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GROUPS OF EXOTIC SPHERES

HONGHAO JING

ABSTRACT. The exotic sphere is defined as a topological sphere with a smooth
structure that is different from the standard one. In a fixed dimension, all
exotic spheres with the standard sphere form a group under connected sum. In
this paper, we will discuss these groups and prove their finiteness in dimensions
> 5. Along the way, some explicit computation of order of these groups can

be obtained.
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1. INTRODUCTION

OO0 Ok W=

It is a long-standing problem in topology to determine the number of smooth
structures on a topological sphere. It was proven by Kervaire and Milnor in 1963
that the number of non-isomorphic smooth structures on a topological sphere is
finite in dimensions > 5. In this paper, we will follow Kervaire and Milnor’s work
[1] to present the proof.

Shown later by Kirby and Siebenmann, more generally, every closed topological
manifold in dimensions > 5 has at most finitely many smooth structures, but the

proof depends on the result for spheres in the same dimension.
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2 HONGHAO JING

It is worth mentioning the story in lower dimensions: every topological manifold
has a unique smooth structure in dimensions < 3, and the case of dimension 3 was
proven earlier in 1952 by Moise. However, this is not true in dimension 4, where
there are homeomorphic manifolds with non-isomorphic smooth structures, and
topological manifolds without a smooth structure. Moreover, whether there is a
unique smooth structure on a topological 4-sphere and whether there are infinitely
many remain unknown.

Now let us get to the point by starting with an important definition. Throughout
this paper, all manifolds (with or without boundary) are assumed compact, oriented
and smooth. Denote by M the manifold M with the orientation reversed.

Definition 1.1. Manifolds M; and M are said to be h-cobordant if the disjoint
union M7 LI M5 is the boundary of some manifold W and both M; and M, are
deformation retracts of W. W is called a h-cobordism between M; and Ms.

Since smooth manifolds have CW -structures by the Morse theory, we only need
the inclusions M; — W, My — W to be homotopy equivalences in place of defor-
mation retracts. Then it is easy to see that h-cobordance is an equivalence relation
on manifolds in a fixed dimension.

One of the reasons why this definition is important comes from the h-cobordism
theorem by Smale in 1962. In this paper, we denote diffeomorphisms by = and
homotopy equivalences by ~.

Theorem 1.2 (Smale). Let n > 5 and My, My be simply-connected n-manifolds.
If My and My are h-cobordant by W, then W = My x [0,1] and hence My = M.

The proof using Morse functions is presented nicely in Milnor’s lecture notes [7].
The theorem was proven to fail for n = 4 by Donaldson in 1983.

It will be shown in the next section that h-cobordism classes of homotopy n-
spheres form a group under connected sum (which is called the h-cobordism
group of homotopy spheres). By the topological Poincaré conjecture, a ho-
motopy sphere is a topological sphere for all n; by the h-cobordism theorem, h-
cobordant spheres are the same thing as diffeomorphic spheres for n > 5. There-
fore, the h-cobordism group of homotopy spheres is none other than the group of
exotic spheres (including the standard sphere) under connected sum.

In this paper, we will only consider the h-cobordism group of homotopy spheres
without resorting to the topological Poincaré conjecture and the h-cobordism the-
orem. Thus the main result can be stated as follows.

Theorem 1.3. The h-cobordism classes of homotopy n-spheres form a finite abelian
group under connected sum.

This group will be denoted by ©,,. To prove its finiteness, we prove that bP, ;1
and ©,,/bP, 1 are both finite, where bP,;1 is a subgroup of ©,, consisting of
homotopy spheres that bound parallelizable manifolds (Definition 4.1). Moreover,
we shall show that bPog,q is trivial and that bPs is cyclic, without going into
details of computation of the order |bPsy|.

2. PRELIMINARIES

2.1. Connected Sum. Let My, M5 be closed n-manifolds, i; : D™ — M; and
i : D™ — M> be (smooth) embeddings from n-disks to them, such that i; preserves
orientation and 75 reverses orientation.
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Definition 2.1. The connected sum M;#M; is the quotient space of
(My —1(0)) U (M2 — i2(0))
identifying 41 (tu) with is((1 — t)u) for each t € (0,1) and u € S"~! = 9D".

Proposition 2.2. (1) MM is a well-defined closed manifold.
(2) The connected sum operation is associative and commutative (up to orien-
tation diffeomorphism) with an identity element S™, the standard sphere.

Proof. (1) Clearly, M1§M>s is a closed smooth manifold and has an orientation
compatible with that of M; and M> since the attaching is orientation-preserving.
The non-trivial part is that M;f4M> is independent of the embeddings 41, i5. This
follows from the “disc theorem” of Palais [9] that any two orientation preserving
embeddings i1,4} : D™ — M are isotopic.
(2) These follow from the definition. O

For manifolds with boundary, we also need a definition of connected sum.

Let H™*! denotes the closed upper half-disk of D"*!, containing points with the
last coordinate > 0. D™ denotes the subset of D"*! with the last coordinate = 0.

Let Wy, W5 be (n + 1)-manifolds with boundary,

ig: (H",D™) — (W, 0W,), ¢=1,2
be embeddings such that one preserves orientation and the other reverses it.

Definition 2.3. The connected sum along boundary Wi§W, is the quotient
space of

(W1 —i1(0)) b (W2 — 12(0))
identifying 41 (tu) with i5((1 — t)u) for each t € (0,1) and u € H** N 8™,

Similarly, one can prove the well-definedness. It is easy to see the following facts
about the resulting manifold WigWs.
e (boundary) O(W1tWs) = OW;0Ws.
e (homotopy type) WihWy ~ Wy V Wh.

2.2. Stable Parallelizability. Let M be an n-manifold with tangent bundle T'M.
If it is immersed in some larger manifold, we will denote the normal bundle by N M.
Denote the trivial r-bundle on M by €".

Definition 2.4. M is said to be stably parallelizable if T M is stably trivial,
ie., TM & €" is trivial for some r > 0.

The following lemma is useful for judging whether a bundle on an n-manifold
(with or without boundary) is trivial.

Lemma 2.5. Let & be an r-bundle on an n-manifold M, where r > n. If & is stably
trivial, then £ is trivial.

Proof. By induction, assume that & @ €' is trivial. An isomorphism & @ €' =2 ¢!
gives rise to a bundle map from £ to tangent bundle T'S™ as follows.

Identify all fibers of €"™' with a fixed Euclidean space R™*!. Each fiber of &
corresponds to a r-subspace of R"t!, Then we define M — S” by sending each
point to the normal vector of its fiber. This defines a bundle map & — T'S™.

Since dim M < dim S”, the map M — S” between bases is null-homotopic by
cellular approximation. Thus, £ is trivial. O
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The following two corollaries about stable parallelizability follow immediately
from Lemma 2.5. They will be used in the future.

