
THE MONODROMY OF THE HYPERGEOMETRIC EQUATION

MICHAEL BARZ

Abstract. In this work, we present some classical results about the hypergeometric

equation from a modern perspective. We outline Katz’s theory of rigidity, present mon-

odromy from a modern perspective, and show off Schwarz’s theory of triangle functions.

The goal is to give the reader the classical motivation behind modern works of Katz [12]

and Deligne [13].
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1. Introduction

The hypergeometric differential equation with parameters a, b, c, given by

(1.1)

d2f

dz2
+
c− (a+ b+ 1)z

z(1− z)

df

dz
− ab

z(1− z)
f = 0,

is a peculiar looking ordinary differential equation (ODE). However, this equation spurred

incredible developments in complex analysis, number theory, and algebraic geometry.

Definition 1.2. A linear ODE of rank n defined over an open subset X of C is an endo-

morphism L of the space H(X) of holomorphic functions on X, with the form

L(f) =
dfn

dzn
+ fn−1(z)

dfn−1

dzn−1
+ · · ·+ f0(z)f(z),

for fixed holomorphic functions f0, f1, ..., fn−1 ∈ H(X).

The start of this paper shall explain the modern perspective on ODEs.

Locally, ODEs are quite easily solvable.
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Proposition 1.3. If L is a linear ODE of rank n, then for any x ∈ X, there exists an open
neighborhood U of x so that, for any v0, v1, ..., vn−1 ∈ C, there is a unique holomorphic
function f : U → C with L(f) = 0 and f (i)(x) = vi for each i = 0, 1, ..., n − 1. In fact,
we can choose U so that if V ⊆ U is any connected nonempty open subset of U, then any
solution of L(f) = 0 defined over V extends uniquely to a solution defined over U.

Proof. See [1], section 3; the proof is by substituting a general power series into L and

solving for the coefficients. □

Inspired by this analytic fact that we shall take on faith, we will set out to explore

global solutions to ODEs. This quickly takes us from analysis to geometry. We shall first

discuss how to use the important tool of monodromy to understand the global solutions to

ODE; monodromy is the key tool for understanding when an ODE can be solved globally.

The remainder of this paper then discusses the computation of monodromy. Katz,

inspired by the monodromy of the hypergeometric, invented a remarkable theory of

rigidity of representations which we outline. More classically, Schwarz found an especially

beautiful geometric way to compute the monodromy of the hypergeometric equation. As

a consequence of Schwarz’s computation, many highly symmetric functions are produced

as ratios of solutions to the hypergeometric, giving some of the earliest known examples

of automorphic forms. We hope this paper can be an enjoyable introduction to some

classical and modern ideas, and serve as a good preparation for the book [12] of Katz.

2. Analytically continuing the sqare root

Consider the ordinary differential equation (ODE)

(2.1) L(f) = f ′(z)− 1

2z
f(z)

defined on C \ {0}. If we were working over R+
, then f(x) =

√
x would be a valid

solution to this ODE; but over C, there is no globally defined square root function, and so

it is uncertain if a solution to this ODE exists.

Start with the point 1 ∈ C \ {0}. By Proposition 1.3, in some small disk centered at 1,

(2.1) is solvable; in fact, for (2.1), there exists a solution f to L(f) = 0 defined in the open

ball U1 of center 1 and radius 1, which has f(1) = 1. Let’s try extending this function f
so that it makes sense at the point −1. This process is depicted in Figure 1. Hopefully, this

will give us a tool to go from a local solution of (2.1) to a global one.

Step 1. Choose a path between our basepoint 1, and the new point −1 we wish to

extend f to. We will choose the semicircular path γ : [0, 1] → C \ {0} with γ(t) = eπit.
Step 2. Take the pointx1 = γ(π/4), lying inside the red circle of Figure 1. Proposition 1.3

can be applied at x1, telling us that inside of the green circle, (2.1) has a unique solution

with any given boundary condition. Take f1 the solution to (2.1) with initial condition

f1(x1) = f(x1). A corollary of Proposition 1.3 is that f1 = f on the intersection of the

red circle and the green circle, and so f1 can be used to extend f from the red open disk

to a slightly larger union of two open disks.

Step 3. Extend the domain of f repeatedly, using the procedure of step 2. Specifically,

take a point on γ close to the edge of the boundary of whatever domain f is currently

defined on, and use Proposition 1.3 as in step 2 to extend the domain of f .

Step 4. Finally, we extend our domain so much that the endpoint −1 of our path lies in

the domain of the extended f .

If one explicitly performs this procedure (the existence and uniquenesss theorem is

constructive in the complex case, as you can solve for the power series of a solution),
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Figure 1. Analytic continuation.

then one sees we define f(−1) = i at the end of this process. However, we could have

continued along the lower semicircle, e.g. a path γ′ given by γ′(t) = e−πit. Analytic

continuation along this path then yields f(−1) = −i.
Thus, we see there is some obstruction to defining a global square root function. To

understand what this obstruction is, we will introduce monodromy, which is by far the

most important tool used in our study of ordinary differential equations..

3. Sheaves, Monodromy, and Local Systems

Sheaves are a useful tool for studying local to global phenomena. We recommend [2]

to a reader unfamilar with sheaves, however our presentation will not use any advanced

properties of sheaves. We can reformulate the local existence and uniqueness theorem in

terms of sheaves.

3.1. Some sheaf theory.

Definition 3.1. A complex local system of rank n on a space X is a sheaf F of complex

vector spaces, so that for every p ∈ X, there is some open neighborhood Up of p having

the property that F|Up
∼= Cn

Up
. In other words, a local system is locally a constant sheaf.

Definition 3.2. If L is a linear ODE over a space X, then the sheaf of solutions to L is the

sheaf of complex vector spaces

F(U) = {f : U → C | L(f) = 0}.

Proposition 1.3 can be stated in the language of sheaves as follows.

Theorem 3.3. The sheaf of solutions F to a linear ODE of rank n is always a local system of
rank n.

Proof. For x ∈ X, let Ux be the open neighborhood of x produced by Proposition 1.3.

Then define a morphism of sheaves

Φ : F|Ux
→ Cn

Ux

as follows. For any nonempty connected open set V ⊆ Ux,with Proposition 1.3 we see that

the restriction map F(Ux) → F(V ) is an isomorphism, and hence has an inverse; denote

that inverse by g(V ), and define Φ(V ) = A◦g(V ),whereA : F(Ux) → Cn
Ux

(Ux) = Cn

is the map A(f) = (f(x), f (1)(x), ..., f (n−1)(x)).
Given any general nonempty open set V ⊆ Ux, write V =

⊔
i Vi as a disjoint union of

its connected components. Then we can define Φ(V ) to be the composite

F(V ) ∼=
∐
i

F(Vi) →
∐
i

Cn
Ux

(Vi) ∼= Cn
Ux

(V ),
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where the morphism in the middle is the morphism induced by all the Φ(Vi).
It is then clear that Φ is an isomorphism of sheaves (in fact, it is even an isomorphism

of presheaves), since each Φ(V ) is an isomorphism. It follows that F is a local system. □

3.2. Analytic continuation of local systems. Recall that we wanted to find global

solutions to an ODE. In light of Theorem 3.3, the global solution problem is a special case

of the following natural question about local systems.

Question 3.1. Given a local system F , using the local isomorphisms to constant sheaves,

we can understand the space of sections F(U) whenever U is sufficiently small. What

does the space of sections F(U) look like when U is large, though? What does the space

of global sections look like?

