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Abstract. Generating functions are functional representations of sequences

of numbers. This expository paper aims to provide a detailed account of the
power of the generating functions. After a walk-through of the definition of

and operations on generating functions, I will show applications of generating

functions to four mathematical scenarios in multiple branches of mathematics
including combinatorics and number theory. By the end of this paper, readers

are expected to learn both the phenomenon and the explanation: not only will

they understand how generating functions are used to tackle tricky problems,
but also why they are suitable tools for those problems.
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1. Introduction

Generating functions is a powerful tool. This paper aims to elaborate on its
power and versatility.

The best way to think of generating functions is to think of it as “a clothesline”
[1] on which we hang a sequence of numbers. Given a sequence of numbers {an}∞n=0,
its generating function is a formal power series f(x) =

∑∞
n=0 bnx

n where bn could
be directly obtained from an and n.

There are three ways to construct generating functions, i.e., there are three ways
to put a sequence of numbers in a formal power series. They are the ordinary power
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series generating function (ogf), the exponential generating function (egf), and the
Dirichlet generating function (Dir).

Definition 1.1. (Ordinary power series generating function) The ordinary power
series generating function (ogf) of a sequence {an}∞n=0 is the formal power series

f(x) =

∞∑
n=0

anx
n

= a0 + a1x+ a2x
2 + a3x

3 + · · · .

We write f
ogf←−→ {an}∞n=0.

Definition 1.2. (Exponential generating function) The exponential generating func-
tion egf of a sequence {an}∞n=0 is the formal power series

f(x) =
∑
n≥0

an
n!

xn

= a0 + a1 +
a2
2!
x2 +

a3
3!
x3 + · · · .

We write f
egf←→ {an}∞n=0.

Definition 1.3. (Dirichlet series generating function) The Dirichlet series gener-
ating function Dir of a sequence {an}∞n=1 is the formal series

f(s) =

∞∑
n=1

an
ns

= a1 +
a2
2s

+
a3
3s

+
a4
4s

+ · · · .

We write f
Dir←−→ {an}∞n=1.

Since generating functions are “clotheslines” of coefficients, we want to extract
the the coefficients. There is a notation we will use throughout the paper.

Notation 1.4. The symbol [xn]f(x) means the coefficient of xn in the series f(x).
A very useful property of generating functions in this notation is

(1.5) [xn]{xaf(x)} = [xn−a]f(x).

Section 2 will build the foundation for the sections that follow. It will introduce
us to the calculus of generating functions, to which we constantly refer later. Using
these tools, we will see the most significant application of generating functions-
solving for the closed formulas of sequences represented by recurrence relations.

Section 3 will enumerate the connections between generating functions and com-
binatorial classes. Then, we will look at a particularly interesting group of combina-
torial problems: counting structures built out of connected pieces. We will develop
the Exponential Formula which solves this type of problem uniformly, using the
special properties of generating function multiplications.

Section 4 will remind us of the additional tools we have when the generating
functions converge to actual functions. In particular, singularity analysis comes in
handy as a tool to study the behavior of the coefficients an for fairly complicated
functions.
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In section 5, we will see how a special Dirichlet generating function (the Riemann
zeta function) can be factorized, as well as how this factorization leads to the Mobius
Inversion Formula and consequently to the Dirichlet Theorem on the infinitude of
primes in arithmetic progressions.

No mathematical background beyond Multivariable Calculus is required to un-
derstand the content of this paper.

2. Manipulating Generating Functions and Solving Recurrences

This section builds the groundwork for the paper. We will learn to manipulate
generating functions and see how these manipulations can be translated between
the sequence and the functional languages. Then, through several examples, we
will learn how generating functions give closed formulas of sequences represented
by recurrence relations.

2.1. The Calculus of Generating Functions. When dealing with generating
functions, we can use them either as formal power series or as functions. Those two
views of generating functions correspond respectively to the formal theory and the
analytic theory of generating functions. A quick example of a convergent generating
function is the ordinary series generating function

∑
n≥0 x

n for the sequence {1}∞n=0.

It converges to the function 1
1−x for |x| < 1.

Since generating functions are “clotheslines” of sequences, when we manipulate
generating functions, we are essentially manipulating their coefficients, or the cor-
responding sequence. In the fortunate situations when the generating function of a
sequence converges to a real function, we can then view operations on the sequence
as operations on the actual functions. There are three particularly useful opera-
tions: relocating the start of a sequence, multiplying a sequence with polynomials
in n, and multiplying the generating function representations of two sequences. We
will first study how to translate these operations between the sequence language
and the function language in the context of ogf . Then, we will see their analogs
for egf and Dir.

There are two remarks before we delve into a long list of theorems. Firstly, we
will not prove our results rigorously in this section. To the curious minds, we will
say a fe words here: we can prove the following results by trying some simple cases
first and then generalizing through induction. Secondly, multiplying two generating
functions has great combinatorial significance, and we will discuss it in more detail
in Section 3.

Theorem 2.1. (Rule 1) Given f
ogf←−→ {an}∞n=0 and h > 0, we have

{an+h}∞n=0
ogf←−→ f − a0 − ...− ah−1x

h−1

xh
.

Theorem 2.2. (Rule 2) Given f
ogf←−→ {an}∞n=0 and P (n) a polynomial in n, we

have

P (xD)f
ogf←−→ {P (n)an}∞n=0,

where xD is the operation of differentiating f and multiplying it by x.

The following example will help us better understand the xD operation in The-
orem 2.2.
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Example 2.3. Consider the following recurrence relation

(2.4) (n+ 1)an+1 = 2an + 1 (n ≥ 0; a0 = 1).

Our goal is to turn (2.4) into a relation about the generating function f
ogf←−→ {an}∞0 .

We multiply both sides by xn and sum over n. Recall 1
1−x

ogf←−→ {1}∞0 . The right

hand side is 2f + 1
1−x . The left-hand side needs a bit more work. By Theorem 2.2

(Rule 2), given P (n) = n, we get

(xD)f
ogf←−→ {nan}∞0 ,

where (xD)f = xf ′. Then, by Theorem 2.1 (Rule 1), we know that

xf ′ − 0a0
x

ogf←−→ {(n+ 1)an+1}n≥0.

Therefore, we can translate (2.4) into ogf language:

f ′ = 2f +
1

1− x
.

Theorem 2.5. (Rule 3) Given f
ogf←−→ {an}∞n=0 and g

ogf←−→ {bn}∞n=0, we have

fg
ogf←−→

{ ∞∑
r=0

arbn−r

}∞

n=0

.

We will now look at the analogs of the above three rules for exponential gener-
ating functions.

Theorem 2.6. (Rule 1’) Given f
egf←−→ {an}∞n=0 and h ≥ 0, we have

{an+h}∞n=0
egf←−→ Dhf,

where xD is the operation of differentiating f and multiplying it by x.

