LAW OF QUADRATIC RECIPROCITY

EMILY ZHANG

ABSTRACT. In this expository paper, we will explore the Law of Quadratic
Reciprocity and provide two proofs: one using elementary number theory and
the other using the theory of finite fields.
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1. INTRODUCTION

The law of quadratic reciprocity is one of the first major results in number theory.
Its origin dates back to the 1600s when Fermat began studying the conditions for a
prime p to be of the form z2+ny? for small n; however, he did not provide proofs of
his results. Fascinated by Fermat’s work, Euler devoted himself to proving Fermat’s
theorems and in the process, he conjectured an equivalent formulation of the law of
quadratic reciprocity. The complete proofs were given by Gauss in the 1800s. Since
then, the problem has been approached in a multitude of ways and has played an
important role in the development of modern number theory.

We introduce the statement of the law of quadratic reciprocity. For clarity of
notation, we define the Legendre symbol. Let p be an odd prime and a be an integer
not divisible by p. Note that if b is a quadratic residue, then b = 22 (mod p) for
some b € Z/pZ. Then

(a) _ {1 if a is a quadratic residue modulo p

p —1 otherwise.

Theorem 1.1 (Law of Quadratic Reciprocity). If p and q are distinct odd primes,

then
-
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2. ELEMENTARY NUMBER THEORY

We begin by recalling some definitions and results from elementary number the-
ory.

Theorem 2.1 (Euler’s Criterion). Let p be an odd prime. Then for all a, we have

(a) =a"T (mod p).

p

Proof. We will show that if a is a quadratic residue, then a7 =1 (mod p) and
if a is a quadratic non-residue, then T =1 (mod p). Suppose a is a quadratic
residue, i.e. a = b% (mod p) for some b € Z/pZ. Then a*=" = =1 = 1 (mod p)
by Fermat’s little theorem. Now suppose a is a quadratic non-residue and consider
f(z) = 2"z —1. Since Z/pZ is an integral domain, we have =1 (mod p) has at
most prl solutions. But ”2;1 quadratic residues satisfy the congruence. To see this,
the quadratic residues are precisely the elements in {12,22. .. (%)Q} since all the
elements are distinct and (p—x)? = 2% (mod p). Now if a is a quadratic non-residue,
-1

then a"z # 1 (mod p). Notice that a?~1 —1 = (ap%1 +1)(a"z —1) = 0 (mod p). So

p—

a2 = %1. Thus, if a is a quadratic non-residue, we obtain o =1 (mod p). O
Theorem 2.2. Let p be an odd prime. Then p = 1 (mod 4) if and only if there
exists x such that 2> = —1 (mod p).

Proof. By Euler’s criterion, we have (’71) = (=1)»=Y/2 = 1 if and only if

(p —1)/2 = 2k for some k € Z, which is equivalent to p =1 (mod 4). O
Theorem 2.3 (Wilson’s Theorem). (p —1)! = —1 (mod p) for any prime p.

Proof. Recall that 22 = 1 (mod p) if and only if # = +1 (mod p). Then the only
elements in (Z/pZ)* that are its own inverse are +1. The theorem is immediate
when p = 2 and 3. For p > 3, we have for all x € {2,...,p—2}, there exists a unique
a’ # x such that zz’ = 1 (mod p). Pairing each element with its inverse, we have

(p—DI'=(1)(p—1)=-1 (mod p). O

Theorem 2.4 (Chinese Remainder Theorem (CRT)). Let ny,...,ng be integers
which are pairwise relatively prime. Then the system of m congruences

z=ay (mod ny), ... ,x = ay (mod nyy,)