To perform analytic continuation in general, we work with local systems instead of

ODEs. In terms of local systems, our global problem asks to extend a germ s ∈ Fx to a

section t ∈ F(X) defined over all of X.
For a point y ∈ X, we will try to find what the ‘value’ of our global section t should be,

or equivalently what the stalk of this global section t at y should be. To do so, fix a path

γ : [0, 1] → X with endpoints x, y. We will show that γ induces, by analytic continuation,

a well-defined map Fx → Fy. So, given our germ s ∈ Fx, we can get a new germ in Fy.
Then we will try and glue these germs together and hope they’re compatible, so that we

can get a global section.

The definition of the map Fx → Fy should depend only on the choice of path γ. So,

we will try to ‘pullback’ the problem from X to [0, 1], which intuitively should be thought

of as working over γ instead of over all of X. This requires the notion of an inverse image

sheaf.

Definition 3.4. Let f : X → Y be continuous, and G a sheaf on Y. Then define a presheaf
F ′

as

F ′(U) = colimV⊇f(U) G(V ).

Thus, an element of F ′(U) is just a section of G defined over some neighborhood of f(U).
The sheafification of F ′

, denoted by f−1G, is called the inverse image sheaf.

We need some facts about inverse image sheaves.

Proposition 3.5. Let f : X → Y be continuous, and G a sheaf on Y. Set F := f−1G
the inverse image sheaf. Then for each point x ∈ X, there is a canonical isomorphism
Fx

∼= Gf(x). Additionally, if G is a constant sheaf, then so is F .

Proof. See [4]. □

Proposition 3.6. If f : X → Y is continuous and G is a local system on Y, then the inverse
image sheaf F := f−1G is a local system on X.

Proof. This follows from the fact that the inverse image of a constant sheaf is a constant

sheaf. □

The key to analytic continuation is the following technical proposition, stating that

local systems on [0, 1] are constant. The proof of this is just a formalization of the analytic

continuation procedure described in Figure 1, where we piece by piece slowly extend a

germ to a globally defined section.

Lemma3.7. Suppose thatF is a local system of rankn on [0, 1].Then res0 : F([0, 1]) → F0,
the restriction to 0 morphism, is an isomorphism.
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Proof. For each x ∈ [0, 1], there is an open set Ux so that F|Ux
is isomorphic to the

constant sheaf Cn
over Ux.Without loss of generality, we may assume that there are some

ϵx > 0 so thatU0 = [0, ϵ0), U1 = (1−ϵ1, 1], and for x ∈ (0, 1) thatUx = (x−ϵx, x+ϵx),
simply by passing to subsets of whatever Ux we are originally given.

By compactness of [0, 1], we can thus find a finite sequence of points

0 = x0 < x1 < · · · < xn = 1

so that the sets Uxi cover [0, 1]. For notational convenience, put Vi = Uxi .
Set Wm = V0 ∪ · · · ∪ Vm. We prove by induction on m that for each m = 0, 1, ..., n,

the restriction to 0 morphism resm0 : F(Wm) → F0 is an isomorphism of complex vector

spaces.

In the base case, W0 = V0 = U0 and so F|W0
is a constant sheaf by definition of U0,

implying res00 is an isomorphism.

For the inductive step, assume resm−1
0 is an isomorphism. We prove resm0 is an isomor-

phism as follows. First, we check that it is injective. If resm0 (s) = 0 for some s ∈ F(Wm),
then resm−1

0 (s|Wm−1) = 0, and so s|Wm−1 = 0 by injectivity of resm−1
0 . Since F|Vm is

a constant sheaf, the restriction s|Vm∩Wm−1 extends uniquely to a section t ∈ F(Vm)
(Vm ∩Wm−1 is nonempty since Wm = Vm ∪Wm−1 is connected and both Vm,Wm−1

are open in Wm). Clearly s|Vm
is one choice of t; but also, since s|Wm−1

= 0, we see that

0 is another choice of t. By uniqueness, s|Vm
= 0. Hence s = 0 since it is 0 on Vm and on

Wm−1, and so it must be 0 on their union Vm ∪Wm−1 =Wm.
Next, surjectivity. Suppose we are given a germ g ∈ F0.Then, by surjectivity of resm−1

0 ,

the germ g extends to a section s ∈ F(Wm−1). Pick a point x ∈Wm−1 ∩ Vm (which we

explained above was nonempty). Let g′ be the germ of s at x. Then, since F is a constant

sheaf on Vm, we find that g′ extends to a section t ∈ F(Vm). As Wm−1 ∩ Vm ⊆ Vm, we

find F is a constant sheaf on Wm−1 ∩ Vm. As Wm−1 ∩ Vm is connected, this implies that

there is a unique extension of g′ to Wm−1 ∩Vm, and that extension is clearly s|Wm−1∩Vm
,

implying that t ∈ F(Vm) has t|Wm−1∩Vm
= s|Wm−1∩Vm

. Therefore the sections s, t glue

to form a section s′ ∈ F(Wm) which has germ g at 0, giving us the desired surjectivity.

As a consequence of our induction, the global restriction to 0 morphism res0 : F([0, 1]) →
F0 is an isomorphism. □

Remark 3.8. A reader seeing this theorem for the first time is encouraged to try and

imitate the above argument for S1, where the theorem is false, to see how our proof

intricately used the structure of [0, 1].

3.3. Themonodromy representation.

Definition 3.9. Let γ : [0, 1] → X be a continuous path in X, with endpoints x = γ(0)
and y = γ(1). Suppose F is a local system on X. Then by Proposition 3.6, γ−1F is a local

system on [0, 1]. By Lemma 3.7, there are isomorphisms res0 : γ−1F([0, 1]) → γ−1F0

and res1 : γ−1F([0, 1]) → γ−1F1. Also, as a general property of inverse image sheaves,

there are canonical isomorphisms f : Fx → γ−1F0 and g : Fy → γ−1F1. Combining

these, we get an isomorphism Mγ : Fx → Fy defined as

Mγ = g−1 ◦ res1 ◦ res−1
0 ◦f.

We define Mγ to be the monodromy along γ.

Thus the morphism Mγ depends on the path γ. But fortunately, the monodromy only

depends on the homotopy class of γ.The idea is the same as analytic continuation: pullback.
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Except this time, we pullback to the homotopy square, and not to a line. So, we shall need

the following adaptation of Lemma 3.7.

Lemma 3.10. If F is a local system on the square [0, 1]2, then the restriction map res(0,0) :
F([0, 1]2) → F(0,0) is an isomorphism.

Proof. See [5], Lemma 3.7; the proof is similar to the proof for [0, 1]. □

Theorem 3.11. If H : [0, 1]2 → X is a homotopy of paths between two paths γ1, γ2 :
[0, 1] → X with common endpoints x, y, then for any local system F of rank n on X, we
have the equality of monodromiesMγ1

=Mγ2
.

Proof. The proof will go by constructing a certain commutative diagram.

The inclusion ι : [0, 1] → [0, 1]2 as ι(t) = (t, 0) allows us to form a double pullback

ι−1(H−1F). This sheaf is canonically isomorphic to (H ◦ ι)−1F , but ι ◦ H is just γ1.
Hence ι−1(H−1F) ∼= γ−1

1 F .
One consequence of this isomorphism is that we have a natural map H−1F([0, 1]2) →

ι−1(H−1F)([0, 1]) ∼= γ−1
1 F([0, 1]). Since inverse images commute with taking stalks,

and since a global section of a local system on either [0, 1]2 or [0, 1] is uniquely determined

by its stalk at any point (recall Lemma 3.7 and Lemma 3.10), we find thatH−1F([0, 1]2) →
γ−1
1 F([0, 1]) is an isomorphism, and hence has an inverse. Using similar results for γ2 we

find a large commutative diagram

Fx γ−1
1 F0 γ−1

1 F([0, 1]) γ−1
1 F1 Fy

Fx H−1F(0,0) H−1F([0, 1]2) H−1F(1,0) Fy

Fx γ−1
2 F0 γ−1

2 ([0, 1]) γ−1
2 F1 Fy

,

from which we can deduce the theorem since the top row gives us a map Fx → Fy

which is just Mγ1
, and the bottom row’s map Fx → Fy is Mγ2

, so that by commutativity

of the diagram Mγ1
=Mγ2

. □

Definition 3.12. Given any local system F on X, and any basepoint x ∈ X, in light

of Theorem 3.11 we can define the associated monodromy representation of the group

π1(X,x) on the vector space Fx as the morphism of groups ρ : π1(X,x) → GL(Fx)
sending [γ] ∈ π1(X,x) to the monodromy transformation Mγ .