Theorem 2.7. (Rule 2’) Given f
egf←−→ {an}∞n=0 and P a polynomial, we have

P (xD)f
egf←−→ {P (n)an}∞n=0,

where D is the differentiation operation.

Theorem 2.8. (Rule 3’) Given f
egf←−→ {an}∞n=0 and g

egf←−→ {bn}∞n=0, we have

fg
egf←−→

{∑
r

(
n

r

)
arbn−r

}∞

n=0

.

For Dirichlet generating functions, we will only look at the analog of Theorem
2.5 (Rule 3 ).

Theorem 2.9. (Rule 3”) Given f
Dir←−→ {an}∞n=1 and g

Dir←−→ {bn}∞n=1, we have

fg
Dir←−→

{∑
d|n

adbn
d

}∞

n=1

.

All the operations above are elaborated in more detail in [1]. The book also
provides additional examples on how to use those rules.

The right way to see these rules is to consider them as “ingredients” to a dish.
We will use them repeatedly to cook up interesting results in the rest of this paper.
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2.2. Solving Recurrences. Now we will see how we can use generating functions
to solve recurrences.

Although sequences are mostly benign, when they are represented by recurrence
relations, they become hard to handle. We will have difficulty manipulating them
or extracting a number from it. When this is, unfortunately, the case, we can use
generating function to find the closed formula of these sequences. Essentially, we
will find the closed formula of a sequence by finding the explicit formula for a power
series whose coefficients are from that sequence.

The key to solving recurrences with generating functions is to turn the recur-
rence relation for a sequence into an equation about the generating function of the
sequence. We will see how this works through several examples.

Example 2.10. (The Fibonacci numbers) The famous Fibonacci sequence is de-
fined in terms of the following recurrence

(2.11) Fn+1 = Fn + Fn−1. (n ≥ 1;F0 = 0;F1 = 1).

Let F (x) =
∑

n≥0 Fnx
n be the generating function for the Fibonacci sequence

{Fn}∞n=0. We want to find a closed formula, or an explicit formula, for Fn using
F (x). Here we will present three ways of doing this: the first method will show the
logic of solving recurrence by generating functions, the second method will illustrate
how we can simplify the calculation, and the third method will show that we can
use different types of generating functions.

Method 1. Multiply (2.11) on both sides by xn and sum over n ≥ 1. Note we
do not sum over n ≥ 0 because the recurrence relation is true only for n ≥ 1. The
left-hand side of the equation becomes∑

n≥1

Fn+1x
n = F2x+ F3x

2 + F4x
3 + ...

=
F (x)− x

x
,

whereas the right-hand side becomes∑
n≥1

Fnx
n +

∑
n≥1

Fn−1x
n = {F1x+ F2x

2 + F3x
3 + ...}+ {F0x+ F1x

2 + F2x
3 + ...}

= F (x) + xF (x).

Combining them, we get

(2.12)
F (x)− x

x
= F (x) + xF (x).

Solving for F (x) in (2.12), we get F (x) = x
1−x−x2 .

Now we find the explicit formula for the sum of the power series, we can retrieve
the explicit formula for the sequence by re-expanding it via the partial fraction
method:

x

1− x− x2
=

x

(1− k+x)(1− k−x)
(k± = (1±

√
5)/2)

=
1√
5

{∑
r≥0

kr+x
r −

∑
j≥0

kj−x
j

}
.
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The coefficient of xn in F (x) is Fn:

(2.13) Fn =
1√
5

(
kn+ − kn−

)
(n = 0, 1, 2, ...).

The key here is that we can extract the explicit formula for the Fibonacci se-
quence by solving the equation (2.12) about the generating function for the Fi-
bonacci sequence.

Method 2. Now we simplify the process in Method 1. With Theorem 2.1
(Rule 1), we can find the equation about F (x) more easily. We rewrite (2.11) as
Fn+2 = Fn+1 + Fn where n ≥ 0;F0 = 0;F1 = 1. we have the ogf relation

F (x)− F1x

x2
=

F (x)

x
+ F (x).

Then we continue with the partial fraction we did in Method 1.
Method 3. A remaining question to ask is whether we can use other types of

generating functions for the Fibonacci sequence. The answer is that we can. Let
F (x) =

∑
n≥0

Fn

n! x
n be the egf of the Fibonacci sequence. We can also express the

Fibonacci recurrence as Fn+2 = Fn+1 + Fn with (n ≥ 0). With Theorem 2.6 (Rule
1’), we can translate this into the differential equation F (x)′′ = F (X)′ + F (x).
Solving for it with initial conditions F (0) = 0 and F ′(0) = 1, we obtain

F (x) =
1√
5
er+x − 1√

5
er−x (r± = (1±

√
5)/2).

Apply [xn/n!] to both sides of F (x), we obtain the explicit formula.
We can compare and contrast the ogf and egf methods. Using ogf , we can

get the equation involving F (x) more easily, but solving for the explicit formula of
Fn requires more work (involves doing partial fraction). On the other hand, using
egf , we need to solve the partial differential equation to get the generating function
F (x), but we can get the explicit formula quite easily from there.

Example 2.14. (The Stirling numbers) The Stirling number of the second type,
denoted

{
n
k

}
, is defined as the number of ways to partition a set of n elements into

k (equivalence) classes. The Stirling number of the first type is the number of ways
to permute n elements with k cycles. We will discuss it in Section 3.

We first need to find a recurrence relation. Assume there are n elements and a
special element β. Given a random partition, there are two situations: either the
element β is in a class by itself, or the element β is in a class with other elements.
If the former case is true, then we need to partition the remaining n − 1 elements
into k − 1 classes, and there are

{
n−1
k−1

}
ways to do it.

If the latter case is true, then removing the element β does not change the number
of classes, i.e., the remaining n−1 elements are partitioned into k classes. One note
of caution: after deleting the element β, we may have repeated partitions. Luckily,
the repetition is systematic: each partition appears exactly k times. Given the set
{1, 2, 3} and the special element 3, the partitions where 3 is not in a class by itself
are (1)(2, 3) and (1, 3)(2). Note there are 2 ·

{
2
2

}
such partitions. A generalization:

the number of partitions of n elements into k classes where the element β is not
alone is k

{
n−1
k

}
.

Hence we have this recurrence relation about the Stirling number:

(2.15)

{
n

k

}
=

{
n− 1

k − 1

}
+ k

{
n− 1

k

}
.
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Then we proceed to turn this into an equation about the generating function for
the Stirling sequence, but first, we need to decide what generating function to use.
Since

{
n
k

}
has two variables, there are three possible candidates:

Ak(x) =
∑
n≥0

{
n

k

}
xn, or

Bn(x) =
∑
n≥0

{
n

k

}
xk, or

Cn,k(x, y) =
∑

n,k≥0

{
n

k

}
xnyk.