Corollary 2.6. M is stably parallelizable iff TM @ €' is trivial.

Corollary 2.7. Let M be an n-submanifold of S™* where n < k. Then M is
stably parallelizable iff NM s trivial.

For the former, apply Lemma 2.5 to TM @ €'; for the latter, apply it to NM.
(Note that the tangent bundle of S"** minus a point is trivial.)

Proposition 2.8. A connected manifold M with boundary is parallelizable iff it is
stably parallelizable.

Proof. Claim: for any n-manifold M,
H"™(M) = [M, 5"],
where [-, -] denotes the homotopic classes of maps.

In fact, the Eilenberg-MacLane space K(Z,n) can be constructed by gluing cells
of dimension > n + 2, with (n + 1)-skeleton K(Z,n)™*Y) = §". Then the claim
follows since for any n-manifold M, we have

H™(M) = [M, K(Z,n)] = [M, K(Z,n)"+Y] 2= [M, S").
Now suppose TM @ €' = "+, Similar to the proof of Lemma 2.5, we have a
bundle map TM — T'S™. Since M has boundary here, H"(M) = 0. Thus, every
map M — S™ is null-homotopic by the claim, and hence T'M is trivial. (I

Finally, let us state a theorem that will be used when studying homotopy spheres.
The proof is an application of the obstruction theory. See [1, §3].

Theorem 2.9. Every homotopy sphere is stably parallelizable.

2.3. Framing and Cobordism. Recall that a framing of a vector bundle £ is
a trivialization of £. Existence of a framing implies being trivial, but different
trivializations may not be homotopic.

Definition 2.10. Let M be a n-manifold.
e A stable framing of M is a framing ® of the stable tangent bundle 7'M ®e'
(if one exists). (M, ®) is then called a framed manifold.
e If M is a submanifold of W, a normal framing of M is a framing ¥ of
the normal bundle NM (if one exists). (M, V) is then called a normally
framed submanifold of W.

Next we relate the concept of framing to cobordism.

Definition 2.11. Let (M;,®;) and (M3, @) be framed n-manifolds. A framed
cobordism between them is a parallelizable (n + 1)-manifold W together with a
framing ¥ of TW, such that OW = M; U M, and Ui, =Py, g =1,2.

Remark 2.12. Note that TW sy can be identified with T(OW) @ €' by assigning
an outward pointing vector field.

Definition 2.13. Let (M7, ®1) and (Ms, P3) be normally framed n-submanifolds of
W. A normally framed cobordism between them is a normally framed (n + 1)-
submanifold (V, ¥) of W x [0,1], such that 8V = M; U My where M, C W x {q}
and ¥|y, = @4, ¢ =1,2.
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Closely related to the normal framing is the Pontryagin(-Thom) construction,
which relates normally framed cobordism classes of n-submanifolds of W to homo-
topy classes of maps [W, S¥], where W is a closed (n + k)-manifold.

e Let f: W — S* be a smooth map and p € S* be a regular value. Consider
the normally framed submanifold (f~*(p), ®) of W, where ® is the pullback
of standard trivialization of T'S¥|,.

e Let (M, ®) be a normally framed manifold, where ® : NM — M x R*.
Regard NM as a tubular neighborhood of M in W. Consider the map
f: W — S* defined by setting f|yar : NM 3 M x RF B RF <5 Sk and
flw_nar collapses W — NM to the point S* — R*. (Regard S* as the
one-point compactification of R¥.)

Theorem 2.14. Let W be a closed (n + k)-manifold. The above construction
gives a one-to-one correspondence between normally framed cobordism classes of
n-submanifolds of W and homotopy classes of maps [W, S*¥].

One needs to check that the correspondences are well-defined (independent of
various choices), and are inverses of each other. See [8, §7].

2.4. Homotopy Groups of Orthogonal Groups. Consider the exact sequence
of homotopy groups associated to the fibration

SOy % SOk11 ELY S* where ji : p— p-x0, 20 = (0,...,0,1).
One defines the stable homotopy group 71 (SO) := 7, (SOk42) = 7, (SOk43) = - -
and 7, (O) similarly. They are equal when k& > 0.
Theorem 2.15 (Bott’s Periodicity). 7 (O) is mod 8 periodic with repect to k and
the actual homotopy groups are

kmod8| 0 | 1 |2 3 |4|5|6]|7
Wk(O) ZQ ZQOZQOOOZ

We will encounter unstable homotopy groups of orthogonal groups, so we state
the needed results here. Consider the diagram with the row and column exact.

|

Wk(sk)

T~ f
A ~2k

— T—1(SOk-1) Loty Tr—1(SOk) Uty Tp—1(S*71) ——

.|

Ti—1(SOk+1)

|

Proposition 2.16. The map fi : Z = m.(S*) — m_1(S*¥71) = Z is -2 if k is even
and -0 if k is odd.

Proof. By clutching functions, elements of m;_1(SOy) are in one-to-one correspon-
dence with the isomorphic classes of k-bundles on S*. We identify them.



6 HONGHAO JING

It can be computed that d), maps the standard generator of 7 (S*) to the tangent
bundle T'S*, and that (jz_1). maps a k-bundle to its obstruction class to finding
a section ([2, §1.B]). Therefore, (jx_1)«(k(1)) = e(T'S*)[S*] = x(S*), the Euler
characteristic. The proposition then follows. (]

Proposition 2.17. (1) (ir)sx : T—1(SOk) — Tp—1(SOk41) is surjective. Its
kernel is a cyclic group with generator T'S*.
(2)
Z27 k= 17 37 77

Coker (7% (SOy) — m(50)) = { 0, k#1,3,7.

Proof. (1) This is clear by the long exact sequence. Further, Ker(ix), = 0 iff
k =1,3,7, using the fact that T'S* is trivial iff k = 1,3, 7.
(2) First let k be even. Since

(SO0 X 1 (S0k11) Y8 7k (5%) & 71 (SO

is exact and O is injective (Proposition 2.16), we see that (ig). is surjective. The
other cases are equally easy. (I

Combining (1) above and 72 (0) = 76(0) = 0, we have m2(SO3) = 76(SO7) = 0.

3. CONSTRUCTION OF O,

Now we turn to the precise definition of the h-cobordism group of homotopy
n-spheres. We will show in this section that the connected sum is well-defined over
h-cobordism classes of homotopy n-spheres and makes it a abelian group. This
abelian group will be denoted by ©,,.

First, we need to note the following.

Lemma 3.1. The connected sum of two homotopy n-spheres is a homotopy n-
sphere.

Proof. By van Kampen’s theorem and the Mayer-Vietoris sequence, this connected
sum is a simply-connected homology sphere, and hence has homotopy groups of a
sphere in dim < n . Then, it has to be homotopic to a sphere if we take a generator
of its n'" homotopy group and apply Whitehead’s theorem. O

Next, we show that the connected sum is well-defined over h-cobordism classes.