3.4. Global solutions to an ODE. Monodromy allows us to give an answer to Ques-

tion 3.1. We start with a lemma.

Lemma 3.13. Let X ⊆ C be open, and F a local system on X . Then for any section
s ∈ F(X), and any two points x, y and any path γ from x to y, we have

resy(s) =Mγ(resx(s)),

where resx(s) denotes the germ of s at x, and likewise with resy(s).

Proof. The section s induces a section of γ−1
1 F([0, 1]) whose stalk at 0 is equal to resx(s) ∈

Fx
∼= γ−1

1 F0 (under the canonical isomorphism), and so in the mapFx → γ−1
1 F0γ

−1
1 F([0, 1])

we must have resx(s) 7→ s. As Mγ is the composite

Fx → γ−1
1 F0 → γ−1

1 F([0, 1]) → γ−1
1 F1 → Fy,
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the claim now follows. □

Theorem 3.14. Let X be a connected open subset of C, and let F be a local system of
rank n on X.Then for any nonempty connected open subset U ⊆ X , and any point x ∈ U,
the restriction map resx : F(U) → Fx is injective, and if ρ : π1(X,x) → GL(Fx) is the
monodromy representation associated to F|U , then the image of resx is precisely the set of
germs s ∈ Fx which obey ρ(ι∗g)s = s for all g ∈ π1(U, x),where ι∗ : π1(U, x) → π1(X,x)
is the map induced from the open inclusion ι : U → X.

Remark 3.15. This theorem means that we can identify F(U) with the set of monodromy

invariant germs at x, giving us a very satisfactory answer to Question 3.1.

Proof. Without loss of generality, assume U = X.
Let s ∈ F(X) be a global section. Define S the set of points y ∈ X so that the stalk of

s at y, which we will denote by resy(s), vanishes. By basic sheaf theory, this set S is open.

But since F is a local system, this set is also closed. Indeed, suppose yn ∈ X is a sequence

of points in X converging to another point y ∈ X, then there’s some neighborhood U
of x on which F|U is a constant sheaf. There is also some large N so that yN ∈ U. For

constant sheaves, if the stalk at a point is 0, then the entire section is 0, and hence since

resyN
(s) = 0, we must have resU (s) = 0. Hence resy(s) = 0 since y ∈ U, and so if y is a

limit point of S, then y ∈ S.
As S is an open and closed subset of the connected space X, we find S = X or S = ∅,

and so if a global section has stalk 0 at x (which forces S ̸= ∅), then it has stalk 0 at every

point and so it must be the zero section. Thus resx is injective.

Next we classify the image of resx. Assume that s ∈ F(X) is a global section. For any

γ ∈ π1(X,x), the monodromy ρ(γ) : Fx → Fx acts on the germ of s as follows. First,

choose a representative of γ by a concrete loop γ : [0, 1] → X at x. Then, ρ(γ) is the

composite map

Fx → γ−1F0 → γ−1F([0, 1]) → γ−1F1 → Fx.

Since we already know that the germ of s comes from the global section s, though, the

image of s under Fx → γ−1F([0, 1]) in the above is just the section of γ−1F([0, 1])
induced by s, which we will call s′. Hence the image of s′ in γ−1F([0, 1]) → Fx is just

the stalk of s at x, and so ρ(γ) acts trivially on the germ of s at x.
Hence, monodromy acts trivially on im resx . Conversely, suppose that a germ s ∈ Fx

is acted on trivially by monodromy. We claim it comes from a global section. Firstly, by

the definition of germ, s lifts to a section s ∈ F(V ) over some connected open ball V
containing x. We will analytically continue s to a global section. For any y ∈ X, there is

a path γ : [0, 1] → X from x to y. The monodromy transformation Mγ : Fx → Fy along

this path then gives a germ Mγ(s) at y; as before, this extends to a section sy ∈ F(Vy) for

some connected open ball Vy containing y. The germ Mγ(s) is independent of the path γ,
since if γ′ is another path from x to y, then γ−1 ◦γ′ (for γ−1

the path going in the opposite

direction to γ) is a loop at x, and hence Mγ−1◦γ′ = id as we assumed monodromy at x
was trivial. But then M−1

γ ◦Mγ′ =Mγ−1γ′ = id and so Mγ =Mγ′ .
We use the gluing property of sheaves to glue all these sections sy together to a global

section (the sets Vy for all y ∈ Y obviously form an open cover of X). Let y, z ∈ X be

two points. Then we wish to show that sy, sz agree on Vy ∩ Vz. If this set is empty, the

agreement is vacuously true. If the intersection is nonempty, then the union Vy ∪ Vz is

the union of two overlapping open disks in the plane and hence simply connected. See

Figure 2.
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x
w
y

z

Vy

Vz

Figure 2. The points x, y, z, and w.

Since the stalks sy come from analytic continuation along any path from x to y, we

will pick a convenient path. Take a path γ from x to w. Then take γy a path from w to y,
and γz a path from w to z. Thus γy ◦ γ and γz ◦ γ are paths from x to y and from x to z,
respectively.

By Lemma 3.13 and definition of sy , we find

resw(sy) =M−1
γy

(resy(sy)) =M−1
γy

(Mγy◦γ(s)) =M−1
γy
Mγy

Mγ(s) =Mγ(s).

Similarly we deduce resw(sz) =Mγ(s) = resw(sy), and so, since F is a constant sheaf on

Vy and Vy ∩Vz is connected (being the intersection of two disks), we find that sy|Vy∩Vz =
sz|Vy∩Vz

, since they have the same stalk at some point and F is a constant sheaf on

Vy ∩ Vz.
Since the sy sections agree on overlaps, by the sheaf axiom we can glue them to a

global section s ∈ F(X), and we conclude. □

Remark 3.16. The category of complex local systems and the category of finite-dimensional

complex representations of π1(X) are equivalent! We will not need this result so we won’t

prove it, but it is useful to keep in mind.

To apply Theorem 3.14 in practice, one needs to be able to compute the monodromy

transformations so that we can find their invariants. We turn to the problem of computing

monodromy in the special case where X = C \ {a1, ..., an}, for distinct points a1, ..., an.
One explicit presentation of π1(X,x) is obtained as follows. Fix points b1, ..., bn with

bi chosen very close to ai. Let γi be a counterclockwise circle based at bi with center ai.
Let ℓi be a path from x to bi, so that the paths ℓi are pairwise disjoint (except, of course, at

x) and so that ℓi does not cross any γj except for γi, which it touches at bi and nowhere

else. Then the loops αi = ℓ−1
i ◦ γi ◦ ℓi form a generating set of π1(X,x). And also,

(3.17) Mαi
=M−1

ℓi
◦Mγi

◦Mℓi .

So, to compute the monodromy around αi, we just need to understand the monodromy

across ℓi and the monodromy around γi. The monodromy around γi is quite easy, and can

be solved classically for ODEs whose singularities are not too awful. First, the problem of

computing the monodromy around γi is local: one only needs to consider the ODE in a

small neighborhood of ai. This motivates the reduction of our next section.