It turns out we should use Ak(x), i.e. we should multiply (2.15) with xn and
sum over n. Alternatively, if we use either Bn(x) or Cn,k(x, y), after we multiply
(2.15) with xk and sum over k, the second term on the right-hand side of (2.15)
will have an extra factor of k within a summation over k. This makes it harder for
us to solve the equation.

Here, we proceed with Ak(x). After some algebraic manipulations, which are
left as an exercise to the readers, we obtain that

Ak(x) =
xk

(1− x)(1− 2x) · · · (1− kx) (k ≥ 0)
.

The Stirling number
{
n
k

}
is the coefficient of xn in Ak(x):

{
n

k

}
= [xn]

xk

(1− x)(1− 2x) · · · (1− kx)

= [xn−k]
1

(1− x)(1− 2x) · · · (1− kx)
by (1.5)

= [xn−k]

k∑
j=1

αj

(1− jx)
(αj = (−1)k−j jk−1

(j − 1)!(k − j)!
by partial fraction)

=

k∑
j=1

αj [x
n−k]

1

(1− jx)

=

k∑
j=1

αjj
n−k by geometric series expansion

=

k∑
j=1

(−1)k−j jn

j!(k − j)!
.

Hence we obtain the explicit formula for the Stirling number:

(2.16)

{
n

k

}
=

k∑
j=1

(−1)k−j jn

j!(k − j)!
.

The following example is a situation when egf is more desirable than ogf .
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Example 2.17. (Derangement) A derangement of n elements is a permutation of
n elements without any fixed points, i.e., no element is sent to itself. Let Dn denote
the number of derangements of n elements. We want to find Dn.

We first find a recurrence relation for Dn. We know there are n! permutations
of n elements. Every permutation has a certain number of fixed points. Given
k ≤ n, what is the number of permutations that have k fixed points? There are

(
n
k

)
ways to choose the set of k fixed points, then the number of ways to permutate the
remaining elements without any fixed point is Dn−k. The number of permutations
that have k fixed points is thus the product

(
n
k

)
Dn−k. Summing over all k, we have

(2.18) n! =
∑
k

(
n

k

)
Dn−k (n ≥ 0).

It may be tempting to proceed with D(x) =
∑

n≥0 Dnx
n, i.e., to multiply both

sides of (2.18) with xn and sum over n as we did in the two previous examples. We
should, however, give more thought to (2.18). Observe that the right-hand side of
(2.18) reminds us strongly of the product in Theorem 2.8 (Rule 3’). It suggests we
should try using the exponential generating function to solve this problem.

Let D(x)
egf←−→ {Dn}n≥0. We have D(x) =

∑
n≥0

Dn

n! x
n. Now we multiply each

side of (2.18) by xn/n! and sum over n. The left-hand side becomes
∑

n≥0 x
n, which

is the expansion of 1/(1−x). The right-hand side becomes the exponential generat-

ing function of {
∑

k

(
n
k

)
Dn−k}n≥0, which is the product of f(x) = ex

egf←−→ {1}n≥0

and D(x)
egf←−→ {Dn}n≥0 according to Theorem 2.8 (Rule 3’). We thus transfer

(2.18) into the following equation about D(x):

1

(1− x)
= exD(x).

Solving for D(x), we get

D(x) =
e−x

(1− x)
.

The coefficient of xn in D(x) is

Dn

n!
= 1− 1 +

1

2!
− 1

3!
+ · · ·+ (−1)n 1

n!
.

Therefore, we are done.

The last example presents an important lesson. Given a recurrence relation
for the sequence {An}n≥0, whether we choose egf or ogf depends largely on the
“form” of the recurrence. In particular, when the recurrence relation contains a sum
over products involving An, if the sum resembles the right-hand side of Theorem
2.5 (Rule 3), then we should use ogf ; if the sum resembles the right-hand side of
Theorem 2.8, then we should consider egf instead.

From the three examples above, we can see how generating functions help us
solve recurrence relations. These examples are a bit misleading in the sense that
they all deal with recurrences that have combinatorial meanings: the Fibonacci,
the Stirling, and the derangement sequences all come from combinatorial problems.
We may be tempted to think that this application of generating function is useful
only in combinatorics. This, however, does not have to be the case. In fact, we
encounter recurrence relations the combinatorial meaning of which is not yet (and
may never be) discovered.
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3. Generating Functions and Counting

In Section 2, we learned how generating functions help us solve recurrences. From
several examples, we saw that many recurrences are closely related to solutions to
combinatorial problems.

In this section, we will explore the application of generating functions to com-
binatorics more closely. We will start by showing how multiplying two generating
functions represents the action of “merging” the two corresponding combinatorial
classes of objects. After we are acclimated to this idea, we can delve into the
derivation of an exciting and powerful theorem– the Exponential Formula. The
Exponential Formula gives the number of structures that can be constructed with
connected pieces, examples of which are the family of vertex-labeled undirected
graphs and the family of permutations.

3.1. Merging Combinatorial Objects. Let us first defind what combinatorial
classes are and show how they can be represented by generating functions.

Definition 3.1. (Combinatorial class) A combinatorial class is a finite set of ele-
ments on which a size function is defined and satisfies:

(a) the size of an element is a non-negative integer, and
(b) the number of elements of a certain size is finite.

Notation 3.2. If A is a class, the symbol |α| denote the size of an element α ∈ A.
We use An to denote the number of objects in A that have size n.

For example, the set of integers S = {0, 1, 2, · · · , n} is a combinatorial class. For
n in S, its size |n| is its modulus. Given size 0 ≤ k ≤ n, there is exactly one number
k of that size.

A permutation (σ1, σ2, · · · , σn) is a mapping defined by 1→ σ1, 2→ σ2, · · · , n→ σn.
The set of permutations on the power set of [n] = {1, 2, · · · , n}, denoted Pn, is a
combinatorial class. For instance, the combinatorial class P3 is the set

{(1), (12), (21), (123), (231), (312), (213), (132), (321)}.
For a given permutation in Pn, its size is the number of elements in it. Given size
k ≤ n, there are k! permutations of that size.

In Subsection 3.2, we will talk about permutations and cyclic permutations to-
gether. To avoid abusing notations, we use the notation ()c to denote cyclic per-
mutations, or cycles. For instance, the cyclic permutation (α1, α2, · · · , αn)c is a
permutation on the set S = {α1, α2, · · · , αn} defined by α1 → α2 → · · · → αn. A
cyclic permutation on the set S permutes the elements in the set S. For instance,
the cycle (1, 3, 2)c is a cyclic permutation on [3]. Note that a given permutation
in Pn can be decomposed into cycles. For instance, (123) ∈ P is equivalent to
(1)c(2)c(3)c.

Definition 3.3. (Counting sequence) The counting sequence of a combinatorial
class is the sequence of integers {An}n≥0.

Given a counting sequence for a combinatorial class, we can construct a corre-
sponding generating function. We can either construct an ordinary series generating
function or an exponential generating function, and the appropriate choice depends
on the nature of the combinatorial class. We will elaborate on this soon.