has a unique solution for x modulo M =ny ---ny,

Proof. We do induction on m. For m = 2, we want to find a solution satisfy-
ing both z = a; (mod n1) and = ay (mod ng). Since ged(ny,na) = 1, there
exist ny and n} such that nony = 1 (mod ny) and nin} = 1 (mod ns). We
choose © = ajngonby + asnin, which satisfies both congruences. Suppose there
are k + 1 systems of congruences and let ni,...,ng,nry1 be pairwise relatively
prime. Then by the inductive hypothesis, we will assume there exists a solution to
the first k system of congruences, call it s. Then we have x = s (mod ny ---ng)
and ¢ = agy; (mod ngy1). Since ged(ng, ngr1) = 1 for all 1 < i < k, we have
ged(nyng - - mg, ngpt1) = 1. From the case m = 2, we can conlude that there exists
a solution satisfying the k + 1 system of congruences.
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Now we will show that this solution is unique. Suppose s and t are solutions.
Since for all 1 < ¢ < m and i # j, ns|(s — t) and ged(ni,n;) = 1, we have
Ny - N |(s —t). Thus s =t (mod M). O

2.1. An Elementary Proof of Quadratic Reciprocity. We will now prove
the law of quadratic reciprocity using Euler’s Criterion, CRT, and basic counting
arguments by following Kim’s proof [1].

We begin by analyzing the half of (Z/pgZ)* defined by the set

—1
= {a:lgagpq2 , ng(aaPQ)—l}-

Let A =]],ce a. Furthermore, define
-1 -1
S = {a:1<a< pq2 ,gcd(a,p)zl}, T:= {q-l,...,q-pQ}.

Lemma 2.5. A= (—1)(%1 (%) (mod p) and A = (—1)p2;1 (5) (mod q)

Proof. We will find two expressions for [[,.ga. Since p and ¢ are coprime, we
know that ged(a,pq) = 1 if and only if ged(a,p) = 1 and ged(a,q) = 1. So @
contains numbers not divisible by p or ¢, S contains numbers not divisible by p,
and T contains numbers in S that are divisible by ¢q. Thus ® = S\ T, or equivalently
S =TUd. We have

al;[Sa:ael_ITa .al;[i)aquf (T)!.AE <Z) <p;1>!-z4(m0dp)

where the second congruence follows from pulling out the ¢’s in T and the last
congruence follows from Euler’s Criterion.
Alternatively, notice that

pg—1 q—1 p—1
5~ 2 PT o
To see the elements of S more explicitly, we can write it as a union of two sets:
—1 -1 -1
S:{a:1<a<q2p—l,gcd(a,p)zl}u{qQp+k:1<k<pQ}.

Taking every element modulo p in S, each of the residue classes modulo p is
represented qg—l times. Thus, multiplying all the elements in the first set gives us

[(p— 1)!]61;71 and the second set gives us (251)!. Thus

[To=lo- 195 (250 )= 0 (252 tmoan)

acsS

where the second congruence follows from Wilson’s Theorem. Combining the two
expressions of [ ], g a, we have

(Z) (p;l>!~A =(-1"% (’?)! (mod p)
A= 17 (4) modp)

Following a similar argument, we have A = (—1)1%1 (%) (mod q). O
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Remark 2.6. By CRT, we have A =1 (mod p) and A = 1 (mod gq) if and only if
A =1 (mod pq). Similarily A = —1 (mod pq) if and only if A = —1 modulo p and
modulo q.

Lemma 2.7. A=1 or —1 (mod pq) if and only if p=q =1 (mod 4).

Proof. Consider the set {a : 1 < a < pq,gcd(a,pq) = 1} = (Z/pgZ)*. Let a €
(Z/pqZ)*. Since @ is half of (Z/pqZ)*, either a € @ or a ¢ ®. Elements not in
® can be written as negative of the elements in the first half. So if a ¢ @, then
—a € @®. We have a map from @ to ® given by

-1 s 1
f:a»—>{a » z.faile(l)
—a ifa=t ¢ ®
We will show that f is surjective. Suppose y € @. Then there exists an inverse
x € (Z/peZ)*. If x € @, then f(x) =y. If © ¢ ®, then f(—x) = y. Since @ is finite
and f is a map on itself, we have ® is bijective. Thus for all a € @, there exists a
unique f(a) € @ such that af(a) = 1 (mod pgq).
Now consider the elements fixed by f. Define

U={ac®:a=f(a)}={a € ®:a®==1 (mod pq)}.

