ALGEBRAIC GEOMETRY AND DIVISORS

JAKE ZWEIFLER

ABSTRACT. In this paper, we will be discussing introductory algebraic geome-
try. We establish the relevant definitions and give examples of common objects
in algebraic geometry such as varieties and regular functions. We also discuss
divisors and some applications.
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1. INTRODUCTION TO ALGEBRAIC GEOMETRY

1.1. Affine Space.

An elementary problem in mathematics is to find the roots of a polynomial p(zx).
The study of algebraic geometry drastically generalizes this question by studying
the set of solutions to polynomials of n variables over some field. We define affine
n-space over the field K to be the set of points a = (aq,...,a,) for a; € K.
This set is denoted A™. Then, K[t] = K]Jti,...,t,] is the polynomial ring on
this space. For f € KJt] and a = (a1,...,a,) € A", evaluating f at a gives
fla) = f(a1,...,a,) € K. Our concern with roots of polynomials motivates the
following definition:

Definition 1.1. For S C K[t], define
Z(S)={ae€ A" | f(a) =0 for all f € S}.

Sets of the form X = Z(S) for some S C K|[t] are called algebraic sets.
1
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Example 1.2 (Twisted Cubic). In A3, consider the set X = {(t,t%,t%) | t € K}.
This set is known as the twisted cubic. See that X = Z(y — 2%,z — 23). This is
because any (z,y, z) that is a zero of both y — 22 and z — 23 must be of the form
(z,2% 2%) and any point of this form is certainly a zero of the two polynomials.

It is clear that if a is the ideal generated by S then Z(a) = Z(S). By Hilbert’s
Basis Theorem, ideals of K[t] are finitely generated. Thus, Z(a) = Z(f1,..., fr).
In other words, every algebraic set is the zero set of a finite number of polynomials.

Proposition 1.3. The collection of algebraic sets form the closed sets of a topology
on A™. In other words, the empty set and A™ are algebraic, algebraic sets are closed
under finite unions, and algebraic sets are closed under arbitrary intersections.

Proof. First, note that A" = Z(0) and @ = Z(1). Thus, the empty set and the
entire space are algebraic sets.

For X1 = Z(f1,..., fr) and Xo = Z(g1, ..., 9s), I claim that X3 UXy = Z(fig,),
where we take the product of each different possible pair of the f; and g;. If
a € X1 U Xy, then either a is a zero of each f; or of each g;. In either case, a is
a zero of f;g; for every product, so a € Z(fig;). If a ¢ X1 U Xy then there must
exist some f; and g; such that f;(a) # 0 and g;(a) # 0. This means f;g;(a) # 0,
implying that a ¢ Z(fig;). Therefore, X1 U X = Z(fig;), so X1 N X3 is algebraic.
An induction argument shows that any finite union of algebraic sets is algebraic.

Finally, let X, = Z(S)) be an arbitrary collection of algebraic sets. I claim
NXx = Z(USy). If a € NX), then a is a root of every element of each Sy
and thus a € Z(|JS)). Conversely, if a is a root of every element of each Sj,
then certainly a € Z(S)) for each A\, and so a € (| X,. Thus, N Xx = Z(JSy)
and so the arbitrary intersection is algebraic. Therefore, arbitrary intersections of
algebraic sets are algebraic. d

The topology obtained by regarding the algebraic sets as being closed is called
the Zariski topology. The open sets are of the form U = A"\ Z(S) for S C K[t].

Example 1.4. Consider the Zariski topology on Al. Since K[z] is a principal
ideal domain, algebraic sets are of the form Z(f) for some f € K([z]. If f =0, then
Z(f) = Al. Otherwise, f is nonzero so it has a finite number of roots. Thus, the
algebraic sets are precisely A! and the sets with finitely many points. So if K is
infinite, the nonempty open sets are all quite large — they contain all but a finite
number of points. It follows that A! is not Hausdorff. Additionally, the space is
compact. Spaces which are compact and non-Hausdorff show up a lot in algebraic
geometry and are often called quasi-compact.

So far, we can go from subsets S C K[t] to algebraic sets Z(S). There is also a
map in the other direction. For X C A™, let {x denote the set of all polynomials
in K[t] that vanish on X. Clearly, this is an ideal of K[t]. The two maps X — {x
and S — Z(S) immediately display some nice properties with respect to each other:

Lemma 1.5. Suppose X, Y C A™ and S1,S2 C K[{].
(1) IfSl C SQ then Z(SQ) C Z(Sl)
(2) If X CY then iy C Ux
(8) For all S, S C Uys).
(4) For X C A", Z(slx) = X.
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Proof. Statements (1), (2), and (3) are obvious from the definitions. For (4), first
note that all elements of Llx vanish on X by definition, so X C Z(#x). Since
Z(Ux) is closed, X C Z(x). The set X is also closed, so it equals Z(S) for
S C Klt]. Since X C X, (2) implies that $l;(s) C Ux. Statement (3) implies that
S C Uz(s). Intotal, S C tx. By (1), Z(Ux) C Z(S) = X. Thus, Z(tx) =X. O

Definition 1.6. Let X be a topological space. A nonempty subset Y is irreducible
if Y cannot be written as the union of two nonempty, proper subsets Y1,Ys C Y
that are closed in Y. In other words, Y = Y7 UY5 for Y7,Y5 closed in Y implies
that Y = Y7 or that Y = Y5.

The irreducible algebraic sets of A™ are the building blocks of all algebraic sets.
Essentially, if X itself is not irreducible then X breaks down into a finite union of
smaller irreducible algebraic sets. For example, in the case of A!, the irreducible
sets are the singleton sets and A!. From Example 1.4, the closed sets besides A!
are precisely the finite sets. Thus, every finite set breaks down into a finite union of
singleton sets, which cannot be broken down further. The set A! is itself irreducible
since it cannot be expressed as the union of finite sets. Irreducible closed sets X
also have the following properties:

Lemma 1.7. Suppose U is a nonempty open subset of irreducible closed X. Then,
U = X. It follows that a polynomial f is zero on U if and only if it is zero on X.

Proof. Write X = UU(X\U). So either X = U or X = (X \U) but U is nonempty,
so X = U. If fis zero on X it must be zero on U. Conversely, if f is zero on U
then U C Z(f). Since Z(f) is closed, U C Z(f), implying that X =U C Z(f). O

Lemma 1.8. A closed set X C A" is irreducible if and only if Ux is a prime ideal.

Proof. Suppose X is irreducible. If fg € {lx, then fg vanishes on X. As a result,
X C Z(fg) = Z(f)UZ(g). So X = (Z(f)NX)U(Z(g9) N X). Therefore, either
X=Z(f)nX or X = Z(g) N X, implying that either f or g is in Ux. So Ly is
prime.

Now, suppose ix is a prime ideal and that X = Y; UYs. A polynomial is zero
on Y7 UYj; if and only if it is zero on Y; and Y,. Thus, Ux = Uy, uy, = Uy, Nily,.
Since, ilx is prime, either Ux = Uy, or Ux = Ly,. Since all X,Y;,Y5 are closed,
Lemma 1.5 says we can apply Z to both sides to get that either X = Y; or X = Y5.
So X is irreducible. O

Definition 1.9. An irreducible closed subset of A™ with the Zariski topology is an
affine variety. An open subset of an affine variety is a quasi-affine variety.