To see how generating functions can represent combinatorial classes, consider
the ordinary generating function A(x) =

∑
n≥0 Anx

n of the combinatorial class A.
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This generating function contains all the useful information (except the structural
details) of the combinatorial class: it uses the exponent of the variable x to represent
the size of a combinatorial object, and the coefficient to mark the number of objects
with a given size. The generating function of a combinatorial class is analogous to
“the molecular formula of a chemical compound” [3].

Now that we know how combinatorial classes can be represented by generat-
ing functions, we will see how the action of “merging” combinatorial classes can
be represented by the multiplication operation on their generating function repre-
sentations. There are two cases depending on whether the combinatorial classes
under consideration are labeled or not. The specific notion of being labeled is being
well-labeled.

Definition 3.4. (Well-labeled object and well-labeled class) A well-labeled object of
size n is a structure that can be represented by a graph whose vertices are labeled
with the set [n] = {1, 2, · · · , n}.

A well-labeled class is a combinatorial class comprised of well-labeled objects.

We need to distinguish being well-labeled and being weakly labeled. These objects
can still be represented by a graph whose vertices are labeled with an integer set S.
For instance, a triangle is weakly labeled if its verticesa are labeled with elements
from S = {2, 4, 6}. For this triangle to be well-labeled, however, its label set
must be [3] = {1, 2, 3}. Meanwhile, there are many combinatorial classes that are
unlabeled : these classes need to have a size function satisfying Definition 3.1, but
their elements need not to be representable by graphs.

We first consider the case of merging unlabeled combinatorial classes A and B.
In the merged class, every object is a Cartesian product (a, b) where a ∈ A and
b ∈ B. The size of the object is |a|+ |b|. In other words, every object of size n in the
new class are formed by taking Cartesian product of an object of size k (0 ≤ k < n)
and an object of size (n− k) from the two original classes respectively.

Theorem 3.5. (Merging unlabeled combinatorial classes) Let A and B be two un-
labeled combinatorial classes with counting sequences {An} and {Bn} respectively.
If we merge A and B to form the new class C, then C has the counting sequence
{Cn} given by

Cn =

n∑
k=0

AkBn−k.

In terms of generating functions, it suggests that their ogf representations are
related by

(3.6) C(x) = A(x)×B(x).

The point here is that we should use ogf to represent unlabeled classes because
ogf multiplication naturally represents merging unlabeled classes.

Example 3.7. Let f(n, k) denote the number of ways that a non-negative inte-
ger n can be written as an ordered sum of k non-negative integers. For example
f(3, 2) = 4 because 3 = 0 + 3 = 3 + 0 = 1 + 2 = 2 + 1. We want to find an explicit
formula for f(n, k).

We know that S = {0, 1, · · · , n} is a combinatorial class with counting sequence
{1}ni=0. If we merge k such classes into a new class C, an element c ∈ C is a Cartesian
product (s1, · · · , sk) where s1, · · · , sk ∈ S. The size of c satisfied |c| = |s1|+· · ·+|sk|.
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Any element c corresponds to one way of partitioning |c| into k integers. Since Cn

is the number of elements of size n in C, it is the number of ways to partition n
into k integers. By (3.6), we know Cn is the coefficient of xn in C(x) = A(x)k.

Since A(x) = 1
1−x

k ogf←−→ {1}, we have

C(x) = A(x)k =
1

1− x

k

,

where f(n, k) is equal to [xn] 1
1−x

k
.

We claim as a fact from [1, p.36] that 1
1−x

k ogf←−→ {
(
n+k−1

n

)
}. Hence f(n, k) is(

n+k−1
n

)
.

Now we consider merging well-labeled classes. The Cartesian product way of
merging no longer works because a pair of labeled objects is not necessarily well-
labeled. How can we merge two permutations (123) and (213) together in a way
that ”makes sense”? The answer is that we need to relabel the pair.

Definition 3.8. (Relabel) A weakly labeled object can be relabeled. We need to
make sure that the order relation among original labels is preserved. There are two
modes of relabelling.

(1) Reduction: Given a weakly labeled structure of size n, we can reduce its
labels to [n] so that it becomes well-labeled. For instance, we reduce the
sequence < 13, 7 > to < 2, 1 > (The order is preserved!).

(2) Expansion: For a well-ordered structure of size n, we can expand its label set
so that the structure is no longer well-ordered. For instance, the sequence
< 1, 3, 2 > can be expanded to < 3, 10, 7 > or < 7, 11, 8 > (Again, order is
preserved!).

When we merge two well-labeled classes A and B, we take α ∈ A and β ∈ B and
relabel them with the set S = [|α|+ |β|]. We choose a subset of |α| integers from S

to relabel α (there are
(|S|
|α|
)
different subsets we can choose) and use the remaining

integers to relabel β. This merging process (taking two elements and relabeling
them) is called taking the well-labeled product.

Theorem 3.9. (Merging well-labeled combinatorial classes) Let A and B be two
well-labeled classes with counting sequences {An} and {Bn} respectively. If we merge
A and B to form a new well-labeled class C, then the new class has the counting
sequence {Cn} given by

Cn =

n∑
k=0

(
n

k

)
AkBn−k.

The extra factor
(
n
k

)
comes from the fact that there are

(
n
k

)
ways to relabel a pair

of size n.

The above equation means that their egf ’s are related by

(3.10) C(x) = A(x)×B(x)

For intrigued readers, there is an interesting and thorough extension of the above
discussion in [3]. There are more operations other than “merging” that can be
represented by operations on generating functions.
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3.2. The Exponential Formula. In this subsection, building on the idea of how
multiplying generating functions represents merging combinatorial classes, we will
derive the Exponential Formula which addresses the question: what is the relation
between the number of connected components of a given size and the number of
structures built out of smaller connected components?

First, we will restate the problem in the generalized “card and hand” setting,
where a “card” represents a connected component and a “hand” represents a struc-
ture built out of connected components. The definitions may seem overwhelming
at first, so we will follow them with two solid examples. It is helpful for readers to
refer to the examples while reading the definitions.

Let P be an abstract set of “pictures”. A picture is an unlabeled graph.

Definition 3.11. (Card) A card, denoted C(S, p), contains a picture p ∈ P and
a finite label set S consisting of positive integers. The weight of a card is the
cardinality of its label set P . A standard card has label set S = [|S|]

Given a card C(S, p) and a new label set S′ satisfying |S| = |S′|, we can relabel
the card C with S′ (relabeling is defined in 3.8) to obtain a new card C(S′, p).
If S′ = [|S|], this is called standard relabeling. In other words, any card can be
obtained by relabeling a standard card with a chosen label set.

Definition 3.12. (Hand) A hand H is a set of cards whose label sets form a
partition of [n] where n is the sum of the weights of the cards in H.