Pairing every element a in ® with f(a), we have

A= HaE:I:Ha(modpq),
ac®d acV¥
where +1 in the second product are from elements not fixed by f.

(<) Now we will prove the reverse direction. Suppose p, ¢ = 1 (mod 4). We want
to show [],cy @ = £1 (mod pgq). By definition of W, it suffices to find the solutions
to the congruence 2 = +1 (mod pq). By CRT, we see that 22 = 1 (mod pq) has four
solutions. Let the solutions be 1,—~1, N, —N modulo pg. Now 22 = —1 (mod pq)
has a solution whenever there is a solution to 2 = —1 modulo p and ¢. Since
p,q =1 (mod 4), by Thm 2.2, we have 22 = —1 (mod pq) has a solution, call it
I. Notice that (NI)? = N2I? = —1 (mod pq). Thus, we can characterize the four
solutions as I,—I, NI, —NI modulo pq. Since ¥ C &, we have 1,1, N, NI are the
four solutions in ¥ up to £1. Thus

H a = +(N?I?) = F1 (mod pq).
acw
(=) To prove the forward direction, we will prove the contrapositive. Suppose
por ¢ =3 (mod 4). Then 22 = —1 (mod pq) has no solutions. Thus the only
solutions to 2 = £1 (mod pq) in ¥ are 1 and N up to £1. Thus

H =+N # 41 (mod pq).
acWV
(]

From Lem 2.5 and Lem 2.7, we deduce that (—1)“z" (%) = (-1)'= (%) if

and only if p,¢ = 1 (mod 4). Equivalently (%) (%) = (—1)17%1+(12;1 if and only

if p,g =1 (mod 4). We prove this statement is equivalent to the law of quadratic
reciprocity by considering the following cases: p or ¢ = 1 (mod 4) and p,q =

3 (mod 4). If p,g = 1 (mod 4), then % + ‘12;1 has even parity. So (g) (%) =1
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Now (%) (%) )57 B +95 if and only if p or ¢ = 3 (mod 4). So if p = 1 and
mod 4) or 1f p =3 and ¢ = 1 (mod 4), then % Tl has odd parity.
(7) (%) 1. If p,¢g = 3 (mod 4), then p%l + q;—l has even parity. Now

(B) (%) = —1. Altogether, we have <§) (%) = (_1)‘%1‘%17 as desired.

3. FIELD AND GALOIS THEORY

In this section, we will introduce some definitions and results in field and Galois
theory, culminating in another proof of the law of quadratic reciprocity.

Definition 3.1. (Field Extension) If F is a subfield of E, then F is a field extension
of F denoted by E/F.

Definition 3.2. We can view E as a vector space over F. The degree of the exten-
sion F/F, denoted by [F : F], is the dimension of E over F.

Definition 3.3. (Splitting field) Suppose F is a field, f(x) € F[z], and aq, ...,y
are roots of f(x) in E. Then F is a splitting field of f(z) if f(x) splits into linear

factors in F[z] and if E = Flaq,...,q,] is the smallest field containing F' and all
the roots.

Definition 3.4. (Algebraic Extension) The element o € E is algebraic over F if
a is a root of some nonzero polynomial f(x) € F[z]. An extension E over F is
algebraic if every element in F is algebraic over F.

The proofs of the following two propositions can be found on pg. 520-521 of [3].

Proposition 3.5. Let o be algebraic over F. Then there exists a unique monic
irreducible polynomial my € F[z] that has  as a root.

Proposition 3.6. If a is algebraic over F and F(«) is the field generated by «,
then [F(a) : F] = degmq ().

Definition 3.7. (Normal Extension) The extension E/F is normal if E is an
algebraic extension over F' and m,, splits into linear factors over F for all « € F.

