,

then as n → ∞, the distribution of Zn approaches the standard normal distribution.

2. Stochastic Processes

We now introduce some concepts that are required to understand stochastic
calculus.

Definition 2.1. (Stochastic Process). A collection of random variables {Xt|t ∈
R+} indexed by time t is called a stochastic process. We can view this object in
two ways. First, we can consider it as a random variable whose value is a function
from T to R. We can also consider for each t, a random variable with correlations
between the values at different times.

Definition 2.2. (Filtration). Letting X1, X2, .. be a sequence of random variables,
the associated filtration is the collection {Fn} with Fn denoting the information in
X1, ..., Xn. One assumption in the definition is that no information is lost.

Before we introduce what a martingale is, it is useful to know some properties
of a sequence of random variables.

Proposition 2.3. Let X1, X2, ... be a sequence of random variables with filtration
Fn. The conditional expectation E[Y |Fn] satisfies the following:

• If Y is Fn measurable, then E[Y |Fn] = Y .
• If E is an Fn measurable event, then

E[E[Y |Fn]] = E[Y ]

• Linearity. If X,Y are random variables with constants a,b, then

E[aY + bZ|Fn] = aE[X|Fn] + bE[Y |Fn]

• Tower Property. If n < m, then

E[E[Y |Fm]|Fn] = E[Y |Fn]
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• If X is an Fn measurable random variable, then with respect to Fn, Z acts
like a constant,

E[Y Z|Fn] = ZE[Y |Fn]

Definition 2.4. (Martingale). A collection of random variables M0,M1, ... is a
martingale with respect to filtration {Fn} if the following holds:

• For each t, Mt is a {Fn} measurable random variable with E[|Mn|] < ∞
• if n < m, then

E[Mm|Fn] = Mn or restated E[Mm −Mn|Fm] = 0.

Intuitively, a martingale is a model of a fair game. Viewing it in this way implies
that regardless of what has happened so far, the expected future winnings is 0. In
particular, it is a fair game.

3. Brownian Motion

In this section, we will provide an intuitive description of Brownian Motion
and explore its formal definition. Recall that stochastic processes are collections
of random variables with defined time intervals. We can similarly view Brownian
Motion as a stochastic process where the defined time intervals become very small
or equivalently as the limit of a random walk. We must be careful when taking this
limit to preserve the magnitude of steps relative to time.

SupposeX1, X2, ... are independent random variables with P{Xj = 1} = P{Xj =
−1} = 1/2, and let

Sn = X1 + ...+Xn

be the corresponding random walk. To simulate a discrete random walk, we can
choose the time increment to be ∆t = 1 and the space increment to be ∆x = 1.
Instead, let us set ∆t = 1/N with N large. Then, at every time step ∆t, 2∆t, ...,,
the value of Sn either jumps up or down ∆x. If we view the process at time
t = 1 = N∆t, the value of the process is

W
(N)
1 = ∆x(X1 + ...+XN ).

We then find ∆x such that Var[W
(N)
1 ] = 1. Since we know that

Var[∆x(X1 + ...+XN )] = (∆x)2[Var(X1 + ...+XN )] = (∆x)2N,

then

∆x =
√
1/N =

√
∆t.

If N becomes large, then the distribution of

X1 + ...+XN√
N

is roughly normal with mean 0 and variance 1.
This exploration of the limit of a random walk gives us basic intuition for what

standard Brownian motion looks like. Below, we write the formal definition of
Brownian motion, which can also be thought of as continuous random motion.

Definition 3.1. (Brownian Motion). A stochastic process Bt is called a Brownian
motion with drift m and variance σ2 starting at the origin if it satisfies the following
conditions:

• B0 = 0
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• If s < t, then the variable Bt−Bs is normally distributed with meanm(t−s)
and variance σ2(t− s).

• If s < t, then the variable Bt − Bs is independent of the value of Br for
r ≤ s.

• The function t → Bt is a continuous function of t with probability one.

Bt is called standard Brownian motion if m = 0 and σ2 = 1.

The proof that such a process actually exists is quite long and not necessary for
the purposes of understanding the uses of Brownian Motion.

