INVERSE GALOIS PROBLEM FOR C(t)

XINYI ZHANG

ABSTRACT. In this paper, we will solve the inverse Galois problem for C(t)
by proving two important equivalences between three categories: Riemann
surfaces, branched covers, and finite étale algebras over meromorphic function
field on Riemann surfaces.
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1. INTRODUCTION

An intriguing but very difficult question is: is every finite group isomorphic to a
Galois group for some Galois extension of Q? It remains an open problem today.
However, for the field C(t), which is in many ways analogous to the rational function
field, we can actually solve the inverse Galois problem by taking a topological
perspective.

In this paper, we will presume some basic knowledge of commutative algebra,
complex analysis, algebraic topology, and algebraic geometry. In the first part of the
paper, we will re-emphasize some of the important definitions and propositions in
these fields relevant to our discussion. Then we will prove the following equivalences
of the categories:
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1. The equivalence between Holx g and Cov(X \ S). Holx g is the category of
Riemann surfaces that map properly and holomorphically onto a fixed connected
Riemann surface X whose branch points lie above a closed, discrete set S. Cov(X \
S) is the category of finite topological covers of X \ S.

2. The equivalence between Holy and FinEtAlg,, y). Holx is the category
of compact Riemann surfaces that map holomorphically onto a fixed connected,
compact Riemann surface X. FinEtAlg y, x) is the category of finite étale algebras
over M(X), the field of meromorphic maps on X.

Eventually, we will prove the inverse Galois Problem for C(t), i.e. every finite
group occurs as the Galois group of some finite Galois extension of C(t). Since
the meromorphic function field of the Riemann sphere is exactly C(t), to find a
finite Galois extension of C(t) is equivalent to finding a finite Galois extension of
M(CP"). Since any finite group G can be written as the quotient of the free group
on n letters for some n, we can find a Galois branched cover Y of CP! branched
over n 4+ 1 points with the automorphism group of the cover isomorphic to G.
According to the above equivalences, M(Y) is exactly the finite Galois extension
of M(CP") we desire. This paper largely follows Szamuely’s approach [5], but we
will be utilizing more algebraic geometry techniques over holomorphic techniques
in the second half of the paper.

2. ToroLOGICAL COVERS
All the topological spaces in this paper are assumed to be locally connected.

Definition 2.1. Let X,Y be topological spaces. A continuous surjective map
p:Y — X is a cover of X if for every x € X, there exists an open neighborhood U
of = such that p~!(x) is a disjoint union of open sets [Hic; ViinY,and ply, : V; = U
is a homeomorphism for any V;. The map p is called the covering map.

Definition 2.2. The following definitions describe maps between covers.

e Let X be a topological space and Y, Z be two covers of X, with covering
maps py and pz. A homomorphism of covers is a continuous map ¢ : Y —
Z such that pz o p = py.

e An isomorphism of covers Y and Z is a homomorphism with an inverse.

e An automorphism of a cover Y is an isomorphism ¢ : Y — Y. Denote
by Aut(Y|X) the set of automorphisms of Y. Aut(Y]X) is a group under
composition.

We say a cover p: Y — X is finite if p~!(z) is a finite set for each z € X. We
call it connected if Y is connected, and trivial if Y = X x I where I is a nonempty
discrete space and p : X x I — X is given by (x,) — z.

Proposition 2.3. Let p: Y — X be a cover. Then for every x € X, there exists
an open neighborhood U of x such that p restricted to p~*(U) is isomorphic to a
trivial cover.

Proof. Let U be as in the definition of covers, so then p~!(U) = [[,; V. Endow I
with the discrete topology. Consider the map

]_[v;- S UxI
el
vi = (p(vi), 1)
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where v; € V;. This map is surjective because p is. It is injective because if
p(v;) = p(v}), then v; and v; are both the preimage of a single point, but p on V; is
a homeomorphism, so v; = v;. Thus we have a homeomorphism between [, ; Vi
and U x I, which is also a cover homomorphism. This concludes the proof. [

Definition 2.4. Let p: Y — X and ¢ : Z — X be two covers of X. The fiber
product Y xx Z over X is a subspace of Y x Z consisting of points (y, z) such
that p(y) = q(z). The following diagram commutes for the natural projection
qy Y Xx Z =Y andpy:Y xXx Z > Z:

YxyZ —2 vy
Pz p

z—% X
Note that gy : Y Xxx Z =Y and pz : Y Xx Z — Z are all covers and the fibers
q;l(y), pgl(z) are naturally isomorphic to ¢~ (p(v)), p~1(q(2)).
A fiber product has the following universal property: it represents the set-valued

functor on the category of spaces over X that maps a space S — X to the set of
pairs of morphism {p : S — Z, ¢ : S — Y} satistying go p = po ¢.

Definition 2.5. For a connected topological space Y, the cover p : ¥ — X is
Galois if Aut(Y|X) acts transitively on each fiber of p. This is equivalent to saying
that for any x € X and any y;,y2 € p~ (), there exists an automorphism ¢ of the
cover Y such that q(y1) = ye.

For a group G that acts from the left on a topological space Y, we will use the
notation G \ Y to denote the set of orbits under the action of G with the finest
topology that makes the projection Y — G\ Y continuous.

Theorem 2.6. Letp:Y — X be a Galois cover and G = Aut(Y|X). There exists
a bijection between the subgroups of G and the intermediate covers of X. Explicitly,
for each subgroup H of G, the cover map p induces a natural intermediate cover
pa : H\Y — X of X. On the other hand, if an intermediate cover q : Z — X
satisfies the following commutative diagram

y — 1z

p

X

then f:Y — Z is a Galois cover and Z = H\'Y for some subgroup H of G. The
maps H— H\Y and Z — Aut(Y|Z) form inverses of each other. Moreover, the

cover q : Z — X is Galois if and only if H is a normal subgroup. In this case, we
have Aut(Z|X) = G/H.

Proof. See page 42 of Szamuely[5] for the proof. O

2.1. The Path Lifting Property.
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Lemma 2.7. Let p:Y — X be a cover, Z be a connected topological space, and
fig:Z =Y be two continuous maps such that po f = pog. If f(z) = g(2) for
some z € Z, then f =g.

Proof. Let S = {z € Z|f(z) = g(2)} C Z. For any z € S and y = f(z) = g(2), we
can find a connected open neighborhood V' of p(y) such that p~1(V') decomposes as
disjoint unions U; of Y and p~1(V) = U;. Let U; be the component that contains y.
W = f~YU;) N g=*(U;) is an open neighborhood of z because f, g are continuous.
Since po f = po g and p maps U; homeomorphically to V, f and g must agree on
W. S is therefore open.