One might hope that the notion of reducibility for closed sets would align with the
notion of reducibility for polynomials. However, over R, the polynomials z2+4y? = 0
and 2% 4 3% = 0 both yield the same irreducible set but 22 4+ y? is irreducible while
2% + 9% is not. Similarly, 22 + 32 = 0 and z* + y* = 0 have the same solution set
and while z2 4+ 32 and z* + y* are both irreducible, they are of different degree.
Thus, we cannot connect algebraic sets to a notion of degree. In general, if we are
given some irreducible set Z(f), it would be nice to be able to determine f up to
a constant factor, given that it is irreducible. This turns out to be true if K is
algebraically closed, shown by the following Theorem of Hilbert:
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Theorem 1.10 (Hilbert’s Nullstellensatz). Let K be algebraically closed and let a
be an ideal of K[t]. If f € K[t] is a polynomial that vanishes at all points in Z(a)
then f" € a for some r € N.

Proof. The proof of this theorem uses field theory that is out of the scope of this
paper. Thus, we refer to Atiyah-Macdonald [1, p. 85]. O

Therefore, if f and g are two irreducible polynomials with the same zero set, the
Nullstellensatz immediately implies that f” € (g) and ¢g* € (f) for r,s € N. Since
the polynomials are irreducible, it follows that they divide each other, so f = ag.
Thus, over algebraically closed K, the set Z(f) uniquely defines irreducible f up
to a constant factor. The Nullstellensatz is also a more powerful statement than
Study’s lemma, which says that for irreducible f over algebraically closed K, flg
if and only if Z(f) C Z(g) [4]. It follows that Z(f) is irreducible if and only if
f = p* for irreducible p, connecting the notions of irreducibility. Additionally, as I
will discuss later, we need K to be algebraically closed in order to connect Z(f) to
the degree of f. Thus, for the rest of this paper, we assume that K is algebraically
closed. This allows us to strengthen Lemma 1.5:

Corollary 1.11. There is a one-to-one inclusion reversing correspondence between
the closed sets and radical ideals. Note that a radical ideal is an ideal of the form

va={feK[{]| [ €a for somer e N}.

Proof. The maps we consider are X — x and a — Z(a). Lemma 1.5 does most
of the work, showing that the maps are inclusion reversing and that X = Z(8lx)
for closed X. By the Nullstellensatz, it is clear that Uz = Va. It is also clear

that \/v/a = v/a, s0 U5 /5 = /a for all a. So the maps are inverses of each other
and thus, there is an inclusion reversing correspondence. (I

Since (1) is a radical ideal, Corollary 1.11 tells us that there is exactly one closed
set X such that {x = (1). Since every function vacuously vanishes on &, iy = (1).
Thus, X = @. In other words, {{x = (1) if and only if X = @. This fact is known as
the weak Nullstellensatz. Suppose that a = (f1,..., f) and that Z(a) = @. By the
Nullstellensatz, i) = v/a and so y/a = (1). It follows that a = (1). Therefore,

Z(f1,..., fr) =@ if and only if (f1,..., fr) = (1).
1.2. Moving to Projective Space.

So far, we have been working over A™. However, there is a sense in which this
space is missing important points, i.e., points at infinity. We can rigorize this
notion of points at infinity by considering projective space: For a vector space V of
dimension n+1, let P(V') be the set of lines of V' passing through zero. This space is
called n-dimensional projective space, denoted P*. More specifically, if V = K"+!,
a line can be represented by the ratio (g : ... : ay,) with at least one coordinate
nonzero. Then, two lines (ag :...: @), (Bo:...: fBn) are equivalent if and only if
there exists a nonzero ¢ € K such that a; = ¢f; for all 0 < i <n.

We can identify certain subsets of P™ as being the same as A” via a natural

inclusion map. To do this, let A = {(ao t...tap) € P" | a; # 0}. Then, define
tit A" = A? by (a1,...,an) = (a1 : ... :1:aj41:...ap), where the 1 is in
the ith position. For any (ap : Do) € A , ; is nonzero so we can divide by it.
Thus (ap : . an) is equlvalent to (G0 :... 05t e 1 S8 0 2a) Therefore,

(al, oy ety Sh ,...,a:f)f(ozo.....ozn), so the map is surjective. The 1 in
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the ith position forces injectivity. In total, A™ maps bijectively to A7 for each i,
giving us n natural ways to view A™ inside P™. Since at least one coordinate of
every point in P” is nonzero, we regard P" as being made up of A? for 0 <+¢ < n.

Example 1.12. For P!, points are of the form (ag : a1). When ag # 0, (ap, o) is
the same as (1,a), where a = a1 /ap. Since there needs to be at least one nonzero
coordinate, cg = 0 implies a3 # 0 so (0,a1) ~ (0,1). Thus, P! = A} U {(0,1)}.
Thus, in one dimension, projective space is just affine space with the point at
infinity, (0,1).

As in the affine case, we want to define algebraic sets as being the set of solutions
to some subset of K[Tp,...,T,] = K[T]. This time though, we require more care
since f(ao,...,a,) may not always equal f(cag,...,cay). We say that F € K[T]
is homogeneous if all the terms in F have the same degree. For f € K[T], write
f = Fy+ F1 + ...+ F; where each F; is homogeneous of degree i. The F; are
called the homogeneous components of f. These homogeneous polynomials are also
called forms and are denoted by capital letters. If F' is degree d, it follows that
F(cayg,...,ca,) = c?Flag,...,a,). Thus, the ambiguity no longer occurs if we
only consider homogeneous polynomials. As a result, we say X C P” is algebraic if
X = Z(S) where S C K[T] and S contains only homogeneous polynomials. Given
some set X C P", we again get the ideal lx of K[T]. Specifically, {lx is the ideal
generated by all the homogeneous polynomials that vanish on X. Thus, {x is a
homogeneous ideal, meaning that it contains the homogeneous components of any
element. Given a basis of such an ideal, we can break down the basis elements
into homogeneous components. Thus, any homogeneous ideal and therefore any
algebraic set X is defined by some finite set of homogeneous polynomials and can
be written Z(Fi,...,F,). By similar arguments as in Proposition 1.3, regarding
the algebraic sets as being closed results in a topology on P™. This topology is
called the Zariski topology on projective space and it contains similar objects as in
the affine case:

Definition 1.13. An irreducible closed subset of P" is a projective variety. An
open subset of a projective variety is a quasi-projective variety.

Example 1.14. Let F(xo, 1) be a homogeneous polynomial of degree d. Then, as
long as zg # 0, zO_dF(xo,xl) = F(1,21/xp). This is a polynomial in one variable,
x1/x0, so as in the affine case, there is a finite number of solutions z; = z¢r. The
point (0,1) is the one and only solution to xyp = 0. Thus, in total, the algebraic
sets of P! are again the finite sets along with P!,

More generally, if X = Z(F') where F is a form of degree d, then
TR (Ty, ..., Tn) = Flto, . tio1, Ltic, .o tn)

where t; = T;/T; for j # i. The polynomial F(to,...,ti—1,1,ti41,...,t,) describes
a set of points in A} which correspond to the points of X with é-th coordinate
nonzero. In other words, it defines Y; = X N A?. We can generalize this procedure
of dehomogenizing forms for any closed set X by doing the same with Fi,..., F.
Thus, for any projective variety X, we obtain the sets Y; = X N A, known as the
affine pieces of X. Since A is defined by the equation z; # 0, it is clear that A} is
an open set in P”. Thus, the affine pieces of X are open subsets of X and therefore
are quasi-projective varieties.
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Example 1.15. Let F = X2 4 Y? — Z2. Then, we can divide by X2, Y2, or Z?2
to get three dehomogenized polynomials fo = 1 +y? — 22, fi = 22 +1 — 2% and
fo=2%+y*—1. Let X = Z(F). Then, the affine pieces are X; = X NA? = Z(f;)
where we view Z(f;) as a subset of A?. For example, X5 contains points of the
form (ag : aq : 1) where a3 + a? = 1. In this way, we can regard X; as being a
subset of A? or A? depending on whether we want to work in projective space or
affine space.