Denote the equivalence relation of h-cobordance by b,

Lemma 3.2. Let My, M7, My be simply-connected closed n-manifolds. If My 9 My,
then MyMy % MIEM,.

The proof is to construct a h-cobordism M;§Ms 0 M{§M5 by somehow gluing

the h-cobordism W : My % M{ with My x [0, 1], and is not so relevant. See [1, §2].
We now turn to the group structure of h-cobordism classes of homotopy n-
spheres. Since we have shown the associativity, commutativity and that S™ repre-
sents the identity by Proposition 2.2, we only need to show that inverse exists.
Before that, we introduce the following useful criterion for judging whether a
manifold represents the identity. Note that a manifold h-cobordant to S™ has to
be a homotopy sphere by definition.
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Lemma 3.3. Let M be a simply-connected n-manifold. M 2 gn iff M bounds a
contractible manifold.

Proof. (1) If W is the h-cobordism with W = M 11S™, then attaching a disk along
S™ yields a manifold W’ with boundary M. Since S™ ~ W, W’ is contractible by
a Mayer-Vietoris computation.

(2) If M = OW’ with W' contractible, removing the interior of an embedded
disk yields a simply-connected W with W = M LI S*. Considering homology long
exact sequences of pairs (D"t S™) < (W', W), we have isomorphisms Hj(S™) —
Hy (W) and hence a homotopy equivalence S™ < W. Now since

Hi (W, M) = H™ (W, ) = 0

by the Poincaré duality, M — W is a homotopy equivalence as well since both
spaces are simply-connected. ([

Theorem 3.4. The h-cobordism classes of homotopy n-spheres form an abelian
group ©,, under connected sum.

Proof. By Lemma 3.2 and Proposition 2.2, all that is left is to show that every
element [M] has an inverse. The inverse is [M] by the claim below.
Claim: if M is a homotopy sphere, then M#M bounds a contractible manifold.
In fact, let W be the cylinder (M — D™) x [0, 1], where D™ — M is an embedded
disk. Clearly W ~ M — D™ is contractible. After suitably smoothing out the

corners, W becomes a manifold with boundary M§M ([1, §2]). O

We will finally prove that ©,, is a finite group. Here is a table of order of ©,, for
small n (from [4]). The subgroup bP,+1 of ©,, will be defined later.

n 112(3[4(5(6| 7 (89|10 11 |12|13|14| 15 |16
O] 11111128286 [992| 1|3 | 2|16256| 2
[bPy 1] 111 (1112812 11]992|1 |1 | 1]8128 |1
©,/bP,q] | 1111|111 ]2|4]6] 1 11312 2 2

When n < 3, every topological n-manifold admits a unique smooth structure,

therefore ©,, is trivial by the Poincaré conjecture.

When n > 4, proving the finiteness of ©,, will be the goal of this paper. When
n = 5, 0, is the “group of exotic spheres” by the h-cobordism theorem. When
n = 4, we will show that O, is trivial, but still, we can say nothing about smooth
structure on a topological 4-sphere.

4. FINITENESS OF O,,/bP, 11

Definition 4.1. Define bP,1; C O,, as a subset whose elements are classes that
can be represented by a homotopy sphere M that bounds a parallelizable manifold.

We will see that the condition of being the boundary of a parallelizable manifold
depends only on the h-cobordism class [M], and that bP,; is actually a subgroup
of ©,. In order to prove the finiteness of 0,,, we prove that bP, 1 and ©,,/bP, 1
are both finite.

Denote n'™ stable homotopy group of spheres by 75 (= mrn(S¥), k > n + 2).
Let M be a stably parallelizable closed n-manifold (e.g., a homotopy sphere, by
Theorem 2.9). We associate a specific subset p(M) of 75 to M as follows.
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By Whitney’s theorem, there exists an embedding (unique up to isotopy)
i M — Sktn

for £k > n 4+ 2. The normal bundle NM is trivial by Corollary 2.7. Each of its
framing ® yields by the Pontryagin construction a map

fM,<I> . Sk+7l N Sk,

whose homotopy class is a well-defined element in 7y, (S*). We collect these
elements as a subset p(M) as the normal framing varies

p(M) = {[fua]} C mrsn(S*) = 7.

(Here we need to note that the Pontryagin construction is compatible with suspen-
sion so that p(M) is well-defined in 72.) It turns out that p(M) can be defined
over h-cobordism classes:

Lemma 4.2. If M, L My, then p(My) = p(Ms).

Proof. Let W be the h-cobordism with OW = M; L My. Choose an embedding
W — SFt1 x [0,1] such that M, < S**" x {q},q = 0,1. Now a normal framing
®, of M; extends to a normal framing ¥ of W by pullback along W — M, which
restricts to a normal framing ®5 of Ms. Then (M, ®1) is normally framed cobor-
dant to (My, ®2) and consequently fias, »,) = f(is,a,) by nature of the Pontryagin
construction.

This shows that p(M7) C p(Mz). Similarly, p(Ms) C p(My). O

Next consider [M] € ©,,. We investigate p(M) C 7 further and see the following
group structure.

Proposition 4.3. Let M be a homotopy n-sphere.
(1) p(S™) C 75 is a subgroup. p(M) C 75 is a coset of p(S™).
(2) The map

O, — m, /p(S™)
[M] = [p(M)]

18 a group homomorphism.
(3) M bounds a parallelizable manifold iff [p(M)] = 0.

Proof. Key claim:
p(M1) + p(Mz) C p(MrfM3).

In fact, consider the connected sum of M; x [0, 1] and My x [0, 1] along boundary
components M; x {1} and My x {1} (Definition 2.3). The resulting manifold W
has boundary (M;#Ms) U (M) U (M3y).

Now let W < S¥¥7x[0, 1] be an embedding such that (M)U(Ms) < S*t7x {0}
and (M1fMsy) < S*+7 x {1}. Any normal framings ®;, ®, of My, My can extend to
W and restrict to a normal framing ®¢ of M;§Ms. Therefore, (My, ®1)U (M, P2) is
normally framed cobordant to (Mi8Ms, @) and [far, @, ] + [fae,@.] = [Fansnis,o0],
which implies the claim.

(1) Apply the claim to the following identities:

Sng St St M4S"=M, M4M~YM.
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‘We obtain relations

p(S") +p(S") Cp(5"),  p(M)+p(S") Cp(M), p(M)+p(M) C p(S").
Since 72 is finite ([6, §4.2.4]), the first relation implies that p(S™) is a subgroup.
The second implies that p(M) is a union of p(S™)-cosets, and hence the third implies
that p(M) is a single coset.

