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Abstract. In this paper, we will solve the inverse Galois problem for C(t)

by proving two important equivalences between three categories: Riemann
surfaces, branched covers, and finite étale algebras over meromorphic function

field on Riemann surfaces.
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1. Introduction

An intriguing but very difficult question is: is every finite group isomorphic to a
Galois group for some Galois extension of Q? It remains an open problem today.
However, for the field C(t), which is in many ways analogous to the rational function
field, we can actually solve the inverse Galois problem by taking a topological
perspective.

In this paper, we will presume some basic knowledge of commutative algebra,
complex analysis, algebraic topology, and algebraic geometry. In the first part of the
paper, we will re-emphasize some of the important definitions and propositions in
these fields relevant to our discussion. Then we will prove the following equivalences
of the categories:
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1. The equivalence between HolX,S and Cov(X \ S). HolX,S is the category of
Riemann surfaces that map properly and holomorphically onto a fixed connected
Riemann surface X whose branch points lie above a closed, discrete set S. Cov(X \
S) is the category of finite topological covers of X \ S.

2. The equivalence between HolX and FinEtAlgM(X). HolX is the category
of compact Riemann surfaces that map holomorphically onto a fixed connected,
compact Riemann surface X. FinEtAlgM(X) is the category of finite étale algebras

over M(X), the field of meromorphic maps on X.
Eventually, we will prove the inverse Galois Problem for C(t), i.e. every finite

group occurs as the Galois group of some finite Galois extension of C(t). Since
the meromorphic function field of the Riemann sphere is exactly C(t), to find a
finite Galois extension of C(t) is equivalent to finding a finite Galois extension of
M(CP1). Since any finite group G can be written as the quotient of the free group
on n letters for some n, we can find a Galois branched cover Y of CP1 branched
over n + 1 points with the automorphism group of the cover isomorphic to G.
According to the above equivalences, M(Y ) is exactly the finite Galois extension
of M(CP1) we desire. This paper largely follows Szamuely’s approach [5], but we
will be utilizing more algebraic geometry techniques over holomorphic techniques
in the second half of the paper.

2. Topological Covers

All the topological spaces in this paper are assumed to be locally connected.

Definition 2.1. Let X,Y be topological spaces. A continuous surjective map
p : Y → X is a cover of X if for every x ∈ X, there exists an open neighborhood U
of x such that p−1(x) is a disjoint union of open sets

∐
i∈I Vi in Y , and p|Vi

: Vi → U
is a homeomorphism for any Vi. The map p is called the covering map.

Definition 2.2. The following definitions describe maps between covers.

• Let X be a topological space and Y, Z be two covers of X, with covering
maps pY and pZ . A homomorphism of covers is a continuous map ϕ : Y →
Z such that pZ ◦ ϕ = pY .
• An isomorphism of covers Y and Z is a homomorphism with an inverse.
• An automorphism of a cover Y is an isomorphism σ : Y → Y . Denote

by Aut(Y |X) the set of automorphisms of Y . Aut(Y |X) is a group under
composition.

We say a cover p : Y → X is finite if p−1(x) is a finite set for each x ∈ X. We
call it connected if Y is connected, and trivial if Y = X × I where I is a nonempty
discrete space and p : X × I → X is given by (x, i) 7→ x.

Proposition 2.3. Let p : Y → X be a cover. Then for every x ∈ X, there exists
an open neighborhood U of x such that p restricted to p−1(U) is isomorphic to a
trivial cover.

Proof. Let U be as in the definition of covers, so then p−1(U) =
∐
i∈I Vi. Endow I

with the discrete topology. Consider the map∐
i∈I

Vi → U × I

vi 7→ (p(vi), i)
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where vi ∈ Vi. This map is surjective because p is. It is injective because if
p(vi) = p(v′i), then vi and vj are both the preimage of a single point, but p on Vi is
a homeomorphism, so vi = vj . Thus we have a homeomorphism between

∐
i∈I Vi

and U × I, which is also a cover homomorphism. This concludes the proof. �

Definition 2.4. Let p : Y → X and q : Z → X be two covers of X. The fiber
product Y ×X Z over X is a subspace of Y × Z consisting of points (y, z) such
that p(y) = q(z). The following diagram commutes for the natural projection
qY : Y ×X Z → Y and pZ : Y ×X Z → Z:

Y ×X Z Y

Z X

qY

pZ p

q

Note that qY : Y ×X Z → Y and pZ : Y ×X Z → Z are all covers and the fibers
q−1Y (y), p−1Z (z) are naturally isomorphic to q−1(p(y)), p−1(q(z)).

A fiber product has the following universal property: it represents the set-valued
functor on the category of spaces over X that maps a space S → X to the set of
pairs of morphism {ϕ : S → Z, φ : S → Y } satisfying q ◦ ϕ = p ◦ φ.

Definition 2.5. For a connected topological space Y , the cover p : Y → X is
Galois if Aut(Y |X) acts transitively on each fiber of p. This is equivalent to saying
that for any x ∈ X and any y1, y2 ∈ p−1(x), there exists an automorphism q of the
cover Y such that q(y1) = y2.

For a group G that acts from the left on a topological space Y , we will use the
notation G \ Y to denote the set of orbits under the action of G with the finest
topology that makes the projection Y → G \ Y continuous.

Theorem 2.6. Let p : Y → X be a Galois cover and G = Aut(Y |X). There exists
a bijection between the subgroups of G and the intermediate covers of X. Explicitly,
for each subgroup H of G, the cover map p induces a natural intermediate cover
pH : H \ Y → X of X. On the other hand, if an intermediate cover q : Z → X
satisfies the following commutative diagram

Y Z

X

f

p
q

then f : Y → Z is a Galois cover and Z ∼= H \ Y for some subgroup H of G. The
maps H 7→ H \ Y and Z 7→ Aut(Y |Z) form inverses of each other. Moreover, the
cover q : Z → X is Galois if and only if H is a normal subgroup. In this case, we
have Aut(Z|X) ∼= G/H.

Proof. See page 42 of Szamuely[5] for the proof. �

2.1. The Path Lifting Property.
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Lemma 2.7. Let p : Y → X be a cover, Z be a connected topological space, and
f, g : Z → Y be two continuous maps such that p ◦ f = p ◦ g. If f(z) = g(z) for
some z ∈ Z, then f = g.

Proof. Let S = {z ∈ Z|f(z) = g(z)} ⊂ Z. For any z ∈ S and y = f(z) = g(z), we
can find a connected open neighborhood V of p(y) such that p−1(V ) decomposes as
disjoint unions Ui of Y and p−1(V ) ∼= Ui. Let Ui be the component that contains y.
W = f−1(Ui) ∩ g−1(Ui) is an open neighborhood of z because f, g are continuous.
Since p ◦ f = p ◦ g and p maps Ui homeomorphically to V , f and g must agree on
W . S is therefore open.

If f(z) 6= g(z), then f and g send z and an open neighborhood of z into different
components of p−1(V ) which are disjoint. Hence, Z \ S is open. Because Z is
connected, S must equal Z. �

Lemma 2.8. Let p : Y → X be a cover and y ∈ Y , x ∈ X such that p(y) = x.

Given a path f : [0, 1] → X such that f(0) = x, there exists a unique path f̃ :

[0, 1] → Y such that f̃(0) = y and p ◦ f̃ = f . For another path g : [0, 1] → X such

that g is homotopic to f , their unique liftings f̃ and g̃ are also homotopic.