We can also go from an affine variety to a projective variety: Given some closed
X C A, we obtain the projective completion of X, denoted X, which is defined
to be the intersection of all closed projective sets containing X. The set X is thus
closed in P™. By reversing the procedure described above, one can find equations
for X that are the homogenized versions of those for X. Essentially, by adding
certain points at infinity to X, we obtain X. It follows that X = X N A”. Note
that if we view X as being a subset of P”, then the projective completion is the

same as the closure of X in P". This justifies the notation being the same.

Example 1.16. Let f(z1,22) = 122 — 1 and X = Z(f). So X is the graph of
y = % Then, X will be the set of solutions to X; X5 — X2 = 0. Thus, when
Xo # 0, we get the same set of points corresponding to X. When Xy = 0, we have
that X; = 0 or Xy = 0. Thus, we get that X = X U {(0,1,0),(0,0,1)} where we
view X as a subset of A2. Note that (0,1,0) ~ (0,a,0) for any nonzero a € K, so
we can think of a as going to infinity. Thus, (0,1,0) is the point at infinity in the
z-direction on the graph y = L. Similarly, (0,0, 1) can be thought of as the point

x
at infinity in the y-direction.

We can verify that many of the results shown about affine space are true of
projective space as well. The proofs are either the same as in the affine case or
require some reduction to the affine case, so we only state the results:

Lemma 1.17. For any X C P, Z(8lx) = X.
Proof. [2, §2] O

Lemma 1.18. A closed set X C P" is irreducible if and only if x is a prime
ideal.

Proof. [2, §2] O
Lemma 1.19. If X is a projective variety and U is nonempty and open in X, then
U=X

Proof. [5, Ch. 1, §4.1] O

We also introduce some fundamental results in topology that will be useful later.

Lemma 1.20. Let T be a topological space containing X. Then, X is irreducible
if and only if X is irreducible.

Proof. [5, Ch. 1, §4.5] O

Lemma 1.21. Let T be a topological space. Then, being closed is a local property.
In other words, a set X C T is closed if and only if there exists an open cover {Uy}
of T such that X N Uy is closed in Uy for each Uy .

Proof. [5, Ch. 1, §4.2] O



ALGEBRAIC GEOMETRY AND DIVISORS 7

Lemma 1.22. Let X C P™ be a closed set. Then, there exist unique (up to order)
irreducible X1,..., X, such that X = X; U...UX, and that X; ¢ X; for any i,j.
The X; are called the irreducible components of X.

Proof. [2, §1] O

The four different kinds of varieties mentioned are all quasi-projective varieties.
To see this, let X be an affine variety. By remarks made above, X is open in its
projective closure X, which is irreducible by Lemma 1.20 and therefore a projective
variety. Thus, X is an open subset of a closed projective set. It follows that any
open subset of X is open in the closed projective set. Therefore, both affine varieties
and quasi-affine varieties are quasi-projective varieties. It is trivial to show that
the other two types of varieties are quasi-projective. This shows that the quasi-
projective varieties are the most general objects we will study. We sometimes just
refer to them as varieties.

2. MAPS BETWEEN VARIETIES

We have now described the objects we will work with but we have neglected to
describe maps between them or maps from these spaces to the base field K.

2.1. Regular Functions.

Definition 2.1. For X C A", a function f: X — K is regular at x € X if there
exists an open neighborhood U C X containing z and polynomials p, ¢ € K[t] such
that ¢ is nowhere zero on U and f = p/q on U. A function f is regular on X if it
is regular at every point in X.

We can give a characterization of regular functions on a closed set X:

Lemma 2.2. Suppose X C A™ is closed. Then, f is reqular if and only if f = g|x
for some g € Kt].

Proof. Clearly, polynomials are regular functions. Suppose that f is regular on X.
For each z € X there exist p,, q, such that ¢, f = p, on a neighborhood U,. The
set X \ U, is closed so it equals Z(hq,...,h,) for h; € K[t]. Since ¢ X \ U,, at
least one of the h; has h;(x) # 0. We can then multiply both sides by h; which
is zero on X \ U, but nonzero at = to get that ¢, f = p, on all X with ¢,(z) #0
(after relabeling).

Consider a = (gy)zex. Ideals are finitely generated so a = (gzy,...,qs,) for
some x;. Since X is closed, there exist f; such that X = Z(f1,..., fs). We claim
that (guyy---s Qs f1,---5fs) = (1). For z € X, gy(z) # 0. For x ¢ X, at least
one f; has f;(x) #0. Thus, (¢z,,---,qxz., f1,-- -, fs) has no common roots. By our
remarks at the end of Section 1.1, (¢z,, .-Gz, f15---, fs) = (1). Therefore, there
exist g; € K[t] such that g, 91 + ...+ o, gr + f19r+1 + ... + fsgr+s = 1. Since the
fi vanish on X, gz, 91+ ...+ ¢z,.9- = 1 on X. Then, we can multiply both sides by
[, getting that fgz,01 + ...+ fqz,9r = f, implying that f = py g1 + ...+ ps,gr 0N
X. So f is indeed equal to a polynomial restricted to X. [

This tells us that as long as X is closed, regular functions act nicely, i.e., like
polynomials. Using polynomial addition and multiplication, regular functions form
a ring which we denote K[X]. Then, the map f — f|x defines a homomorphism
from K[t] to K[X]. By definition, iy is the kernel of this homomorphism and
Lemma 2.2 states that the image is K[X]. Therefore, K[X] = K|t]/ix.
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Example 2.3. Consider the closed set X C A? defined by y = 1/z. Note that
ry — 1 is irreducible. By Lemma 1.11, Uz (,y—1) = v/(zy — 1) = (zy — 1), since (f)
is radical for irreducible f. Thus, K[X] = K|[z,y]/(zy — 1) = K[z,z71].

Now, we consider the more general projective case. We cannot use the same
definition since we are not guaranteed that f(a) = f(ca) for any ¢ € K. This
motivates the following definition:

Definition 2.4. For X C P", a function f: X — K is reqular at x € X if there
exists an open neighborhood U C X containing x and forms P,Q C K[T] of the
same degree such that @ is nowhere zero on U and f = P/Q on U. Note that
while P(«) and Q(«) may not be well defined, the fact that P and @ have the same
degree means that f(a) is well defined. A function f is regular on X if it is regular
at every point in X.