Definition 3.8. (Separable Extension) A polynomial over F is separable if it has
no repeated roots. The extension E/F is separable if E is an algebraic extension
over F' and m,, is separable for all o € F.

Theorem 3.9. The polynomial f(x) € F|x] is separable if and only if ged(f, f) =
where f' is the derivative of f.

Proof. See pg. 547 of [3]. O

Definition 3.10. (Galois Extension) The extension E/F is Galois if it is normal
and separable.

Definition 3.11. (Cyclotomic Extension) Define the n'! cyclotomlc polynomial
®,,(z) to be the polynomial whose roots are the primitive n‘"* roots of unity, ¢,.
Note that (,, can be defined over any field.

O, (r) = H (z — ’;LL)
1<i<n, ged(i,n)=1

The field Q(¢,,) is called a cyclotomic extension over Q.
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Proposition 3.12. The minimal polynomial of ¢, over Q is ®,(x).
Proof. See section 13.6 of [3]. O

Definition 3.13. For a field extension F of F, define
Auwt(E/F):={0: E — E : 0 is a ring isomorphism and 6|r = id}.

If F is a Galois extension, then Aut(E/F) is called the Galois group denoted by
Gal(E/F).

We can view the Galois group of E/F as a group of symmetries, and we will
illustrate this fact by the following example. Let E be the splitting field of a
separable polynomial f(x) with aq,...,a, as its roots. Then Gal(E/F) acts on
the set of roots of f(z). Let 0 € Gal(E/F'). Then o permutes the roots of f(z) since
o(> i) = " ¢io(a) where ¢; € F are fixed. Thus, the group action induces an
injective map from Gal(E/F) to Sym({ay,...,ay,}). In particular, we can consider
Gal(E/F) as a subgroup of S, where n is the number of roots.

Proposition 3.14. If E/F is a Galois extension, then |Gal(E/F)| = [E : F].

We state the correspondence property of the fundamental theorem of Galois
theory. A complete statement and proof can be found on pg. 574 of [3].

Theorem 3.15 (Fundamental Theorem of Galois Theory). Let E/F be a Galois
extension and let G = Gal(E/F). Then there is a bijection between the subfields K
of E containing F and the subgroups H of G given by the correspondences

U(K):= Auwt(E/K)
®(H) :=Fix(H)

3.1. Finite Fields. In this section, we will show the existence of finite fields and
characterize the group of units and automorphisms of a finite field.

Theorem 3.16. For every prime power p", there exists a field of order p™. More-
over, this field is the splitting field of zP" — .

Proof. Consider the splitting field of zP" — x over Z/pZ, call it E. Define S :=
{a € B, a?" = a} to be the set of all the roots of 27" — 2. We will show that S
is a field with p™ elements. We have 0,1 € S. Now suppose a,b € S. We want to
show (a4 b)?" = a?" +bP", also known as the “freshman’s dream”. We prove this
by induction on n. For n = 1, recall the binomial theorem which states (a + b)P =

o (ﬁ)a”’kbk. For all 1 < k < p, (p — k)! and k! do not divide p as p is
prime. Since (Z) € Z, (p— k)k! divides p(p — 1)!, and ged((p — k)!k!,p) = 1,
we have (p — k)!k! divides (p — 1)!. Thus %(Ik’) € Z. Since forall 1 <k <p-1
there exists n € Z such that (i) = pn , we deduce that (a + b)? = a? + bP. For
n =k+1, we have (a + b)karl = ((a+ b)pk)p = (a”k + bpk)p =a" 47" where
the second equality follows from the inductive hypothesis and the last equality
follows from the base case. Thus (a + b)?" = a?” 4 0" for all n. Furthermore
(ab)?" = ab, (—a)?" = (=1)’"a = —a, and (a"1)?" = (a?")"' =a~!. Thus Sis a
field since it is closed under addition, multiplication, negation, and inversion.