The above definition implies the label sets of the cards in a given hand are
pairwise disjoint.

Definition 3.13. (Deck) A deck D with weight n is a finite set of standard cards
whose weights are all n.

Definition 3.14. (Exponential Family) The exponential family is the collection of
decks D1, D2, · · · where Dn is the deck of weight n.

Now we will examine several examples of exponential families and see what the
cards and hands are in these exponential families.

Example 3.15. (Labeled, undirected graphs) The set of all labeled, undirected
graphs is an exponential family. We call it F1. Any labeled, undirected graph is
made from labeled, undirected, connected component graphs.

The picture set P of F1 is the set of connected graphs with n vertices (for
n = 1, 2, 3, · · ·) whose label sets are [n].

In this exponential family, a card C(p, S) is a relabeling of a certain p ∈ P with
label set S. Every card C(p, S) is thus connected graph with the label set S. A
deck Dn is the set of all connected graphs of n vertices with the label set [n]. Note
that the deck Dn is the set of standard cards with size n.

A hand H is a group of k cards whose labor sets form a partition of n for a
certain n. Since each card is a connected graph, the hand H is a labeled graph
(with label set [n]) built out of k connected components.

Example 3.16. (Permutations) The set of all permutations is an exponential fam-
ily. We call it F2. Any permutation is made up of cycles, or cyclic permutations.
The picture set P is the set of cycles on [n] for n = 1, 2, 3, · · ·.

In this this exponential family, a card C(p, S) is a relabeling of a certain p ∈ P
with the label set S. For instance, the card C(p = (1 3 2)c, S = {3, 5, 9}) is the
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cycle (3 9 5)c. In general, a card C(p, S) represents a cycle on the set S. A deck
Dn consists of all standard cards with weight n, so it is the collection of cycles on
[n].

A hand in this exponential family consists of cards whose label sets partition [n].
More specifically, a hand with weight n containing k cards is a permutation on the
set [n] made up of k cycles, where each cycle is represented by a card. For instance,
the hand consisting of C(p = (132)c, S = {1, 2, 3}) (which is the cycle (132)c) and
C(p = (12)c, S = {4, 5}) (which is the cycle (45)c) is the permutation (31254).

In the two examples above, two key ideas are manifested:

(1) how a hand is built out of cards, and
(2) how any card is formed by relabeling a standard card.

Now we can rephrase our question in terms of cards and hands. Suppose we
have an exponential family F . Let dn denote the number of cards in the deck Dn.
Then dn is the number of connected components of size n in our original question.
Let h(n, k) denote the number of hands that can be built out of k cards, where
each card is formed by relabeling a certain card in a certain deck Dm (m ≤ n)
of F. Then h(n, k) is the number of structures of size n built out of k connected
components. Summing h(n, k) over k, we get the number of structures of size n
with any number of components, and we denote

∑
k h(n, k) with h(n).

The question we are interested in is: how can we express h(n, k), or h(n), in
terms of d1, d2, · · ·, or vice versa? To answer this question, we need to find a relation
between h(n, k), or h(n), and d1, · · · , dn. We want to find this relation because, in
many situations, one of these quantities is much easier to find. In Example 3.15,

we know h(n) is the number of graphs with n vertices. Then h(n) = 2(
n
2) because

there are
(
n
2

)
possible edges and each edge either exists or not. In Example 3.16,

we know dn is the number of cycles on n elements so dn = (n− 1)!. If we have this
relation, we can use it to get the other quantity.

The approach we take is to find a relation between the generating functions of
h(n, k) and dn. We write D(x) =

∑
n≥0

dn

n! x
n as the egf for {dn}n≥0. We call

D(x) the deck numerator of F . We write H(x, y) =
∑

n,k≥0 h(n, k)
xn

n! y
k as the

two-variable hand generator for F . It is an egf with respect to n and an ogf with
respect to k. Given h(n) =

∑
k h(n, k), its egf H(x) =

∑
n≥0 h(n)

xn

n! is called the
one-variable hand enumerator of F .

Theorem 3.17. (The Exponential Formula) If F is an exponential family with
deck numerator D(x) and two-variable hand numerator H(x, y), then

H(x, y) = eyD(x).

By Taylor expanding the Exponential Formula and extracting the coefficient for
xn

n! y
k, we obtain that

(3.18) h(n, k) =

[
xn

n!

]{
D(x)k

k!

}
If we sum over all k, we can obtain

(3.19) H(x) = eD(x).
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Proof. If we “merge” two exponential families F ′ and F ′′ into F by combining
decks, then their two-variable hand numerator satisfies the following relation

(3.20) H(x, y) = H ′(x, y)H ′′(x, y).

A detailed proof is in [1]. Here, we will discuss the intuition behind (3.10).
An exponential family is composed of cards in decks (these cards are standard
cards). Since standard cards are well-labeled, an exponential family can be viewed
as a well-labeled class. Merging two exponential families is equivalent to taking
the well-labeled product of these families (we take one hand from each family and
relabel them). The result (3.20) is essentially a restatement of (3.10) in Theorem
3.9.

Now we can derive the Exponential Formula in three steps. Firstly, suppose
we have a simple exponential family Fr whose decks are all empty except for the
deck Dr which contains exactly 1 card. In Fr, all possible hands H have weight
kr for a certain k, i.e., these hands have k copies of the one card that exists. We
need the hand to have label set [kr], so we need to relabel the k copies. There

are
(
n
r

)(
n−r
r

)
· · ·

(
n−(k−1)r

r

)
ways to do it. Since the order of labeled cards does not

matter, the number of hands is

h(n, k) =

{
1
k!

n!
r!k

if n = kr,
0 if n ̸= kr.

This simple exponential family has the hand enumerator

H(x, y) =
∑
n,k

h(n, k)
xn

n!
yk

= exp

{
yxr

r!

}
.

In the second step, suppose we have a slightly more complicated exponential
family F ′

r whose decks are all empty except for the deck Dr which contains dr
(dr ≥ 1) cards. The hand enumerator of this family is

(3.21) H(x, y) = exp

{
ydrx

r

r!

}
.

We can prove this by induction on dr. The base case (dr = 1) is proved in the first
step. Suppose (3.21) holds for all dr < n. In the case where dr = n, note that
the family with dr = n is formed by merging two exponential families with dr = 1
and dr = n− 1 respectively, so we can use the fact (3.20) to get the desired result
(3.21).

Lastly, any exponential family is the merger of special families F ′
r (r = 1, 2, · · ·)

whose only non-empty deck is Dr. Apply (3.20) again, we get that the product
of hand numerators (3.21) for special families Fr (r = 1, 2, · · ·) is the Exponential
Formula. □

Now we apply Theorem 3.17 to the two exponential families in the examples
above.

Example 3.22. (Counting connected graphs with n vertices) In the exponential
family F1 of labeled undirected graphs described in Example 3.15, the number of

hands h(n) is the number of labeled graphs of n vertices, so h(n) = 2(
n
2). Then the
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onve-variable hand generator of F1 is

H(x) =
∑
n≥0

2(
n
2)

n!
xn.