4. Ito Calculus

Before exploring stochastic calculus, it is useful to review ordinary differential
equations. Consider the equation df(t) = C(t, f(t))dt, or equivalently, df

dt = f ′(t) =
C(t, f(t)). If we are given f(0) = x0, then a solution can be given by

f(t) = x0 +

∫
C(s, f(s)) ds.

In, stochastic calculus, we attempt to make sense of equations of the form

dXt = m(t,Xt)dt+ σ(t,Xt)dBt,

where Bt is standard Brownian motion. A solution to this equation is

Xt = X0 +

∫ t

0

m(s,Xs) ds+

∫ t

0

σ(s,Xs)dBs.

The Ito integral will give a precise meaning to the last term of this equation.

The analog of a step function for the stochastic integral is a simple process.

Definition 4.1. (Simple Process). A process At is a simple process if there exists
times

0 = t0 < t1 < ... < tn < tn+1 < ∞
and random variables Yj , j = 0, 1, ..., n that are Ftj measurable such that

At = Yj , tj ≤ t < tj+1.

Then since Yj is Ftj measurable, At is Ftj measurable.

We also assume that E[Y 2
j ] < ∞ for each j. If At is a simple process, then we

define Zt =
∫ t

0
As dBs by

Ztj =

j−1∑
i=0

Yi[Bti+1
−Bti ]

and more generally,

Zt = Ztj + Yj [Bt −Btj ]iftj ≤ t ≤ tj+1,∫ t

r

As dBs = Zt − Zr.

Based on these definitions, we note four important properties of the stochastic
integral of simple processes.
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Proposition 4.2. Suppose At, Ct are simple processes with Zt =
∫ t

0
As dBs, and

let Bt be a standard Brownian motion.

• Linearity. Let a, b be constants. Then aAt + bCt is also a simple process
with ∫ t

0

(aAs + bCs) dBs = a

∫ t

0

As dBs + b

∫ t

0

Cs dBs

• Martingale property. The process Zt is a martingale with respect to {Ft}
• Variance rule.

Var[Zt] = E[Z2
t ] =

∫ t

0

E[A2
s] ds

• Continuity. The function t → Zt is a continuous function with probability
one.

We seek to generalize the integral of At first to bounded, continuous paths, then
account for unbounded paths, and lastly piece-wise continuous paths. In order to
do so, we first state the following approximation result.

Lemma 4.3. Let At be a process with continuous paths, adapted to a filtration
{Ft}. Then suppose there exists C < ∞ such that |At| ≤ C for all t with probability

one. Then there exists a sequence of simple processes A
(n)
t such that for all t,

lim
n→∞

∫ t

0

E[|As −A(n)
s |2]ds = 0.

and also for all n, t, |A(2)
t | ≤ C.

Definition 4.4. (Ito Integral for Bounded Process with Continuous Paths). Let
At be a bounded process with continuous paths adapted to filtration {Ft}. Then

there exists a sequence of simple processes A
(n)
t such that

lim
n→∞

∫ t

0

E
[∣∣∣As −A(n)

s

∣∣∣2] ds = 0

Then we can define

Zt = lim
n→∞

∫ t

0

A(n)
s dBs

Definition 4.5. (Ito Integral for Unbounded Processes with Continuous Paths).
Let At be an unbounded process with continuous paths adapted to filtration {Ft}.
Let Tn = inf{t : |At| = n} for all n = 0, 1, ... < ∞. Then A

(n)
t = Amin(t,Tn) is

a sequence of bounded and continuous processes with corresponding Ito integrals

Z
(n)
t =

∫ t

0
A

(n)
s dBs. Then let

Zt = lim
n→∞

Z
(n)
t .

For unbounded processes, continuity, linearity, and the variance rule still hold,
but it is possible that V ar[Zt] = ∞. The Martingale, however, may not hold as As

may grow to infinity. That being said, the integral is still a local martingale, which
is defined below. Intuitively, a local martingale is a martingale that is stopped
before the values get too large.
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Definition 4.6. (Local Martingale). A continuous process Mt adapted to the
filtration {Ft} is a local martingale on [0, T ] if there exists a sequence of stopping
times

τ1 ≤ τ2 ≤ ...

such that

lim
j→∞

τj = T

with probability one, and for each j,

M
(j)
t = Mmin(t,τj)

is a martingale.