By viewing A™ as a subset of P™, Definition 2.4 is simply an extension of Defini-
tion 2.1. As usual, we homogenize or dehomogenize to switch between veiwpoints.
Since Q1(z),Q2(x) # 0, implies that (Q1Q2)(x) # 0, it is easy to check that the
regular functions are closed under addition and multiplication, i.e., they form a
ring which we again denote K[X]. As stated above, if X is an affine variety then
K[X] = K[t]/{x. In general, this is not always the case. In fact, Example 2.7
demonstrates an instance where a regular function on a quasi-projective variety
cannot be expressed as a rational function on all of X.

Lemma 2.5. Regular functions are continuous so long as we let K = A have the
Zariski topology.

Proof. Let f be a regular function with domain X C P™. It suffices to show that
the preimage of closed sets are closed in X. Since f~!(K) = X is closed, Example
1.4 says we only need to consider finite sets and therefore singleton sets. Consider
a € K. By Lemma 1.21, we can check that f~!({a}) is closed locally. Let x € X
be arbitrary. By definition, there exists an open neighborhood U, of x such that
f = P/Q on U, and Q is nowhere zero on U,. Then, see that f~'({a}) N U, =
{y € U, | P(y)/Q(y) = a}. Any element of this set will necessarily be a zero of
the homogeneous polynomial P — a@ and is thus an element of Z(P — a@®). This
implies that f~1({a}) N U, = Z(P — aQ) N U, which is closed in U,. Since the U,
cover X, f~1({a}) is closed in X. O

This means that if X is irreducible and U is nonempty and open in X, then
f=gonU implies f =gon X for f,g € [ﬁ[X] This is because continuity implies
that f = g on U and Lemma 1.19 implies U = X.

Example 2.6. Consider X = P". Lemma 1.20 implies that P" is irreducible. Then,
by the previous remarks, if f = P/Q on U, then f = P/Q on P™. Thus, @ # 0 on
all of P™. Since K is algebraically closed, this is only the case if () is constant. But
then P must also be constant since P and ) need to be the same degree. Thus,
f is constant so K[P"] = K. In general, it can be shown that if X is a projective
variety, then K[X] = K. On the other hand, if X is just quasi-projective, K[X]
may be much larger.

Example 2.7. In P3, consider X = Z(XoXs — X1X3) \ Z(Xo, X1). Note that
X is quasi-projective since it is an open subset of Z(XoXs — X;1X3). All points
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a=(ap: a1 :as:az)in X satisfy agas — ajasz = 0. Additionally, either g # 0
or a; # 0 meaning that either @ € A3 or @ € A3. Then,

- a3/a0 ifa()#o
f(a) N {042/041 if (5] 7é 0

is a regular function on this set. Note that the open sets corresponding to Definition
2.4 are the affine pieces X NA$ and XNA3?. The only nontrivial thing to verify is that
f is consistent on A3NA3. This follows directly from the fact that agas —aaz = 0.
With more work [3], it can be shown that f cannot be written as a ratio of two
forms over all of X.

2.2. Regular Maps.

Let X C P™ be a quasi-projective variety and consider f: X — A™. Decompos-
ing f into its components, write f = (f1,..., fm) with f;: X — K. We say that f
is a regular map if each f; is regular. Viewing A™ as A" C P™, f decomposes as
(Fo:...: Fp) = (% N R %") So from this perspective, f is regular if
and only if each % is regular. With this notion established, we can now generalize
to maps between varieties:

Definition 2.8. Let X C P and Y C P™ be quasi-projective varieties. Then, a
function f: X — Y is a regular map if for every € X and i such that f(z) € A",
there exists an open neighborhood U, containing x such that f(U,) is a subset of
A7" and the map f: U, — A" is regular.

Lemma 2.9. Regular maps are continuous.

Proof. First, I claim regular f: X — A™ is continuous. Let C = Z(g1,...,9,) be a
closed set. By definition, f = (f1,..., fm) where each f; is regular. Let € X be
arbitrary. For each f;, there exists U; containing x and P;, Q; such that f; = P;/Q;
on U; and Q; is nowhere zero on U;. Let U = (U;, noting that U is open and
contains x. I claim f~}(C) N U is closed in U. After expanding and finding a
common denominator, g;(P1/Q1,...,Pn/Qm) is a quotient of forms of the same
degree with denominator nowhere zero on U. Let G; be the numerator of this
quotient. Then, for y € U, g:(f(1)) = 6:(PL(5)/Q1(®): - Pu(y)/Qm(y)) = O if
and only if G;(y) = 0. Therefore, f~*(C)NU = Z(G4,...,G,)NU, so f~1(C)NU
is closed in U. Since there exists such U for every x € X, Lemma 1.21 implies that
f~Y(C) is closed in X. Therefore, f is continuous.

Now, let f: X — Y be regular and let U; = f~}(A™). By definition, for each
z € fH(A™), f(U,) C A, implying that f~1(AT) = Usep-1(am) Us. Thus, U; is
open. It obviously follows from the definition that if f is regulér on X then f is
regular on subsets of X. Thus, f: U; — A" is regular. By our arguments above,
this map is continuous. Let U C P™ be some open set. Thus, f~1(U N AT) is open
in U;, implying it is open in X. Since U is the union of its affine pieces, it follows
that f~(U) is open, so f is continuous. O

We can then solve the problem of trying to find expressions for regular maps.
Consider the regular map f: X — Y. Then, for x € X, there exists some U,
containing = with f(U,) C AJ* (without loss of generality, we assume i = 0). Like
in the proof above, find some open set U C U, containing x such that f; = P;/Q;
on U, where P; and @; are forms of the same degree and Q); # 0 on U. Let Fj be
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the least common multiple of the @;. Then, we can express each f; as a fraction of
the form F;/Fy. Thus, f(y) = (1: fi(y) : .. f(®)) = (Fo(y) : ... : Fi(y)) for all
y € U. Since X is irreducible, continuity arguments show that f = (Fy:...: F},)
on X. This last step almost works, except that it could occur that each F; is zero
at some points in X \ U. If this does occur, one can simply repeat the procedure
above with the bad points to get different forms that define f on a different open
set. In conclusion, a regular map f on an irreducible variety X is given by forms
Fo, ..., F,, of the same degree such that for each z € X, F;(x) # 0 for some i. In
some cases, a universal representation (Fp, ..., F,,) may not exist and multiple sets
of forms will be necessary to represent a regular map.

Proposition 2.10. Suppose X € P" and Y € P™ are quasi-projective varieties.
Then, f: X — Y is a reqular map if and only if f is continuous and for all open
V CY and regular ¢: V — K, the map v o f: f~1(V) — K is reqular.

Proof. First, suppose that f is a regular map. Lemma 2.9 says that f is continuous.
Let V be open in Y and ¢: V — K regular. Let x € f~1(V) be arbitrary. By
definition, there exists open U, C X such that f(U,) C A" and f: U, — A" is
regular. By the comments above, f = (Fy, Fi,..., F,,) on some U C U, containing

x. Since 1 is regular, there exists open O C V such that ¢ = g on O. Since f is
continuous, f~1(0) and therefore U N f~1(0) is open in f~*(V). Then, simply see
that ¢ o f = ggzi% on the open set U N f~1(0) and that the denominator is
never zero since @) is never zero on O. Thus, ¥ o f is regular at « and therefore on
all of f=1(V).