(2) This follows immediately from the claim.

(3) 0 € p(M) iff far,e =~ 0 for some ®, which is in turn equivalent to that (M, ®)
is normally framed null-cobordant for some .

If this holds, M bounds a W and ® extends to a normal framing of W. Then
by Corollary 2.7 and Proposition 2.8, W is parallelizable.

Conversely, if OW = M with W parallelizable, choose an embedding W <
D+ +l with M < S¥+7. By Corollary 2.7 again, NW is trivial. O

By (3) above and Lemma 4.2, the condition of bounding a parallelizable manifold
depends only on the h-cobordism class [M].

Moreover, elements of Ker(0,, — 75 /p(S™)) are precisely classes of homotopy
spheres that bound parallelizable manifolds, i.e., elements of bP,, 1. Thus, we have
proved that bP,+1 C ©, is a subgroup.

Theorem 4.4. ©,,/bP, 1 is a finite group.

Proof. We have an injection ©,,/bP, 1 < 75 /p(S™), and the target is finite. [

Remark 4.5. One can see that p(S™), the range of the Pontryagin construction
of S™, is exactly the image of the J-homomorphism J : 7, (SO) — 75 by checking
definitions. Thus we actually have an injection

0,,/bP,+1 — CokerJ,
whose target is more well-studied.

In the next few sections, we will study the groups bP, 1 and prove that they are
always finite cyclic. Here are some results.

0, if n =0 (mod 2),
bP,y1 =1 0orZsy, ifn=1(mod4),
Zy,,, if n =3 (mod 4),

where {k,} is a sequence growing faster than exponential (see Table 3).

5. SURGERY AND FRAMED SURGERY

The key technique of studying the group bP, 11 is called “surgery”. This section
is an introduction to surgery and framed surgery. The main reference is Milnor’s
paper [3] on surgery. Let M be an n-manifold.

Definition 5.1. Let ¢ : SP x D™"P — M be an embedding. Define x(M, ¢) to be
the quotient of

(M = ¢(S7 x {0})) U (DP*! x ™77~ 1)

identifying ¢(u,tv) and (tu,v) for each u € SP,v € S"7P~1 t € (0,1]. We say that
X(M, ¢) is obtained from M by the surgery x(¢).
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Remark 5.2. Topologically, x(M, ¢) can be obtained in the following neater way:
Remove the interior of the tube ¢(S? x D" P) from M so it adds a boundary
component, the torus ¢(SP x S"~P~1). Then gluing a new tube DPT1 x §n—p~1
along this torus yields a space homeomorphic to x(M, ¢). Thus, by smoothing out
the corners where it glues, we have the previous definition of surgery.

M and x(M, ¢) actually play symmetric roles, in the sense that M can be ob-
tained back from x(M, ¢) by surgery x(¢) where ¢ : DPTL x §"=P=1 — (M, ¢)
is the natural embedding. The following theorem allows us to see a surgery as an
elementary cobordism.

Theorem 5.3. If M, M’ are closed n-manifolds, M’ can be obtained from M by a
sequence of surgeries iff M and M’ are cobordant.

Proof. Suppose M’ = x(M, ¢). Let W be the quotient of
(M x [0,1]) U (DPT! x D"P)
identifying ¢(SP x D"7P) C M x {1} and SP x D""P C 9(DP*! x D""P). Then

OW = M U x(M,¢). In fact, one needs to smooth out corners of W (see [3, §2]).
The resulting manifold is called the trace of the surgery x(¢).
The converse can be proven by a standard argument of Morse functions but we

do not need it here. O

To study the group bP,;1, we consider parallelizable manifolds bounded by a
homotopy sphere. By Lemma 3.3, we aim to make this parallelizable manifold
homotopically simpler by surgery (clearly surgery does not change the boundary).
If it can always be modified into a contractible one, then by Lemma 3.3, bFP,,41 =0
(which is true for even n).

The reason why surgery works is partly the following proposition, which shows
that surgery can kill homotopy groups below the middle dimension, like what at-
taching cells does (but in the manifold category).

Now let M be an n-manifold (with or without boundary) and ¢ : SPx D" P — M
be an embedding. Denote x(M,¢) by M’ and the homotopy class of ¢|s»x {0y in
(M) by A.

Proposition 5.4. Homotopy groups of M and M’ below the middle dimension are
related by

(M) = mp (M), if k <min(p,n —p — 1),
7Tp(J\/[/) =, (M)/A, ifp<n/2-1,
where A is some subgroup containing .

Proof. Let V be the attaching space M U, (DPT! x D™P) containing both M and
M’ as subspaces (as in Remark 5.2). The subspace Vo = M Ug (DPF! x {0}) is
a deformation retract of V, and is also M with a (p 4+ 1)-cell attached. Thus,
M — V induces isomorphisms on 7, for £ < p and a surjection on m, with kernel
A containing \.

Similarly, M’ < V induces isomorphisms on 7 for k < n—p—1, hence the first
relation follows. Since p < n/2 —1 < p <n—p—1, the second follows as well. O

However, not every class of m,(M) arises from an embedding ¢ : S? x D" P — M
for general M. First, this class needs to be representable by an embedding f : SP —
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M. On top of that, the image f(SP) needs to have a product neighborhood, or
equivalently, to have a trivial normal bundle by the tubular neighborhood theorem.
We will shortly see that the stable parallelizability guarantees conditions above.

Still, stable parallelizability of M may be destroyed after surgery. For this reason,
we introduce the framed surgery first.

Recall that a manifold can be framed iff it is stably parallelizable. Let (M, ®) be a
framed manifold. If y(¢) is a surgery on M, its trace W satisfies that OW = M UM’
where M = x(M, ¢). Again we identify TW |y, with TM & €.

Definition 5.5. A surgery x(¢) is called a framed surgery if there is a framing
U of TW such that ¥|y = ©.

If x(¢) is framed, M’ automatically acquires a stable framing &' := Uy, i.e.,
the stable parallelizability is preserved by framed surgery.

Lemma 5.6. Let (M, ®) be a stably parallelizable n-manifold and A € m,(M) where
p < n/2. Then there exists an embedding ¢ : SP x D™ P — M representing A, such
that x(¢) is a framed surgery.

Proof. Since 2p + 1 < n, Whitney’s theorem implies that A can be represented by
an embedding f : SP — M. The normal bundle N(f(SP)) is stably trivial since
both TM and T'(f(S?)) are stably trivial. Then by Lemma 2.5, N(f(S?)) is trivial.
Hence there exists an embedding ¢ : SP x D"™P — M representing .

