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Abstract. Journé’s Lemma is a generalization of a standard result in multi-

variable calculus relating the smoothness of a function to the existence and

continuity of its partial derivatives in a neighborhood. It provides sufficient
conditions for the regularity of multi-variable functions on manifolds, making

it useful for smooth dynamics. In this paper, Journé’s proof is presented, and

his arguments explained in more detail than in the original [1].
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Introduction

One of the fundamental results in multi-variable calculus is the relation between
the derivative and partial derivatives of a function:

Theorem. A function f : Rn → Rm is Ck in an open set U in Rn if and only if
kth degree partial derivatives of f exist and are continuous in U .

Specifically relevant for our purposes is:

Corollary. If all kth degree partial derivatives of f : Rn → Rm exist and are
continuous then f is Ck.

One would hope that this theorem also holds in some form for functions on
manifolds. Journé’s Lemma 3.1 is one such generalization where the coordinate
axes are replaced by foliations. However, under this analogy to the elementary
theorem for Rn, there are two surprising differences.

The first is that Journé’s hypotheses have no analog to the restrictions on the
existence or continuity of mixed partial derivatives. Journé only requires the regu-
larity of f along the leaves of the foliation. This would be as if the continuity of kth

1



2 DINO ZAVATTINI

degree ith variable partial derivatives Dk
i f(a) was sufficient to show that f was Ck

without any restrictions on the mixed partial derivatives. Moreover, the continuity
of the derivative of f along a leaf is limited to that leaf in Journé’s hypotheses
which would be analogous to requiring D1f(a1, a2) to be continuous only along
y = a2.

Journé offsets these weaker assumptions by requiring f to be uniformly Cn,α

along the leaves, and not just Cn.

Similarly to the multi-variable result, Journé’s Lemma 3.1 is highly applicable,
particularly in smooth dynamics. For example, suppose Σ is a closed surface, F1,
F2, G1 and G2 are continuous foliations of Σ with C1,α leaves, and F1, F2 are
transverse. Say h : Σ → Σ maps leaves of Fi to leaves of Gi for i = 1, 2. If the Fi
and Gi foliations are dynamically invariant, one can often show that h is uniformly
C1,α along their leaves. Differentiability then follows from Journé’s Lemma 3.1.
An example is [2].

1. Definitions

Definition 1.1. A function f is said to be α-Hölder continuous if there exists a
constant C such that |f(x)− f(y)| ≤ C|x− y|α for all x, y.

Definition 1.2. We say that a function is Cn,α if it has n α-Hölder continuous
derivatives.

Definition 1.3. The α-Hölder norm of a function f : Rn → Rm is defined by

‖f‖α = sup
x 6=y

|f(x)− f(y)|
|x− y|α

.

Theorem 1.4. For any functions f, g : Rk → R,

‖f · g‖α ≤ ‖f‖α · ‖g‖∞ + ‖f‖∞ · ‖g‖α.

Proof. The result follows from

f(x)g(x)− f(y)g(y) =
1

2
((f(x)− f(y))(g(x) + g(y)) + (f(x) + f(y))(g(x)− g(y)))

≤ 1

2
((f(x)− f(y)) · 2‖g‖∞ + 2‖f‖∞ · (g(x)− g(y)))

= (f(x)− f(y)) · ‖g‖∞ + ‖f‖∞ · (g(x)− g(y)).

�

Corollary 1.5. For any functions f1, . . . , fp : Rk → R,∥∥∥∥∥
p∏
r=1

fr

∥∥∥∥∥
α

≤
p∑
r=1

‖fr‖α∏
s6=r

‖fs‖∞

 .

Corollary 1.6. For any function f : Rk → R,

‖fp‖α ≤ p‖f‖p−1
∞ ‖f‖α.

Definition 1.7. The Cn,α-norm of a function f : Rk → Rm is defined by

‖f‖Cn,α =

n∑
j=0

‖Djf‖∞ +

n∑
j=0

‖Djf‖α.
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Definition 1.8. For our purposes we define a uniformly Cn,α manifold to be a
Cn,α manifold with an atlas of charts (U, φ) such that

(1) There is some R such that for each point m ∈ U on the manifold, there is
a chart φ : U → B(0, R) which takes m to 0.