To prove the other direction, we make use of the projection maps 7;: A" — K
given by % Note that the affine version of this map is just ;. In both forms, it is
clear that ﬂb'j is a regular function. Let z be arbitrary. Suppose f(z) € A" for some
i. Let U, = f~1(A), which is open since f is continuous. Letting V =Y N A",
see that f~1(V) = U,. So then the supposition implies 7; o f = % U, — K is
regular. If we dehomogenize and write f = (f1,..., fi—1,1, fi+1,- -+ fm), we find
m;o f = f; is regular. So from both perspectives, the components of the affine map

are regular, implying that f is regular at . Thus, f is a regular map. O

It is clear from the proposition and its proof that an important theme of regular
maps and regular functions is affine charts. Specifically, while a regular map may
be complicated globally, it will have a nice representation when its domain and
codomain are restricted to be smaller affine sets. So to study regular maps, it helps
to study them on affine subsets.

The proposition also implies that the composition of regular maps is regular.
Thus, we obtain a category by defining the objects as quasi-projective varieties
and the morphisms as regular maps. Then, X and Y are isomorphic if there exist
regular maps ¢: X — Y and ¢: Y — X such that ¢ and v are inverses of each
other.

Example 2.11. Let X = Z(xy—1) and Y = A'\{0}. Then the function f(x,y) = =
is a regular map from X to Y. The inverse map is g(z) = (z,1/z) which is also a
regular map. Thus, the varieties X and Y are isomorphic. However, X is an affine
variety while Y is only a quasi-affine variety. It seems as though something has
gone wrong since we would expect such notions to be invariant under isomorphism.
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On the contrary, nothing has gone wrong and this example demonstrates pre-
cisely why we consider the quasi-projective varieties as our objects. Viewing X and
Y as projective sets, we see that X is the hyperbola of Example 1.16 without the
two infinity points and that Y is P! without the points (1,0) and (0,1). In other
words, both X and Y are quasi-projective varieties that are isomorphic.

Example 2.12. Continuing from Example 2.11, consider X = Z(X; X, — X2) and
Y = P!, noting that these are the projective closures of the sets in the previous
example. Points in X satisfy X; X, = X§, so since at least one coordinate must
be nonzero, it follows that at least one of X; and X5 is nonzero. Therefore, X
decomposes into two open affine pieces X N A? and X N A2Z. On the intersection,
Xo # 0 as well, so points are of the form (1 : % : %) Using the previous example
as a guide, define f;: X N A? — P! by f1(1 : % : %) =(1: %) = (Xo : X1).
On the overlap, X(),Xl,XQ 7& 0 and Xg = X1X2, SO (XO : Xl) = (Xg : X()Xl) =
(X1X5: XoX1) = (X3 : Xp). Soin total, there are two maps f1: A7N X — P? and
fo: A2N X — P? given by

Ji(Xo: X1 Xo) = (Xo:X1) and  fo(Xo: Xyt Xs) = (X2 1 Xo),

and on the overlap AZNA? N X, the maps align as described above. Then, homoge-
nizing g(z) = (x,1/x), obtain g(Xo : X1) = (1: % : ig—?) = (XoX;1: X?:X2). One
can check that g is indeed an inverse of both f; on the specific domains/codomains.
For example, consider the only points not in the overlap (0:1:0) and (0: 0 : 1).
See that f1(0:1:0) = (0: 1) and that g sends this point back to (0 : 1 : 0).
Similarly so for the other point. On the overlap, things are easier to check since
nothing is 0. Thus, we indeed see that the projective closures of the previous ex-
ample are isomorphic. This example also showcases one instance where we can find
a universal representation f = (Fy : ... : F,) and a second instance of where we
need two different maps on affine sets that glue together on some overlap.

2.3. Rational Functions.

As seen in Example 2.6, the set of regular functions on a variety X may be quite
small. This motivates us to broaden our scope of the functions we consider on an
irreducible variety X. Let Ox be the set of all f = P/Q where P and @ are forms
of the same degree with @ ¢ {x. Since X is irreducible, iy is a prime ideal so it
follows that Oy is a ring. Let Mx C Ox be the set of f = P/Q such that P € {lx.
Clearly, Ox/Mx is a field. We call this the function field of X and denote it by
K(X).

Suppose that U is an open subset of an irreducible variety X. Since a form
vanishes on U if and only if it vanishes on U = X, it follows that K(U) = K(X).
For similar reasons, K(X) = K (X).

Lemma 2.13. Let X be an affine variety. Then, K(X) is the quotient field of
K[X].

Proof. By the remarks following Lemma 2.2, K[X] = KJt]/{x. By dehomoge-
nizing, any rational function f € Ox is equal to some rational function p/q for
p,q € K[t] with ¢ ¢ x. When we quotient out by My, the numerator and de-
nominator get quotiented out by Lx. In this way, an element of K(X) is equal to
f=p/qfor p,q € K[X] with ¢ ¢ ${x. This is the same as saying that f is in the
quotient field of K[X]. O



ALGEBRAIC GEOMETRY AND DIVISORS 12

3. PROPERTIES OF VARIETIES

3.1. Dimension of Varieties.

Definition 3.1. Let X be a topological space. The dimension of X, denoted
dim X, is the supremum of integers n such that there exists a chain of irreducible
closed subsets Zg C Z; € ... € Z,.! Then, the dimension of a variety is its
dimension as a topological space. If Y C X, then the codimension of Y in X
is dim X — dimY and is written codimxY or simply codimY if X is made clear.
Varieties of dimension 1 are called curves and varieties of dimension 2 are called
surfaces. Varieties with codimension 1 in P™ are called hypersurfaces.

Recall from commutative algebra that in a ring R, the height of a prime ideal p
is the supremum of integers n such that there exists a chainpg Cp1 C ... Tp, =p
where the p; are prime ideals. Then, the Krull dimension of R, denoted dimR, is
the supremum of the heights of its prime ideals. To help compute this value, we
use the fact that dim R = height p + dim R/p for a prime ideal p of a K-algebra R
[1, Ch. 11]. The correspondence between prime ideals and irreducible sets gives us
the following:

Lemma 3.2. For an affine variety X, dim K[X] = dim X .

Proof. As stated earlier, K[X] = K[t]/{x. Consider a chain po C p1 C ... C p,, of
prime ideals. These ideals correspond to prime ideals of K[t] containing ${x which
in turn correspond to closed irreducible subsets of X. We can do the same in the
other direction, going from a chain of irreducible subsets to a chain of prime ideals.
Thus, dim K[X] = dim X. O

Example 3.3. As expected, dimA™ = n. Since 4~ = {0}, K[A"] = K]t].
Any prime ideal contained in (¢;) must either be trivial or equal (¢;). Therefore,
height(¢;) = 1. Also, dimK = 0 since fields only have one prime ideal. By the rule
above, it follows that dimKTty,...,t,] = 1 + dimK[tq,...,t,—1], so an induction
shows that dim K[t] = n. Therefore, dim A" = dim K[A"] = dim K [t] = n.
Example 3.4. From Example 1.2, X = Z(y — 22,z — 23). Since these functions
are irreducible, ${x = (y — 22,2 — 2%). Thus, K[X] = K[z, 22, 23] = K[z]. So the
twisted cubic has dimension 1. This is precisely what we would expect since the
twisted cubic is a curve in 3 dimensions, as seen below.

st cubic (,2)

F1GURE 1. Graph of the twisted cubic

INote that this is just one of the many definitions of the dimension of a topological space.
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Lemma 3.5. For a variety X, dim X is equal to the transcendence degree of K(X).