Y

[0, 1] X

p

f

f̃

Proof. When Y is a trivial cover of X, i.e., Y = X × I for a discrete topological

space I, the lifting f̃ would simply be f̃(x) = (f(x), i) where y = (x, i). Now we
can consider the general case. The intuition is that every cover is locally a trivial
cover. Hence, we would only have one choice locally to recover the path. For any
x ∈ f([0, 1]), there exists an open neighborhood Vx such that the restriction of
p to p−1(Vx) is isomorphic to a trivial cover. {f−1(Vx)}x∈f([0,1]) forms an open
cover of [0, 1]. Since the interval is compact, we can extract a finite subcover and
a subdivision 0 = t0 < t1 < · · · < tn = 1 of [0, 1] such that [ti, ti+1] is contained in
some f−1(Vx) in the subcover. Since the cover is trivial over f([ti, ti+1]), we can

construct the lifting fi : [ti, ti+1]→ Y . Gluing all the fi together, we get the f̃ we
desire. Apply Lemma 2.7 by taking Z = [0, 1], we know the lifting is unique.

Similarly, we can lift the homotopy h : [0, 1] × [0, 1] → X with h(0, t) = f(t)

and h(1, t) = g(t) to h̃ : [0, 1] × [0, 1] → Y with p ◦ h̃ = h, h̃(0, t) = f̃(t), and

h̃(1, t) = g̃(t). According to Lebesgues’ lemma (Munkres[4], 66), we can choose a
sufficiently fine square subdivision Si,j of [0, 1]× [0, 1] such that the cover is trivial
over h(Si,j). We can then piece the lifting for each sub-square. By the above

uniqueness of path lifting, the path t 7→ h̃(0, t) is exactly f̃ and the path t 7→ h̃(1, t)
is exactly g̃. �

Proposition 2.9. Let p : Y → X be a cover and y ∈ Y , x ∈ X such that p(y) = x.
Let Z be a path-connected topological space and z ∈ Z. f is a continuous function
from Z to X such that f(z) = x. The following are equvalent:
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(1) There exists a unique lift f̃ such that the following diagram commutes.

Y

Z X

p

f

f̃

(2) Induced homomorphisms f∗ : πtop
1 (Z, z)→ πtop

1 (X, f(z)) and p∗ : πtop
1 (Y, y)→

πtop
1 (X, p(y))) satisfy the following at the level of fundamental groups:

f∗(π
top
1 (Z, z)) ⊂ p∗(πtop

1 (Y, y)).

Proof. See the Theorem on page 28 of [3]. �

2.2. Universal Covers.

Proposition 2.10. For a topological space X that is path-connected and locally
path connected, if pi : Yi → X is a path-connected and simply connected cover of X
for i ∈ {1, 2}, then they are isomorphic as covering spaces.

Proof. Fixing a point x ∈ X and choose y1 ∈ Y1, y2 ∈ Y2 such that p1(y1) = x
and p2(y2) = x Because Y1 and Y2 are simply connected, part 2 of Proposition
2.9, is automatically satisfied. We have the following commutative diagrams where
f(y1) = y2 and g(y2) = y1:

Y1 Y2

X

p2

f

p1

g

Therefore f ◦ g = idY2
and g ◦ f = idY1

. �

Definition 2.11. For a path-connected, locally path-connected topological space
X, a path-connected, simply connected covering space is called a universal covering
space of X.

In fact, if X is connected, locally path-connected, and semi-locally simply con-
nected, then X has a universal cover. See page 30 of [3] for a detailed proof. By
Proposition 2.10, universal covers are unique up to isomorphism.

Corollary 2.12. The left half plane L = {z ∈ C|Re(z) < 0} furnishes a universal

cover of the punctured disc D̃ = {z ∈ C : |z| < 1} \ {0}.

Proof. Consider the map z 7→ ez restricted to L. It is everywhere conformal and
locally homeomorphic because it has a nonzero derivative. It surjects onto the

punctured disc and therefore is a cover of D̃. L is clearly path-connected and
simply connected, thus it is a universal cover. �
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3. Étale Algebras

Definition 3.1. An étale k-algebra is a k-algebra isomorphic to a finite product
of finite, separable extensions of the field k.

In the analogy between Galois groups and fundamental groups seriously, the
spectrum of a field should admit covers. While for any field k, Spec(k) admits no
interesting topological covers since it’s a point, we can imagine that the spectrum
of étale k-algebras are the covers over Spec(k).

Lemma 3.2. For L1, L2 as finite, separable, algebraic extensions of k, L1⊗k L2 is
an étale k-algebra.

Proof. By the primitive element theorem, L1
∼= k(a) and let p(x) be the minimal

polynomial of a over k.

L1 ⊗k L2
∼= k[x]/p(x)⊗ L2

∼= L2[x]/p(x)

∼= L2[x]/
∏

pj(x)

∼=
∏

L2/pj

where pj(x) are the irreducible factors of p(x) over L2. �

4. Holomorphic maps on the Riemann surface

Let us first define holomorphic maps between Riemann surfaces.

Definition 4.1. A holomorphic map between Riemann surfaces X and Y , ϕ : Y →
X, is a map that for every open subset U ⊂ X, V ⊂ Y such that ϕ(V ) ⊂ U and
any complex charts f : U → C, g : V → C, the map f ◦ ϕ ◦ g−1 : g(V ) → C is a
holomorphic complex function.

We will prove this little lemma that holomorphic maps between Riemann surfaces
is locally analogous to the map f : C → C such that f(z) = zky where ky is an
integer.

Lemma 4.2. Let ϕ : Y → X be a holomorphic map between Riemann surfaces that
is non-constant on any connected components. Let y ∈ Y and x = ϕ(y) ∈ X. There
exists an open neighborhood Vy of y and Ux of x with complex charts fx : Ux → C
and gy : Vy → C such that fx(x) = gy(y) = 0 and the following diagram commutes.

Vy Ux

C C

ϕ

gy fx

z 7→ zky

where ky is an integer independent of the choice of charts.

Proof. By linear transformations, we can easily find the complex charts fx and g′y
that satisfy fx(x) = g′y(y) = 0. We also know from the definition of holomorphic

map that the map fx ◦ϕ ◦ g′−1y : g′y(Vy)→ C is a holomorphic function on complex
numbers, and thus we can express it in terms of a power series around 0: fx ◦ ϕ ◦
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g′
−1
y =

∑∞
i=0 aiz

i. Because ϕ is non-constant of Vy and fx is a homeomorphism,

fx◦ϕ◦g′−1y is non-zero. We can therefore let ky be the smallest N such that aN 6= 0.

Thus, fx ◦ ϕ ◦ g′−1y = zNH(z) where H(z) =
∑∞
i=N aiz

i−N . Because H(0) 6= 0,
we can choose a small open neighborhood V0 ⊂ Vy of H(0) on which we can fix a
branch of the logarithm. Let

h(z) = e
1
ky

logH(z)
,

which is holomorphic on g′y(V0). Note that

h(z)k
y

= H(z).

So fx ◦ ϕ ◦ g′−1y (z) = (zh(z))ky . Now let gy = (z 7→ zh(z)) ◦ g′y, we see that

(fx ◦ ϕ ◦ g−1y )(w) = (fx ◦ ϕ ◦ g′
−1
y ) ◦ (z 7→ zh(z))−1(w)

= (fx ◦ ϕ ◦ g′
−1
y )(u)

= (uh(u))ky

= wky .

where u is the image of w under the inverse of the map z 7→ zh(z), so w = uh(u).
This is the form we desire.