If f(2) # g(z), then f and ¢ send z and an open neighborhood of z into different
components of p~1(V) which are disjoint. Hence, Z \ S is open. Because Z is
connected, S must equal Z. O

Lemma 2.8. Letp: Y — X be a cover and y € Y, © € X such that p(y) = .
Given a path f : [O,l] — X such that f(0) = x, there exists a unique path f :

[0,1] = Y such that f(0) =y and po f = f. For another path g : [0,1] = X such
that g is homotopic to f, their unique liftings f and g are also homotopic.

Y
f l
p
01— x

Proof. When Y is a trivial cover of X, ie., Y = X X [ for a discrete topological
space I, the lifting f would simply be f(z) = (f(z),7) where y = (x,7). Now we
can consider the general case. The intuition is that every cover is locally a trivial
cover. Hence, we would only have one choice locally to recover the path. For any
x € f(|0,1]), there exists an open neighborhood V, such that the restriction of
p to p~(V,) is isomorphic to a trivial cover. {f~(Vy)}zef(jo,1]) forms an open
cover of [0,1]. Since the interval is compact, we can extract a finite subcover and
a subdivision 0 =ty < t; < -+ < t, =1 of [0,1] such that [t;,¢;41] is contained in
some f~1(V,) in the subcover. Since the cover is trivial over f([t;,t;1+1]), we can
construct the lifting f; : [t;,t;41] — Y. Gluing all the f; together, we get the f we
desire. Apply Lemma 2.7 by taking Z = [0, 1], we know the lifting is unique.
Similarly, we can lift the homotopy & : [0,1] x [0,1] — X with h(0,t) = f(t)
and h(1,t) = g(t) to h : [0,1] x [0,1] = Y with po h = h, h(0,t) = f(t), and
h(1,t) = §(t). According to Lebesgues’ lemma (Munkres[4], 66), we can choose a
sufficiently fine square subdivision S; ; of [0,1] x [0, 1] such that the cover is trivial
over h(S;;). We can then piece the lifting for each sub-square. By the above
uniqueness of path lifting, the path ¢t — E(O, t) is exactly ]?and the path t — E(l, t)
is exactly g. O

Proposition 2.9. Letp:Y — X be a cover andy € Y, v € X such that p(y) = x.
Let Z be a path-connected topological space and z € Z. f is a continuous function
from Z to X such that f(z) = z. The following are equvalent:
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(1) There exists a unique lift f such that the following diagram commutes.

Y
7

z 1 ., x

(2) Induced homomorphisms f. : m°°(Z,z) — n\°P(X, f(2)) and p. : m;°P (Y, y) —
TP (X, p(y))) satisfy the following at the level of fundamental groups:
fo(m™(Z,2)) C pe(m*P (Y, )

Proof. See the Theorem on page 28 of [3]. O

2.2. Universal Covers.

Proposition 2.10. For a topological space X that is path-connected and locally
path connected, if p; 1 Y; — X is a path-connected and simply connected cover of X
fori € {1,2}, then they are isomorphic as covering spaces.

Proof. Fixing a point x € X and choose y; € Y7, yo € Ya such that pi(y1) = «
and pa(y2) = x Because Y7 and Y3 are simply connected, part 2 of Proposition
2.9, is automatically satisfied. We have the following commutative diagrams where

f(y1) =2 and g(y2) = y1:

f

/_\

Y1 Y,

~

g
D2

p1

X
Therefore f o g =idy, and go f = idy,. O

Definition 2.11. For a path-connected, locally path-connected topological space
X, a path-connected, simply connected covering space is called a universal covering
space of X.

In fact, if X is connected, locally path-connected, and semi-locally simply con-
nected, then X has a universal cover. See page 30 of [3] for a detailed proof. By
Proposition 2.10, universal covers are unique up to isomorphism.

Corollary 2.12. The left half plane L = {z € C|Re(z) < 0} furnishes a universal
cover of the punctured disc D = {z € C: |z| <1} \ {0}.

Proof. Consider the map z — e? restricted to L. It is everywhere conformal and
locally homeomorphic because it has a nonzero derivative. It surjects onto the
punctured disc and therefore is a cover of D. L is clearly path-connected and
simply connected, thus it is a universal cover. ([l
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3. ETALE ALGEBRAS

Definition 3.1. An étale k-algebra is a k-algebra isomorphic to a finite product
of finite, separable extensions of the field k.

In the analogy between Galois groups and fundamental groups seriously, the
spectrum of a field should admit covers. While for any field k, Spec(k) admits no
interesting topological covers since it’s a point, we can imagine that the spectrum
of étale k-algebras are the covers over Spec(k).

Lemma 3.2. For L1, Ly as finite, separable, algebraic extensions of k, Ly ®y Lo is
an €tale k-algebra.

Proof. By the primitive element theorem, L; 2 k(a) and let p(x) be the minimal
polynomial of a over k.

= Lof2]/p(x)
]/ [ I ps(x)

gLQZL’

= HLQ/pj

where p;(x) are the irreducible factors of p(x) over Ls. (]

4. HOLOMORPHIC MAPS ON THE RIEMANN SURFACE
Let us first define holomorphic maps between Riemann surfaces.

Definition 4.1. A holomorphic map between Riemann surfaces X and Y, ¢ : Y —
X, is a map that for every open subset U C X, V C Y such that (V) C U and
any complex charts f: U — C, g:V — C, themap fopogl:g(V)— Cisa
holomorphic complex function.

We will prove this little lemma that holomorphic maps between Riemann surfaces
is locally analogous to the map f : C — C such that f(z) = z*v where ky is an
integer.

Lemma 4.2. Let ¢ : Y — X be a holomorphic map between Riemann surfaces that
is non-constant on any connected components. Lety € Y and x = p(y) € X. There
exists an open neighborhood V, of y and U, of x with complex charts f, : Uy — C
and g, : V, = C such that fy(z) = gy(y) = 0 and the following diagram commutes.

Vv, ———

‘/gy
ky
C Zr—> Z

==

<
&

%
&

Q

where ky is an integer independent of the choice of charts.
Proof. By linear transformations, we can easily find the complex charts f, and g;
that satisfy f.(x) = g, (y) = 0. We also know from the definition of holomorphic

map that the map f,opog’ ;1 : g, (V) — C is a holomorphic function on complex
numbers, and thus we can express it in terms of a power series around 0: f, oo
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1 ; . . .
= > 2, a;2". Because ¢ is non-constant of V,, and f, is a homeomorphism,

9y
feopog’ ;1 is non-zero. We can therefore let k, be the smallest N such that ay # 0.
Thus, f, 0@ o g’;l = 2N H(z) where H(z) = Y ;= y aiz"" . Because H(0) # 0,
we can choose a small open neighborhood V C V;, of H(0) on which we can fix a
branch of the logarithm. Let

h(Z) _ eﬁ log H(z)

which is holomorphic on g; (Vo). Note that
h(z)* = H(z).
So fropo g';l(z) = (zh(z))*. Now let g, = (z — zh(z)) o g,,, we see that
(foopogy (W)= (foopog, ) o (2 zh(2)) " (w)
= (fzopogy )(u)
— (uh(u))"
= wh.

where w is the image of w under the inverse of the map z — zh(z), so w = uh(u).
This is the form we desire.