Now by Thm 3.9, since gcd(xpn —x,—1) =1, we have zP" — z has no repeated
roots in its splitting field. So S is a field with exactly p™ elements, which is often
denoted by Fy». Thus Fy» is the splitting field of P (]
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Remark 3.17. Up to isomorphism, there exists a unique field of order p™. See pg.
542 of [3].

Theorem 3.18. The group of units of a finite field is cyclic.

Proof. We first show that ) din ¢(d) = n using properties of cyclic groups. Let G
be a cyclic group of order n and let d|n. We partition the group based on the order
of its elements and show that ¢(d) is the number of elements of order d. Since G
is cyclic, there exists a unique subgroup of order d, call it S. By the uniqueness of
S, the elements of order d are the generators of S. Suppose a is a generator. Recall
that ord(a’) = ord(a)/ ged(ord(a), j). Then ord(a’) = ord(a) = d if and only if
ged(d, j) = 1. But [{a’ : 1 < j < d, ged(j,d) = 1}| = ¢(d). Thus ¢(d) is the number
of elements of order d. Now

| {a € Glord(a) =d} = G.
d|n

Thus 34, ¢(d) = n.
Let I be a finite field and let F* be the group of units of order n. Let d|n. Define

¥(d) == |{a € F* : ord(a) = d}|.

We want to show t(n) # 0, i.e. there exists an element of order n. We claim
if ¥(d) # 0, then ¥(d) = ¢(d). Suppose ¥(d) # 0. Then there exists an element
a € F* such that ord(a) = d. Consider (a) = {1,a,...,a%"'}. Then every element
in (a) is a root of 2% — 1. Since ¢ — 1 has at most d roots and we found d distinct
roots, we deduce (a) are all the roots. Now any element of order d lies in (a). As we
showed earlier, since (a) is cyclic, the number of elements of order d is ¢(d). Thus
if ¢(d) # 0, then ¥(d) = ¢(d).

Now suppose there exists d such that ¥(d) = 0. Then by definition of the ¢

function, we have
n=> 1) <> ¢(d) =n.
d|n

d|n

But we reach a contradiction. Thus };,, ¥(d) = >_,,, #(d). Now for every d|n, we
have 9(d) = ¢(d) # 0. Thus ¢(n) # 0, as desired. Since there exists an element of
order n, we deduce that F* is cyclic. O

Theorem 3.19. Gal(F,» /F,) is generated by the p-th power map ¢ : x — xP.

Proof. We will first show that ¢ € Gal(Fyn/F,). Let a,b € Fpn. Then ¢(a + b) =
o(a) + ¢(b) by freshman’s dream and p(ab) = p(a)p(b). Since nonzero field homo-
morphisms are injective and ¢ is a map from a finite field to itself, we conclude
that ¢ is an automorphism. Now for all a € Z/pZ, we have ¢(a) = a by Fermat’s
little theorem. Thus ¢ fixes Z/pZ. Viewing F,» as a vector space over Z/pZ, we
deduce from Prop 3.14, that | Gal(Fpn /F,)| = [Fpn : Fp] = n. Now we will show
that the order of ¢ is n. Since ¢™(a) = a?" = a, we have ¢" = id. Let 0 < d < n
and suppose for a contradiction that ¢? = id. Then a? =aforallac F,». But

2”" — 7 has at most p¢ roots in Fpn. Since p? < p", we have a contradiction. Thus
¢ #id and Gal(Fpn /F,) = (). O
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3.2. Trace, Norms, Discriminant. We will briefly introduce some functions in
algebraic number theory that will help us prove the law of quadratic reciprocity.
For the rest of the section, we assume E/F is a finite separable extension of degree
[E: F]=n.
Definition 3.20. The field F is called an algebraic closure of F if

(1) F is algebraic over F -

(2) every polynomial f(x) € F[xz] splits completely over F

Definition 3.21. Let 01, ..., 0, be distinct F-embeddings into an algebraic closure
of . For each a € F, the trace and the norm are defined as follows:

Ng/p(a) = Hai(a), Te/p(a) = Zai(a)-

Now we will define two notions of the discriminant—the discriminant of a poly-
nomial and the discriminant of an n-tuple. When the polynomial is minimal, they
are the same.