It remains to show that ky is independent of the choice of fx and gy. Suppose

for a difference choice of charts f̃x and g̃y, the corresponding integer is k̃y, so that
the following diagram commutes:

C C

Vy Ux

C C.

z 7→ zk̃y

ϕ

gy

g̃y

fx

f̃x

z 7→ zky

Thus the next diagram commutes:

g̃y(Vy) f̃x(Ux)

gy(Vy) fx(Vx)

z 7→ zk̃y

θ η

z 7→ zky

where θ = gy ◦ g̃−1y and η = fx ◦ f̃−1x are complex diffeomorphisms. By comparing

the number of preimages under z 7→ zk̃y and η−1 ◦ (z 7→ zky ) ◦ θ, we see that

k̃y = ky. �
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Corollary 4.3. Any holomorphic map between Riemann surfaces that is non-
constant on any connected components is an open map. Thus, for connected Rie-
mann surfaces, any non-constant holomorphic map is open.

Proof. We know that z 7→ zky is open. Complex charts are also open as they are
homeomorphisms. As a composition of the above, the holomorphic map is also
open. �

Definition 4.4. For each y ∈ Y , we denote the above ky as the ramification index,
or branching order of ϕ at y. If ky > 1, then y is called a branch point. We use Sϕ
to denote the set of branch points.

Lemma 4.5. The fibers of ϕ and Sϕ are discrete closed subsets of Y .

Proof. This lemma follows directly from the lemma above because for each branch
point y, it has an open neighborhood Vy such that ϕ on Vy is ky-to-one except on
y where it is one-to-one. Therefore, Vx could not contain any other branch points
nor any pre-image of ϕ(x). Branch points and fibers of ϕ are hence isolated. �

5. Algebraic Geometry

While Riemann surfaces are complex analytic objects, we can in fact employ
algebro-geometric techniques to analyze Riemann surfaces. We will first introduce
several concepts in algebraic geometry and familiarize ourselves with the language
of algebraic geometry. Then, we will construct the normalization of an integral
scheme, which helps us define the functor we need between categories. Finally, we
will show that every compact Riemann surface is isomorphic to a smooth projective
curve.

Definition 5.1. A ringed space is a pair (X,OX) consisting of a topological space
X and a sheaf of rings OX on X. (X,OX) is a locally ringed space if the stalk
OX,x is a local ring for every x ∈ X.

Let A be a ring. Endow SpecA with the Zariski topology. Let D(f) = {p ∈
SpecA | f /∈ p}. Then B = {D(f)}f is a base of open sets of SpecA. Define
a B-sheaf of rings OSpecA on the base B by OSpecA(D(f)) = Af . By uniquely
promoting it to a sheaf, we have defined a sheaf of rings OSpecA on SpecA. See [6]
for a proof of the unique promotion.

Definition 5.2. An affine scheme is a locally ringed space (SpecA,OSpecA) for
some ring A. A scheme is a locally ringed space (X,OX) such that for every
x ∈ X, there exists an open neighborhood U of x where (U,OX |U ) is isomorphic
to some affine scheme (SpecA,OSpecA).

Definition 5.3. A scheme (X,OX) is integral if OX(U) is an integral domain for
all non-empty affine open subscheme U ⊂ X.

Next, we will show that a morphism from any scheme to an affine scheme
uniquely corresponds to a ring morphism of global sections. This lemma is very
useful because morphisms between schemes can now be studied using the techniques
in commutative algebra.

Lemma 5.4. Let (X,OX) be a scheme and A a ring. There exists a natural
bijection

HomSch(X,SpecA) ∼= HomRing(A,Γ(X,OX)).
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Proof. First, consider the case where X = SpecB is affine. Then Γ(X,OX) =
OSpecB(SpecB) = B. Here we have the familiar bijection

α : HomSch(SpecB, SpecA)→ HomRing(A,B).

Now let X be an arbitrary scheme. Let X = ∪iUi be an covering by affine
open subshemes. Then for each Ui, we have noted that HomSch(Ui,SpecA) →
HomRing(A,Γ(Ui,OX)) is a bijection. We would like to glue these morphisms on
this affine open cover to a morphism on the whole scheme. For any V ⊆ Ui∩Uj , we
have natural maps V → Ui, and since Hom is a contravariant functor and Γ(−,OX)
is a covariant functor, we see that

HomSch(Ui,SpecA) HomRing(A,Γ(Ui,OX))

HomSch(V,SpecA) HomRing(A,Γ(V,OX))

commutes, and the rows are bijections. The same diagram commutes for Uj . So
we see that given a morphism from V , it uniquely corresponds to a ring homomor-
phism from A to Γ(V,OX), and this correspondence is the same whether we view
V as a subscheme of Ui or Uj . Thus given a ring homomorphism V → Γ(V,OX),
the scheme morphism we constructed for Ui and Uj agrees on V . Since Ui ∩ Uj is
covered by affine opens V , we see that the constructed morphism agrees on all of
Ui ∩ Uj .

Now given a ring homomorphism A → Γ(X,OX), we can get a family of mor-
phism A → Γ(Ui,OX) by composing with the restriction maps of OX . By the
bijection for affine subschemes, we in turn obtain a family of scheme morphisms
fi : Ui → SpecA, and these morphisms agrees on Ui ∩ Uj for any Ui, Uj . We can
then glue these morphisms to get a map f : X = ∪iUi → SpecA on the level of
topological spaces (just use the value at any point of any morphism in the family).
To see that we can also glue on the level of structure sheaves, note that for any
W ⊂ SpecA open, f−1(W ) is covered by f−1i (W ), and we have

OSpecA(W )→ (OX(f−1i (W )))i

s→ (si)i.

By the sheaf gluing axiom, this gives a unique map f# on the level structure sheaves.
The existence of (f, f#) shows α is surjective, and the uniqueness of gluing shows
α is injective. Thus, we have our desired bijection α. α is natural for the same
reason as above.

In particular, take A = Γ(X,OX). Then we have a bijection

HomSch(X,Spec Γ(X,OX))→ HomRing(Γ(X,OX),Γ(X,OX))

The identity map on the right-hand side will correspond to a canonical morphism
of schemes X → Spec Γ(X,OX). Suppose there is a scheme morphism f : Y →
X, with f# : OX → f∗(OY ). Taking global sections, we obtain a map Γ(f) :
OX(X)→ OY (f−1(X)) = OY (Y ). Now taking Spec, we obtain a map Spec Γ(f) :
Spec Γ(Y,OY ) → Spec Γ(X,OX). Then Y → X → Spec Γ(X,OX) is equal to
Y → Spec Γ(Y,OY )→ Spec Γ(X,OX) since the bijection above is natural in Y and
X, and the respective maps are induced by the identity map. Thus this map X →
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Spec Γ(X,OX) is functorial in X. When X is affine, X = SpecA and Γ(X,O) = A,
so in the construction above we let X cover itself, and there is no gluing happening.
So the morphism of schemes is given by Spec id = id, which is an isomorphism. On
the other hand, if we obtained an isomorphism X → Spec Γ(X,OX), then X is
affine since it is isomorphic to an affine scheme. �

The next definition and lemma are a key step in defining the functor

FinEtAlgM(X) → HolX .