It remains to show that k, is independent of the choice of f, and g,. Suppose

for a difference choice of charts fx and gy, the corresponding integer is k,, so that
the following diagram commutes:

9y fx

ky
c_ 2=z, .

Thus the next diagram commutes:
~ sk &
gy(Vy) - fw(U:E)
0 7

gy(vy) M’ Jo(Va)

where 0 = g, o g,/ Land n = f, o f;l are complex diffeomorphisms. By comparing

the number of preimages under z 2% and n lo(z = zFv) 00, we see that

ey = ky. O
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Corollary 4.3. Any holomorphic map between Riemann surfaces that is mon-
constant on any connected components is an open map. Thus, for connected Rie-
mann surfaces, any non-constant holomorphic map is open.

Proof. We know that z — z*v is open. Complex charts are also open as they are
homeomorphisms. As a composition of the above, the holomorphic map is also
open. O

Definition 4.4. For each y € Y, we denote the above k, as the ramification index,
or branching order of ¢ at y. If k, > 1, then y is called a branch point. We use S,
to denote the set of branch points.

Lemma 4.5. The fibers of ¢ and S, are discrete closed subsets of Y.

Proof. This lemma follows directly from the lemma above because for each branch
point y, it has an open neighborhood V,, such that ¢ on Vj, is k,-to-one except on
y where it is one-to-one. Therefore, V,, could not contain any other branch points
nor any pre-image of ¢(z). Branch points and fibers of ¢ are hence isolated. (]

5. ALGEBRAIC GEOMETRY

While Riemann surfaces are complex analytic objects, we can in fact employ
algebro-geometric techniques to analyze Riemann surfaces. We will first introduce
several concepts in algebraic geometry and familiarize ourselves with the language
of algebraic geometry. Then, we will construct the normalization of an integral
scheme, which helps us define the functor we need between categories. Finally, we
will show that every compact Riemann surface is isomorphic to a smooth projective
curve.

Definition 5.1. A ringed space is a pair (X, Ox) consisting of a topological space
X and a sheaf of rings Ox on X. (X,0Ox) is a locally ringed space if the stalk
Ox 5 is a local ring for every z € X.

Let A be a ring. Endow Spec A with the Zariski topology. Let D(f) = {p €
SpecA | f ¢ p}. Then B = {D(f)}; is a base of open sets of Spec A. Define
a B-sheaf of rings Ogpec 4 on the base B by Ospec a(D(f)) = Ay. By uniquely
promoting it to a sheaf, we have defined a sheaf of rings Ogpec 4 00 Spec A. See [6]
for a proof of the unique promotion.

Definition 5.2. An affine scheme is a locally ringed space (Spec A, Ogpeca) for
some ring A. A scheme is a locally ringed space (X,Ox) such that for every
x € X, there exists an open neighborhood U of « where (U, Ox|y) is isomorphic
to some affine scheme (Spec A, Ogpec 4)-

Definition 5.3. A scheme (X, Ox) is integral if Ox(U) is an integral domain for
all non-empty affine open subscheme U C X.

Next, we will show that a morphism from any scheme to an affine scheme
uniquely corresponds to a ring morphism of global sections. This lemma is very
useful because morphisms between schemes can now be studied using the techniques
in commutative algebra.

Lemma 5.4. Let (X,0x) be a scheme and A a ring. There exists a natural
bijection

Home. (X, Spec A) = Hommping (4, T'(X, Ox)).
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Proof. First, consider the case where X = Spec B is affine. Then I'(X,0x) =
Ospec B(Spec B) = B. Here we have the familiar bijection

a : Home.p (Spec B, Spec A) — Homgping (A, B).

Now let X be an arbitrary scheme. Let X = U;U; be an covering by affine
open subshemes. Then for each U;, we have noted that Homge,(U;, Spec A) —
Homging (4,T'(U;, Ox)) is a bijection. We would like to glue these morphisms on
this affine open cover to a morphism on the whole scheme. For any V' C U;NUj, we
have natural maps V' — U;, and since Hom is a contravariant functor and T'(—, Ox)
is a covariant functor, we see that

Home . (U;, Spec A) —— Homming (A, T'(Us, Ox))

| |

HOH’I@C() (‘/, Spec A) —_— Hommmg (A, F(VY, Ox))

commutes, and the rows are bijections. The same diagram commutes for U;. So
we see that given a morphism from V, it uniquely corresponds to a ring homomor-
phism from A to I'(V, Ox), and this correspondence is the same whether we view
V as a subscheme of U; or U;. Thus given a ring homomorphism V' — I'(V, Ox),
the scheme morphism we constructed for U; and U; agrees on V. Since U; N Uj is
covered by affine opens V', we see that the constructed morphism agrees on all of
U;nUj.

Now given a ring homomorphism A — I'(X,Ox), we can get a family of mor-
phism A — T'(U;,Ox) by composing with the restriction maps of Ox. By the
bijection for affine subschemes, we in turn obtain a family of scheme morphisms
fi : Uy = Spec A, and these morphisms agrees on U; N U; for any U;, U;. We can
then glue these morphisms to get a map f : X = U;U; — Spec A on the level of
topological spaces (just use the value at any point of any morphism in the family).
To see that we can also glue on the level of structure sheaves, note that for any
W C Spec A open, f~1(W) is covered by f; '(W), and we have

Ospec (W) = (Ox (f7H(W)))s
S — (51)1
By the sheaf gluing axiom, this gives a unique map f# on the level structure sheaves.
The existence of (f, f#) shows « is surjective, and the uniqueness of gluing shows

« is injective. Thus, we have our desired bijection a. « is natural for the same
reason as above.

In particular, take A = T'(X, Ox). Then we have a bijection
Homgm (X, Spec F(X, Ox>) — Homming (F(X, Ox>, F(X7 OX))

The identity map on the right-hand side will correspond to a canonical morphism
of schemes X — SpecI'(X,Ox). Suppose there is a scheme morphism f : Y —
X, with f# : Ox — f.(Oy). Taking global sections, we obtain a map I'(f) :
Ox(X) = Oy (f~1(X)) = Oy(Y). Now taking Spec, we obtain a map SpecI'(f) :
Spec(Y,Oy) — SpecT'(X,0x). Then ¥ — X — SpecT'(X,0Ox) is equal to
Y — SpecT'(Y, Oy) — SpecT'(X, Ox) since the bijection above is natural in Y and
X, and the respective maps are induced by the identity map. Thus this map X —
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Spec (X, Ox) is functorial in X. When X is affine, X = Spec A and I'(X, 0) = A,
so in the construction above we let X cover itself, and there is no gluing happening.
So the morphism of schemes is given by Spec id = id, which is an isomorphism. On
the other hand, if we obtained an isomorphism X — SpecT'(X,Ox), then X is
affine since it is isomorphic to an affine scheme. O

The next definition and lemma are a key step in defining the functor

Definition 5.5. A scheme is normal if all of its local rings are integrally closed
domains.