4. Computing Local Monodromy of Fuschian Eqations

For this section, we fix X = ∆∗ = {z ∈ C | |z| < 1} \ {0} the punctured disk,

and let L be a linear ODE on X of rank n. The fundamental group π1(X,x) for any

x ∈ X is isomorphic to Z, with generator some loop γ at x encircling the origin once

counterclockwise. In this section, we will describe how to compute the monodromy

representation ρ : π1(X,x) → GLn(C) given L, which amounts to describing ρ(γ).
There is a large theory due to Fuchs and others on how to go about computing the local
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monodromy, and we refer an interested reader to [3] to see the larger story, but we only

recount the small part of it that we will need.

The crucial insight to computing this monodromy is to pass from the punctured disk

∆∗
to its universal cover; in classical terms, we consider the multivalued solutions to ∆∗.

Take H = {τ ∈ C | ℜ(τ) < 0} the left half plane, and let π : H → ∆∗
be the covering

map π(τ) = eτ . Then
df
dτ = df

dz
dτ
dz = z df

dz . We can use the identity
dnf
dτn =

(
z df
dz

)n

to

rewrite znL(f) = L̃(f), where

(4.1) L̃(f) =
dnf

dτn
+ gn−1(e

τ )
dn−1f

dτn−1
+ · · ·+ g0(e

τ )f(τ).

Definition 4.2. We say that L has a regular singularity at 0 if the functions gi in (4.1) are

holomorphic in z = eτ .

We assume L has a regular singularity at 0, so that L̃ has holomorphic coefficients. The

benefit to doing this is that our ODE becomes L̃(f) = 0, which has simply-connected

domain H. In particular, all germs of solutions extend to global solutions.

Example 4.3. Our ODE (2.1) from earlier becomes L̃(f) = df
dτ − 1

2f, which has one-

dimensional solution space spanned by f(τ) = eτ/2. Since z = eτ , this is basically

√
z.

It is trivial to compute the monodromy: a loop around the origin in ∆∗
corresponds to

adding 2πi in H, and f(τ + 2πi) = −f(τ), explaining why the monodromy is −1.

This observation extends generally.

Proposition 4.4. Let F be the sheaf of solutions to L. For any x ∈ ∆∗, let γ ∈ π1(∆
∗, x)

denote the loop at x which encircles the origin once counterclockwise. Pick some t ∈ π−1(x),

and let G be the sheaf of solutions to L̃.ThenMγ : Fx → Fx is equal to the composition

Fx → Gt → G(H) → Gt+2πi → Fx,

where two morphisms in the middle are extension (since every germ extends uniquely to a
global solution as H is simply connected) and restriction, respectively.

Proof. Lift γ to a path γ̃ on H with endpoints t, t+ 2πi, and then the claim follows from

comparing the definition of Mγ and Mγ̃ , and using π ◦ γ̃ = γ. □

Proposition 4.4 is great in theory, but in practice it is still very hard to solve L̃ over H
to compute Mγ . Luckily, Frobenius realized a shortcut.

Theorem 4.5 (Method of Frobenius). Suppose that
(α+ k)n + gn−1(0)(α+ k)n−1 + · · ·+ g0(0) = 0

if and only if k = 0, for gj as in (4.1). Then there is a solution to (4.1) of the form f(τ) =
eατg(z) for g holomorphic in z = eτ on ∆∗ ∪ {0}, with g(0) = 1.

Proof. Write our potential solution as a power series

∑∞
k=0 ake

(α+k)τ , and write the

coefficients of (4.1) as gj(e
τ ) =

∑∞
k=0 bjke

kτ . Then L̃(f) = 0 is equivalent to saying

∞∑
k=0

ak(α+ k)ne(α+k)τ +

n−1∑
j=0

gj(z)ak(α+ k)je(α+k)τ = 0.

The coefficient on e(α+k)τ
in the above is then

(4.6) ak(α+ k)n +

n−1∑
j=0

k∑
m=0

bj,k−mam(α+ k)m = 0.



10 MICHAEL BARZ

So, we wish to prove there exist some choice of ak with a0 = 1 and the ak all obeying

(4.6).

Define a0 = 1. Our hypothesis is precisely the statement that 1 obeys (4.6) for k = 0.
Then the rest of our constraints can be satisfied recursively; once you know a0, a1, ..., ak−1,
then (4.6) becomes a linear equation for ak, and so it is always satisfiable as long as the

coefficient on ak is nonzero. Luckily, the coefficient on ak is

(α+ k)n +

n−1∑
j=0

gj(0)(α+ k)j ,

which we posited was nonzero for k ̸= 0. □

Corollary 4.7. If the indicial equation tn + gn−1(0)t
n−1 + · · · + g0(0) has n distinct

roots α1, ..., αn, and no two of them differ by an integer, then we can take a basis of the
space of solutions for L̃ of the form eαiτgi(z), for gi(0) = 1 and gi holomorphic. If x ∈ ∆∗

and γ ∈ π1(X,x) is the loop encircling the origin once counterclockwise, then ρ(γ) is the
diagonal basis with entries α1, ..., αn in the basis of germs of solutions to L at x defined by
projecting the eαiτgi(z).

Proof. These solutions are clearly linearly independent since the αi are distinct mod 1, and

so they form a basis; the monodromy computation is immediate from Proposition 4.4. □

5. Solutions of the Hypergeometric

One of Riemann’s early contributions to ODEs was the idea that instead of studying

ODEs on C, we should study ODEs on the Riemann sphere P1. Writing down an ODE on

P1
is quite easy: just write down an ODE over the C, and then whenever you want to talk

about it near infinity, change coordinates from z to w = 1/z.
There are no interesting second order ODEs on P1

with only two regular singularities.

However, when you allow three regular singularities (which, without loss of generality,

are located at 0, 1, and ∞), a very interesting case occurs.

Proposition 5.1. The hypergeometric (1.1) is an ODE with three regular singular points, at
0, 1, and ∞.

Proof. Write a second order ODE with regular singularities at 0, 1,∞ as

M(f) =
d2f

dz2
+ a(z)

df

dz
+ b(z)f(z).

Since M is an ODE over P1 \ {0, 1,∞}, the coefficients a, b are assumed holomorphic on

that set, and hence must be rational functions whose only poles are at 0 and 1; g has at

most simple poles there, and h has poles of order at most 2. To incorporate regularity at

∞, rewrite M in the coordinate w = 1/z, where M(f) = 0 becomes

w2 d
2f

dw2
+ (2w − a(w))

df

dw
+
b(w)

w2
f(w) = 0.

Thus, having a regular singularity at infinity just means that a(w) has a zero at infinity

and b(w) vanishes at infinity to order 2. Hence g(z) = (Az +B)/(z(z − 1)) and h(z) =
(Cz2+Dz+E)/(z2(z−1)2). In particular, the hypergeometric equation has three regular

singularities. □
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The most basic question to ask about the hypergeometric equation is what its solutions

are. Euler found one, written as, for (t)n = t(t− 1) · · · (t− n+ 1),

2F1(a, b, c; z) =

∞∑
k=0

(a)k(b)k
(1)k(c)k

zk = 1 +
ab

c
z +

a(a− 1)b(b− 1)

2 · 1 · c(c− 1)
z2 + · · · .

This series has radius of convergence 1, and Euler found it by plugging in a generic power

series into (1.1) and seeing which coefficients would make it hold. Another solution can

be found with Theorem 4.5. At 0, we can rewrite the hypergeometric as

0 =

(
z
df

dz

)2

+
(c− 1)− (a+ b)z

1− z

(
z
df

dz

)
− abz

1− z
f(z).