Definition 5.5. A scheme is normal if all of its local rings are integrally closed
domains.

Definition 5.6. A scheme morphism f : X → Y is dominant if f(X) is dense in
Y .

Lemma 5.7. Let X be an integral scheme. There exists a normal scheme X̃ and

a morphism X̃ → X with the universal property: for every dominant morphism

f : Z → X from a normal integral scheme Z, f factors uniquely through X̂. The

normal scheme X̃ is called the normalization of X.

Proof. For each affine open subset U = SpecA of X, let Ã be the integral closure

of A in its field of fractions. Let Ũ = Spec Ã. We will show that we can glue Ũ ’s
to obtain a normal scheme.
Let V = SpecB be an affine open subscheme of X and Ṽ = Spec B̃ where B̃ is the

integral closure of B in its field of fractions. The inclusion map A → Ã induces

a canonical scheme morphism i : Ũ → U . Because the ring map is an inclusion,

for a prime ideal p ∈ Ũ , we have that i(p) = p ∩ A. Likewise there is a canonical

morphism j : Ṽ → V which sends q to q ∩B. Note that these maps are surjective.
Our goal is to define an isomorphism i−1(U ∩V )→ j−1(U ∩V ) so that we can glue.
We may cover U ∩ V by open subsets that is basic in both U and V , i.e. open sets
of the form W = SpecAa = SpecBb. Since taking integral closure commutes with
localization, we see that

(Ã)a ∼= Ãa ∼= B̃b ∼= (B̃)b.

The isomorphism of (Ã)a and (B̃)b induces an isomorphism of schemes i−1(W )→
j−1(W ). All such isomorphisms agree on overlaps W1 ∩ W2, since the overlaps
are just further localizations: if W1 = SpecAa = SpecBb and W2 = SpecAc =
SpecBd, then W1 ∩W2 = SpecAac = SpecBbd, and so the induced isomorphisms
for W1,W2 on the overlap are the same as the induced isomorphism by considering
SpecAac = SpecBbd directly. Thus, we can glue these isomorphisms to obtain an
isomorphism

φUV : i−1(U ∩ V )→ j−1(U ∩ V )

Clearly φUV = φ−1V U , because the map is just induced by the isomorphism

(Ãa) ∼= Ãa ∼= B̃b ∼= (B̃)b

as above by going in the other direction of the chain. On a triple intersection
U ∩ V ∩ T , the condition is

φUV (i−1(U ∩ V ) ∩ i−1(U ∩ T )) = j−1(V ∩ U) ∩ j−1(V ∩ T )

where i, j are the same as above. But we see that i−1(U ∩ V ) ∩ i−1(U ∩ T ) =
i−1(U ∩ V ∩ T ), and j−1(V ∩ U) ∩ j−1(V ∩ T ) = j−1(V ∩ U ∩ T ), so this is indeed
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true since we can consider open sets in U ∩ V ∩ T , and our isomorphism φUV is
glued from a local isomorphism on an open set in U ∩ V ∩ T , so we see that

φUV (i−1(U ∩ V ∩ T )) = j−1(V ∩ U ∩ T ).

Also, using the same argument (isomorphism is glued from local isomorphisms on
open sets in U ∩ V ∩ T ), we see that φUT = φV T ◦ φUV since they are equal on
every such open set covering U ∩ V ∩ T .

Now that we have verified the conditions needed for gluing schemes, we know

there exists a scheme X̃ together with morphisms ψU : Ũ → X̃ such that ψU
is an isomorphism onto an open subscheme of X̃, ψU (Ũ) covers X̃, ψ’s agree on

intersections, and ψU = ψV ◦ φUV . We now proceed to construct the map X̃ → X.

Recall that we have surjective maps i : Ũ → U for each affine open U ∈ X. Now

that φU (Ũ) covers X, for each one of them,

ψU (Ũ)
ψ−1

U−−−→
∼

Ũ
i−→ U

By the gluing properties stated above, these maps agree on overlaps, so we can glue

them into a morphism X̃ → X.

Now let Z be a normal integral scheme, and f : Z → X be a dominant morphism.

Let {Ui} be an affine open cover of X, so we have maps ψi : Ũi → X̃. Consider
fi : f−1(Ui)→ X which is the restriction of f to f−1(Ui). Since Z is normal, it is
irreducible. Since f−1(Ui) is an nonempty open set, it is dense. Thus we see that
fi is dominant since a continuous image of a dense set is dense. We have therefore
reduced to showing the universal property in the affine case.

Let U = SpecA and Ũ = Spec Ã where Ã is the integral closure of A. Then we
obtain a map A → Γ(Z,OZ) using the bijection in Lemma 5.4, and it is injective.
Then by definition, we see that all localizations at prime ideals of Γ(Z,OZ) are
integrally closed since Z is normal. Thus, Z is itself integrally closed. By the uni-
versal property of integral closure, the ring homomorphism A → Γ(Z,OZ) factors

uniquely through Ã to give a ring homomorphism Ã→ Γ(Z,OZ). This corresponds

to a scheme morphism Z → Spec Ã = Ũ such that Z → Spec Ã → SpecA is the
same as Z → SpecA (by the naturality of the bijection in Lemma 5.4.) This is the
desired scheme morphism. Now gluing these morphisms over the affine cover {Ui},
we obtain a unique morphism Z → X̃, as required. �

Definition 5.8. A scheme of finite type over a field k is smooth if stalks of the
fiber product X ×k Spec k are regular local rings, i.e. for any p ∈ X ×k Spec k, the
Krull dimension of the ring Op is equal to the minimal number of generators of the
maximal ideal of Op.

Theorem 5.9. For a compact Riemann surface X, X is isomorphic to a smooth
projective curve. X is an integral scheme.

Proof. By Riemann-Roch theorem [2], we know that we can embed any Riemann
surface X into some projective space as a closed complex sub-manifold. By Chow’s
theorem [7], we then know that such closed complex sub-manifold of a projective
space is a complex algebraic variety. X is a smooth curve because the embedding
is smooth and Riemann surface is one dimensional.
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To show X is integral, it suffices to show that OX(U) is an integral domain
for any non-empty affine open subscheme U of X. Because smoothness implies
regularity, for any non-empty affine open subscheme U ⊂ X, the ring AU = OX(U)
is Noetherian and the minimal number of generators of its maximal ideals is equal
to its Krull dimension. As an open subset of X, U is one-dimensional. Therefore,
the Krull dimension of AU is also one and AU is a principal ideal domain and clearly
an integral domain. Because AU is a principal ideal domain, it is automatically a
Dedekind domain. �

6. Equivalence between HolX,S and Cov(X \ S)

Definition 6.1. Let X be a connected Riemann surface and S be a closed, discrete
subset of X. Let HolX,S be the category of Riemann surfaces Y equipped with a
proper holomoprhic map f : Y → X such that all the branch points are contained
in f−1(S). A morphism in HolX,S is a holomorphic map compatible with the
projections onto X.

Definition 6.2. Let X be a connected Riemann surface and S be a closed, discrete
subset of X. Let Cov(X \ S) be the category of finite topological covers of X \ S.
A morphism in Cov(X \ S) is a morphism between topological covers.

To show the above categories are equivalent, we will define a functor from HolX,S
to Cov(X \ S) and prove that it is essentially surjective and fully faithful.