Definition 5.6. A scheme morphism f: X — Y is dominant if f(X) is dense in
Y.

Lemma 5.7. Let X be an integral scheme. There exists a normal scheme X and
a morphism X — X with the universal property: for every dominant morphism
f:Z — X from a normal integral scheme Z, f factors uniquely through X. The
normal scheme X is called the normalization of X.

Proof. For each affine open subset U = Spec A of X, let A be the integral closure
of A in its field of fractions. Let U = Spec A. We will show that we can glue U’s
to obtain a normal scheme. B N N
Let V' = Spec B be an affine open subscheme of X and V' = Spec B where B is the
integral closure of B in its field of fractions. The inclusion map A — A induces
a canonical scheme morphism i : U — U. Because the ring map is an inclusion,
for a prime ideal p € U, we have that i(p) = p N A. Likewise there is a canonical
morphism j : V — V which sends q to gN B. Note that these maps are surjective.
Our goal is to define an isomorphism i~} (UNV) — j71(UNV) so that we can glue.
We may cover U NV by open subsets that is basic in both U and V, i.e. open sets
of the form W = Spec A, = Spec By. Since taking integral closure commutes with
localization, we see that L
(A)a = ALL =B, = (B)b

The isomorphism of (A), and (B), induces an isomorphism of schemes i~(W) —
j~Y(W). All such isomorphisms agree on overlaps Wi N Wo, since the overlaps
are just further localizations: if W; = Spec A, = Spec B, and Wy = Spec A, =
Spec By, then W7 N Wy = Spec A, = Spec By, and so the induced isomorphisms
for W1, Wy on the overlap are the same as the induced isomorphism by considering
Spec A, = Spec Byg directly. Thus, we can glue these isomorphisms to obtain an
isomorphism

by i (UNV) =i~ HUNV)
Clearly ¢pyy = QS‘le, because the map is just induced by the isomorphism

(A) = 4, = B, = (B),
as above by going in the other direction of the chain. On a triple intersection
UNV NT, the condition is
duvE N UNV)NiTHUNT) =3 (VnU)n; 1 (VNT)

where 4,j are the same as above. But we see that i~} (UNV)Ni~Y(UNT) =
i UNVAT),and ;- H(VNU)N;~H(VNT)=53"1(VNUNT), so this is indeed
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true since we can consider open sets in U NV N7, and our isomorphism ¢y is
glued from a local isomorphism on an open set in U NV NT, so we see that

Suv(E T (UNVNAT))="Y(VNnUNT).

Also, using the same argument (isomorphism is glued from local isomorphisms on
open sets in U NV NT), we see that ¢pyr = ¢y o dyy since they are equal on
every such open set covering UNV NT.

Now that we have verified the conditions needed for gluing schemes, we know
there exists a scheme X together with morphisms ¥y : U — X such that Yy
is an isomorphism onto an open subscheme of X , ’L/)U(ﬁ ) covers X , 1’s agree on
intersections, and ¥y = ¥y o ¢yy. We now proceed to construct the map X > X.
Recall that we have surjective maps i : U — U for each affine open U € X. Now
that ¢y (U) covers X, for each one of them,

~ Ynl o~
Yvo(U) —U—=U
By the gluing properties stated above, these maps agree on overlaps, so we can glue
them into a morphism X = X.

Now let Z be a normal integral scheme, and f : Z — X be a dominant morphism.
Let {U;} be an affine open cover of X, so we have maps ¢; : U; — X. Consider
fi: f1(U;) — X which is the restriction of f to f~1(U;). Since Z is normal, it is
irreducible. Since f~1(U;) is an nonempty open set, it is dense. Thus we see that
fi is dominant since a continuous image of a dense set is dense. We have therefore
reduced to showing the universal property in the affine case.

Let U = Spec A and U = Spec A where A is the integral closure of A. Then we
obtain a map A — I'(Z,Oz) using the bijection in Lemma 5.4, and it is injective.
Then by definition, we see that all localizations at prime ideals of T'(Z, Oy) are
integrally closed since Z is normal. Thus, Z is itself integrally closed. By the uni-
versal property of integral closure, the ring homomorphism A — I'(Z, Oz) factors
uniquely through Ato give a ring homomorphism A= I'(Z,0z). This corresponds
to a scheme morphism Z — Specg = U such that Z — Specg — Spec A is the
same as Z — Spec A (by the naturality of the bijection in Lemma 5.4.) This is the
desired scheme morphism. Now gluing these morphisms over the affine cover {U;},
we obtain a unique morphism 7 — X , as required. O

Definition 5.8. A scheme of finite type over a field k is smooth if stalks of the
fiber product X xj Speck are regular local rings, i.e. for any p € X x Speck, the
Krull dimension of the ring O, is equal to the minimal number of generators of the
maximal ideal of O,

Theorem 5.9. For a compact Riemann surface X, X is isomorphic to a smooth
projective curve. X s an integral scheme.

Proof. By Riemann-Roch theorem [2], we know that we can embed any Riemann
surface X into some projective space as a closed complex sub-manifold. By Chow’s
theorem [7], we then know that such closed complex sub-manifold of a projective
space is a complex algebraic variety. X is a smooth curve because the embedding
is smooth and Riemann surface is one dimensional.
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To show X is integral, it suffices to show that Ox(U) is an integral domain
for any non-empty affine open subscheme U of X. Because smoothness implies
regularity, for any non-empty affine open subscheme U C X, the ring Ay = Ox (U)
is Noetherian and the minimal number of generators of its maximal ideals is equal
to its Krull dimension. As an open subset of X, U is one-dimensional. Therefore,
the Krull dimension of Ay is also one and Ay is a principal ideal domain and clearly
an integral domain. Because Ay is a principal ideal domain, it is automatically a
Dedekind domain. (]

6. EQUIVALENCE BETWEEN Holyx g AND Cov(X \ 5)

Definition 6.1. Let X be a connected Riemann surface and S be a closed, discrete
subset of X. Let Holx g be the category of Riemann surfaces Y equipped with a
proper holomoprhic map f : Y — X such that all the branch points are contained
in f71(S). A morphism in Holy g is a holomorphic map compatible with the
projections onto X.

Definition 6.2. Let X be a connected Riemann surface and S be a closed, discrete
subset of X. Let Cov(X \ S) be the category of finite topological covers of X \ S.
A morphism in Cov(X \ S) is a morphism between topological covers.