Using the above generalizations, we can now understand stochastic differential
equations and their integral forms like

dXt = m(t,Xt)dt+ σ(t,Xt)dBt

Xt = X0 +

∫ t

0

m(s,Xs) ds+

∫ t

0

σ(s,Xs)dBs.

in a well-defined manner.
We will now use what we have described so far to understand Ito’s Lemma.

Ito’s Lemma is the stochastic analog of the chain rule. In using Taylor expansions,
stochastic equations require more terms due to their non-differentiability. The proof
is not necessary for understanding its applications in the further sections. We call
a function Ck if it has k continuous derivatives.

Theorem 4.7. (Ito’s Formula) Let f(t,x) be C1 in t and C2 in x. Then, letting Bt

be a standard Brownian motion,

f(t, Bt) = f(0, B0) +

∫ t

0

∂xf(s,Bs) dBs +

∫ t

0

[
∂sf(s,Bs) +

1

2
∂xxf(s,Bs)

]
ds,

or in differential form,

df(t, Bt) = ∂xf(t, Bt)dBt +

[
∂tf(t, Bt) +

1

2
∂xxf(t, Bt)

]
dt.

Before exploring the applications of stochastic calculus in finance, it is important
to understand geometric Brownian motion.

Definition 4.8. (Geometric Brownian Motion). Letting Bt be a standard Brow-
nian motion, a process Xt is a geometric Brownian motion with volatility σ and
drift m if it satisfies the SDE

dXt = mXtdt+ σXtdBt = Xt[mdt+ σdBt]

The exact expression for geometric Brownian motion is

Xt = X0 exp

{(
m− σ2

2

)
t+ σBt

}
,

although it is much more useful in terms of its SDE.



STOCHASTIC CALCULUS FOR ARBITRAGE FREE PRICING WITH STOCHASTIC VOLATILITY7

5. Feynman-Kac

One of the basic uses of Ito’s Lemma is deriving the Black-Scholes formula for
options pricing. However, we first seek to derive the Feynman-Kac equation, which
can be used as another pricing model. First, to establish some terminology, a
European call option is the right to buy an underlying asset at a strike price K, at
a specified time T . A European put option is the right to sell an underlying asset at
a strike price K, at a specified time T . In contrast to European options, American
options may be exercised at any time up till the specified time of expiry T .

Note that an option gives the right (but not the obligation) to buy or sell the
stock at the strike price, thus capping an option owner’s loss to the cost of the
option. Options may thus be worth more than the strike minus the current price
of the underlying asset. Now suppose that an underlying stock’s price follows the
geometric Brownian motion

(5.1) dSt = mStdt+ σStdBt

We will begin our exploration of options pricing using the most naive approach—
by pricing it according to its inflation adjusted expected profit at that exact mo-
ment. Given the definition of an option, we will only exercise it if Xt > S with the
value of the option at time T being F (Xt) where

(5.2) F (x) = max(x− S, 0)

We also suppose that there exists an inflation rate r(t, x) such that R0 dollars
at time 0 is worth Rt at time t. Then,

dRt = r(t, St)Rtdt

which implies

Rt = R0 exp

{∫ t

0

r(s, Ss) ds

}
.

If f(t, x) denotes the expected value of the payoff in time t dollars given St = x,
then

(5.3) f(t, x) = E
[
exp

{
−
∫ T

t

r(s, Ss) ds

}
F (ST )|St = x

]
.

Then assuming f is C1 in t and C2 in x, let us consider

Mt = E[R−1
T F (ST )|Ft].

Using the tower rule implies that if s < t,

E[Mt|Ft] = E[E(MT |Ft)|Fs] = E[MT |Fs] = Ms

which means that Mt is a martingale. We also know that Rt is Ft-measurable and
St is a Markov process, thus we can state

Mt = R−1
t f(t, St) = R−1

t E
[
exp

{∫ T

t

r(s, Ss) ds

}
F (ST )|St = x

]
.