Lemma 6.3. Let X,Y be Riemann surfaces and suppose X is connected. Let
ϕ : Y → X be a proper holomorphic map and Sϕ be the set of branch points of ϕ.
Restricting ϕ to Y \ ϕ−1(ϕ(Sϕ)) induces a finite topological cover of X \ ϕ(Sϕ).

Proof. Recall that a continuous map of locally compact topological space is proper
if the pre-image of each compact subset is compact. For locally compact Hausdorff
spaces, proper map is closed. Thus, proper map between Riemann surfaces, which
are locally compact Hausdorff spaces, is closed. By Lemma 4.5, we know that
the fibers of ϕ are finite because they are compact and discrete. Because ϕ is both
closed and open, the image of Y in X is both open and closed. Since X is connected,
ϕ is surjective.

For all y ∈ Y \ϕ−1(ϕ(Sϕ)), we know from Lemma 4.2 that there exist open neigh-
borhoods V of y and U of ϕ(y) and complex charts fx : U → C and gy : V → C
such that fx ◦ ϕ ◦ g−1y : C → C is the identity map. Since both fx and g−1y are
homeomorphisms, we know that ϕ is a homeomorphism on V . Because ϕ is surjec-
tive with finite fibers, for all x ∈ X \ ϕ(Sϕ), it has finitely many pre-images. For
each pre-image, there exists such open neighborhood that maps homeomorphically
to an open neighborhood of x according to the argument above. �

The above association

HolX,S → Cov(X \ S)

(Y, ϕ, Sϕ) 7→ ϕ|Y \ϕ−1(ϕ(Sϕ))

is a functor. We denote this functor by F , and the next lemma shows that F is
essentially surjective.

Lemma 6.4. The functor F is essentially surjective, i.e. for a connected Riemann
surface X, a discrete closed set S of X, a finite connected cover p′ : Y ′ → X ′ where
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X ′ = X \S, we can construct a Riemann surface Y containing Y ′ as an open subset
and a proper holomorphic map p : Y → X such that p|Y ′ = p′ and Y ′ = Y \p−1(S).

Proof. First consider the case that S is empty. We want to endow the complex
structure of X on Y ′ and show that p′ is a proper holomorphic map. For any y ∈ Y ′,
there exists an open neighborhood V of y that maps homeomorphically to an open
neighborhood U of p′(y). Then for any complex chart f : U ′ → C where U ⊂ U ′,
it induces a complex chart f ◦ p′ : V ′ → C on Y ′ where V ⊂ V ′. This complex
structure on Y is unique because for any other complex charts f ′|V : V → C we
have a homeomorphism g : C→ C where g = f |U ◦ p′ ◦ (f ′|V )−1 as f ′|V , f |U , and
p′|V are all homeomorphisms.

V U

C C

p′

f ′|V f |U

g

The above diagram shows immediately that p′ is a holomorphic map and it is
also proper because finite cover of locally compact topological space is proper (See
Appendix Proposition 10.2).

Now we will show this for general S. For any x ∈ S, we can find a complex chart
f ′ : Ux → C such that Ux is a connected open neighborhood of x where it does not
contain any other points in S. By affine linear transformation of f ′ we can obtain
a homeomorphism f : Ux → D where D is the open unit disc of C and f(x) = 0.

Since p′ : Y ′ → X ′ is a finite connected cover, p′
−1

(Ux \ {x}) is a disjoint union of
connected components V ix which all map homeomorphically to Ux \{x} through p′.
Through the homeomorphism f , the disjoint union of V ix is then isomorphic to a

finite connected cover of the punctured unit disc D̃ = D \ {0}. Corollary 2.12 tells

us that the universal cover of the punctured unit disc D̃ is z 7→ ez restricted to the
left half complex plane. The automorphism group of fibers is isomorphic to Z. Any

connected cover of D̃ would be isomorphic to a quotient of the universal cover by a
subgroup of Z. As a result, the finite cover of Y ′ over C is isomorphic to the cover

g : D̃ → D̃ such that g(z) = zk for some integer k. We can therefore find the yix
for each x and i where f ◦ p′(yix) = 0. Now we can let Y be the union of Y ′ and
all the yix for all x ∈ X. We can therefore extend the holomorphic isomorphism

f ′ ◦ p′ : V ix → D̃ to the holomorphic isomorphism f̃ ′ ◦ p′ : V ix → D. This together
forms a complex atlas with the complex structure on Y ′ inherited directly from X
as shown above. This new map p : Y → X would be defined as such that p|Y ′ = p′

and p(yix) = x. It is clearly holomorphic on Y ′ and holomorphic on yix because it is
isomorphic to z 7→ zk locally. It is also proper on Y ′. Since for any compact set M
on X, M ∩ S must be finite because S is discrete. Therefore M ∩X ′ is compact.
Thus, p−1(M) = p−1(M ∩X ′) ∪ni=1 p

−1(xi) is also compact. �

Lemma 6.5. The functor F is fully faithful, i.e. for any objects Y,Z in the category
HolX,S, the map

FY Z : Hom(Y,Z)→ Hom(F (Y ), F (Z))

induced by the functor F is bijective.
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Proof. To prove the map FY Z is bijective, we need to show that for Riemann
surfaces Y,Z that map properly and holomorphically onto X, ρY : Y → X and
ρZ : Z → X, with no branch points outside S, we can lift the continuous map
between covers f : Y ′ → Z ′ where Y ′ = Y \ ρ−1Y (S) and Z ′ = Z \ ρ−1Z (S) to a

unique holomorphic map f̃ : Y → Z extending ρ. Because f must commute with
the covering map from Y ′, Z ′ to X, f is a cover itself. In particular, it is finite and
connected. By Lemma 4.5, we know that ρ−1Z (S) is a discrete closed set of Z. We
can recover a unique proper holomorphic map g : Y → Z such that g|Y ′ = f and
Y ′ = Y \ g−1(ρ−1Z (S)). We know the following diagram must commute.

Y ′ Z ′

X \ S

g|Y ′=f

ρY |Y ′
ρZ |Z′

Hence, the diagram below will commute because the unique complex structure
endowed on Y ′ and Z ′ will be compatible with that on Y and Z.

Y Z

X

g

ρY
ρZ

Hence, g−1(ρ−1Z (S)) = ρ−1Y (S), and g is exactly the f̃ we want.
�

7. Equivalence between finite étale algebras over M(X) and
Riemann surfaces

Let X be a Riemann surface. We shall first define the meromorphic function
field on X.

Definition 7.1. A meromorphic function ϕ on a Riemann surface X is a holomor-
phic function on X \ S, where S is a discrete closed set, such that for any complex
chart f : U → C where U is an open subset of X,

ϕ ◦ f−1 : f(U)→ C

is meromorphic. Denote the set of meromorphic functions on the Riemann surface
X by M(X).

M(X) is a ring with the usual structure of addition and multiplication of func-
tions since addition and multiplication of meromorphic functions preserve the dis-
creteness of the poles. We will prove a little lemma.

Lemma 7.2. If X is connected, then M(X) is a field.

Proof. Let f be a non-zero meromorphic function on X. Let S be the set of zeros of
f . We want to show S is discrete, so 1

f is meromorphic. Assume for contradiction

that S is not discrete. Then it has a limit point x, i.e. for every open neighborhood
U containing x, U contains some y ∈ S such that y 6= x. We can find an open
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neighborhood U of x such that U does not contain any poles of f . By the identity
principle of complex analysis, f is identically 0 on U . Let

A = {x ∈ X | ∃ an open neighborhood V of x such that f vanishes on V }.