Proof. The proof of this statement is fairly technical and mostly involves arguments
from commutative algebra. Thus, we refer to Shafarevich [5, Ch. 1, §6.2]. O

Corollary 3.6. For a variety X, dim X = dim X.

Proof. As stated earlier, K(X) = K(X). Then, it follows immediately from Lemma
3.5 that dim X = dim X ]

This corollary means that we can determine the dimension of a variety X by
looking at a nonempty affine piece of X. For instance, since A} = P", Example 3.3
tells us that dim P™ = n.

Lemma 3.7. An affine variety X C A" is a hypersurface if and only if there exists
some nonconstant irreducible polynomial f such that X = Z(f).

Proof. Suppose that f is a nonconstant irreducible polynomial and that X = Z(f).
The ideal (f) is radical since f is irreducible. It follows that Ux = /(f) = (f).
Then, (f) is also prime, so X is irreducible and therefore an affine variety. If
f C K[t] is irreducible, then (f) has height 1 [1, p. 122]. From here, it follows that
dim K[t]/{xy =n—1=dim X and so X = Z(f) is a hypersurface.

Now, suppose that X is a hypersurface, so dim X = n — 1. This means that
X # A™. Therefore, since both sets are closed, {Ux # Upn = {0}. Thus, there
exists some nonzero polynomial g that is zero on X. Suppose g1, g2 are irreducible
factors of g such that g, go is zero on X but g; and gs are nonzero on X. This implies
we can write X as the union of nonempty closed proper subsets, contradicting the
irreducibility of X. Therefore, there exists some irreducible factor f of g such that
fis zero on X. So X C Z(f). If we have that X C Z(f), then by definition,
dim Z(f) > n. However, the previous paragraph proves that dim Z(f) =n — 1, so
we conclude that X = Z(f). O

Lemma 3.8. A projective variety X C P™ is a hypersurface if and only if there ex-
ists some nonconstant irreducible homogeneous polynomial F' such that X = Z(F).

Proof. Suppose X = Z(F). Let f(t1,...,t,) = F(1,t1,...,t,), the dehomogenized
form of F. Thus, Aj N X = Z(f) and the projective closure of this set is just X =
Z(F). Since F is irreducible, so is f. If it weren’t, homogenizing the factors would
give a factorization of F'. If f is constant, choose a different affine piece of X. Since
F' is nonconstant, some affine piece eventually works to give nonconstant irreducible
f. It follows from Corollary 3.6 and Lemma 3.7 that dim X = dim Z(f) = n — 1,
so X is a hypersurface.

Similarly, if X C P" is a hypersurface, then Aj N X C A" is a hypersurface, and
therefore equals Z(f) for some irreducible f. Homogenizing gives us irreducible
nonconstant F' with Z(F)=AlNX = X. O

3.2. The Tangent Space.

We now turn to properties of individual points of varieties. It will be helpful to
show that every point of a variety has an affine neighborhood, allowing us to only
consider the affine case for local properties.

Lemma 3.9. Let X be a quasi-projective variety. Then, for every point x € X,
there exists an open U, C X such that U, is isomorphic to an affine variety.
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Proof. Consider x € X. The point  must be in some affine piece of X, so without
loss of generality, assume that © € Aj. By definition, there exists a projective
variety Y and an open set O such that X =Y NO =Y \ C where C = P"\ O.
Since z € Y\ C, at least one polynomial in ${c has F(z) # 0. Dehomogenizing, let
flt1, .. ytn) = F(L,t1,...,tn), so Z(f) = Z(F)NAy. Let U = (Y NAp) \ Z(f).
Since Z(F) contains C' and is closed, U is open in X. We can now show that U is
isomorphic to an affine variety.

Since Y is closed, Y = Z(G4,...,G,). Let gi(t1,...,tn) = G(L,t1,...,tp).
Then, Z(g1,...,9-) = YNAZ. In A"t let X' = Z(g1,...,9r, f-tnt1—1). Since the
g; define an irreducible variety, see that X’ is irreducible and is thus an affine variety.
Considering U as a subset of A™, define ¢(t1,...,tn) = (t1,.. . tn, f(t1, .- tn)"h).
Since f is nowhere zero on U by definition, this defines a regular map from X’ to U.
Then, define ¢(t1,...,tpt1) = (t1,...,t,). This map is also regular. Immediately,

see that 9 o ¢ = idy. Then, by construction, a, 11 = f(ay,...,a,)~! for all points
(a1,...,ap+1) in X', Tt follows that ¢ o 1) = idx/ so the maps are inverses of each
other. Therefore, U and X’ are isomorphic. O

Lemma 3.9 tells us that we can assume we are in affine space when we are
describing properties of specific points. Thus, for the remainder of this section, we
only consider affine sets.

From multivariable calculus, the best linear approximation to the curve z = f(t)
at the point z is given by z = f(z) + >, g—t’:(x)(ti — x;). Setting z = 0 and
considering x € Z(f), the linear approximation becomes 0 = >, g—g:(x)(ti —Z;).
The right hand side is called the differential, denoted d,, and is a linear function
in the t;. It follows from calculus that

da:(f"_g) =d.f +dyg, and
dw(fg) = f(m>d:rg +g(m)dwf

As discussed in Section 1, the same variety can be defined by functions with
very different properties. For example, both f = z? and g = 2 define the same
X C A?. However, Z(d,f) is not equal to Z(d.g). The problem is that X does
not determine the f; such that X = Z(f1,..., fm). Instead, we must consider {x
which is determined by X. This brings us to the following definition:

(3.10)

Definition 3.11. Let X be an affine variety such that {x = (f1,..., fin). Then,
the tangent space to X at x, denoted O, is given by d, f1 = ... =d, fm, = 0.

Since the differentials are linear, they define a plane containing the point z.
Thus, if a is in ©,, then so is every point on the line through a and z. In other
words, if x + a is in O,, then so is = + at for all ¢t € k. Similarly, if x +a and =+ b
are in ©,, then so is « + a + b. In this way, the tangent space is a vector space
where x is the zero element. Thus, a point a € 0O, refers to a + =z € X.

Example 3.12. When X = A", we have that iy = (0), so ©, = Z(d,0) = A™ for
any x € X. Thus, every tangent space to A" is just A" itself.

Example 3.13. When f = y — 22, the tangent space to Z(f) at (0,0) is given by
dof =y = 0. Similarly, when f = y, the tangent space is given by y = 0. This
makes sense since the line y = 0 is tangent to both these curves at 0. Things are
different when f = y(y — 22). In this case, dof = 0, implying that ©g = A2. We
can interpret this as saying that every line which passes through 0 does so with a
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multiplicity of 2 in the same way that a tangent line would. Therefore, it makes
sense to say that dpf = 0. We will see that certain points have tangent spaces
which are larger than expected. These points will be known as singular points.

We can also compute the differential at € X of a regular function f € K[X],
giving us the regular function d,f on ©,. Since K[X]| = K[t]/{x, f corresponds
to a class [g] for some g € K[t]. Then, define d, f := d,glo,. We can show that
d. f will act the same on O, regardless of the choice of g. Consider g and ¢’ in
the same class, so that ¢ — ¢’ = a1f1 + ... + amfm where the f; generate Ux
and a; € K[t]. Taking the differential at x and using the fact that f;(z) = 0,
dyg—dyg = ard,f1+...+amdy fm. Since the tangent space is defined by d,. f; = 0
for 1 < ¢ < m, it follows that d,g — d,¢’ = 0 on O,. Therefore, given f € K[X],
d.f = dzgle, is well defined. This is called the differential of f at x. Since d,g
is linear, the function d, f is an element of the dual space ©}, the space of linear
forms on ©,.