We then apply Ito’s formula and note that Rt has finite variation to obtain

dMt = d[R−1
t f(t, x)] = f(t, x)d[R−1

t ] +R−1
t df(t, x)

which implies the dt term of d[R−1
t f(t, x)] is

R−1
t [−r(s, St)f(t, St) + ∂tf(t, St) +m(t, St)∂xf(t, St) +

1

2
σ(t, St)

2∂xxf(t, St)].
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Since Mt is a martingale, by definition the dt term must be zero, which only
occurs if

−r(s, St)f(t, St) + ∂tf(t, St) +m(t, St)∂xf(t, St) +
1

2
σ(t, St)

2∂xxf(t, St) = 0

Thus, we have obtained the following theorem.

Theorem 5.4. (Feynman-Kac Formula). Suppose St is the price of a stock de-
scribed by

dSt = m(t, St)dt+ σ(t, St)dBt

and r(t, x) > 0 is the discounting rate. Suppose also that the payoff F (ST ) at time
T is given with E[|F (St)|] < ∞. Then letting f be defined as in (5.3) with f C1 in
t and C2 in x, it satisfies

∂tf(t, St) = −m(t, St)∂xf(t, St)−
1

2
σ(t, St)

2∂xxf(t, St) + r(s, St)f(t, St)

for 0 ≤ t ≥ T with end behavior f(T,x)=F(x)

The Feynman-Kac PDE is very similar to the Black-Scholes formula, however,
it differs in its basic approach. Using Feynman-Kac, pricing an option according
to its expected value in time t dollars can lead to arbitrage opportunities. This
consequence should theoretically be impossible if the assets are priced correctly,
and it leads to the intuition behind the Black-Scholes assumptions. The Black-
Scholes model attempts to price options by creating a portfolio that creates zero
arbitrage opportunities, implying a fair price. These features are further discussed
in the next section where we derive the Black-Scholes formula.

6. Black-Scholes

Arbitrage is formally defined as the opportunity (positive probability) of making
money with zero probability of losing money. This definition is the main tool used
in setting up the Black-Scholes options pricing model. Consider a call option for a
stock whose price moves according to a geometric Brownian motion.

Suppose the stock price St follows the geometric Brownian Motion,

(6.1) dSt = St[mdt+ σdBt]

and also there exists a risk-free bound Rt satisfying

(6.2) dRt = rRtdt

that is, Rt = ertR0. Let T be a time in the future and suppose that we have the
option to buy a share of stock at time T for strike price K. The value of this option
at time T is

F (ST ) = max(0, ST −K).

The goal is to find the price f(t, x) of the option at time t < T given St = x.
One way of determining this price without using the Black-Scholes equation is

to price the option purely by the expected profit at time t as shown below,

f(t, x) = E[e−r(T−t)F (ST )|St = x].

In a previous section, we showed that this function satisfies the Feynman-Kac PDE,

∂tf(t, x) = rf(t, x)−mxf ′(t, x)− σ2x2

2
f ′′(t, x).
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Using this model, however, if one sells an option at this price and buys a bond at
the current interest rate, then there is a positive probability of losing money. This
observation highlights a fundamental difference in the no arbitrage assumption of
the Black-Scholes model.

The Black-Scholes approach to defining f(t, x) is to let it be the value of a
portfolio at time t given St = x such that it can be hedged in order to guarantee
a portfolio value F (ST ) at time T. This portfolio consists of a ratio of stocks and
bonds. Let Vt be the value of the portfolio at time t and at, bt denote the ratio of
stocks and bonds. Then,

(6.3) Vt = atSt + btRt

In order to maintain the assumption of no arbitrage, we will manage the portfolio
by switching the ratio of stocks and bonds such that no matter how the stock price
moves, the value at time T will be

VT = max(0, ST −K).

We also assume that the portfolio does not add outside resources, with the
direct mathematical consequence that the change in the price of the portfolio is
only dependent on the change in price of the assets,

(6.4) dVt = atdSt + btdRt.