The corresponding indicial equation is t2 + (c − 1)t = 0, which has roots t = 0 and

t = 1 − c. Hence, if c ̸∈ Z, there should be some holomorphic function g so that

f(z) = z1−cg(z) is a solution. Using the power series substitution trick again, we may

find z1−c
2F1(1+a−c, 1+b−c, 2−c; z).Note also that if c ∈ Z then either 2F1(a, b, c; z)

or 2F1(1+a− c, 1+ b− c, 2− c; z) would be undefined since the power series coefficients

would involve a division by 0.

This analysis can be tediously repeated around each singularity. We state the outcomes

of such an undertaking, from [1], section 7.23.

Proposition 5.2. Assume c, a− b, and c− a− b are each non-integer. Then around 0, (1.1)
has solution space spanned by z1−c

2F1(1 + a− c, 1 + b− c, 2− c; z) and 2F1(a, b, c; z).
Around 1, it has local solutions 2F1(a, b, 1+ a+ b− c; 1− z) and (1− z)c−a−b

2F1(c−
a, c− b, 1 + c− a− b; 1− z).

Around∞, it has local solutions z−a
2F1(a, 1+ a− c, 1+ a− b; 1/z) and z−b

2F1(b, 1+
b− c, 1 + b− a; 1/z).

We next ask how these local solutions analytically continue. Fix a basepoint x. Then

π1(P1 \ {0, 1,∞}, x) = ⟨γ0, γ1, γ∞ | γ0γ1γ∞ = 1⟩, where γa is a loop encircling a once

counterclockwise. To compute the monodromy representation ρ : π1(X,x) → GL2(C)
attached to the hypergeometric, it thus suffices to determine ρ(γ0), ρ(γ1), and ρ(γ∞).

Proposition 4.4 tells us that ρ(γ0) has conjugacy class
(
1 0
0 e2πi(1−c)

)
, and ρ(γ1), ρ(γ∞)

have similarly determined conjugacy classes. But we have essentially written each ρ(γa)
in a different basis. We need to write them all in a common basis.

6. Rigidity

6.1. A technical preface. Before presenting the main material, we will need one technical

result about Euler characteristics.

Set X = P1, and fix S = {x1, ..., xk} a finite subset of X. Set U = X \ S and take

j : U → X the open inclusion. Let F be a local system of rank n on U.

Lemma 6.1. Let u, v ∈ U, and let γu, γv be loops based at u and v respectively, which each
enclose xi once counterclockwise but enclose no other points of S.

Let Mu,Mv be the monodromies around γu, γv, respectively. Then Mu and Mv are
conjugate.

Proof. Let φ be a path from u to v contained in U. Then Mv =Mφ ◦Mu ◦M−1
φ . □

Definition 6.2. For xi ∈ S, we define di to be dim{f ∈ Fu | Mu(f) = f} using the

notation of Lemma 6.1; the statement of that lemma implies di is independent of the choice
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of u ∈ U. For ∆i a small disk centered at xi, and ∆∗
i = ∆i \ {xi}, we set FIi = F(∆∗

i ),
noting that dimFIi = di.

Theorem 6.3 (Euler-Poincare Formula). In the language of the above,

χ(X, j∗F) = nχ(U,C) +
k∑

i=1

di.

Additionally, h2(X, j!F) = h2(X, j∗F).

Proof. For each xi, let Mi be the skyscraper sheaf on X whose stalk at xi is FIi
. Define

Φi : j∗F → Mi by Φi(U) = 0 if xi ̸∈ U, and if xi ∈ U then define Φi(U)(s) to be

the section of Mi(U) whose stalk at xi is s|∆i
(if ∆i ⊆ U this is fine, if not then by

Theorem 3.14 we can extend s|∆i∩U to ∆i since s is invariant under the local monodromy).

Set M the direct sum of the Mi, so that we get an arrow Φ : j∗F → M. This

morphism is surjective, since at each point x ∈ U we have Mx = 0 and so Φx is

surjective automatically; at a point xi, Φxi
is surjective since Mxi

= FIi
which j∗Fxi

surjects onto by Theorem 3.14. We thus have an exact sequence

(6.4) 0 → kerΦ → j∗F → M → 0,

implying

(6.5) χ(X, j∗F) = χ(X, kerΦ) + χ(X,M).

As h0(X,Mi) = dimFIi = di, and skyscraper sheaves have no nontrivial higher

cohomology, we see χ(X,M) =
∑k

i=1 di.
We remark kerΦ ∼= j!F (indeed, we can directly compute kerΦ(V ) for any V , since

the presheaf kernel is a sheaf, and just observe it is the same as j!F ). Thus, by Poincare

duality,

χ(X, kerΦ) = χ(X, j!F) = dimH0(X, j!F)− dimH1(X, j!F) + dimH2(X, j!F)

= dimH0
c (U,F)− dimH1

c (U,F) + dimH2
c (U,F)

= dimH2(U,F)− dimH1(U,F) + dimH0(U,F)

= χ(U,F).

Therefore χ(X, kerΦ) = χ(U,F). For a local system, one always has χ(U,F) =
nχ(U,C), see [8], Proposition 2.5.4, for the computation. Thus, with χ(X, kerΦ) and

χ(X,M) both computed, the first claim follows immediately from (6.5).

The long exact sequence of cohomology attached to (6.4), combined with the observation

that M has trivial higher cohomology made above, gives us an exact sequence

0 → H2(X, j!F) → H2(X, j∗F) → 0,

immediately implying our second claim. □

6.2. Rigid representations. Fix X = P1, S = {x1, ..., xk} a finite subset of X, and

U = X \ S. Let G = ⟨g1, ..., gk | g1 · · · gk = 1⟩ be the fundamental group of U, where gi
represents a loop around xi.

Definition 6.6. Two representations ρ1, ρ2 of G in n-dimensions are said to be locally
isomorphic if for each i, we have ρ1(gi) ∼ ρ2(gi), where A ∼ B means A is conjugate to

the matrix B. A representation ρ of G is rigid if whenever ψ is locally isomorphic to ρ,
then ρ ∼= ψ. The local data of a representation ρ of G is the k-tuple (ρ(g1), ..., ρ(gk)).
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Thanks to the method of Frobenius, given an ODE, we may determine the local data of its

monodromy representation. But we do not have a way of determining the representation

unless the system is rigid. Katz found an easy way to check if a system is rigid.

Proposition 6.7. LetF be a local system on U of rank n, ρ its monodromy, and (A1, ..., Ak)
the local data of ρ.Then

χ(X, j∗F) = n(2− k) +

k∑
i=1

dimker(Ai − I).

Proof. Apply Theorem 6.3, since ker(Ai − I) is the space of monodromy invariants. □

Theorem 6.8. Let F be a local system on U , ρ the corresponding monodromy representation,
and (A1, ..., Ak) the local data of ρ. Assume ρ is irreducible. Then ρ is rigid if

(6.9) (2− k)n2 +

k∑
i=1

dimZ(Ai) = 2,

where Z(Ai) denotes the centralizer of Ai in GLn(C).

Proof. Our proof follows [12]. Consider the local system End(F) on U, which has rank

n2; it has corresponding monodromy representation φ : G → GL(Mn×n(C)) on the

vector space of n× n matrices, with the local monodromy at xi acting by conjugation;

thus the space of fixed points of the monodromy at xi is the centralizer algebra of Ai,
whose dimension is the same as that of Z(Ai). Therefore Proposition 6.7 tells us

χ(X, j∗End(F)) = (2− k)n2 +

k∑
i=1

Z(Ai) = 2.