To show the above categories are equivalent, we will define a functor from Holx g
to Cov(X \ S) and prove that it is essentially surjective and fully faithful.

Lemma 6.3. Let X,Y be Riemann surfaces and suppose X is connected. Let
p:Y = X be a proper holomorphic map and S, be the set of branch points of .
Restricting ¢ to Y \ ¢~ (¢(S,)) induces a finite topological cover of X \ ¢(S,).

Proof. Recall that a continuous map of locally compact topological space is proper
if the pre-image of each compact subset is compact. For locally compact Hausdorff
spaces, proper map is closed. Thus, proper map between Riemann surfaces, which
are locally compact Hausdorff spaces, is closed. By Lemma 4.5, we know that
the fibers of ¢ are finite because they are compact and discrete. Because ¢ is both
closed and open, the image of Y in X is both open and closed. Since X is connected,
 is surjective.

For all y € Y\ (¢(S,)), we know from Lemma 4.2 that there exist open neigh-
borhoods V' of y and U of ¢(y) and complex charts f, : U - C and g, : V — C
such that f, opo gy_1 : C — C is the identity map. Since both f, and gy_1 are
homeomorphisms, we know that ¢ is a homeomorphism on V. Because ¢ is surjec-
tive with finite fibers, for all z € X \ ¢(S,), it has finitely many pre-images. For
each pre-image, there exists such open neighborhood that maps homeomorphically
to an open neighborhood of x according to the argument above. ([l

The above association
Holy g — Cov(X \ S)
(Y, 90,50) = @ly\o=1(e(5,))

is a functor. We denote this functor by F, and the next lemma shows that F is
essentially surjective.

Lemma 6.4. The functor F is essentially surjective, i.e. for a connected Riemann
surface X, a discrete closed set S of X, a finite connected cover p’ : Y' — X’ where
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X' = X\ S, we can construct a Riemann surface Y containing Y’ as an open subset
and a proper holomorphic map p: Y — X such that ply =p' andY' =Y \p~1(9).

Proof. First consider the case that S is empty. We want to endow the complex
structure of X on Y’ and show that p’ is a proper holomorphic map. For any y € Y,
there exists an open neighborhood V' of y that maps homeomorphically to an open
neighborhood U of p/(y). Then for any complex chart f : U" — C where U C U,
it induces a complex chart fop' : V/ — C on Y’ where V C V’. This complex
structure on Y is unique because for any other complex charts f'|y, : V — C we
have a homeomorphism g : C — C where g = f|y op’ o (f'|v)~* as f'|v, flu, and
p'|v are all homeomorphisms.

/

v —r U
‘f/lv ‘fu
c—% s C

The above diagram shows immediately that p’ is a holomorphic map and it is
also proper because finite cover of locally compact topological space is proper (See
Appendix Proposition 10.2).

Now we will show this for general S. For any z € S, we can find a complex chart
f': Uy — C such that U, is a connected open neighborhood of x where it does not
contain any other points in S. By affine linear transformation of f’ we can obtain
a homeomorphism f : U, — D where D is the open unit disc of C and f(z) = 0.
Since p’ : Y’ — X is a finite connected cover, p’ (U, \ {z}) is a disjoint union of
connected components V,! which all map homeomorphically to U, \ {z} through p'.
Through the homeomorphism f, the disjoint union of V! is then isomorphic to a
finite connected cover of the punctured unit disc D = D \ {0}. Corollary 2.12 tells
us that the universal cover of the punctured unit disc D is z — €7 restricted to the
left half complex plaine. The automorphism group of fibers is isomorphic to Z. Any
connected cover of D would be isomorphic to a quotient of the universal cover by a
subgroup of Z. As a result, the finite cover of Y’ over C is isomorphic to the cover
g : D — D such that g(z) = z* for some integer k. We can therefore find the y‘
for each z and i where f o p/(y%) = 0. Now we can let Y be the union of Y’ and
all the y¢ for all z € X. We can therefore extend the holomorphic isomorphism
flop :Vi— D to the holomorphic isomorphism f/ o p’ : V! — D. This together
forms a complex atlas with the complex structure on Y’ inherited directly from X
as shown above. This new map p : Y — X would be defined as such that p|y: = p’
and p(y.) = z. It is clearly holomorphic on Y’ and holomorphic on y’ because it is
isomorphic to z — z* locally. It is also proper on Y”. Since for any compact set M
on X, M NS must be finite because S is discrete. Therefore M N X’ is compact.
Thus, p~ (M) = p~ Y (M N X’) U, p~Y(z;) is also compact. |

Lemma 6.5. The functor F is fully faithful, i.e. for any objects Y, Z in the category
Holx, s, the map

Fyz :Hom(Y,Z) — Hom(F(Y),F(Z))
induced by the functor F is bijective.
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Proof. To prove the map Fyz is bijective, we need to show that for Riemann
surfaces Y, Z that map properly and holomorphically onto X, py : ¥ — X and
pz + Z — X, with no branch points outside S, we can lift the continuous map
between covers f : Y/ — Z' where Y/ = Y \ p3;'(S) and Z' = Z \ p,'(S) to a
unique holomorphic map f: Y — Z extending p. Because f must commute with
the covering map from Y’, Z’ to X, f is a cover itself. In particular, it is finite and
connected. By Lemma 4.5, we know that pgl(S) is a discrete closed set of Z. We
can recover a unique proper holomorphic map g : Y — Z such that g|y: = f and
Y' =Y\ g '(p,'(S)). We know the following diagram must commute.

Y, le’:f Z,

PY|Y’
Pzlzr

X\ S

Hence, the diagram below will commute because the unique complex structure
endowed on Y’ and Z’ will be compatible with that on Y and Z.

y —% 7
PY

Pz
X

Hence, g~ (p,'(S)) = py(S), and g is exactly the f we want.

7. EQUIVALENCE BETWEEN FINITE ETALE ALGEBRAS OVER M(X) AND
RIEMANN SURFACES

Let X be a Riemann surface. We shall first define the meromorphic function
field on X.

Definition 7.1. A meromorphic function ¢ on a Riemann surface X is a holomor-
phic function on X \ S, where S is a discrete closed set, such that for any complex
chart f : U — C where U is an open subset of X,

po Tt f(U)—=C
is meromorphic. Denote the set of meromorphic functions on the Riemann surface

X by M(X).

M(X) is a ring with the usual structure of addition and multiplication of func-
tions since addition and multiplication of meromorphic functions preserve the dis-
creteness of the poles. We will prove a little lemma.

Lemma 7.2. If X is connected, then M(X) is a field.

Proof. Let f be a non-zero meromorphic function on X. Let S be the set of zeros of
f. We want to show S is discrete, so % is meromorphic. Assume for contradiction
that S is not discrete. Then it has a limit point x, i.e. for every open neighborhood
U containing x, U contains some y € S such that y # z. We can find an open
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neighborhood U of = such that U does not contain any poles of f. By the identity
principle of complex analysis, f is identically 0 on U. Let

A ={z € X | 3 an open neighborhood V of x such that f vanishes on V'}.