If we assume (6.4) and plug in (6.1) and (6.1) then we get

dVt = atSt[mdt+ σdBt] + btrRtdt

= atSt[mdt+ σdBt] + r[Vt − atSt]dt

(6.5) = [matSt + r(Vt − atSt)]dt+ σatStdBt.

Alternatively, letting Vt = f(St, t) as defined and assuming f is sufficiently
differentiable, we can apply Ito’s formula to show that

dVt = df(t, St) = ∂tf(t, St)dt+ ∂xf(t, St)dSt +
S2
t σ

2

2
∂xxf(t, St)dt

(6.6) = [∂tf(t, St) +mSt∂xf(t, St) +
S2
t σ

2

2
∂xxf(t, St)]dt+ σSt∂xf(t, St)dBt.

Then by taking (6.5) and (6.6) and equating the dBt terms, we see that the
portfolio is defined by

(6.7) at = ∂xf(t, St), bt =
Vt − atSt

Rt
.

Equating the dt terms and plugging in (6.7), we get the Black-Scholes equation

(6.8) ∂tf(t, x) = rf(t, x)− rx∂xf(t, x)−
σ2x2

2
∂xxf(t, x).

Note that the drift term m does not appear in this equation. Intuitively, this
absence is because our price is based on the ability to hedge our portfolio to be an
exact value at time T . Additionally, this gives the same formula as the Feynman-
Kac formula except that m is replaced by r. This shows that when m ̸= r there
exists arbitrage in the Feynman-Kac formula.
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Using these facts, we can derive the Black-Scholes formula. We will not provide
the full derivation since it is beyond the scope of this paper. The equation below
shows the price of a European call option.
(6.9)

f(T − t, x) = xϕ

(
log(x/K) + (r + σ2

2 )t

σ
√
t

)
−Ke−rtσ

(
log(x/K) + (r − σ2

2 )t

σ
√
t

)

7. Heston Model

One of the weaknesses of the Black-Scholes model is that it assumes constant
volatility of the option throughout its lifetime. In reality, the volatility of assets
varies over time depending on a number of different factors. In short term pricing
models, one of the most important factors is changing implied volatility. A modifi-
cation to the constant volatility assumption of Black-Scholes is made in the Heston
model. Instead of constant volatility, the volatility of the stock itself is a Brownian
motion. It also differs from other stochastic volatility models in the following ways:

• It factors in possible correlation between the asset’s price and its volatility.
• The volatility is mean reverting.
• It has an existing closed-form solution.
• It doesn’t require the stock to follow a log-normal distribution.

The basic setup is as follows:

(7.1) dSt = rStdt+
√
vtStdW1

dvt = k(θ − vt)dt+ σ
√
vtdW2

E[dW1, dW2] = ρdt

where St is the underlying asset price, σ is the volatility of
√
Vt, θ is the long

term price variance, k is the rate reversion to θ, and W1,W2 are Brownian motions
corresponding to the asset price and the asset’s price volatility.

We use the same no arbitrage assumptions of Black-Scholes in attempting to
create a portfolio that ensures a specific price in the future. We construct a portfolio
consisting of one option V = V (S, v, t), ∆ units of the underlying stock S, and ϕ
units of another option U = U(S, v, t). The purpose of the second option is to hedge
the volatility of the first option and stock. Then, from assuming a self financing
portfolio similar to the Black-Scholes model, the portfolio value changes as follows:

dΠ = dV + δdS + ϕdU.

We would now like to apply Ito’s Lemma to dV . We differentiate with respect to
t, S, v. Then, we get

dV =
∂V

∂t
dt+

∂V

∂S
dS +

∂V

∂v
dv +

1

2
vS2 ∂

2V

∂S2
dt+

1

2
σ2v

∂2V

∂v2
dt+ σvρS

∂2V

∂v∂S
dt.

If we apply Ito’s Lemma to dU we get the same result, but in U . If we combine
these two equations with (7.1), we can write
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dΠ = dV +∆dS + ϕdU

=

{
∂V

∂t
+

1

2
vS2 ∂

2V

∂S2
+ ρσvS

∂2V

∂v∂S
+

1

2
σ2v

∂2V

∂2

}
dt+

ϕ

{
∂U

∂t
+

1

2
vS2 ∂

2U

∂S2
+ ρσvS

∂2U

∂v∂S
+

1

2
σ2v

∂2U

∂2

}
dt+

(7.2)

{
∂V

∂S
+ ϕ

∂U

∂S
+∆

}
dS +

{
∂V

∂v
+ ϕ

∂U

∂v

}
dv.