Let W be the trace of x(¢). The obstructions to extending the framing ® (of
TW|ar) to TW live in cohomology groups H**1(W, M; 7, (SO,41)). Note that
there is a homotopy equivalence (W, M) ~ (Wy, M x [0,1]), where Wy = (M x
[0,1]) U (DPFL x {0}), i.e., (M x [0,1]) with a (p + 1)-cell attached. Hence,

Tp(SOny1), k=p;
0, k # p.

Therefore, the only obstruction to extending ® is a well-defined class in y(¢) €
Tp(SOp41), which may be non-vanishing. However, we can “twist” the tubular
embedding ¢ by a map o : S? — SO,,_,, by setting
Do SP x D"TP — M,
(u,v) = d(u, a(u)v).
Claim: If s, : m,(SOp—p) = Tp(SOp41) is the map induced by inclusion, then

V() = 7(9) + s4(c).

Note that s, : m(SOn—p) = Tp(SOn41) is surjective when 2p < n. Thus we
can choose an « so that v(¢,) = 0 by the claim. Then the framing ® extends and
makes x(¢,) a framed surgery.

For a proof of the claim, see [3, §6]. |

H*F (W, M; 7 (SOms1)) — {

With these preparations, we are now able to show that homotopy groups below
middle dimension can be all killed by framed surgery, provided that the manifold
is stably parallelizable.

Proposition 5.7. Let M be a stably parallelizable connected n-manifold. By a
sequence of framed surgeries on M, one can obtain a stably parallelizable manifold
which is ([n/2] — 1)-connected.
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Proof. By Lemma 5.6, choose an embedding ¢ : S' x D"! — M representing
some A # 0 € w1 (M), such that x(¢) is a framed surgery. Then we obtain a stably
parallelizable manifold M’ = x(M, ¢) with 7 (M’) generated by fewer elements
than 71 (M) by Proposition 5.4.

Here we use the fact that 71 (M) is finitely generated. This is because M is a
finite CW-complex, so its m; is mapped onto by m; of the 1-skeleton.

Now assume that M is l-connected. Since Ho(M) = mo(M) then, mo(M) is
finitely generated. Similarly by a finite number of framed surgeries, we kill mo (M ).
This process goes on and the proposition follows. (Il

Note that the ([n/2] — 1)-connected manifold will be contractible if we could kill
the middle homotopy group as well, and this is what we want as explained before
Proposition 5.4.

Lemma 5.8. Let M be a compact n-manifold bounded by a homotopy sphere. If
M is [n/2]-connected, then M is contractible.

Proof. By Hurewicz’s theorem, H;(M,0M) = 0 for i < [n/2]. By the Poincaré
duality, M has homology as a point, hence homotopy type as a point. O

For this reason, we now focus on the effect of surgery on the middle dimension,
which is more delicate than the case of dimensions below the middle.

First consider the case where dim M is odd. Let M be a (k — 1)-connected
(2k + 1)-manifold where k > 1, so that 74 (M) = Hy(M). Let ¢ : S¥ x D*1 — M
be an embedding. M’ := x(M, ¢) is also (k — 1)-connected and has a corresponding
embedding ¢ : DFF1 x S — M.

Let A € Hp(M) and X\ € Hy(M’) be the classes corresponding to [¢|sk 0] €
k(M) and [¢'| 10y sx] € T (M"). Consider maps

N Hy o y(M) = Z, N :Hg (M) —Z
defined by taking the intersection pairing with A, \’.
Lemma 5.9. With settings above, there is an isomorphism
Hi(M)/(\) = Hy(M')/ (N).
Proof. Removing the interior of ¢(S* x D¥*1) from M yields a space My. We have
My=M — <¢(Sk % Dk+1))o - M — (¢/(Dk+1 % Sk))o
Consider a commutative diagram

Hy 1 (M)

¥
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Its row and column are exact sequences of pair (M, My) and (M’, My). To see this,
by excision,

Z, j=k+1

Hy (0, M) = Hy(5* x DL s sy = {2

Since a generator of Hyy1(M, My) clearly has intersection number 1 with A which
is represented by ¢(S* x {0}), the map Hy1(M) — Z can be described as p — p-\.
Also, it is easy to see that the element €' := €'(1) € Hy(Mp) can be represented
by the meridian ¢({xo} X S’k) of the torus ¢(S* x S¥). Since X' € Hy,(M') is also
represented by ¢({zo} x S¥), we have i’ (¢/) = \.

Analogous descriptions hold for the column. The lemma then follows since

Hi(M)/ () = He(Mo)/((e) + (€')) = Hi(M")/ (X) .
O

Applying this lemma, we can reduce Hy(M) to its torsion subgroup, provided
that M is stably parallelizable.

Corollary 5.10. Let M be a stably parallelizable (k—1)-connected (2k+1)-manifold
where k > 1. By a sequence of surgeries, one can obtain a stably parallelizable

— 1)-connected manifo , such that Hy = k .
k—1 d fold M’ h that Hy(M' Hy,(M))tor

Proof. Suppose Hy (M) =2 Z%" ®T where T = (Hp(M))**. Let X be a generator of
a Z-summand. By the Poincaré duality, we have p- A = 1 for some p € Hyyq1 (M)
(similar to Definition 7.1).

Now choose an embedding ¢ by Lemma 5.6, so that x(¢) is a framed surgery.
By the row’s exactness in the diagram in Lemma 5.9 and that u- A = 1, we have
¢ =0 and hence N = 0. Therefore, H(M') = Hy(M)/ (\).

Repeating this process, we obtain the desired manifold, whose middle homology
Hj, is reduced to torsion. O

For the case of even dimensions, we have a similar diagram. Let M be a (k—1)-
connected 2k-manifold where k > 1. Let x(¢) be a surgery with ¢ : S* x D* — M,
M’ = x(M, ¢). Define A\, N and M, similarly.

Lemma 5.11. With settings above, there is a commutative diagram

0 —— Hp(My) — Hp(M) —25 Z —— Hy_1(My) —— 0
Hy,(M')
0

with the row and the column exact.

The proof is analogous. The diagram changes since the non-zero H;(M, My) =
H;(S* x D*, S* x S*=1) shifts by one dimension. For this reason, we cannot derive
an explicit isomorphism like that in Lemma 5.9.
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6. THE GROUP bPsj 41
In this section, we are going to show that
bP,+1 =0, for n even.

That is to say, every even dimensional homotopy sphere that bounds a parallelizable
manifold also bounds a contractible manifold, by Lemma 3.3.

Denote n + 1 by 2k + 1. By Proposition 5.7, we have been able to make a
parallelizable (n + 1)-manifold (k — 1)-connected without changing its boundary
by framed surgeries. Then by Lemma 5.8, all we need to do now is to kill its &P
homotopy group.

Assumption 6.1. Throughout this section, M is a stably parallelizable and (k—1)-
connected (2k + 1)-manifold. The boundary M is a homotopy sphere.