This set is open by definition and also closed since any limit point of this set would
have the desired property as we argued before. Since X is connected and A is
non-empty, thus A = X and f is identically zero on X. Absurd. �

Definition 7.3. LetX be a connected, compact Riemann surface. Let FinEtAlgM(X)

be the category of finite étale algebras over M(X).

To show the equivalence between FinEtAlgM(X) and HolX , we need to show
that there exists a contravariant functor F : FinEtAlgM(X) → HolX and an inverse
functor G : HolX → FinEtAlgM(X).

For any finite étale algebra K̃ over M(X), K̃ = ⊕ni=1Ki where Ki is a finite
separable extension ofM(X). To show that there exists a compact Riemann surface
Y which restricts to a branched cover on X such that M(Y ) ∼= K, it suffices to
construct a compact Riemann surface Yi which restricts to a branched cover on X
such that M(Yi) ∼= Ki for each i because M(Y ) ∼= ⊕ni=1M(Yi).

Now we can reduce the case to that K is a finite separable extension of M(X)
To precisely define this functor F , we need several small steps.

7.1. Defining the Functor. Given a compact Riemann surface X, it is integral
by Theorem 5.9. We can take the normalization of it: cover the scheme X by affine

open subscheme {Ui}i∈I where Ui = SpecAi for some ring Ai. Then let Ãi be the

integral closure of Ai, Ũi = Spec Ãi. By Lemma 5.7, we can glue {Ũi}i∈I together
and obtain a normal integral scheme YK as the normalization of X.

Lemma 7.4. Moreover, i : Ũ → U is surjective because for every prime ideal p in

A, there exists a prime ideal q in Ã such that q ∩A = p. [1]

Proof. The following diagram is commutative with all the maps being natural in-
clusions.

A Ã

Ap Ãp

f g

Ãp is integral over Ap and we can take a maximal ideal n of Ãp. n ∩ Ap is also
maximal. q = g−1(n) is therefore prime and q ∩A = f−1(n ∩Ap) = p. �

Lemma 7.5. Let U be an affine open subscheme of X and U = SpecA. Then
Frac(A) ∼=M(X).
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Proof. Because X is integral, we can apply Lemma 10.3 and get thatM(X) ∼= OX,x
where x is the generic point of X.

OX,x = lim−→
x∈U
OX(U)

= lim−→
f∈A−{0}

OX(D(f))

= lim−→
f /∈A

Af

= A(0)

= Frac(A)

The second equality holds because the generic point x of irreducible scheme X is
unique and is a minimal prime of A. Because A is an integral domain, the unique
minimal prime of A is (0). �

As the normalization of a smooth projective curve, YK is a smooth projective
curve, and therefore a Riemann surface by implicit function theorem.

We therefore have a natural surjective morphism defined from YK to X induced

by the surjective map i : Ũ → U on the open affine cover of YK . To show that
K 7→ YK is indeed a functor, we need to show that it respects the morphisms.

More precisely speaking, for finite separable extensions K, L of M(X), if there
exists a holomorphic map f : K → L, it induces a unique holomorphic map F :
YL → YK over X between Riemann surfaces.

To define the morphism F from YL to YK , it suffices to define F separately on
the affine open cover of YL and glue them together. For any affine open subset
UL,i = SpecAL,i of YL, it corresponds to some affine open subset UK,i = SpecAK,i
of YK where AL,i is the integral closure of Ai in L and AK,i is the integral closure
of A in K for some affine open subset Vi = SpecAi in X. Because f : K → L
embeds K into L, AL,i is also the integral closure of AK,i. The holomorphic map
Fi : UL,i → UK,i can therefore be defined as Fi(p) = p∩AK,i. It is the unique map
that makes the following diagram commutes with f and g be defined the same way
as in the normalization part above.

UK,i = SpecAK,i UL,i = SpecAL,i

Ui = SpecAi

f

g

Fi

In order to glue the Fi on each individual component, it is enough to show
that Fi and Fj agree on UL,i ∩ UL,j . But we can cover UL,i ∩ UL,j with affine
open subscheme Wm where Wm = SpecAL,m and Um = SpecAm is an affine
open subscheme of X with AL,m is the integral closure of Am. Fi|Wm

= Fj |Wm

for all m because by definition they have to agree on affine covers. Consequently
Fi|UL,i∩UL,j

= Fj |UL,i∩UL,j
. F : YL → YK is now well-defined. In fact, we can show

F is surjective and finite, which is equivalent to Fi : UL,i → UK,i being surjective
and for UL,i = SpecAL,i and UK,i = SpecAK,i, AL,i is a finitely generated AK,i-
module. Because AL,i is the integral closure of AK,i and Lemma 7.4, surjectivity
is obvious. We need another lemma for the module finiteness.
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Lemma 7.6. Let A be a Dedekind domain and K be a finite separable field ex-

tension of F = Frac(A) and let Ã be the integral closure of A in K. Then Ã is
Dedekind and a finitely generated A-module.

Proof. Because A is Dedekind, A is integrally closed in F . Because K is a finite
separable field extension of F , we can choose an F -basis {α1, · · · , αn} of K. We

can multiply each αi by some δi ∈ F so that each αi is in Ã. This is because we
know that αi is a root of an irreducible polynomial f in F [x],

f(x) = xn + cn−1x
n−1 + · · ·+ c1x+ c0.

Let b ∈ A− 0 be the product of all the denominator of ci. Multiply by bn we get

bnf(x) = (bx)n + bcn−1(bx)n−1 + · · ·+ (bn−1c1)(bx) + bnc0.

Note bnf(x) is in A[x] and it is monic. As a solution to a monic polynomial in A[x],

bα is in Ã.
Now we have for x ∈ Ã, x =

∑n
i=1 ciαi with ci ∈ F , then Tr(xαj) =

∑n
i=1 ci Tr(αiαj) ∈

A for all j. Since the sum of integral elements is still integral and Tr(Ã) ⊂ F ,

Tr(Ã) ⊂ A.
Consequently,

Tr(xα1)
Tr(xα2)

...
Tr(xαn)

 =

Tr(α1α1) · · · Tr(α1αn)
...

. . .
...

Tr(αnα1) · · · Tr(αnαn)



c1
c2
...
cn


Let D = det(TrK/F (αiαj)), D 6= 0 since K over F is separable. Thus the matrix

(TrK/F (αiαj))ij is invertible. Let M ′ be its inverse. Then

M ′ =
1

D

Min11 · · · Min1n

...
. . .

...
Minn1 · · · Minnn


where Minkl is the minor of (TrK/F (αiαj))ij at k, l. Since Tr(Ã) ⊆ A, we see that

x =


c1
c2
...
cn

 =
1

D

Min11 · · · Min1n

...
. . .

...
Minn1 · · · Minnn




Tr(xα1)
Tr(xα2)

...
Tr(xαn)


where all entries on the right-hand side are in A. Thus, x = 1

D

∑n
i=1 yiαi =∑n

i=1 yi
αi

D for some yi ∈ A, and Ã is contained in

n⊕
i=1

αi
D
A,

a finitely generated A-module. But A is Noetherian, so ⊕ni=1
αi

DA is a Noetherian

A-module, and thus Ã as a submodule is finitely generated as an A-module.