Let ρ′ be any representation of G with the same local data as ρ, and let F ′
be the

corresponding local system (given a representation, a local system with that monodromy

can easily be constructed with the theory of covering spaces, by taking the covering

space of U associated to ker ρ and then pushing forward the constant sheaf Cn
from the

covering space to U , c.f. [5]). Since Proposition 6.7 tells us that the rank and the local data

determine the Euler characteristic, we find that if F ′
has the same local data as F , then

χ(X, j∗Hom(F ,F ′)) = χ(X, j∗Hom(F ,F ′)) = 2. The second part of Proposition 6.7

tells us h2(X, j∗Hom(F ,F ′)) = h2(X, j!Hom(F ,F ′)).
Combining these two deductions,

2 = h0(X, j∗Hom(F ,F ′))− h1(X, j∗Hom(F ,F ′)) + h2(X, j∗Hom(F ,F ′))

≤ h0(X, j∗Hom(F ,F ′)) + h2(X, j∗Hom(F ,F ′))

= h0(U,Hom(F ,F ′)) + h2(X, j!Hom(F ,F ′))

= h0(U,Hom(F ,F ′)) + h2c(U,Hom(F ,F ′))

= h0(U,Hom(F ,F ′)) + h0(U,Hom(F ′,F)),

where the last equality is by Poincare duality.

In particular, at least one of those sheaves has a nonzero global section, meaning there

exists a nonzero morphism of representations from either ρ to ρ′ or ρ′ to ρ. A morphism

ρ → ρ′ is the data of a map T : Cn → Cn
so that T (ρ(g)v) = ρ′(g)T (v). Then kerT is

ρ(g)-invariant, and hence (as T ̸= 0) we find kerT = 0, meaning it is an isomorphism. A

similar argument with imT works if we have a morphism ρ′ → ρ, and so either way we

find that the morphism given must be an isomorphism of representations.
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Thus, ρ is isomorphic to any representation with the same local data, proving its

rigidity. □

Remark 6.10. If we let L denote the left hand side in (6.9), then [12] shows that 2− L is

the dimension of the space of representations. Thus the criterion of this theorem is not

just sufficient for rigidity, but necessary.

Corollary 6.11. If k = 3, n = 2, then any irreducible ρ is rigid.

Proof. Apply Theorem 6.8, noting that dimZ(A) = 2 whenever A is 2 × 2 and non-

scalar. □

We can almost deduce that the hypergeometric has rigid monodromy, except we do

not know yet that the representation attached to a hypergeometric is irreducible.

Proposition 6.12. If a, b, c, b− c, and a− c are all non-integers, then the hypergeometric
equation has rigid monodromy representation.

Proof. By Corollary 6.11, it suffices to prove the monodromy representation of a hyper-

geometric L is irreducible. Assume otherwise, so that the monodromy was reducible.

Call the three matrices representing the local monodromies in the representation as

A,B,C ∈ GL2(C), obeying ABC = 1. Imagine the representation was reducible; then

A,B,C would have to have a common eigenvector (this is true only because we work in

2-dimensions!).

Since ABC = 1, we’d find that three eigenvalues of A,B,C multiply to 1. We’ve

already computed these eigenvalues though: A has 1, e2πi(1−c)
; B has 1, e2πi(c−a−b)

; and

C has e2πia, e2πib. Then multiplying these, the possible products are never 1, using the

non-integrality hypothesis we made. □

Therefore, most of the time the hypergeometric has rigid monodromy representation.

In particular, since we know its local monodromies, we can find what the representation

is in theory. Katz’s rigidity theory includes a constructive part, giving an algorithm to go

from local monodromies to the representation. We regrettably cannot include this general

theory of middle convolution due to space, but refer a reader to [9]. But the philosophy

of rigidity is important: since a hypergeometric equation’s monodromy is determined

by the local monodromy, we should in principle be able to discover everything we want

to know about the solutions to a hypergeometric equation without needing to explicitly

analytically continue solutions. We now discuss Schwarz’s computation of monodromy,

which is very geometric thanks to this miracle of rigidity.

7. Schwarz Triangles

Fix parameters a, b, c ∈ R for a hypergeometric equation (1.1), with a, b, c, c− a, c− b
all non-integers, and fix U ⊆ P1 \ {0, 1,∞} a simply connected open set.

The monodromy representation ρ gives an action of π1(P1 \ {0, 1,∞}) on the 2-

dimensional space of solutions to (1.1) defined over U, which we will denote by F(U).
Schwarz found a wonderfully geometric interpertation of this action that we will now ex-

plore. His first step in obtaining this geometric interpretation was to transfer to the

projective monodromy representation: ρ induces an action of π1(P1 \ {0, 1,∞}) on

P(F(U)) ∼= P1
, called the projective monodromy representation.

Definition 7.1. If we make a choice of basis y1, y2 ∈ F(U), then we can define an explicit

coordinate function ψ : U → P1
by ψ(x) = [y1(x) : y2(x)].
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We cannot have y1(x) = y2(x) = 0 at some point x, since then some nontrivial

combination of y1, y2 would kill the first derivative at x. Hence λ1y1 + λ2y2 would have

initial condition (0, 0) at x, implying λ1y1 + λ2y2 = 0 on all of U, when we assumed

y1, y2 were independent; thus this map into P1
is defined everywhere on U.

The function ψ depends on a choice of y1, y2, and so ψ is only well-defined up to a

Mobius transformation. Mobius transformations form a 3-parameter family; since ψ has

only three degrees of freedom, Schwarz had the idea to look for a third order ODE that ψ
solved whose coefficients did not depend on a choice of basis.

Recall from the classical theory of ODEs the Wronskian, c.f. [1]. If y1, y2 are linearly

independent solutions to (1.1), then W = y1y
′
2 − y′1y2 obeys W ′ = pW for p(z) =

(c− (a+ b+ 1)z)/(z(1− z)). Thus ψ′ =W/y22 , and

ψ′′ =
W ′

y22
− 2Wy′2

y32
= −pψ′ − 2ψ′ y

′
2

y2
,

which rearranges to

ψ′′

ψ′ = −p− 2
y′2
y2
.

Differentiating this relationship gives the third order ODE

ψ′′′

ψ′ −
(
ψ′′

ψ′

)2

= −p′ − 2
y2y

′′
2 − y′2y

′
2

y22
.

Since y′′2 = −py′2 − qy2, for q(z) = ab/(z(1− z)), the above simplifies

(7.2)

ψ′′′

ψ′ − 3

2

(
ψ′′

ψ′

)2

= −p′ + 2q − 1

2
p2.

We denote the left hand side of the above equation as S(ψ), called the Schwarizan
derivative of ψ. This final differential equation is completely independent of y1 and y2.
In particular, regardless of which two initial solutions y1, y2 we used, the corresponding

Schwarz triangle function will always solve this ODE; generally the Schwarizan derivative

is invariant under postcomposition with a Mobius transformation, corresponding to how

ψ was only defined up to a Mobius transformation.

At first glance, we have just made the problem more complicated for no apparent

reason: a second order linear ODE was replaced by a complicated third order nonlinear

ODE. But the Schwarzian derivative also appears in another, much better understood,

context, and thus acts as a bridge between the geometry of triangles and the monodromy

of hypergeometrics.

7.1. Schwarz-Christoffel Mappings.

Definition 7.3. A curvilinear polygon is a triangle inCwhose sides are either line segments

(as usual) or arcs of circles.

Let P be a curvilinear triangle, with vertices b1, b2, b3 in counterclockwise order. The

Riemann mapping theorem states that there is a conformal isomorphism f from the

interior of P to H = {z ∈ C | ℑ(z) > 0}, so that f extends to a continuous function

f : P → H̄ ∪ {∞} sending the boundary of P to R ∪ {∞}.
Schwarz was interested in finding an explicit formula for f. Let R1, R2, R3 denote

reflection over the three sides of P. (When one of the sides is a line, reflection over it is easy

to interpret; in general, by reflection over a circle we mean inversion–i.e., inversion in the

unit circle is z 7→ 1/z̄, c.f. [7].) Applying the Schwarz reflection principle, we see that we
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Figure 3. The red points have at least two values assigned to them by

f , since two sequences of reflections of our original blue triangle can

produce the red points.

can extend f from P to a function f : P ∪RiP → P1C for each i (the Schwarz reflection

principle has a fancy name, but the idea is to just define f(w) = ¯f(z) whenw ∈ RiP is the

reflection of z). By repeatedly reflecting, we can also get functions f : RiP∪RjRiP → P1,
etc. for any number of reflections. We thus extend f to a multivalued function f : Q→ P1,
where Q is the union of all sets of the form Ri1 · · ·RiℓP. The reason our f is multivalued

is that there might be two sequences of reflections which end in the same final point,

and there is no guarantee that our function f , extended one reflection at a time, will give

the same value if you travel along those two different sequences. Each branch of f is

holomorphic except at images of vertices of P. See Figure 3 for an example.