Using Corollary 5.10, we have been able to reduce the middle homology group
Hy(M)(=2 7, (M)) to (Hy(M))*". Now in order to kill this torsion group, we have
to specialize further to cases where k is even or odd.

6.1. For k Even. Let M satisfy Assumption 6.1.

Lemma 6.2. If k is even, then any surgery x(¢) with some ¢ : S¥ x DF*t1 — M
necessarily changes rank(Hy(M)).

The proof will be delayed until after proving the main result below.

Theorem 6.3. If a homotopy sphere of dimension 2k (with k even) bounds a
parallelizable manifold M, then it bounds a contractible manifold M'.

Proof. First assume that M is (k — 1)-connected and Hy (M) is a finite group by
Corollary 5.10. Take a A # 0 € Hy(M) and an embedding ¢ : S¥ x D**1 — M as
in Lemma 5.6. By Lemma 5.9, we have

Hy(M)/ (\) = Hy(M")/ (X)) .

Since rank(Hy(M')) # 0 by Lemma 6.2, (') is infinite, so (Hy(M’))*" is mapped
injectively into Hy(M)/ (), i.e., the torsion subgroup of Hy shrinks after surgery.
Then apply Corollary 5.10 again to kill the free part of Hy(M").

Repeating the process, Hy, can be killed completely by a finite number of framed
surgeries. Then the theorem follows by Lemma 5.8. O

Hence we have proved that bPs; 1 = 0 for k even.
Now we turn to the proof of Lemma 6.2.

Definition 6.4. Let W be a 2r-manifold. Its semi-characteristic x*(0W) is the
mod 2 residue class

X (OW) = irank(Hi(E)W)) (mod 2).
i=0

We prove Lemma 6.2 by considering the semi-characteristic of the surgery trace:

Proof. Let M":= x(M,¢) and W be the trace with dimension 2k + 2.
First suppose M is closed. Then OW = M U M’. Consider the exact sequence

Hio1 (W) 25 Hyy (W, 0W) — H(0W) — -+ — Ho(W, W) — 0.
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Since H,(W,0W) = H?+2=P(W), we see that
X" (OW) = rank(Imh) + x(W) (mod 2) (%)
by a rank counting. (Here x(W) denotes the Euler characteristic.)

Noting that W has homotopy type of M with a (k+ 1)-cell attached, and M has
odd dimension 2k + 1, we have

X(W) = x(M) + (-1 = 1.

(k is even.) Moreover, note that rank(Imh) is none other than the rank of the
intersection form (Definition 7.1) of W, since

h®Q: Hyy1(W;Q) = Hiyr(W,0W;Q) = H*'(W;Q) = Hom(Hy41(W;Q), Q),

and rank(Imh) = dim(Im(h®Q)). Therefore, this rank is even since the intersection
form is skew-symmetric (k + 1 is odd).

Then by (), we have x*(OW) = x*(M) + x*(M') = 1. Finally, note that
H;(M)=H;(M') =0 for 0 < i< k, we obtain by definition of x* that

rank(Hy(M)) # rank(Hy(M')).

For the case where M is bounded by a homotopy 2k-sphere, we can adjoin a
cone over M to obtain a closed manifold M, without changing homology groups
in dimensions < 2k — 1. Then the result of M, implies that of M. O

6.2. For k£ Odd. Let k be odd, M satisfy Assumption 6.1 and x(¢) be a framed
surgery. Keeping the notations in the proof of Theorem 6.3, we have
Hp(M)/(X) = Hy(M')/ (X).

Since we do not have Lemma 6.2 this time, Hy(M) does not necessarily shrink
if ) has finite order. More precisely, Hy (M) shrinks iff ord(\') < ord(A).

ord(\') does not need to be smaller, but we can twist the tubular embedding
® to ¢o by a map a : S¥ — SOpy; (see the proof of Lemma 5.6) and consider
Ao = DL lq0yxsr] € m(M,,), where My = x(M,p,) with the embedding ¢, :
DFFL xSk — M.

Now suppose A\, X' have finite order [, I’. We aim to represent ord()\.,) in terms
of I, I and o € 7 (SOp41).

Lemma 6.5.
ord(Xg) = [I" = ju(a)l],
where j, : 7, (SOk+1) — T (S*¥) = Z is induced by the standard map j : p — p - xo.

Proof. As in the proof of Lemma 5.9, Let My = M — (¢(S* x D*+1))° and define
o c:=[p(S* x {z0})] € Hp(Mp), the parallel of ¢(S* x S¥).
o co = [pa(S* x {x0})] € Hi(My), the parallel of ¢, (S* x SF).
o & = (610} x SO)(= [Bal{zo} x S¥)]) € Hy(Mo), the meridian of o(S* x
Sk) = ¢ (S* x SF).
It is clear that
€a = €+ ju(Q)€.

Now consider the relation between e and € in Hy(My) by investigating the
diagram in Lemma 5.9. le must be a multiple of €' since i.(le) = I\ = 0. This
multiple m must be divisible by I’ since i, (me’) = m\ = 0. Further, m = £ since
we can similarly consider I’¢’ as a multiple of €. (Note that ¢ and ¢ are not torsion
and hence can only satisfy one linear relation.)
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Assume that le + I'¢’ = 0. Since €, = € + j. ()€, we have
leo + (I' = ju(a)l)e = 0.
Then by a similar argument as the preceding paragraph, we then have ord(\,) =
[l — ju()l| since ord(X) = 1.
One checks that when I’ — j.(a)l = 0, X/, will be an infinte-order element, rather
than the zero element, but we denote its order by 0 still. ]

However, j.(a) may not be able to take value of every integer, because there is
one more restriction on a: x(¢,) needs to be framed. By the claim in Lemma 5.6,
X(¢a) is framed iff the obstruction class ¥(¢s) = ¥(¢) + s« () vanishes, where v(¢)
vanishes already since x(¢) is framed.

In summary, we want to choose a € m,(SOg41) such that

o S*(Oz) =0, where s, : Wk(SOkJrl) — 7Tk(502k+1) = Wk(SO),
o 0< |l = ju(a)l| <1, ie., ord(\)) < ord(N),

Lemma 6.6. If there exists a framed surgery x(¢) such that 1 {1, then there is an
a such that M, still satisfies Assumption 6.1 but Hy (M) is smaller than Hy(M).

Proof. First we examine the kernel of s, : 7, (SOk41) — 7, (SOky2). Since

Toe1 (ST 2 10 (SOps1) 23 75 (SOpsn)

is exact, Kers, = Imd. Then consider the composition
7, = 7Tk+1(5k+1) i Fk(SOkJrl) k> Fk(Sk) = Z,

which is -2 provided that & is odd (by Proposition 2.16). Therefore, the range of
Jx(a) is ju(Kersy) = j.(0(Z)) = 2Z. Thus one can always choose j.(«) such that

<l —j(a)l <1,

and 0 < |I' — j.(a)l] <l unless [|I'. The lemma then follows by the argument before
it. (]

All that is left is the case where [|I’ for any framed surgery x(¢), and the method
for this (interpreting {|I’ as a linking number) gets even more technical. So we refer
to [1, §6] so as not to make this paper too lengthy.