In order to meet our no arbitrage requirement, the portfolio must be hedged
against the stock price and volatility, meaning that the last two terms of (7.2)
with coefficients dS, dv must be zero. This observation gives us the following hedge
parameters:

ϕ = −
∂V
∂v
∂U
∂v

(7.3) ∆ = −ϕ
∂U

∂S
− ∂V

∂S
.

We also assume that the portfolio must earn the risk free rate r, thus, dΠ = rΠdt.
With the values and assumptions used to derive (7.3), we get

dΠ =

{
∂V

∂t
+

1

2
vS2 ∂

2V

∂S2
+ ρσvS

∂2V

∂v∂S
+

1

2
σ2v

∂2V

∂2

}
dt+

ϕ

{
∂U

∂t
+

1

2
vS2 ∂

2U

∂S2
+ ρσvS

∂2U

∂v∂S
+

1

2
σ2v

∂2U

∂v2

}
dt

which we can write as dΠ = (A+ ϕB)dt. Then, we get

A+ ϕB = r(V +∆S + ϕU).

Substituting in the portfolio values, we get

(7.4)
A− rV + rS ∂V

∂S
∂V
∂v

=
B − rU + rS ∂U

∂S
∂U
∂v

.

Looking at (7.4), we notice the left hand side is only a function of V and the right
side is only a function of U . This means that both sides can be written as some
function f(S, v, t). Using what we specified earlier, let f(S, v, t) = −k(θ − v) +
λ(S, v, t) where λ(S, v, t) is the volatility risk price. If we substitute f into the left
side of (7.4) and substitute for B, we arrive at the Heston PDE expressed in terms
of the underlying asset price S

∂U

∂t
+

1

2
vS2 ∂

2U

∂S2
+ ρσvS

∂2U

∂v∂S
+

1

2
σ2v

∂2U

∂v2

(7.5) −rU + rS
∂U

∂S
+ [k(θ − v)− λ(S, v, t)]

∂U

∂v
= 0

This form of the PDE is quite complicated to use so we derive the PDE in terms
of the log price of the asset.

Let x = lnS. Then we want to express the PDE in terms of x, t, v. We require
the following derivatives, which can be derived without too much difficulty

∂U

∂S
,
∂2U

∂v∂S
,
∂2U

∂S2
.
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We plug these values into (7.5) and get

∂U

∂t
+

1

2
v
∂2U

∂x2
+

(
r − 1

2
v

)
∂U

∂x
+ ρσv

∂2U

∂v∂x
+

1

2
σ2v

∂2U

∂v2
− rU + rS

∂U

∂S
+ [k(θ − v)− λv]

∂U

∂v
= 0.

In the Heston model, we set the market price of risk to be a linear function of
volatility so we let λ(S, v, t) = λv. It is possible to derive a closed form for the price
of a call option. However it gives a complex analytic answer that doesn’t provide too
much intuition and is mainly important if you want to actually calculate the price.
The solution ends up being closed, but requires a numerical method to compute
the integral. As you can see, this form of the Heston PDE contains every term in
the Black-Scholes formula, but it also has extra terms to deal with the additional
option in the portfolio.

From an analytical perspective, the Heston model has been shown to overall
outperform the Black-Scholes model in options pricing. Specifically, the Heston
model is able to better capture the price of long term options where volatility may
change in a specific manner. In terms of actual use, the Heston model requires
many parameters that are tuned by the current market. Thus, if one were to use
Black-Scholes options prices to calibrate the Heston model, then they would give
the same price. Conversely, if you had the Heston parameters and price, you could
find the volatility and plug it into Black-Scholes to find the same price. Thus,
much of the utility of the Heston model arises from further tuning its inputs in the
current market, giving it a greater degree of control than the Black-Scholes model.
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