If we apply the ‘x ∂
∂x log’ operation on H(x), we can find a recurrence relation for

dn

n2(
n
2) =

∑
k

(
n

k

)
kdk2

(n−k
2 ),

where dk is the number of cards in Dk, or the number of connected graphs with
size k. Using this recurrence relationship, we can find dk for small values of k, or
we can try to find an explicit formula of dk.

Example 3.23. (Counting n-permutations with k cycles) In the exponential family
F2 of permutations described in Example 3.16. We know that dn is the number of
cycles on [n] so dn = (n− 1)!. The deck numerator of F2 is

D(x) =
∑
n≥1

(n− 1)!
xn

n!

= log
1

1− x
.

Applying Theorem 3.17, we know the hand numerator of this exponential family is

H(x, y) = exp

{
ylog

1

1− x

}
=

1

(1− x)y
.

The number of permutations on [n] with k cycles is h(n, k). By (3.18), we know

h(n, k) =

[
xn

n!

]
1

k!

{
log

1

1− x

}k

.

Alternatively, we note that∑
k

h(n, k)yk =

[
xn

n!

]
H(x, y)

= y(y + 1) · · · (y + n− 1).

So h(n, k) is the coefficient of yk in y(y + 1) · · · (y + n− 1).

In this section, we witnessed the power of generating in combinatorics. We saw
how generating functions represent combinatorial classes and give unexpectedly
simple solutions to complicated counting questions as a result.

4. Asymptotic analysis on Generating Functions

In section 3, we were introduced to the idea that a combinatorial class A can be
represented by a generating function, from which we obtained valuable information
about its counting sequence {An}n≥0. If we are fortunate, we may get an explicit
formula for An. In many cases, however, the generating function is too complicated
for direct extraction of the coefficient. This is when asymptotic analysis comes to
our aid: instead of dealing with complicated functions, we approximate it with some
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simpler functions whose coefficients we know how to extract. In this section, we will
think of generating functions as real functions and use their analytic properties.

A generating function f(z) is a power series, so we write f(z) =
∑

n≥0 anz
n.

Often, the asymptotic analysis on f(z) boils down to singularity analysis. When
we do singularity analysis, the first thing we need to do is finding the nearest
singularity z0 to the origin. The modulus of z0 gives us the radius of convergence
R of f(z) which satisfies

(4.1) R =
1

lim supn→∞|an|1/n
(1/0 =∞; 1/∞ = 0).

Having R, we immediately obtain a crude estimation of the coefficients of f(z).

Theorem 4.2. (Crude asymptotics with R) Let f(z) =
∑

anz
n be analytic in a

certain region containing the origin. Let z0 ̸= 0 be a singularity of f(z) that is
closest to the origin, and ϵ > 0 be given. Then, there exists N such that for all
n > N we have

|an| <
(

1

|z0|
+ ϵ

)n

.

Furthermore, for infinitely many n, we have

|an| >
(

1

|z0|
− ϵ

)n

.

Proof sketch. From (4.1), we have

lim sup|an|1/n =
1

R
.

According to the definition of limit superior, given any ϵ > 0, we have for infinitely
many n

|an|1/n ≥
1

R
− ϵ,

and for big enough n

|an|1/n ≤
1

R
+ ϵ.

Rising both sides to the nth power, we get the desired result. □
Theorem 4.2 tells us that the coefficients of the generating function of interest

f(z) grow at roughly the rate of (1/R)n. This bound is easy to get, but it does not
guarantee satisfactory accuracy. Depending on what type of singularity z0 is, we
have techniques to get better estimates.

First, we consider the case when z0 is a pole.

Theorem 4.3. (Principal part approximation) Let f be a meromorphic function
in a region A containing the origin. Let R be the radius of convergence of f ,
and let z0, · · · , zs be the poles of f on the circle of convergence |z| = R. We use
PP (f ; zi) (0 ≤ i ≤ s) to denote the principal part of the Laurent expansion of f
centered at zi. If R′ > R is the next smallest modulus of the pole(s) of f , then

[zn]f(z) = [zn]

{ s∑
n=0

PP (f ; zn)

}
+O

((
1

R′ + ϵ

))
.
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Proof sketch. By Thoerem 4.2, we know that for large enough n the power series
coefficients an of f satisfy

|an| <
(
1

R
+ ϵ

)n

.

We know the PP (f ; zi) has the form
∑r

j=1
bi,j

(z−zi)j
. When we subtract from f the

principal parts of the Laurent expansion of f around all its singularities on its circle
of convergence, the resulting function g = f −

∑
PP is analytic in a bigger circle

of convergence R′. Again by Theorem 4.2, for large enough n, the power series
coefficient cn of g satisfy

|cn| <
(

1

R′ + ϵ

)n

.

Since R′ > R, we have ( 1
R′ + ϵn) << ( 1

R + ϵ)n for big n. In short, we extract
a lot of variation in an with

∑s
i=0 bi,n. The larger R′ is compared to R, the

more variation in an is extracted. In fact, a result from [1] claims that, for each

PP (f ; zi) =
∑r

n=1
bi,n

(z−zi)n
we subtract, the amount of variation it extracts from an

is equal to
r∑

j=1

(−1)jb−j

zn+j
0

(
n+ j − 1

j − 1

)
. □

Now that we see how to better approximate an when z0 is a pole, we focus on
the situation when z0 is an algebraic singularity, i.e., when f = (z−z0)

αg(z) where
g(z) is analytic at z0 and α is a rational number but not an integer. [1] The same
idea of extracting variation in f by simpler functions still apply, and we have

Theorem 4.4. (Darboux’s method) Let g(z) be analytic in a certain disk |z| < 1+ϵ
with g(z) =

∑
gj(1− z)j in a neighborhood of z = 1, and β /∈ Z≥0. We have

[zn]{(1− zβg(z))} = [zn]

{ m∑
j=0

gj(1− zβ+j)

}
+O(n−m−β−2)

=

m∑
j=0

gj

(
n− β − j − 1

n

)
+O(n−m−β−2).

If f has multiple algebraic singularities on its circle of convergence, then we can
use the generalization of Darboux’s method by Gabor Szegö (thm 8.4 in [5]).

There is one last case we need to consider: the case when f is an entire function.
When this happens, the singularity analysis technique will not work. Fortunately,
Hayman presents an appropriate technique in [6]. Understanding the proof of Hay-
man’s method is laborious, but an instruction of how to apply the method can be
found in Section 5.4 of [1].

5. Generating Functions and Riemann-zeta Function

In this section, we focus on a specific Dirichlet generating function, the Riemann-
zeta function ζ(s). We will see how thinking of ζ(s) as a generating function allows
us to arrive at interesting outcomes such as the fundamental factorization of the
zeta function, and its important consequence the Möbius Inversion Formula.