Finally, one can prove the following and hence that bFPs;41 = 0 for £ odd.

Theorem 6.7. If a homotopy sphere of dimension 2k (with k odd) bounds a par-
allelizable manifold M, then it bounds a contractible manifold M'.

7. THE GROUP bPy

In this section, we are going to show that
bP,,+1 is finite cyclic, for n odd.

Denote n+ 1 by 2k. The cases k = 1,2 are trivial since ©1, ©3 are trivial. Thus we
may always assume that £ > 2 in this section.

Similar to the previous section, we will consider the conditions under which
a parallelizable 2k-manifold M bounded by a homotopy sphere can be surgically
turned into a contractible one.

By Proposition 5.7, we have been able to make M (k — 1)-connected by framed
surgeries. A suitable condition for killing the " homotopy group is given in Lemma
7.2 below, which is the basis of this section.
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Before stating it, let us recall the intersection form first for its importance to the
topology of an even-dimensional manifold.

Definition 7.1. The intersection form of M is the bilinear form
. Hk(M)free ® Hk(M)free N 27
i.e., the middle-dimensional intersection pairing restricted to the free part of Hy(M).

The intersection form is symmetric when k is even and skew-symmetric when k
is odd. If M is closed or bounded by a homotopy sphere, by the Poincaré duality,
the intersection form is unimodular, i.e., its matrix under a Z-basis of Hy(M)ee
has determinat +1. See [2, §3].

If in addition M is (k — 1)-connected, then Hy(M) = H*(M,0M) = H*(M) =
Hom(Hy(M),Z) is free abelian.

Lemma 7.2. Let M be a (k—1)-connected 2k-manifold with k > 3. If H(M) has
a basis {1, ..oy Apy 41, ey fir } where

)\7;')\]':07 )\i-,ujzéij,

and every embedded k-sphere representing a class in the subgroup (A1, ..., ) has a
trivial normal bundle in M, then Hy (M) can be killed by surgeries.

Remark 7.3. Such a basis {\1,..., A\, i1, ..., 4y } With the above condition on in-
tersection numbers is called weakly symplectic. If y; - p; = 0 in addition, the
basis is called symplectic. Note that we then have y; - A; = d;; or —d;;, when the
pairing is symmetric or skew-symmetric.

Proof. Any homology class in Hy(M) can be represented by an embedded sphere
according to [3, §6]. Let ¢ : S¥ — M be an embedding representing \,. It extends
to a tubular embedding ¢ : S* x D* — M by the condition on normal bundle. Let
M’ = x(M, ¢) and
My := M — (¢(S* x D¥))° = M’ — (¢/(D*+1 x Sk=1))°.

We investigate the diagram in Lemma 5.11. First, Hy_1(My) = 0 since -\, is
onto Z. Then My and M’ are both (k — 1)-connected by homology exact sequences
of pairs. Next, since in the diagram in Lemma 5.11

0= Hp(Mo) = Hy(M) 27— 0
is exact, Hy(Mp) is the subgroup (A1, ..., A, pi1, .oy fr—1) of Hi(M). Then, since

723 Hy,(Mo) — Hp(M') = 0

is exact, Hy(M') is the quotient Hy(Mo)/ (Ny) = (X1, ...; Ap—1, Ty, - By ). The
rank of Hy(M') shrinks, but we still need to check that its basis satisfies the con-
dition in the lemma.

Since Xi,ﬁj come from classes in Hy(My), they are weakly symplectic. If an
embedding 9 : S¥ — M’ represents some class in <X1, ...7Xr,1>. ¥(S*) can always
be deformed to be disjoint with ¢'({0} x S¥~1) so represent a class in (\q, ..., \,.)
in Hg(Mp). Thus it has a trivial normal bundle. O

There are two conditions needed to apply this lemma:

e H; (M) admits a weakly symplectic basis.
e Embeddings representing Y n;\; have trivial normal bundles.
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For k even, there is one obstruction to finding a (weakly) symplectic basis. If
one obtains the desired basis, the normal bundles are automatically trivial.

For k odd, the symplectic basis always exists due to the skew-symmetry. Trivi-
ality of normal bundles requires one more condition.

7.1. For k Even. Let k be even. Since the intersection form on Hy(M) is sym-
metric, an important invariant arises: the signature o(M). We are going to prove
that o(M) is the only obstruction to surgically making M contractible.

We sometimes denote k by 2m in this subsection.

Proposition 7.4. The signature of a 4m-manifold, which is closed or bounded by
a homotopy sphere, is invariant under surgery.

Proof. For closed manifolds, it follows from Hirzebruch’s signature theorem that
the signature is a cobordism invariant (since it is a Pontryagin number). Then
Theorem 5.3 implies the proposition.

For manifolds bounded by a homotopy sphere, one adjoins a cone over the bound-
ary to obtain a closed manifold, without changing the intersection form and hence
the signature. O

To apply Lemma 7.2, we need one more lemma which relates the self-intersection
with normal bundle, in the 4m-dimensional case.

Lemma 7.5. Let M be a stably parallelizable 2k-manifold with k even. Let f :
Sk — M be an embedding which represents a class A\ € Hy(M). Then the normal
bundle of f(S*) is trivial iff its self-intersection number X - X is 0.

Proof. Since N(f(S*)) is stably trivial, N(f(S*)) @ €' is trivial by Lemma 2.5.
Denote f(S*) by S¥. We have NS* € 7,_1(SOy) lies in Keri,, where

m1(S%) —2 7_1(SO8) —— T_1(SOk41)

;
|

ﬂ.k_l(skfl)

By Proposition 2.16, j. o d = 2. Thus j, is injective when restricted to Imd, and
hence NS* is trivial iff j,(NS*) = 0. Further, as mentioned in Proposition 2.16,
G« (NS*) = e(NS*)[S*], where e(NS*) is the Euler class. So in summary,

Nf(S¥) is trivial iff e(N f(S*))[f(S*)] = 0.
However, one sees that e(N f(S*))[f(S*)] is equal to the self-intersection number

[£(S®)] - [£(S%)], using the fact that e(Nf(S*)) is the Poincaré dual of [f(S*)]
restricted to f(S*). The lemma then follows. O

From the proof, we see additionally that for any class A € Hp(M), the self-
intersection number A - A is always even. This leads to the following.

Lemma 7.6. Let M be a stably parallelizable 2k-manifold with k even. If the
signature o(M) = 0, then there exists a symplectic basis of Hy (M) with respect
to the intersection form.