It is again clear that

dm(f+g) =d.f +dyg, and

for f,g € K[X]. Thus, d,: K[X] — ©% is a homomorphism. Given f € K[X], the
function f1(T) = f(T) — f(z) has fi1(x) = 0. Since d, kills constants, d, f = d, fi.
Therefore, for every f € K[X] there exists some f; € K[X] such that fi(z) =0
and d,, f = d, f1. It follows that we need only consider the map d,: m; — O} where
m, = {f € K[X]| f(z) = 0}. Note that the Nullstellensatz implies m,, is maximal.

(3.14)

Theorem 3.15. The map d, defines an isomorphism of vector spaces between
m,/m2 and OF.

Proof. Since d, is a homomorphism from m, to ©}, we just need to show that
im(d,) = O} and that ker(d,) = m2. Without loss of generality, assume that
x=(0,...,0). Let f be a linear form on ©,. Viewing ©, as a subset of A", we can
extend f to a linear function g on A" such that glg, = f, implying that d,g = f.
So indeed im(d,) = ©%. For the second part, note that d,(f?) = 2f(x)d.f = 0
when f € m,, so m2 C ker(d,). Now, suppose f € m, and d,f = 0. As in
above, f corresponds to some class [g] for ¢ € K[t]. Since d,f = 0, d,g = 0 on
O, implying that d,g € Ho,. So since Ux = (f1,..., fr), we have that d,g =
ardyf1 + ...+ apdyfr for a; € K[t]. Let ¢ = g —a1fi — ... — arfr. Then,
g1lx = glx = f. By construction, g;(z) = 0, implying that g; has no constant
terms. Furthermore, d,g; = 0 implies that g; has no linear terms. Therefore,
g1 € (t1,...,tn)%. We can conclude that f € (ti|x,...,tn|x)? It is obvious
that m, = (t1|x,...,ta|x) so we get that f € m2. Therefore, ker(d,) C m2, so
ker(d,) = m2. O

xr
The vector space m,/m?2 is called the cotangent space to X at x.

Definition 3.16. Let X be a variety. A point z € X is nonsingular if dim©, =
dim X. In this case, we say that X is nonsingular at z. If X is nonsingular at all
x € X, then X is nonsingular. A point x is singular if it is not nonsingular.

Essentially, we expect the tangent space at x, which encapsulates the local be-
havior of X, to be the same dimension as X. Thus, nonsingular points are those
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where our expectations are the reality. However, as shown by Example 3.13, sin-
gular points exist. An example of a singular point is one that is passed more than
once by the variety, causing the tangent space to be ambiguous.

Example 3.17. The set A" is nonsingular since ©, = A™ for any point x € A™.
For similar reasons, P” is nonsingular.

4. DIVISORS

4.1. Divisors over Varieties.

As we have already discussed, any polynomial in one variable over algebraically
closed K is uniquely determined up to a constant by its roots and their multi-
plicities. Similarly, a rational function is determined by its roots and poles (with
multiplicities), corresponding to its numerator and denominator, respectively. In
this case, the points are zero sets of irreducible polynomials and therefore are ir-
reducible codimension 1 subvarieties on A'. To generalize this, we will consider
codimension 1 subvarieties of some set X:

Definition 4.1. Let X be an irreducible variety. A collection of irreducible closed
codimension 1 subvarieties C1, ..., C, with corresponding multiplicities k1, ..., k&,
is a divisor on X and is written as the formal sum D = k;C; + ... + k,.C,.. We
write D = 0 when every k; = 0. If every k; > 0 and k; > 0 for some 4, then D is
effective and we write D > 0. A single closed codimension 1 subvarieties C with
multiplicity 1 is called a prime divisor. Suppose k; # 0 for all 5. Then, C; U...UC,
is the support of D, denoted SuppD. We denote the set of divisors by Div X.

We can view Div X as a group under addition: Given D and D’, we can write
D=kC+...4+kC,and D' =kiCy + ...+ kl.C,. Then,

D+D" = (ki +k)C1+...+ (k. + k.)C,.

In this way, Div X is a free Z-module generated by the closed codimension 1 sub-
varieties.

We want to associate with nonzero f € K(X) a divisor div f. To do this, we
assign a value, vo(f), to be the multiplicity of C. Lets consider the case where X
is a curve so the codimension 1 subvarieties are points. For a form F', we define
v{z}(F) to be the multiplicity of = as a root of F. For f € K(X), there exists
P, @ such that f = P/Q. It is natural to think of P as defining the zeros and Q
as defining the poles. We then define vy, (f) = v (P) — v (Q). Note that if
we cancel factor of P and @, v,y (f) remains unchanged, so this definition is well
defined. Immediately, it is clear that

ve(fif2) =ve(fr) +ve(f2), and
vo(fi + f2) = min{va(f1),ve(f2)},  if fi + f2 #0.

Shafarevich generalizes these notions in a way that encapsulates the idea of
poles and zeros of rational functions in K (X) where X is any dimension [5, Ch.
3, §1.1]. Note that in the higher dimension cases, we no longer refer to points as
being zeros or poles. Rather, we say that f has a zero or pole along C where C
is some irreducible closed codimension 1 subvariety. In the more general case, the
properties listed above are still true. Furthermore, regular functions by definition
have no poles. The converse is also true if X is nonsingular [5, Ch. 3, §1.1]. This

(4.2)
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makes sense since if f does have a pole along C', then we expect there to be points
where f is not regular, namely points in C. It follows that f € K[X] if and only if
ve(f) > 0 for all C. Constants have no zeros or poles, so vo(a) =0 for all a € K.

Lemma 4.3. For a nonzero function f € K(X), there are only a finite number of
irreducible codimension 1 subvarieties of X such that ve(f) # 0.

Proof. First, consider the case where X is affine. Then, f € K(X) can be expressed
as p/q for p,q € K[z]. For any regular g € K[X], if C is not a subcomponent of
Z(g), then va(g) = 0. Since Z(p) and Z(q) are closed sets, Lemma 1.22 implies
that there are a finite number of subcomponent of p and ¢, implying that there are
a finite number of C such that ve(f) # 0.

In the general case, we have that X = XgU...U X,, where the X; are the affine
pieces of X. Then, any irreducible subvariety C' intersects some X;. In this case,
ve(f) # 0 only if C is the closure of some irreducible subvariety C’ C X; with
ver(f) # 0 in X;. Since there are finitely many X; and finitely many C’ for each
X, there are finitely many C such that vo(f) # 0. O

With this lemma, it then makes sense to define div f = Y vo(f)C. A divisor D
is a principal divisor if there exists some f € K(X) such that div(f) = D. by the
properties listed above, it follows that div(fg) = div(f)+ div(g) and div(a) = 0 for
a € K. Furthermore, if X is nonsingular, div(f) > 0 if and only if f € K[X]. It
follows that the set of principal divisors form a subgroup which we denote P(X).
The quotient group Div X/P(X) is the divisor class group of X and is denoted
ClX. An element of Cl is called a divisor class. Two divisors Dy, Dy in the same
class are said to be linearly equivalent, denoted D1 ~ Do, and have Dy — Do = div f
for some f € K(X).