Then we will discuss two very different proofs. We will focus on how both proofs
make use of generating function techniques and discuss the differences between
these proofs.
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5.1. Function-sequence Duality. First, we will develop some machinery using
generating functions. We can view a special family of functions, the arithmetic
functions, as sequences.

Definition 5.1. (Arithmetic function) An arithmetic function, or number-theoretic
function, is a function whose domain is the set of positive integers.
An arithmetic function f is multiplicative if it satisfies f(mn) = f(m)f(n) for any
pairs of positive integers satisfying gcd(m,n) = 1. The function f is completely
multiplicative if it satisfies f(mn) = f(m)f(n) for all positive integers m and n.

Since the domain of an arithmetic function f is the set of positive integers
{1, 2, 3, · · · }, its co-domain is the sequence {f(n)}n≥1. We can then think of the
function f(n) as its co-domain sequence {f(n)}n≥1. Given this function-sequence
duality, we can apply Theorem 2.9 to arithmetic functions. Given two arithmetic
functions represented by {a(n)}n≥0 and {b(n)}n≥0, their product is a new arith-
metic function h(n) whose sequence representation is {

∑
d/n a(d)b(n/d)}∞n=1}. We

can check that h is also arithmetic. We summarize this result in the following
definition:

Definition 5.2. (Dirichlet convolution) Let a(n) and b(n) be two arithmetic func-
tions. Their Dirichlet convolution h(n), denoted a ∗ b, has the sequence represen-
tation

{
∑
d|n

a(d)b(n/d)}∞n=1}.

5.2. Fundamental Factorization of ζ(s) and Mobius Inversion. Why do we
care about arithmetic functions? The answer is that arithmetic functions have a
special property that they are completely determined by their values on powers of
primes. Suppose the function f is arithmetic. Since every positive integer n has a
unique prime-power factorization satisfying

(5.3) n = pk1
1 pk2

2 · · · pkr
r ,

it follows that

(5.4) f(n) = f(pk1
1 )f(pk2

2 ) · · · f(pkr
r ).

In other words, if we know the value of an arithmetic function f on pk for all prime
p and k ∈ Z≥1, we know its value on all integers.

Theorem 5.5. (Prime factorization of arithmetic functions) Let f be a multiplica-
tive arithmetic function with the sequence representation {f(n)}n≥1. We have the
following formal identity about its Dirichlet generating function

(5.6)

∞∑
n=1

f(n)

ns
=

∏
p

{1 + f(p)p−s + f(p2)p−2s + f(p3)p−3s + · · · },

where the product is extended over all prime numbers p.

Proof sketch. We consider a given positive integer n satisfying n = pk1
1 pk2

2 · · · pkr
r .

Notice the left-hand side of (5.6) extends to

f(1)

1s
+

f(2)

2s
+ · · ·+ f(n)

ns
+ · · · .
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The right-hand side of (5.6) extends to

(1 + f(2)2−s + f(22)2−2s + f(23)2−3s + · · · )×
(1 + f(3)3−s + f(32)3−2s + f(33)3−3s + · · · )×
(1 + f(5)5−s + f(52)5−2s + f(53)5−3s + · · · )×
(1 + f(7)7−s + f(72)7−2s + f(73)7−3s + · · · )× · · · .

On the left-hand side, it is clear that the only term involving n−s is f(n)/n−s.
On the right-hand side, to obtain a term involving the n−s, we must choose a term
from each parenthesis using the following rules:
1) If the prime pj in the parenthesis is not in the factorization of n, we choose
p0j = 1;
2) If otherwise, we choose the term in which pj is raised to the same power kj as
in the factorization of n.

Therefore, for any given n, the pair of terms involving n−s on both sides of (5.6)
has the same coefficient. We thus establish the equality in (5.6). □

Now we can use Theorem 5.5 to find the factorization of the zeta function.

Theorem 5.7. (The fundamental factorization of ζ) The Riemann-zeta function
ζ(s) satisfies

ζ(s) =
∏
p

{1 + p−s + p−2s + · · · }

=
∏
p

{
1

1− p−s

}
(5.8)

=
1∏

p(1− p−s)
.

Proof. The Riemann-zeta function is the Dirichlet generating function ζ(s)
Dir←−→ {1}n≥0,

but the sequence {1}n≥0 also represents the arithmetic function f(n) defined by
f(n) = 1 for all positive integer n. By Theorem 5.5, we get the first equality and
the rest of the result follows. □

We define the arithmetic function µ(n) as

µ(pa) =

 +1 , if a = 0;
−1 , if a = 1;
0 , if a ≤ 2.

By definition of µ(n), we know it is multiplicative.
We call this function the Möbius function. We will show that the Möbius function

is generated by the reciprocal of the zeta function. According to Theorem 5.5, the
Möbius function has prime-factorization

(5.9)
∑
n≥1

µ(n)

ns
=

∏
p

{1− p−s}.

Combining (5.8) and (5.9), we see that

1

ζ(s)
=

∑
n≥1

µ(n)

ns
.
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In generating function language, we have 1
ζ(s)

Dir←−→ {µ(n)}∞1 .

Theorem 5.10. (Mobius inversion) Let f and g be two arithmetic functions. The
equation

f(n) =
∑
d|n

g(d)

implies

g(n) =
∑
d|n

f(d)µ
(n
d

)
.

Proof sketch. Suppose we have two arithmetic functions with sequence representa-
tions {f(n)}n≥1 and {(g(n)}n≥1 satisfying

(5.11) f(n) =
∑
d|n

g(d) (n ≥ 1).

Let F (s)
Dir←−→ {f(n)}n≥1 andG(s)

Dir←−→ {g(n)}n≥1. Recall that ζ(s)
Dir←−→ {1}n≥1.

Then, by Theorem 2.9 (Rule 3”), we can translate (5.11) into

F (s) = G(s)ζ(s).

Hence, G(s) = F (s)/ζ(s). Since 1
ζ(s)

Dir−−→ {µ(n)}n≥1, by Theorem 2.9 (Rule 3”)

again, we get

(5.12) g(n) =
∑
d|n

f(d)µ
(n
d

)
(n = 1, 2, 3, ...).

This is the desired result. □

5.3. Generalized Convolution and the Dirichlet Theorem. We now want to
generalize the Dirichlet convolution and the Möbius Inversion Formula so that they
apply to more functions than the arithmetic ones.

Definition 5.13. (Generalized Convolution) Let F be a real or complex-valued
function defined on the positive real axis (0,+∞) such that F (x) = 0 for a < x < 1
and let α be an arithmetic function. The generalized Dirichlet convolution of α and
F , denoted α ◦ F , is

(α ◦ F )(x) =
∑
n≤x

α(n)F
(x
n

)
.

Remark: if F is nonzero only on integers x, F becomes an arithmetic function and
we have (α ◦ F )(x) = (α ∗ F )(x) for all positive integers.