This set is open by definition and also closed since any limit point of this set would
have the desired property as we argued before. Since X is connected and A is
non-empty, thus A = X and f is identically zero on X. Absurd. O

Definition 7.3. Let X be a connected, compact Riemann surface. Let FinEtAlg q(x)
be the category of finite étale algebras over M(X).

To show the equivalence between FinEtAlg,,y) and Holx, we need to show
that there exists a contravariant functor 7 : FinEtAlg \(xy — Holx and an inverse
functor G : Holxy — FinEtAIgM(X).

For any finite étale algebra K over M(X), K = @ K, where K, is a finite
separable extension of M(X). To show that there exists a compact Riemann surface
Y which restricts to a branched cover on X such that M(Y) = K, it suffices to
construct a compact Riemann surface Y; which restricts to a branched cover on X
such that M(Y;) & K; for each i because M(Y) = @ M(Y;).

Now we can reduce the case to that K is a finite separable extension of M (X)

To precisely define this functor F, we need several small steps.

7.1. Defining the Functor. Given a compact Riemann surface X, it is integral
by Theorem 5.9. We can take the normalization of it: cover the scheme X by affine
open subscheme {U; };c; where U; = Spec A; for some ring A;. Then let Z: be the
integral closure of A;, ffvl = Spec :4: By Lemma 5.7, we can glue {,Uvi}iel together
and obtain a normal integral scheme Yy as the normalization of X.

Lemma 7.4. Moreover, i : U— U is surjective because for every prime ideal p in
A, there exists a prime ideal q in A such that qNA=p. [1]

Proof. The following diagram is commutative with all the maps being natural in-
clusions.

A—— A

;o

A, —>Zp

Q

ﬁp is integral over A, and we can take a maximal ideal n of /~1p. nN A, is also
maximal. ¢ = g~'(n) is therefore prime and gN A = f~'(nN A,) = p. O

Lemma 7.5. Let U be an affine open subscheme of X and U = Spec A. Then
Frac(A) = M(X).
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Proof. Because X is integral, we can apply Lemma 10.3 and get that M(X) = Ox
where x is the generic point of X.
zeU
— lm Ox(D())
feA-{0}
= lim Ay
fea

The second equality holds because the generic point x of irreducible scheme X is
unique and is a minimal prime of A. Because A is an integral domain, the unique
minimal prime of A is (0). O

As the normalization of a smooth projective curve, Yx is a smooth projective
curve, and therefore a Riemann surface by implicit function theorem.

We therefore have a natural surjective morphism defined from Yk to X induced
by the surjective map 1 : U — U on the open affine cover of Yx. To show that
K — Yk is indeed a functor, we need to show that it respects the morphisms.

More precisely speaking, for finite separable extensions K, L of M(X), if there
exists a holomorphic map f : K — L, it induces a unique holomorphic map F :
Y, — Yk over X between Riemann surfaces.

To define the morphism F' from Y}, to Yk, it suffices to define F' separately on
the affine open cover of Y, and glue them together. For any affine open subset
Ur, = Spec A ; of Y7, it corresponds to some affine open subset Ux ; = Spec Ag ;
of Yi where Ay ; is the integral closure of A; in L and A ; is the integral closure
of A in K for some affine open subset V; = Spec A; in X. Because f : K — L
embeds K into L, Ay ; is also the integral closure of A ;. The holomorphic map
F; : UL ; — Uk, can therefore be defined as F;(p) = pN Ak ;. It is the unique map
that makes the following diagram commutes with f and g be defined the same way
as in the normalization part above.

Uk, = Spec Ax Ur,; = SpecAp;

U; = Spec 4;

In order to glue the F; on each individual component, it is enough to show
that F; and F}; agree on Ur,; NUr ;. But we can cover Ur; N U ; with affine
open subscheme W,, where W,, = SpecAr ,, and U, = SpecA,, is an affine
open subscheme of X with Ay ., is the integral closure of A,,. Flw, = Fjlw,,
for all m because by definition they have to agree on affine covers. Consequently
Filu, .nu.,; = Fj|UL,mUL,j- F : Y, — Yk is now well-defined. In fact, we can show
F is surjective and finite, which is equivalent to F; : U ; — Uk ; being surjective
and for Ur ; = Spec Ap; and Uk ; = Spec Ak ;, Ap,; is a finitely generated Ag ;-
module. Because Ay ; is the integral closure of Ax; and Lemma 7.4, surjectivity
is obvious. We need another lemma for the module finiteness.
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Lemma 7.6. Let A be a Dedekind domain and K be a finite separable field ex-
tension of F' = Frac(A) and let A be the integral closure of A in K. Then A is
Dedekind and a finitely generated A-module.

Proof. Because A is Dedekind, A is integrally closed in F'. Because K is a finite
separable field extension of F, we can choose an F-basis {a1, -+ ,a,} of K. We
can multiply each «; by some §; € F' so that each «; is in A. This is because we
know that «; is a root of an irreducible polynomial f in F[z],

f(ﬂj) =a" + 071—1xn71 + -+ azr+co.
Let b € A — 0 be the product of all the denominator of ¢;. Multiply by " we get

b f(x) = (bx)™ + bep_1 (bx)™ 4o 4 (" ey ) (br) + b cp.
Note b" f(x) is in Alz] and it is monic. As a solution to a monic polynomial in A[z],
ba is in A. N
Now we haveforz € A,z = 7" | ¢;o; with¢; € F, then Tr(zaj) = > | ¢; Tr(ouay) €

A for all j. Since the sum of integral elements is still integral and Tr(A) C F,

Tr(A) C A.
Consequently,
Tr(wan) Tr(aron) -+ Tr(oap) “
Tl"(a?OéQ) .1 ! 15n Co
Tr(wan) Tr(apar) -+ Tr(apany)

Let D = det(Trg,p(aic;)), D # 0 since K over F is separable. Thus the matrix
(Trg/p(asay))s; is invertible. Let M’ be its inverse. Then

Min11 s Mil’lln
1
M == : . :
D . . .
Min,; --- Min,,
where Miny; is the minor of (Trg,p(c;a;))s; at k, 1. Since Tr(g) C A, we see that
c . o Tr(zay)
o ) Minqq Miny, Te(zas)
S N ) M ' Mir :
e ing, --- ing,, Tr(zay)
where all entries on the right-hand side are in A. Thus, z = %Z?zl Yy =