Now we want to show that Ã is Dedekind. Because Ã is a finitely generated

module over a Noetherian ring, Ã is Noetherian. Ã is integrally closed by definition,
hence we only need to show it has Krull dimension 1. We know that for any prime

ideal p ⊂ Ã, p∩A is a prime ideal. p ⊂ Ã is maximal if and only if p is maximal. To
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show that Ã has Krull dimension 1, it is enough to show that for any prime ideal

p ⊂ Ã, p∩A has a non-zero element. Let x be a non-zero element of p and {σi}i∈I
be all distinct embeddings of K into K̄ over F . We know N(x) =

∏
i∈I σi(x) is

also non-zero. σi(x) is in K for all i ∈ I and with one of σi being the identity,
we know N(x) ∈ p. N(x) is in F under Galois conjugation, and it is integral over
A as product of elements that are integral over A is integral over A. Because A

is integrally closed in F as a Dedekind domain, N(x) is in A. Hence Ã has Krull
dimension 1. �

By the above lemma, we know that AK,i as the integral closure of a Dedekind
domain Ai in K, is Dedekind. Consequently, AL,i as the integral closure of AK,i in
L is also Dedekind and a finitely generated AK,i-module. F : YL → YK is indeed
finite and surjective and hence is the morphism we desired.

7.2. Defining the Inverse Functor. Let f : Y → X be a non-constant holomor-
phic map between connected, compact Riemann surfaces. We will show thatM(Y )
is a finite field extension of M(X). Then, Y 7→ M(Y ) is indeed a functor.

By Lemma 7.5, we only need to find an affine open subscheme U = SpecA of
X and an affine open subscheme V = SpecB of Y such that Frac(B) ∼=M(Y ) is a
finite extension of Frac(A) ∼=M(X). Indeed, it suffices to show that B is a finitely
generated module over A because of the following lemma.

Lemma 7.7. If B is a finitely generated A-module, then Frac(B) is finite over
Frac(A).

Proof. Because B is finite over A, it is integral over A. Let B = A(β1, · · · , βn),
then we can find a monic polynomial fi ∈ A[x] with one of the root being βi. Then
Frac(B) = Frac(A)(β1, · · · , βn), which is obtained by adjoining finitely many roots
of polynomials fi. Frac(B) is therefore a finite extension of Frac(A). �

Now choose an affine open subscheme U = SpecA of X and choose an affine
open subscheme V = SpecB ⊂ f−1(U). We have f |V : V → U . Because f is
holomorphic, we know it has finite fibers. Note that both A and B are Dedekind
since both U and V are affine smooth curves.

Consider any nonzero prime ideal p of A, which is also maximal since A is
Dedekind. Thus Ap/pAp is a field. Note that

f−1(p) = SpecB ⊗A Ap/pAp
∼= Bp/pB

Since f has finite fibers, this is a finite set. By Lemma 10.4, Bp/pB is finitely
generated over Ap/pAp. Let s̄1, · · · , s̄n be a finite set of generators.

Lemma 7.8. Let M be an A-module and M̃ the quasi-coherent sheaf on SpecA.

Let p ∈ SpecA be a point and U an open neighborhood of p. If x1, .., xn ∈ M̃(U)

and their images generate the stalk M̃p = Mp, then restrictions of x1, .., xn generate

M̃ |V in a neighborhood V ⊂ U of p.

This lemma implies that B is finitely generated in an neighborhood of p, which
is open dense. Now take points q not in this open dense set, we know by the
same argument that an open neighborhood of q is finitely generated. Since B is
Noetherian, we need only do this finitely many times.
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Proof. Let the image of xi in Mp be mi

ai
for ai ∈ A \ p. Let f =

∏n
i=1 ai. Then mi

ai
are in Mf for all i. But Mf is a subset of Mp, so mi

ai
generates Mf too. Thus let

V = SpecAf and we are done.
�

This concludes the proof that B is a finitely generated A-module and gives us
the functor G : Y 7→ M(Y ).

7.3. Equivalence. Our claim is that the functor G : Y 7→ M(Y ) is an inverse of
the contravariant functor F : K 7→ YK .

We will first show that given a finite separable extension K of M(X), we have
G(F(K)) = M(YK) ∼= K. From Theorem 5.9, we know that YK is an integral
scheme. By Lemma 7.5, for any affine open subscheme U = SpecA of YK , we know
Frac(A) ∼= M(YK). If we can show that Frac(A) = K, then we are done. By
definition of YK , we can choose the affine open subscheme U = SpecA such that
V = SpecB is an affine open subscheme of X and A is the integral closure of B in
K. By Lemma 7.6, since B is Dedekind, A is also Dedekind.

Because K over Frac(B) is finite separable, for an arbitrary α ∈ K, we can write
the minimal polynomial of α over Frac(B):

f(x) = xn + cn−1x
n−1 + · · ·+ c1x+ c0 ∈ Frac(B)[x]

Write cj =
aj
δ for aj ∈ B and some common nonzero δ ∈ B ⊂ A. Then,

δnf(x) = (δx)n + an−1(δx)n−1 + · · ·+ (δn−2a1)(δx) + δn−1a0

is a monic polynomial in B[X] satisfied by δα. Thus, δα is integral over B and
therefore in A, i.e. α = δα

δ ∈ Frac(A).
The above indicates that K is contained in Frac(A), but we also know that K

is a field containing A, thus Frac(A) = K.
On the other hand, given a holomorphic map between connected, compact Rie-

mann surfaces f : Y → X, we want to show F(G(Y )) = F(M(Y )) = YM(Y )
∼= Y .

We know that YM(Y ) is the integral closure of Y inM(Y ). But since Y is smooth,
it is integrally closed. Thus YM(Y )

∼= Y .
Now we can conclude the equivalence between the compact Riemann surfaces

that maps to holomorphically onto a fixed connected, compact Riemann surface X
and the finite étale algebras over M(X).

8. Inverse Galois Problem for C(t)

Theorem 8.1. Let X be a connected, compact Riemann surface and D be a finite
set of points in X. With the following equivalence of categories:

FinEtAlgM(X)
∼= BrCovX\D ∼= HolX,D

we can induce a finite subextension of M(X) in the algebraic closure M(X) from
any holomorphic map of connected, compact Riemann surfaces Y → X which re-
stricts to a cover over X \D. Let KX\D be the composite of all such finite subex-
tensions, KX\D|M(X) is Galois and

Gal(KX\D|M(X)) ∼= π̂top
1 (X \D,x)

In order to prove this theorem, we will first prove the following lemma.
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Lemma 8.2. Every finite subextension of KX\D|M(X) can be constructed from a
connected, compact Riemann surface that restricts to a cover over X \D.