Definition 3.22. Let o1, ...,0, be distinct F'—embeddings of F into an algebraic
closure of E, and let (ai,...,a,) be an n-tuple of elements in E. Then the dis-
criminant of the n-tuple is Dg/p(oa, ..., o) = [det(oi(ey))]* where o;(ey;) is the
ij*" entry in the matrix.

Definition 3.23. Let f(xz) € F[z] be a polynomial with z1,...,x, as its roots.

Define the discriminant of f(z) by the formula disc(f) = [[,;(z: — z;)?.

Proposition 3.24. Suppose E = F(«a). Let Dp p(a) = Dg/p(1,a,. .. ,a" 1) and

let ai,. .., an be the roots of me, p(x) in a splitting field, with oy = . Then
Dyr(e) = [[(s = a;)? = (1)) Ngp(ml, 4 (a):
i<j
Proof. See pg. 10 of [4]. O

Proposition 3.25. Let o be algebraic over F. Then disc(ma,r(v)) = Dg/p(c).
Proof. This follows from the discriminant of a polynomial and Prop 3.24. (I

Proposition 3.26. Let f(x) € Flx] with x1,...,x, as its roots. If ch(F) # 2, then
the permutation o € S, is an element of A, if and only if it fizes the square root
of disc(f). Furthermore, the Galois group of f(x) is a subgroup of A, if and only
if disc(f) € F is the square of an element of F.

Proof. See pg. 610 of [3]. O

3.3. Another proof of Quadratic Reciprocity. Now, we will prove the law of
quadratic reciprocity using the theory of finite fields, following Bergman’s outline
[2]. For the rest of the paper, we assume p and ¢ are odd primes. Given p, we first
investigate when an arbitrary integer is a quadratic residue modulo p. Then, to
determine the relationship between when p is a quadratic residue modulo ¢ and ¢
is a quadratic residue modulo p, we analyze the conditions for the Galois group of
x?—1 over Z/pZ to act by even permutations on the roots of ¢ —1. We observe this
relationship by first proving a general property of cyclic groups and then calculating



LAW OF QUADRATIC RECIPROCITY 9

the discriminant of ®,(z) in Z/pZ. Combining these observations gives us the proof

of the law:
p q p—1g—1
- =) =(-1) 2 2,
(2) () -

Proposition 3.27. There is a surjective homomorphism ¢ : (Z/pZ)* — {*1}.
Define (Z/pZ)*? to be the subgroup {z? : x € (Z/pZ)*}.

Proof. Recall from Thm 3.18 that (Z/pZ)* is cyclic. Then there exists z € (Z/pZ)*
such that (Z/pZ)* = (z). Fixing the generator x, we define the map ¢ : a — (—1)"
where a = 2™ for some n € Z. We check this map is well-defined, i.e. p(a) does not
depend on the power of a fixed generator. Suppose a = x* for some ¢ € Z. Then t =
(p—1)g+7 for some g and 0 < r < p—1. We have at = z(P=Datr = g(p—Dagr — g
Furthermore, we have p(2!) = (=1)! = (=1)P=Datr = (—1)P=Da(_1)" = (—1)" =
@(2") since p—1 is even. Now we show that p(z?) = ¢(2™). We have t = (p—1)n+s
for some s € Z. Then (—1)P=Ds+n = (—1)". So ¢ is well-defined.