Proof. Algebraic fact: on Z®", every unimodular even (i.e., every self-pairing is
even) symmetric bilinear form with signature 0 admits a symplectic basis.
The proof is essentially a Schmidt orthogonalization. See [3, §6]. g
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With all ingredients for Lemma 7.2 prepared, we are now ready to prove that
the signature is the only obstruction to killing the £*" homotopy group.

Proposition 7.7. Let M be a parallelizable 2k-manifold bounded by a homotopy
sphere, where k > 4 and is even. M can be modified into a contractible manifold
by a sequence of framed surgeries iff (M) = 0.

Proof. By Proposition 7.4, we only need to suppose that o(M) = 0 and prove that
M can be made k-connected by a sequence of surgeries.

Assume that M is (k — 1)-connected so that Hy(M) is free abelian. Take a
symplectic basis. Lemma 7.5 allows us to apply Lemma 7.2 to make M k-connected
and consequently contractible by surgeries.

By the claim in Lemma 5.6, we can require these surgeries to be framed since
S« T (SOk) — 1, (SO) is surjective when k is even. O

All the discussion above focuses on the zero element of bPy,,, which bounds a
contractible manifold. Now we turn to the whole group bPj,,.

Note that the connected sum of framed manifolds can also be framed as in the
proof of the claim in Proposition 4.3 (combine Corollary 2.7). Thus the range of
signatures of parallelizable 4m-manifolds bounded by a homotopy sphere, denoted
by o(Pam), is a subgroup of Z, by connected sum along boundary.

Assume that m > 2. A topological construction in [1, §7] shows that o(Pyy,) # 0:

Lemma 7.8. There exists a parallelizable 4m-manifold My whose boundary is the
standard S*™ =1, such that o(My) is non-zero.

Let 0., > 0 denote the generator of the range group o(Pyy,) C Z. Define a map

q:7Z — bPyy,
t— [OM],

where M is a parallelizable 4m-manifold bounded by a homotpy sphere, which has
signature to,,. [-] denotes the h-cobordism class.

Lemma 7.9. Let g be the map defined above.

(1) q is well-defined.
(2) q is a group homomorphism.
(3) q is surjective with non-trivial kernel.

Proof. (1) If My, My are parallelizable 4m-manifolds with the same signature to,y,,
whose boundaries are homotopy spheres, then the connected sum along boundary
MM has boundary V := OM;80M,, a homotopy sphere.

Since the intersection form, and hence the signature are additive with respect to
connected sum, we have o(M; hM2) = 0. Thus by Proposition 7.7, M; hMQ can be
modified into a contractible manifold with boundary V. Thus V is h-cobordant to
the standard S*™~! and then [0M;] = [0Ma)].

(2) This follows from o (M) + o(M3) = o(M15M>).

(3) The surjectivity is trivial. The kernel is non-trivial by Lemma 7.8. O

Thus by the preceding lemma, we have proved the following.

Theorem 7.10. bPy,, is a finite cyclic group.
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7.2. For k Odd. Let k be odd. Since the intersection form on Hy(M) is now
skew-symmetric, the symplectic basis always exists:

Proposition 7.11. Let M be a 2k-manifold with k odd. Then there always exists
a symplectic basis of Hy, (M) with respect to the intersection form.

Proof. This is similar to Lemma 7.6 but easier: on Z®" every unimodular skew-
symmetric bilinear form admits a symplectic basis. O

Corollary 7.12. The groups bPs,bPs,bP14 are zero.

Proof. We only consider bPs and bP;4. For a parallelizable manifold M bounded
by a homotopy sphere with dimension 2k = 6 or 14, first assume that M is (k — 1)-
connected.

To apply Lemma 7.2, the symplectic basis exists already. Since m3(SOs3) =
76(SO7) = 0 by Proposition 2.17, any 3-bundle over S® or 7-bundle over S7 is
trivial. Hence the triviality of normal bundles is also satisfied. Thus M can be
modified into a contractible one by Lemma 7.2. O

For general k£ odd, the normal bundles are not necessarily trivial. The Kervaire
invariant comes up in determining the triviality.
Let M be a parallelizable (4m + 2)-manifold bounded by a homotopy sphere.
The Kervaire invariant ¢(M) is an element in Zy satisfying
e ¢ is additive with respect to connected sum.
e M can be made contractible by framed surgeries iff ¢(M) = 0.
I am not able to give details due to space reasons. See [2, §4]. Finally, one can
use the above properties to prove the following.

Theorem 7.13. bPy,, 12 is either 0 or Zs.

8. EXAMPLES AND FURTHER RESULTS

Since a homotopy sphere is a topological sphere and h-cobordant spheres are the
same as diffeomorphic spheres for n > 5, the group 0, (n > 5) is just the group
of smooth structures on a topological sphere under connected sum. Therefore we
have proved the following.

Theorem 8.1. For n # 4, the number of smooth structures on the topological
n-spheres is |0y, which is finite.
Here we list some examples of ©,,. Recall that we have an injection
0,,/bP,+1 < CokerJ.

The study of the J-homomorphism gives us the order of CokerJ in low dimensions
as follows: (from [4])

n 112345678910 |11 1213|1415 |16

7o /ImJ| [ 1211121246 [1][1|3]4]2]2

The triviality of CokerJ in some dimensions can be deduced from the triviality
of the stable homotopy groups of spheres 73, e.g., n = 4, 5,12.
o @1,@2,@3 =0.
As we have mentioned at the end of Section 3, these are trivial group 0.
[ @4, @12 =0.
04/bPs = 0 since CokerJ = 0; bPs = 0 since 5 is odd. ©15 is similar.
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o @5 =0.
O5/bPs = 0 since CokerJ = 0; bPs = 0 by Corollary 7.12.

[2] contains some further material on explicit computation of ©,,, which its author
Levine believes would have appeared in the sequel of [1]. The remaider of this
section is some further results from it and more recent papers ([10]).

Proposition 8.2. The group bPy, (m > 2) has order
22m—2(22m—1 _ ].)B,
where B is the numerator of 4Ba,,/m, and Ba,, is a Bernoulli number.

L] @7 = 28, @11 = 992.
©7/bPs = 0 since CokerJ = 0; bPs = 28 by the proposition above. ©1;
is similar.

Proposition 8.3. The group bPy,,_o has order

0, m=1,2,4,8,16;
[bPym—2] =1 0 o0r2, m=32;
2, otherwise.

The next result says that CokerJ < 0,,/bP, 1 is not far from an isomorphism.

Proposition 8.4. The index of the injection is

2, n=2,6,14,30,62;
[CokerJ : ©,,/bP,11] =< 1 or2, n=126;
1, otherwise.

[ ] 66217 @8:2, 69287 @1026.
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