Proof. Given any two subextensions L1, L2 ofM(X), we will show that they can be
constructed from connected, compact Riemann surfaces Y1, Y2 → X that restricts
covers Y ′1 , Y

′
2 over X \ D. Also, we will show that the compositum of L1 and L2

can be constructed in the same way. The fiber product Y ′1 ×X\D Y ′2 is a cover of
X \D. By the equivalence of category HolX,D ∼= Cov(X \D), we can embed the
fiber product into a compact Riemann surface Y12 that maps holomorphically to
X. We want to show that M(Y12) is isomorphic to the finite étale M(X)-algebra
L1⊗M(X) L2. We know the fiber product represents the functor on the category of
X \D-spaces that maps a space Y to the set of pairs of morphisms {ϕ : Y → Y ′1 , φ :
Y → Y ′2} compatible with the covering maps from Y ′1 and Y ′2 to X \ D. M(X)-
algebra L1 ⊗M(X) L2 represents the functor on the category of M(X)-algebras
mapping an algebra R to the set of M(X)-algebra homomorphisms L1 × L2 → R.
The equivalence of categories FinEtAlgM(X)

∼= BrCovX\D transforms these two
functors to each other. Connected components of Y1×X Y2 therefore correspond to
direct factors of L1 ⊗M(X) L2. By Lemma 3.2, L1 ⊗M(X) L2 is a direct product of
field extension of M(X) with one of the factor exactly being the composite L1L2.

By induction, KX\D can be written as the union of towers of finite subextensions
L1 ⊂ L1L2 ⊂ L1L2L3 ⊂ · · · of M(X) which can all be constructed from Riemann
surfaces restricting to covers over X \D. Let L =M(Y ) for some Riemann surface
Y which restricts to a cover over X \ D and field extensions L|K|M(X). By
equivalence of categories FinEtAlgM(X)

∼= BrCovX\D, we have K =M(Z). Each

point of X \D has [L :M(X)] preimages in Y and at most [K :M(X)] preimages
in Z, and every point of Z has at most [L : K] preimages in Y . Hence, equality
must hold and Z is a branched cover of X \D. �

Now we can prove Theorem 8.1.

Proof. KX\D|M(X) is Galois because if L|M(X) can be derived from a Riemann
surface which restricts to a cover over X \D, then all the Galois conjugates of L can
be derived from the branched cover after automorphisms of the original branched
cover.

We will show a bijection between finite isomorphic quotients of π̂top
1 (X \ D,x)

and Gal(KX\D|M(X)) which is compatible with taking towers of covers and filed
extensions on both sides. The theorem will follow by passing to the inverse limit.

For each finite quotient of π̂top
1 (X \D,x), it corresponds to a finite Galois cover

over X \D, which corresponds to a finite Galois branched cover over X, and a finite
Galois subextension of KX\D|M(X) by the equivalence of categories.

By the lemma, we know that every finite quotient of Gal(KX\D|M(X)) corre-
sponds to a finite Galois cover over X \D.

�

By taking inverse limit of the following isomorphism through D

Gal(KX\D|M(X)) ∼= π̂top
1 (X \D,x),

we get

GalM(X)
∼= lim

D
π̂top
1 (X \D)
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where GalM(X) is the absolute Galois group of M(X).

Theorem 8.3. Every finite group occurs as the Galois group of some finite exten-
sion L|C(t).

Proof. Let X = CP1. Apply Theorem 8.1, we get that

GalC(t)
∼= lim

D
π̂top
1 (CP1 \ {x1, x2, · · · , xn}).

Note that π̂top
1 (CP1 \ {x1, x2, · · · , xn}) is a free group on n − 1 generators. For

any finite group G of order n − 1, it is the quotient of a free group on n − 1
generators. By the isomorphism, we can find a Galois cover Y of X branched
over x1, x2, · · · , xn where Gal(M(Y )|M(X)) = Gal(M(Y )|C(t)) (See Appendix
Lemma 10.5) is isomorphic to G. �
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10. Miscellaneous Facts

Definition 10.1. Let X be a topological space. We say X is called locally compact
if every point x of X has a compact neighbourhood, i.e., there exists an open set
U and a compact set K, such that

x ∈ U ⊆ K

Proposition 10.2. A finite cover p : Y → X of locally compact topological spaces
is proper.

Proof. Given any compact subset A ⊂ X and any open cover {Ui}i∈I of p−1(A),
we can find a refinement of {Ui}i∈I , {Vi}i∈I such that the cover is trivial on p(Vi)
because all cover is isomorphic to a trivial cover locally. Here because p is a finite
cover, we have

p−1(p(Vi)) =

n∐
i=1

Wi

for some open set Wi that maps homeomorphically to p(Vi)
Because p is an open map, {p(Vi)}i∈I also forms an open cover of A. Let {Fj}Nj=1

be the finite cover extracted from {p(Vi)}i∈I . Then {Wi|p(Wi) = Fj}j=N,i=nj=1,i=1 forms

an finite open cover of p−1(A).
�

Lemma 10.3. Let X be an integral scheme with a generic point x, the sheaf of
meromorphic functions on X is isomorphic to the constant sheaf OX,x on X.

Proof. Let K be the constant sheaf OX,x on X and F be the presheaf such that
F(U) = Frac(OX(U)), the fraction field of an integral domain (OX(U)). We know
that K, the sheaf of meromorphic functions on X, is exactly the sheafification of F .

The natural morphism of presheaves ρ : F → K by restricting rational functions
to their germ at x induces a morphism of sheaves ρ̃ : K → K by the universal
property of sheafification.

K K

F

ρ̃

f
ρ

Now we need to show that ρ̃ is an isomorphism of sheaves. For any affine open
subset U ⊂ X, we know that

F(U) = Frac(OX(U))

= Frac(A)

= A(0)

∼= OU,x
= OX,x
= K(U).

Because affine open subsets form a basis of the Zariski topology on X and for
any affine open subset U , F(U) ∼= K(U), ρx : Fx → Kx is an isomorphism for any
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x ∈ X. Via the natural morphism of presheaves f : F → K, we have Kx ∼= Fx.
Thus ρ̃x : Kx → Kx is an isomorphism for all x ∈ X. �

Lemma 10.4. Let k be a field and A is a finitely generated k-algebra, then A is a
finitely generated k-module if and only if SpecA is finite.

Proof. Noether’s normalization theorem states that for a finitely generated alge-
bra A over a field k, there exists n ≥ 0 algebraically independent a1, · · · , an in A
such that A is a finitely generated module over k[a1, a2, · · · , an]. We can there-
fore embed k[a1, a2, · · · , an] 7→ A and get the induced surjective map SpecA 7→
Spec k[a1, a2, · · · , an] ∼= Ank . Ank is infinite when n > 0. Thus SpecA is finite if and
only if n = 0 where A is a finitely generated k-module. �

Lemma 10.5.
M(CP1) = C(t)

Proof. Any rational function with complex coefficient is a meromorphic function on
the Riemann sphere because it only has finitely many poles and can be smoothly
extended to the point of infinity. We only need to show that any meromorphic func-
tion on the Riemann sphere is a ratio of two polynomials. Let f be a meromorphic
function on CP1. Since CP1 is compact, f have finitely many zeros and poles. Let
z1, z2, · · · , zn be the zeros and poles, and let mi be the multiplicity of zi (if zi is a
pole then mi is negative). Let

g(x) =

n∏
i=1

(z − zi)mi

Then f
g has no pole or zero except possibly at ∞ ∈ CP1, since g has the same

poles and zeros with the same multiplicities with f . We show that f
g is a nonzero

constant. By Liouville’s theorem, it suffices to show that ∞ ∈ CP1 is not a pole.
Assume for contradiction that it is. Then g

f has ∞ as a zero. Therefore g
f is

a nonzero constant, but this means f
g is a nonzero constant too, so in particular

f
g (∞) 6=∞, a contradiction. Therefore, f

g = C 6= 0 and f = C
∏n
i=1(z − zi)mi �
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