We check that ¢ is a surjective homomorphism. Let a,b € (Z/pZ)*. Then
pab) = p(z"™™) = (=1)"T" = (=1)"(=1)" = p(z")p(z™) = @(a)p(b). Since
p—1is even, we know (p—1)/2 elements of even power map to 1 and the remaining
elements map to —1. Thus ¢ is a surjective homomorphism. Since ker(p) = {z" :
n is even} = (Z/pZ)*?, we can conclude (Z/pZ)* /(Z/pZ)*? = {+1}. O

Proposition 3.28. Let (x) be a finite cyclic group of order n, and lety € (x). The
map f: (x) — (x) defined by z — zy is an even permutation of the elements of (x)
if and only if y is a square in (x).

Proof. Let [(x)] = n. We will work with Z/nZ for the rest of the proof since
(x) is isomorphic to Z/nZ. Define f, by f,(z) = = + y for some y € Z/nZ.
First, notice that for each y € Z/nZ, we have that f, is a permutation on n
elements. We can view f, as an element of S,,. Consider the function g(z) = z+1.
Composing the map k times gives us g*(z) = z + k. Now for all y € Z/nZ we have
fy(2) = z+y = g¥(2). Since g(z) = z+1, we have g is a cycle with length the order of
the group. Now every cycle of length n can be decomposed into n—1 transpositions.
Recall we can determine the parity of a permutation by its transpositions. We have
sgn : S, — {*1} defined by o — (—1)" where ¢ is the number of transpositions in
the decomposition of o. Note that the parity of the cycles is independent of the
choice of the decomposition since sgn is well-defined. Now sgn(g) = (—1)"~!. Since
the parity of g depends on the order of the group, we prove the proposition in two
cases: m is even and n is odd.

Case 1: n is even. Suppose f, € A,,. Since f, has even parity and sgn(g) = —1,
we have sgn(f,) = sgn(g¥) = (—1)¥ = 1, which implies y = 2k for some k € Z/nZ.

Case 2: n is odd. We will show that every element of Z/nZ is congruent to
a multiple of two modulo n and f, € A, for all y. Consider the map ¢ given by
x +— 2z. Since ged(2,n) = 1, we know ¢~ ! exists and is defined by multiplying
every element by 271, Thus ¢ is bijective, so every element of Z/nZ is congruent
to a multiple of two.

Now we will show that f, € A, for all y when n is odd. Since y = 2k for some £,
we have f, = g?*. Since n is odd, we have sgn(g) = 1. It follows that sgn(f,) = 1.
Thus f, € A,. Similarly, if n is even and y is a square in Z/pZ, we still have
fy € Ap. O
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Proposition 3.29. The following are equivalent.

(a) The pth-power map acts by an even permutation on (C,) C Z/pZ((y)*.
(b) Multiplication by p acts as an even permutation on the elements of Z/qZ.
(¢) p is a quadratic residue modulo q.

Proof. Since ((,) is isomorphic to Z/qZ, we have that applying the p-th power to
(Cq) corresponds to multiplying every element in Z/qZ by p. This proves

(a) = (b). Now notice that the nonzero elements of Z/qZ form the cyclic multi-
plicative group (Z/qZ)*. Tt follows from Prop 3.28 that multiplication by p acts as
an even permutation on (Z/qZ)* if and only if p is a quadratic residue modulo g,
proving (b) < (c¢). Again since Z/gZ is isomorphic to ((;), we have (¢) = (a). O

Now, we will calculate the discriminant of ®,(x) € Z/pZ. Let L = Q({,). Notice
that by definition of the discriminant of a polynomial, we have the discriminant of
®,(x) € Z/pZ|z] is congruent to the discriminant of ®,(x) € Q[z] modulo p. Since
@,(x) € Qla] is mg, o(x), we have disc(®,) = Drg(Gy) = (~1) N g(®(C,))
where the first equality uses Prop 3.25 and the second equality uses Prop 3.24.
Thus if ®,(x) € Z/pZ[z], we have

dise(®,(z)) = (~1) B Np g (®}(¢,)) (mod p).