Example 4.4. For X = A", Lemma 3.7 shows that any irreducible codimension
1 subvariety C is equal to Z(f) for some irreducible f € K[X]. It follows that
div f = C. Therefore, every prime divisor and therefore every divisor is principal.
It follows that CI(A™) = 0.

Example 4.5. For X = P", things are more complex since any irreducible codi-
mension 1 subvariety C is defined by forms, not rational functions. Any f in
K(P") is of the form P/Q where P and @ are forms of the same degree. Write
P = HP;” and Q = HQil where the P; and @; are irreducible. Lemma 3.8
says that the P; and ; define irreducible codimension 1 subvarieties, which we
call C; and D, respectively. It is clear that div f = Y k;C; — > 1;D;. We can
then define the degree of a divisor D = Y k;C; to be deg D = " k; deg F; where
C; = Z(F;). Since P and @ have the same degree, > k;deg P, = > [;deg@;.
Thus, deg(div f) = > kideg P, — > l;deg@Q; = 0. The converse is also true: if
> kidegC; = 0 where C; = Z(F;), then HFik"' has degree 0, i.e., it is a quotient
of forms of the same degree. Let f be this quotient. We see that div f = > k;C;
so deg(div f) = > k;deg C; = 0. Thus, principal divisors are precisely those with
degree 0.

It follows from the definition that deg Dy + deg Do = deg(D; + Ds). Thus,
deg: Div X — Z is a homomorphism. An affine piece defined by x; = 0 has degree
equal to 1, so by changing the multiplicities, im(deg) = Z. By our remarks above,
ker(deg) = P(P™). Thus, we conclude that C1(P") = Z.
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4.2. Divisors on Curves.

For this section, we assume that X is a nonsingular projective variety of dimen-
sion 1. Thus, the irreducible codimension 1 varieties are points, i.e., C = x for
x € X. It is natural to extend the definition of degree from Example 4.5, say-
ing that the degree of a divisor D = > k;x; is the number > k;, denoted deg D.
Shafarevich shows that deg(div f) = 0 for any f € K(X) [5, Ch. 3, §2.1]. This
essentially means that for P and @Q of the same degree, P and ) will intersect X
the same number of times. The generalization of this result is known as Bezout’s
Theorem. Before we state Bezout’s Theorem, we need the following definition:

Definition 4.6. The degree of a curve X C P", denoted deg X is the maximum
number of intersections points of X with a hyperplane not containing X. Note that
a hyperplane is a hypersurface defined by a form of degree 1.

Theorem 4.7 (Bezout’s Theorem). The number of intersection points, including
multiplicities, of X with the form F is equal to (deg X)(deg F').

Proof. This proof requires more theory about the degree of a curve X, but I will
outline the proof given by Shafarevich [5, Ch. 3, §2.2]. The idea is to make a
geometric argument that X F' = deg(divF') (Shafarevich actually takes this as the
definition, but it is not immediatly clear that deg(divF') equals the number of
intersection points with multiplicities). It follows that deg(divF) only depends on
the degree of F since deg(divF/F’) = 0. Then, we can take F' = L8 where L
is a linear form. Thus, every intersection point has multiplicity deg F', so XF =
(deg F')X L. Shafarevich then shows that XL = deg X, so XF = (deg X)(deg F).

([l

Example 4.8 (Plane curves). An irreducible curve X € P? is codimension 1, so
there exists an irreducible form F such that Z(F) = X. Let d = deg F'. Without
loss of generality,  appears in F' with positive degree. Then, a hyperplane is given
by « + ay + bz = 0. Substituting —ay — bz in for « in F' = 0 and dehomogenizing,
we get a d degree polynomial in y/z. The irreducibility of F' ensures that we indeed
get a polynomial of degree d in y/z. As we alter a and b, we find that there must
be values such that there are d distinct roots. Thus, we see that deg X = deg F'. In
other words, Bezout’s Theorem implies that if F' and G are two irreducible forms,
then the number of intersections of Z(F') with Z(G), including multiplicities, is
(deg F')(deg G).

Similarly to Example 4.5, the fact that deg(div f) = 0 and that degree is additive
also implies that deg : C1 X — Z is a homomorphism. This time, it is not always
the case that ker(deg) = 0, i.e., deg D = 0 does not imply that D is principal. In
this case, the class corresponding to D is in ker(deg).

Example 4.9 (Cubic plane curves and the group law). We say X is cubic if
deg X = 3. Fix zy € X. Shafarevich shows that if X is a cubic plane curve, then
there is a one-to-one correspondence between points in X and classes in ker(deg)
given by x — C, where C,, is the class containing the divisor  —z¢ [5, Ch. 3, §3.1].
To prove this, one must show that a — xg ~ b — xg only when a = b and that every
element of ker(deg) contains a divisor of the form = — xg. This correspondence
suggests that there is a group operation on X related to the group operation on
ker(deg). Specifically, since X is in bijection with the group ker(deg), the group
operation on X should reflect the group operation on ker(deg).
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In what follows, + is the group operation on ker(deg) C ClX and & is the
group operation we are trying to define on X. For a,b,c € X, C, + C, = C, when
a—xg+b—x9 ~ c— xq, or equivalently, when a + b — xg ~ c¢. For & to correspond
to +, we should take a & b to equal c¢. This definition technically works, but it
uses divisors and the correspondence between ker(deg) and X. One should want a
definition for a & b that only relies on properties of X without these other notions.
We require more tools to state such a definition.

For a,b € X, define a * b to be the third point in X on the line through a and
b. Bezout’s Theorem states that there are exactly three points on any line that are
also in X, so a * b exists and is unique. Note that a * b may equal a or b. Also, if
a = b, then we use the tangent line to X at a. See that (a % b) = (b* a) since the
order of the points does not change the line they define. Furthermore, since a, b,
and a x b are on the same line, a * (a * b) = b and b * (a * b) = a. Silverman and
Tate also check that this operation is associative [6].

We also need a fact about triples of colinear points. Let L; and L, be linear
forms defining lines Iy = Z(L1) and ly = Z(Lz) and let a;, b;, ¢; be the three points
in I; N X. Then, div(L1/Ls) = a1 + by + ¢1 — ag — by — co. In other words,
ay + by + ¢y ~ as + by + co. More generally, this means that all triples of colinear
points are linearly equivalent.

Thus, a+b+ (a*xb) = (a®b)+x0+ ((a®b)*x(). Therefore, a®b is equivalent to
a+b—xg if and only if axb = (a®b)*x¢, or equivalently, when a®b = (axb)*xg. Thus,
we define a®b := (a*b)*x. This definition only uses * which is based solely on the
geometry of X. Immediately, see that a®xg = (a*xzg)*xg = a. Also, the inverse of
ais (ax(zo*xp)) since a® (ax(zo*xxp)) = (ax(ax(xo*x)))*x0 = (To*T0)*To = X0-
Since * is associative, it follows that @ is associative. Thus, (X, ®) is indeed a group.

Example 4.9 showcases one of the more beautiful and unexpected results in
algebraic geometry — the fact that a cubic curve is a group. We do not actually need
the correspondence that Shafarevich uses since everything relies on the properties
of . However, it is through the theory of divisors that one can naturally derive
such an operation, thereby showcasing their importance.
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