We claim without proof the following two results from [2, p.40]:

Theorem 5.14. (Associativity of Dirichlet convolutions) For arithmetic functions
f and g, we have

f ◦ (g ◦ F ) = (f ∗ g) ◦ F.

Theorem 5.15. (Identity of Dirichlet convolutions) Consider the arithmetic func-
tion

I(n) = [1/n],

where [1/n] means taking the biggest integer value smaller than 1/n. The function
I(n) is the identity and left identity for the operations ∗ and ◦ respectively. This
means I ∗ f = f ∗ I = f and I ◦ F = F .
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Now we use these facts to prove the generalized inversion formula.

Theorem 5.16. (Generalized inversion formula) Let F be a real or complex-valued
function defined on the positive real axis (0,+∞) such that F (x) = 0 for a < x < 1.
Suppose α is an arithmetic function, and suppose it has a Dirichlet inverse α−1,
i.e., α ∗ α−1 = I. We know that

(5.17) G(x) =
∑
n≤x

α(n)F
(x
n

)
implies

(5.18) F (x) =
∑
n≤x

α−1(n)G
(x
n

)
.

Conversely, (5.18) implies (5.17).

Proof. If G = α ◦ F , then

α−1 ◦G = α−1 ◦ (α ◦ F ) = (α−1 ∗ α) ◦ F = I ◦ F = F.

Thus, (5.17) implies (5.18). On the other hand, if F = α−1 ◦G, then

α ◦ F = α ◦ (α−1 ◦G) = (α ∗ α−1) ◦G = I ◦G = G

which proves that (5.18) implies (5.17). □
This generalized inversion formula is used in Chapter 7 of [2] to prove the Dirich-

let Theorem about the infinitude of primes in arithmetic progression. To walk
through the whole proof in detail will be too much of a digression, but showing the
big picture is worthwhile. Essentially, we prove

Theorem 5.19. If k > 0 and (h, k) = 1, we have, for all x > 1,

(5.20)
∑
p≤x

p≡h(modk)

log p

p
=

1

φ(k)
log x+O(1),

where the function φ(k) is the number of numbers that are coprime to k, i.e., the
number of residue classes mod k.

In this process, we break up the left-hand side of (5.20) into multiple parts and
we use Theorem 5.13 to bound all other parts except the one involving log x. To
use Theorem 5.13, we choose α(n) and F (n) in each part wisely to turn unfamiliar
functions into functions whose asymptotics we know. This process (of inferring
the behavior of an unfamiliar function from the behavior of its constituent parts)
should remind readers of many techniques we introduced in Section 4. Indeed, this
reasoning lies at the heart of asymptotic analysis. See [2] for the complete proof.

This proof is strong because it not only tells us the infinitude of primes but
also tells us the approximate growth rate of the sum of primes in any arithmetic
progression. If we look at Theorem 5.19 more carefully, we can notice that (5.20)
is independent of h. This means that, regardless of which residue class mod h we
choose, in the arithmetic progression nk+h, the sum of primes grows like 1

φ(k) log x.

Combine this with the asymptotic formula from [2, Thm. 4.10]

(5.21)
∑
p≤x

log p

p
= log x+O(1),
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which says that its left-hand side grows like log x. We get that each residue class
mod k contribute equally (1/φ(k)) to the growth of primes (log x).

Although the proof in [2] is powerful, it is not the most intuitive proof. The
whole methodology seems to be very specific to this function and is found through
a process of trial and error. It is thus worthwhile to look at an alternative proof
that uses the fundamental factorization of zeta function (5.8) to prove the Dirichlet
Theorem. Again, we will not go through the detailed proof. Instead, we will use
the proof of a special case to lay out the big picture.

Example 5.22. (Infinitude of primes in 4k + 1) Consider primes in the arith-
metic progression 4k+1. Recall the fundamental factorization of the Riemann-zeta
function (5.8) says

ζ(s) =
∏
p

1

1− p−s
.

Now consider the function

(5.23) g(s) = log ζ(s)−
∑
p

1

ps
.

Substituting (5.8) into ζ(s) in 5.24 and using the Taylor expansion of log(1 − x),
we can get that g(s) is bounded as s→ 1+. Rearrange (5.23), we get

(5.24) log ζ(s) =
∑
p

1

ps
+ g(s),

where g(s) is bounded as s→ 1+.
Then, we define a function χ : Z→ {−1, 0, 1} by

χ(a) =

 0 , if a is even;
1 , if a ≡ 1 mod 4;
−1 , if a ≡ 3 mod 4.

This function categorizes its input. Using it, we can distinguish primes from the
arithmetic progressions 4k + 1 and 4k + 3. We can check that χ is completely
multiplicative.

Now we consider the L-function

L(s, χ) =

∞∑
n=1

χ(n)

ns
.

Using the same proof template for Theorem 5.5, we can obtain that

L(s, χ) =
∏
p

1

1− χ(p)p−s
.

In the same way we get (5.24), we can obtain the function

(5.25) log L(s, χ) =
∑

(p)
χ(p)

ps
+ g1(s, χ),

where g1(s, χ) bounded as s→ 1.
We add (5.24) and (5.25) together. On the right-hand side, the terms involving

prims of the form 4k + 3 in (5.24) have coefficient 1 whereas those in (5.25) have
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coefficient −1, so they cancel each other out. Therefore, we get

(5.26) logζ(s) + logL(s, χ) = 2
∑

p≡1(4)

1

ps
+

(
1

2s
+ g(s) + g1(s, χ)

)
.

Similarly, if we subtract (5.25) from (5.24), we get

(5.27) logζ(s)− logL(s, χ) = 2
∑

p≡3(4)

1

ps
+

(
1

2s
+ g(s)g1(s, χ)

)
.

Let s → 1+. We can show that L(1, χ) is bounded by showing that log L(1, χ)
is bounded. It follows that the left-hand side of both (5.26) and (5.27) diverges.
Since both g(s) and g1(s, χ) are bounded, it follows that both

∑
p≡1(4) 1/p

s and∑
p≡3(4) 1/p

s diverge.

Now let’s sum up the big ideas of the proof. First, taking the logarithm of the
fundamental factorization of ζ(s), we get a sum over all primes. We then can use
the function χ to ’filter out’ the primes of the form 4k + 1from all other primes.
Second, we need L(1, χ) to non-zero and bounded. Otherwise, logL(s, χ) in (5.26)
and (5.27) blows up. □

In the actual proof of the Dirichlet Theorem, we also need to use certain functions
to filter out primes in a particular arithmetic progression nk + h. The function we
use is called the group characters. A thorough introduction to group characters can
be found in [2, chapter 6]. Another big part of the Dirichlet Theorem is proving
the non-vanishing of L(s, χ) given the appropriate group character. A detailed
walk-through of the complete proof is given by Anthony Várilly in [4].
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