We will now calculate (—1)(3) Npo(®4(¢y)), and denote Ny g as N. Rewriting
2?7 —1= (x —1)®,(x), we can take the derivative of both sides to obtain gz~ =
(z = 1)®@g(z) + @y(z). Evaluating this expression at (,;, we have

A [ (¢ R
®l) = T TG e

Then N(®@¢((y)) = % since the norm function is multiplicative. Notice

that the embeddings of Q({,) into its algebraic closure are precisely the elements
in Aut(Q(¢q)/Q); thus, there are degme, o = ¢ — 1 distinct Q-embeddings. Since
q € Q, it is fixed by all the embeddings. Thus N(q) = ¢?~!. On the other hand, for
each 1 <k < ¢ —1, there exists an embedding that sends ¢, to C(’;. Moreover, these

are all the embeddings. So, we can compute N((;) = ;T Te7! = (g(%) = 1.
Now N(¢,—1) = N(—(1-¢,)) = (-1)7*N(1—¢,) = N(1—¢,) since ¢ is odd. We
have N(1—¢,) = 14201 — ¢F). Recall that M) (= — ¢ = Z?;é 27, Evaluating
the expression at 1, we obtain N(1 —¢,) = ¢. So N(®}((,)) = ¢q? 2. Therefore
disc(®4(z)) = (—1)(2)g7-2 (mod p).

Using the discriminant, we obtain a condition when Gal(F,({,)/Fp) acts by an
even permutation on the roots of ¢ —1. Recall from Prop 3.26 that Gal(F,({,)/Fp)
acts by an even permutation on the roots of 7 — 1 if and only if disc(®,(z)) =
+¢?72 (mod p) is a square. To put this criterion in simpler terms, we first show that
for nonzero elements a and b of a field, ab? is a square if and only if a is a square.
But this follows from Prop 3.27; if ¢(ab?) = 1, then ¢(a) = 1. So ¢772 = ¢(¢?73?)
is a square in Z/pZ if and only if ¢ is a square in Z/pZ.

If ¢ =1 (mod 4), we immediately deduce that the Galois group of Z/pZ((,)
is a subgroup of A, if and only if ¢ is a square in Z/pZ. If ¢ = 3 (mod 4),
then disc(®,(z)) = —¢972 (mod p). But disc(®,(z)) is a square if p(—¢?72%) =
©(—1)p(q9=2) = 1; thus, both ¢ and —1 are either squares or not squares in Z/pZ.
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We summarize our discussion in the following proposition.

Proposition 3.30. If either ¢ =1 (mod 4) orp =1 (mod 4), then Gal(F,({,)/Fp)
acts by even permutation of the roots of 4 —1 if and only if q is a square in Z/pZ.
If both p,q = 3 (mod 4), then the Galois group acts by even permutation if and only
if ¢ is not a square in Z/pZ.

Now we get a relationship between when p is a quadratic residue modulo ¢ and
when ¢ is a quadratic residue modulo p. Suppose p is a quadratic residue modulo
q. Then by Prop 3.29, we have the p-th power map acts by an even permutation
on ({,4). Since the p-th power map generates Gal(F,(¢,)/Fp), we have the Galois
group is a subgroup of A,. By Prop 3.30, if either p or ¢ = 1 (mod 4), then ¢ is a
quadratic residue modulo p. Reversing the roles of p and g, we obtain a symmetric

result. Thus, if either p or ¢ = 1 (mod 4), then (%) = (%) .

Furthermore by Prop 3.30, if p, ¢ = 3 (mod 4) and p is quadratic residue modulo
q, then ¢ is not a quadratic residue modulo p. Similarly, if ¢ is a quadratic residue
modulo p, then p is not a quadratic residue modulo ¢. Thus if p,q = 3 (mod 4),

then (5) =~ (3)

We can combine these results into the following expression:

() -crr

If either p or ¢ is equivalent to 1 (mod 4), we have (%) (%) = 1 and if both are

equivalent to 3 (mod 4), then (%) (%) = —1. This completes the proof of the law
of quadratic reciprocity.
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