Every point in H ∪ R ∪ {∞} lies in f(P ). By the construction of the reflected map,

the image of f(R1P ) then contains every point in the lower half plane, and so in the

union we find that the multivalued f extended to Q is surjective. This allows us to

define a multivalued inverse function to f, which we will denote φ : P1 → Q. Applying

a Mobius transformation to f if needed, we can assume that the vertices of P obey

f(b1) = 0, f(b2) = 1.

Definition 7.4. Let Γ∗
be the group of automorphisms of P1

generated by the reflections

R1, R2, R3, and let Γ be the normal index 2 subgroup consisting of products of an even

number of reflections (or equivalently, the orientation preserving reflections). Γ is called

the triangle group of P.

For some x ∈ C, if f(p) = x, then f(Rip) = x̄ for any Ri, since we extend f across a

reflection by conjugation. Therefore the set φ(x) of all inverses of x is just Γp. We say

that the monodromy group of φ is Γ.
Since Γ acts by Mobius transformations, and the Schwarzian derivative is invariant

under Mobius transformations, it follows that S(φ) is single valued even though φ itself is

multivalued. The map φ is conformal except at points 0, 1,∞, and so S(φ) is holomorphic

except at those 3 points, where a division by 0 may occur in the definition of the Schwarzian.

We now attempt to compute the Schwarzian of φ.

7.2. Singularity at 0. Focus on 0, which corresponds to vertex b1 of our triangle; let α1π
be the angle measure at that vertex in our triangle.

Take a small open ball B0 centered at 0 of radius ϵ, and let B′
0 = B0 \ {(−ϵ, 0]}. Then

we can take a single valued branch φ0 : B′
0 → C of φ onB′

0. Specifically, letB+
0 = B0∩H

and B−
0 = B0 ∩ {ℑ(z) < 0}. Then for each z ∈ B+

0 , there is a unique w ∈ P so that

f(w) = z, and for each z ∈ B−
0 , there is a unique w ∈ R3P so that f(w) = z. Along

side s2 (the side from b3 to b1), which corresponds to the (−∞, 0) portion of the real axis,

there is some ambiguity: do we map −ϵ/2 to a point on s2 or to a point on R3s2? If you

approach from B−
0 , then it seems like you should map to a point on R3s2, but otherwise

it seems like you should map from a point on s2. This ambiguity, shown by the blue and

green coloring in Figure 4, is why we removed (−ϵ, 0) fromB′
0.Thus φ0 : B′

0 → P ∪R3P
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is a well-defined, single valued continuous branch of φ. The image of φ0 is not all of

P ∪R3P, but instead a tiny portion of the ‘double corner.’ See Figure 4, near b1.

φ0

P

R3P

b1 b2

Figure 4. A triangle and its reflection.

As z → 0 inB′
0,we see that φ0(z) approaches b1, and so we can extend φ0 toB′

0∪{0}
by setting φ0(0) = b1.

We can take a Mobius transformation of φ0 without changing its Schwarzian derivative;

the curvilinear triangle is somewhat annoying, but by means of an appropriate Mobius

transformation one can change the image of φ0 so that instead of mapping into a corner

of a curvilinear triangle, it maps into the corner of an ordinary triangle; call this Mobius

transformation M, and arrange things so that Mφ0(0) = 0 and so that the image of (0, ϵ)
under Mφ0 lies along the positive real axis.

Choose a branch of zα1
onB′

0.ThenMφ0/z
α1

extends to a continuous map onB0\{0};

indeed, our problem with defining a continuous map Mφ0 on B0 is that if we approach

(−ϵ, 0) from B+
0 , then it seems we should map onto a point in Ms2, but if we approach

from B−
0 then it seems we should map to a point on MR3s2. Since Ms2 has mapped to a

segment making an angle of πα1 counterclockwise from the reals, and MR3s2 mapped

to a segment making an angle of πα1 clockwise, for a fixed point t ∈ (−ϵ, 0), we can say

that the limit of Mφ0(z) as z → t from B+
0 is reπiα1

for some r depending on t, and that

the same limit but as z → t from B−
0 is re−πiα1

.

As z → t from B+
0 , though, we see that zα1 = eα1 log z

has log(z) approaching

log(−t) + πi, and so zα1 → (−t)α1eπiα1 , whereas if we approach from B−
0 then

zα1 → (−t)α1e−πiα1 . Thus, Mφ0(z)/z
α1 → r/(−t)α1

regardless of which direction

you approach from, and in particular we can extend Mφ0(z)/z
α1

to a holomorphic

function defined on all of B0 \ {0}.

Proposition 7.5. If u(z) = Mφ0(z)/z
α1 , then u has a removable singularity at 0 and

hence extends to a holomorphic function on B0.This extension has u(0) ̸= 0.

Proof. First we show that the singularity at 0 is removable, by a combination of two ideas.

Firstly, set u(z) = Mφ0(z)/z
α1 . Cassetori-Weierstrass tells us that in a neighborhood

of an essential singularity, a function has dense image; but for any z ∈ B+
0 , we see that

Mφ0(z) has argument in (0, πα1), and zα1
has argument in (0, πα1), so their quotient

has argument in (−πα1, πα1). Similarly z ∈ B−
0 maps to a complex number whose angle

lies in (−πα1, πα1), and so since α1 < 1, we find that we do not cover the entire range of

possible arguments and therefore the image ofB0 \{0} under u cannot be dense, meaning

the singularity of u at 0 is not essential.

Thus the singularity is just a pole. Let akz
k
, for some k ∈ Z, be the lowest nonzero

term in the Laurent series for u. For |z| ≪ ϵ, this is the dominant term in the expansion. A

point ξ ∈ (0, ϵ) has u(ξ) =Mφ0(ξ)/ξ
α1 . Here, Mφ0(ξ) is known to map ξ to a point on

the positive real axis already, and so (since α1 is clearly real, being an angle measurement)
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we see that u(ξ) is real as well. We conclude from this that ak is real, since for ξ sufficiently

small, if ak had some imaginary part, we’d see u(ξ) becoming imaginary; since u(ξ) is

positive, we can conclude ak > 0. Since ak is a positive real, akz
k

multiplies the argument

of z by k. Hence, for |z| ≪ 1, we must see that u(z) roughly multiplies the argument of z
by k. But as we saw above, the range of u consists only of numbers with arguments in

(−πα1, πα1), and in particular since 0 < α1 < 1, the only way that u(z) can multiply

arguments by a factor of k is if k = 0.Therefore u is holomorphic and u(0) = a0 > 0. □

As φ is equal to zαu near 0, we can compute that

Sφ(z) = 1− α2
1

2z2
+
β1
z

+ h(z)

where h is holomorphic at 0 and β1 is some constant depending on u. If we let α2, α3 be

the angles at b2, b3, then we can explore the pole of h at 1 and the behavior of h at ∞ in

the same way we investigated the pole at 0. We find in this way that

h(z) =
1− α2

2

2(z − 1)2
+

β2
z − 1

+ h1(z)

where h1 is entire and β2 is some constant. If w = 1/z, then the behavior at ∞ tells us

Sφ(w) = 1

w4
Sφ(z) = 1− α2

1

2w2
+
β1
w3

+
1− α2

2

2(w − w2)2
+

β2
w3 − w4

+
1

w4
h1(1/w).