S y; 7 for some y; € A, and A is contained in
i D ’
a finitely generated A-module. But A is Noetherian, so ©f_; 5 A is a Noetherian
A-module, and thus A as a submodule is finitely generated as an A-module.
Now we want to show that A is Dedekind. Because A is a finitely generated
module over a Noetherian ring, A is Noetherian. A is integrally closed by definition,
hence we only need to show it has Krull dimension 1. We know that for any prime

ideal p C ﬁ, pNAisaprime ideal. p C A is maximal if and only if p is maximal. To
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show that A has Krull dimension 1, it is enough to show that for any prime ideal
p C A, pN A has a non-zero element. Let z be a non-zero element of p and {o;};er
be all distinct embeddings of K into K over F. We know N (z) = [[,c; 0i(z) is
also non-zero. o;(z) is in K for all ¢ € I and with one of o; being the identity,
we know N(x) € p. N(x) is in F under Galois conjugation, and it is integral over
A as product of elements that are integral over A is integral over A. Because A
is integrally closed in F' as a Dedekind domain, N(z) is in A. Hence A has Krull
dimension 1. ]

By the above lemma, we know that Ak ; as the integral closure of a Dedekind
domain A; in K, is Dedekind. Consequently, Ay, ; as the integral closure of Ag ; in
L is also Dedekind and a finitely generated Ag ;-module. F': Yy — Y is indeed
finite and surjective and hence is the morphism we desired.

7.2. Defining the Inverse Functor. Let f : Y — X be a non-constant holomor-
phic map between connected, compact Riemann surfaces. We will show that M(Y)
is a finite field extension of M(X). Then, Y — M(Y) is indeed a functor.

By Lemma 7.5, we only need to find an affine open subscheme U = Spec A of
X and an affine open subscheme V' = Spec B of Y such that Frac(B) 2 M(Y) is a
finite extension of Frac(A) =2 M(X). Indeed, it suffices to show that B is a finitely
generated module over A because of the following lemma.

Lemma 7.7. If B is a finitely generated A-module, then Frac(B) is finite over
Frac(A).

Proof. Because B is finite over A, it is integral over A. Let B = A(B1, -+, Bn)s
then we can find a monic polynomial f; € A[x] with one of the root being ;. Then
Frac(B) = Frac(A)(B1,- -, Bn), which is obtained by adjoining finitely many roots
of polynomials f;. Frac(B) is therefore a finite extension of Frac(A). O

Now choose an affine open subscheme U = Spec A of X and choose an affine
open subscheme V = Spec B C f~1(U). We have f|y : V — U. Because f is
holomorphic, we know it has finite fibers. Note that both A and B are Dedekind
since both U and V are affine smooth curves.

Consider any nonzero prime ideal p of A, which is also maximal since A is
Dedekind. Thus A,/pA, is a field. Note that

FH(p) = Spec B ©4 Ay /pAy = B, /pB

Since f has finite fibers, this is a finite set. By Lemma 10.4, B,/pB is finitely
generated over A,/pA,. Let 51,--- , 8, be a finite set of generators.

Lemma 7.8. Let M be an A-module and M the quasi-coherent sheaf on Spec A.
Let p € Spec A be a point and U an open neighborhood of p. If x1,..,x, € M(U)
and their images generate the stalk Mp = M,, then restrictions of x1, .., z, generate
]T/f|v in a neighborhood V.C U of p.

This lemma implies that B is finitely generated in an neighborhood of p, which
is open dense. Now take points g not in this open dense set, we know by the
same argument that an open neighborhood of q is finitely generated. Since B is
Noetherian, we need only do this finitely many times.
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Proof. Let the image of x; in M, be 7+ for a; € A\p Let f =[]/, a;. Then 2

a;
are in My for all 7. But My is a subset of M ';7 generates My too. Thus let
V = Spec Ay and we are done.

O

This concludes the proof that B is a finitely generated A-module and gives us
the functor G : Y — M(Y).

7.3. Equivalence. Our claim is that the functor G : Y — M(Y) is an inverse of
the contravariant functor F : K — Y.

We will first show that given a finite separable extension K of M(X), we have
G(F(K)) = M(Yk) = K. From Theorem 5.9, we know that Yy is an integral
scheme. By Lemma 7.5, for any affine open subscheme U = Spec A of Y, we know
Frac(A) =2 M(Yk). If we can show that Frac(A) = K, then we are done. By
definition of Yk, we can choose the affine open subscheme U = Spec A such that
V = Spec B is an affine open subscheme of X and A is the integral closure of B in
K. By Lemma 7.6, since B is Dedekind, A is also Dedekind.

Because K over Frac(B) is finite separable, for an arbitrary o € K, we can write
the minimal polynomial of « over Frac(B):

flx)=2"+cp 12" '+ -+ 12 + ¢y € Frac(B)[z]
Write ¢; = %’ for a; € B and some common nonzero § € B C A. Then,
" f(x) = (02)™ + an_1(62)" L 4+ -+ (6" 2a1) (6x) + 6" tag

is a monic polynomial in B[X] satisfied by da. Thus, d« is integral over B and
therefore in A, ie. a = ‘%a € Frac(4).

The above indicates that K is contained in Frac(A), but we also know that K
is a field containing A, thus Frac(A) = K.

On the other hand, given a holomorphic map between connected, compact Rie-
mann surfaces f : Y — X, we want to show F(G(Y)) = F(M(Y)) = Yy =Y.
We know that Yy is the integral closure of Y in M(Y’). But since Y is smooth,
it is integrally closed. Thus Yy y) =Y

Now we can conclude the equivalence between the compact Riemann surfaces
that maps to holomorphically onto a fixed connected, compact Riemann surface X
and the finite étale algebras over M(X).

8. INVERSE GALOIS PROBLEM FOR C(t)

Theorem 8.1. Let X be a connected, compact Riemann surface and D be a finite
set of points in X. With the following equivalence of categories:

FinEtAlg x) = BrCovx\p = Holx p

we can induce a finite subextension of M(X) in the algebraic closure M(X) from
any holomorphic map of connected, compact Riemann surfaces Y — X which re-
stricts to a cover over X \ D. Let Kx\p be the composite of all such finite subex-
tensions, Kx\p|M(X) is Galois and

Gal(Kx\p|M(X)) = m{(X \ D, )

In order to prove this theorem, we will first prove the following lemma.
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Lemma 8.2. Every finite subextension of Kx\p|M(X) can be constructed from a
connected, compact Riemann surface that restricts to a cover over X \ D.