But also, for some constant β3,

Sφ(w) = 1− α2
3

2w2
+
β3
w

+ something holomorphic at 0.

Comparing these two expressions, we can pin down the unknown constants to write

Sφ(z) = 1− α2
1

2z2
+
α2
1 − α2

3 + α2
2 − 1

2z(z − 1)
+

1− α2
2

2(z − 1)2
.

Remark 7.6. For a curvilinear polygon with n sides, we will see n new constants βi
appearing, but only 3 relations. Thus for n > 3 we cannot pin down all of the βi. The

miracle that occurs for triangles is related to rigidity: asking to find a function f with

Sf = g for a given g is equivalent to asking for the ratio of two solutions to u′′ = −0.5gu,
see [11] chapter 10. For curvilinear polygons of n sides, we expect this second order ODE

to have n singularities, and that the local monodromies around the singularities should

be pinned down by the n angles of the triangle. For n = 3, we necessarily get a rigid

equation (recall Corollary 6.11), and so the local monodromies determine the monodromy

representation (which is known to more or less uniquely determine the ODE). But for

n > 3, rigidity is not expected, and so the local monodromies will not uniquely pin down

the ODE, and hence we cannot find an expression for the Schwarzian.

7.3. Comparing the two Schwarzians. Above, we saw the Schwarzian derivative ap-

pearing in the ratio of two solutions to the hypergeometric function; in particular that the

ratio ψ had

Sψ(z) = 1− λ2

2z2
+

1− ν2

2(1− z)2
+
λ2 − µ2 + ν2 − 1

2z(z − 1)
,

for λ = 1 − c, µ = c − a − b, and ν = b − a, called the exponent differences of the

hypergeometric.
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This suggests that somehow the function hypergeometric with exponent differences

λ, µ, ν should be related to a curvilinear triangle with angles πλ, πµ, πν. Euclidean trian-

gles only exist when λ+ µ+ ν = 1, but curvilinear triangles are a lot more forgiving and

always exist (if λ+ µ+ ν < 1, then we can construct a hyperbolic triangle in the upper

half plane; otherwise λ + µ + ν > 1 and we can construct a triangle on the Riemann

sphere with these angles and stereographically project).

So, subject to the constraint 0 < λ, µ, ν < 1, a hypergeometric equation corresponds

to a curvilinear triangle, whose symmetries give the projective monodromy of the hyper-

geometric.

For any loop γ, we can consider Mγ : F(U) → F(U) the associated monodromy

operator. SinceMγy1 = a11y1+a12y2 andMγy2 = a21y1+a22y2, we can haveMγ act on

ψ as Mγψ = (a11y1 + a12y2)/(a21y1 + a22y2), so that Mγ acts on ψ by a certain Mobius

transformation. Thus, we can represent the action of π1(P1 \ {0, 1,∞}) on P1(F(U)) by

ρ : π1(P1 \ {0, 1,∞}) → PGL2(C), sending a loop γ to the Mobius transformation of ψ
just described.

Next, we describe monodromy of φ. Our three reflections obey the natural relation

(R2R3)(R3R1)(R1R2) = 1, which follows from R2
i = 1 and associativity, which looks

exactly like the one relation in π1(P1 \ {0, 1,∞}) = ⟨γ1, γ2, γ3 | γ1γ2γ3 = 1⟩. The

product of two reflections is always an orientation preserving automorphism of the

Riemann sphere, and hence a Mobius transformation. Mobius transformations have a

very natural representation in PGL2(C). Setting Γ = ⟨R2R3, R3R1, R1R2⟩, we get a

natural projective representation σ : Γ → PGL2(C). Define a projective representation

σ̃ : π1(P1 \ {0, 1,∞}) → PGL2(C) by σ̃(γi) = σ(RiRi+1), with indices taken modulo

3, and γ1, γ2, γ3 representing the three generators of π1(P1 \ {0, 1,∞}). As we saw in

our analysis of the local singularity at 0, analytic continuation of a branch of φ around γi
corresponds to the operator RiRi+1, and so σ̃ gives the monodromy of φ.

Lemma 7.7. If f, g : U → C have Sf = Sg on U, where U is a simply connected open set,
then there is a Mobius transformationM so that f =Mg.

Proof. See [11]’s Theorem 10.1.1 for full details, but the idea is that the Schwarzian is a

third-order differential operator, so if two functions with the same Schwarzian agree at

three points, they are equal, and Mobius transformations form a 3-parameter family. □

Proposition 7.8. ρ and σ̃ are isomorphic as projective representations.

Proof. Our conformal map φ and our ratio of hypergeometric solutions ψ have the same

Schwarzian derivative, and hence are equal up to a Mobius transformation over H; hence

ψ = Aφ for some Mobius transformation A. Analytically continuing ψ around a loop

γ results in ρ(γ)ψ. However, if we analytically continue φ around γ, we get σ̃(γ)φ =
σ̃(γ)A−1ψ. Continuing Aφ then produces Aσ̃(γ)A−1ψ. As Aφ = ψ, we deduce ρ(γ) =
Aσ̃(γ)A−1, and hence the Mobius transformation A gives an isomorphism of projective

representations. □

Therefore, as long as 0 < λ, µ, ν < 1, we have determined the projective monodromy

representation of the hypergeometric equation: it is the representation of a triangle group

by Mobius transformations!

7.4. Translating Parameters. We have solved the projective monodromy problem under

the assumption that 0 < λ, µ, ν < 1. What about all the other cases of parameters? We

will show that if λ, µ, ν ∈ R, the cases analyzed above suffice to compute the monodromy

of our equation.
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Proposition 7.9. Assume a, b, c, b− c, a− c ̸∈ Z. If ℓ,m, n ∈ Z, then the hypergeometrics
associated to (a, b, c) and (a+ ℓ, b+m, c+n) have isomorphic monodromy representations.

Proof. Shifting the exponents by integers does not change the local monodromies, and so

this follows from Proposition 6.12. □

In light of Proposition 7.9, in studying the monodromy we may change a, b, c by an

integer translate; additionally, swapping a, b does not change the monodromy, but it does

change ν. With these two changes, one can always to reduce to the 0 < λ, µ, ν < 1 case.

Hence, we can determine the projective monodromy group of any hypergeometric

equation just using triangles!

7.5. Poincare and Deligne-Mostow. We illustrate one important application of our

computation. Consider the hyperbolic triangle with angles 0, 0, 0; we can realize this in

the hyperbolic plane by a triangle with vertices at −1, 1, and ∞, pictured below.

This triangle is known to perfectly tile the hyperbolic plane, with no overlaps; hence

the conformal map f : ∆ → H̄ ∪ {∞} from our triangle to the hyperbolic plane extends

to a single valued function f : H → P1. Another advantage to this triangle is that since

none of its vertices actually lie in H, the function f is holomorphic on its domain, giving

us a surjection f : H → P1 \ {0, 1,∞}. Thus f is a holomorphic universal cover of

P1 \ {0, 1,∞}. Moreover, we can compute the multivalued inverse φ of f as a ratio of

solutions to a hypergeometric equation, as explained above.

Poincare was very interested in the problem of constructing explicit holomorphic

universal covers of Riemann surfaces, and wondered when you could find uniformizing
differential equations–that is, a differential equation solved by the inverse of a universal

cover. Deligne and Mostow introduced an area now known as Deligne-Mostow theory

in an attempt to generalize Schwarz’s work in this direction, and found new examples of

arithmetic groups and uniformizing differential equations.
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