Proof. Given any two subextensions L1, Ly of M(X), we will show that they can be
constructed from connected, compact Riemann surfaces Y7,Ys — X that restricts
covers Y{, Yy over X \ D. Also, we will show that the compositum of L; and Lo
can be constructed in the same way. The fiber product Y{ x x\p Y5 is a cover of
X \ D. By the equivalence of category Holx,p = Cov(X \ D), we can embed the
fiber product into a compact Riemann surface Yi, that maps holomorphically to
X. We want to show that M(Y12) is isomorphic to the finite étale M(X)-algebra
Ly @ pmx) L2. We know the fiber product represents the functor on the category of
X \ D-spaces that maps a space Y to the set of pairs of morphisms {¢: Y — Y/, ¢ :
Y — YJ} compatible with the covering maps from Y{ and Yy to X \ D. M(X)-
algebra Ly ®q(x) Lo represents the functor on the category of M(X)-algebras
mapping an algebra R to the set of M (X)-algebra homomorphisms L; x Ly — R.
The equivalence of categories FinEtAlg (x) = BrCovx\p transforms these two
functors to each other. Connected components of Y7 X x Y5 therefore correspond to
direct factors of L1 ®@aq(x) L2. By Lemma 3.2, L1 ®q(x) L2 is a direct product of
field extension of M(X) with one of the factor exactly being the composite L Lo.

By induction, K x\ p can be written as the union of towers of finite subextensions
Ly CLiLy C L1LoLs C -+ of M(X) which can all be constructed from Riemann
surfaces restricting to covers over X \ D. Let L = M(Y") for some Riemann surface
Y which restricts to a cover over X \ D and field extensions L|K|M(X). By
equivalence of categories FinEtAlg \(x) = BrCovx\p, we have K = M(Z). Each
point of X \ D has [L : M(X)] preimages in Y and at most [K : M(X)] preimages
in Z, and every point of Z has at most [L : K| preimages in Y. Hence, equality
must hold and Z is a branched cover of X \ D. O

Now we can prove Theorem 8.1.

Proof. Kx\p|M(X) is Galois because if L|M(X) can be derived from a Riemann
surface which restricts to a cover over X \ D, then all the Galois conjugates of L can
be derived from the branched cover after automorphisms of the original branched
cover. -

We will show a bijection between finite isomorphic quotients of 7i°"(X \ D, z)
and Gal(Kx\ p|M(X)) which is compatible with taking towers of covers and filed

extensions on both sides. The theorem will follow by passing to the inverse limit.

For each finite quotient of 7{°?(X \ D, z), it corresponds to a finite Galois cover
over X \ D, which corresponds to a finite Galois branched cover over X, and a finite
Galois subextension of K x\p|M(X) by the equivalence of categories.

By the lemma, we know that every finite quotient of Gal(Kx\ p|M(X)) corre-
sponds to a finite Galois cover over X \ D.

O

By taking inverse limit of the following isomorphism through D
Gal(Kx\ p|M(X)) 2 m°P(X \ D, ),

we get

—

Gal(x) = lim (X \ D)
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where Galy(x) is the absolute Galois group of M(X).

Theorem 8.3. Fuvery finite group occurs as the Galois group of some finite exten-
sion L|C(t).

Proof. Let X = CP'. Apply Theorem 8.1, we get that

—

Gal(r) = lim " (CP! \ {1, 2, wn}).
Note that 7}°°(CP' \ {x1, 2, - ,2,}) is a free group on n — 1 generators. For
any finite group G of order n — 1, it is the quotient of a free group on n — 1
generators. By the isomorphism, we can find a Galois cover Y of X branched
over Iy, Tz, ,%, where GalM(Y)|IM(X)) = Gal(M(Y)|C(t)) (See Appendix
Lemma 10.5) is isomorphic to G. g
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10. MISCELLANEOUS FACTS

Definition 10.1. Let X be a topological space. We say X is called locally compact
if every point x of X has a compact neighbourhood, i.e., there exists an open set
U and a compact set K, such that

zreUCK

Proposition 10.2. A finite cover p: Y — X of locally compact topological spaces
18 proper.

Proof. Given any compact subset A C X and any open cover {U;};c; of p~1(A),
we can find a refinement of {U,};cr, {Vi}icr such that the cover is trivial on p(V;)
because all cover is isomorphic to a trivial cover locally. Here because p is a finite
cover, we have

p L (p(Vp)) = HWi

for some open set W; that maps homeomorphically to p(V;)
Because p is an open map, {p(V;)}ics also forms an open cover of A. Let {F;},

be the finite cover extracted from {p(V;)}icr. Then {W;|p(W;) = F; }gzivlfln forms

an finite open cover of p~1(A).
g

Lemma 10.3. Let X be an integral scheme with a gemeric point x, the sheaf of
meromorphic functions on X is isomorphic to the constant sheaf Ox 5 on X.

Proof. Let K be the constant sheaf Ox , on X and F be the presheaf such that
F(U) = Frac(Ox(U)), the fraction field of an integral domain (Ox (U)). We know
that KC, the sheaf of meromorphic functions on X, is exactly the sheafification of F.

The natural morphism of presheaves p : F — K by restricting rational functions
to their germ at x induces a morphism of sheaves p : K — K by the universal
property of sheafification.

K—"' oK
f P
f

Now we need to show that p is an isomorphism of sheaves. For any affine open
subset U C X, we know that

F(U) = Frac(Ox (U))

= K().
Because affine open subsets form a basis of the Zariski topology on X and for
any affine open subset U, F(U) & K(U), p : F» — K, is an isomorphism for any
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x € X. Via the natural morphism of presheaves f : F — K, we have K, = F,.
Thus p, : £, — K, is an isomorphism for all z € X. O

Lemma 10.4. Let k be a field and A is a finitely generated k-algebra, then A is a
finitely generated k-module if and only if Spec A is finite.

Proof. Noether’s normalization theorem states that for a finitely generated alge-
bra A over a field k, there exists n > 0 algebraically independent ay,--- ,a, in A
such that A is a finitely generated module over k[ai,as, -+ ,a,]. We can there-
fore embed kla,az, -+ ,a,] — A and get the induced surjective map Spec A +—
Specklai, ag, - ,a,] = AY. A7 is infinite when n > 0. Thus Spec A is finite if and
only if n = 0 where A is a finitely generated k-module. O

Lemma 10.5.

M(CPY) = C(2)

Proof. Any rational function with complex coefficient is a meromorphic function on
the Riemann sphere because it only has finitely many poles and can be smoothly
extended to the point of infinity. We only need to show that any meromorphic func-
tion on the Riemann sphere is a ratio of two polynomials. Let f be a meromorphic
function on CP'. Since CP! is compact, f have finitely many zeros and poles. Let
21,22, , zn be the zeros and poles, and let m; be the multiplicity of z; (if z; is a
pole then m; is negative). Let

n

g(@) =[Gz —z)™

i=1
Then 5 has no pole or zero except possibly at oo € CP!, since ¢ has the same
poles and zeros with the same multiplicities with f. We show that g is a nonzero

constant. By Liouville’s theorem, it suffices to show that oo € CP' is not a pole.

Assume for contradiction that it is. Then % has oo as a zero. Therefore % is

a nonzero constant, but this means g is a nonzero constant too, so in particular

g(oo) # 00, a contradiction. Therefore, 5 =C#0and f=C[[_,(z—z)™ O
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