(2) The norm
∥∥∥ (φ2 ◦ φ−1

1 )
∣∣
φ−1(U1∩U2)

∥∥∥
Cn,α

is bounded uniformly over any co-

ordinate functions φ1 : U1 → V1, φ2 : U2 → V2 in the atlas.

Definition 1.9. An f -dimensional foliation F of an m-manifold M is a family of
disjoint connected sub-manifolds {Lk}k called leaves which coverM along with an
atlas of foliation charts {(Uα, ψα)}α where the level sets of any (πf+1, . . . , πm)◦ψα,
where πk is the projection function (x1, . . . , xn) 7→ xk, are precisely the local leaves
{Lk ∩ Uα}k.

Note that the atlas of foliation charts is distinct from the atlas which defines
the manifold. In other words, the foliation charts need only be homeomorphisms,
and are not necessarily Cn,α if the manifold is. We may specify, however, that the
leaves of a foliation are Cn,α which simply means that each leaf is a Cn,α manifold.
However, as the following definition demonstrates, the regularity of the foliation is
distinct from the regularity of its leaves.

Definition 1.10. A Cn,α-continuous foliation of a Cn,α manifold has leaves which,
after a change of basis by any of the manifold’s charts, are parametrized by functions
which are continuous under the Cn,α-norm topology.

Definition 1.11. Two sub-manifolds of M are said to be transverse manifolds if
their tangent spaces span the tangent space ofM at each point where they intersect.

Definition 1.12. Transverse foliations are foliations each of whose leaves is trans-
verse to all of the other’s.

Definition 1.13. We say f(m) = Om(g(m)) if lim supm→∞ |f(m)/g(m)| is finite.
More generally, f(a) = Oa→b(g(a)) if lim supa→b |f(a)/g(a)| is finite. This “equal-
ity” holds uniformly over some variable if lim supm→∞ |f(m)/g(m)|, or in the more
general case lim supa→b |f(a)/g(a)|, is bounded with respect to that variable.

2. Campanato’s Lemma

Theorem 2.1. (Campanato’s Lemma [3]) Suppose f : Rk → Rp, n ∈ N, α ∈
(0, 1). If there exist positive N,M, δ such that for each point a ∈ Rk there is a Cn,α

function ga : Rk → Rp with ‖ga‖Cn,α ≤M which satisfies

|f(x)− ga(x)| ≤ N |x− a|n+α

whenever x ∈ B(a, δ), then f is Cn,α.

Proof. We prove here only the n = 1 case of the lemma. For this case we can substi-

tute the ‖ga‖Cn,α ≤ M condition with the weaker requirement that ‖g(n)
a ‖α ≤ M .

We will first show that it suffices to prove the lemma for k = p. Next, we will
demonstrate that it is sufficient to prove an alternate version of the lemma where
we require g to be a polynomial in place of the condition ‖ga‖Cn,α ≤ M . Finally,
we will prove that alternate version of the theorem for the n = 1 case.

If the theorem holds for k = 1 then it holds for all k. By applying the k = 1
case we find that f has continuous nth partial derivatives in a neighborhood of
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every point and is therefore Cn. The matrix form of the nth derivative is α-Hölder
continuous in each of its entries. The Frobenius norm of the matrix containing the
Hölder constants of those entries is the Hölder constant of f (n) under the Frobenius
norm and thus shows α-Hölder continuity of f under the operator norm.

We can also assume p = 1 as the hypotheses will hold for each of the entries of
f separately and if each entry of f is Cn,α then so is f .

Let ha = f − ga. We have that f is differentiable and f ′(a) = g′a(x) for all a, x
since h′a(a) = 0 by the Squeeze Theorem.

Now let pa be the nth degree taylor polynomial of ga at a. It is generally true
that

|f(x)− pa(x)| ≤ (N +M)|x− a|n+α.

As a result, we can substitute pa for ga or, alternatively, replace the condition

‖g(n)
a ‖α ≤M by requiring it to be a degree n polynomial.
We will prove the n = 1 case of |f(x)− pa(x)| ≤ (N +M)|x− a|n+α since that

is all we need, but the rest follows from induction. In the n = 1 case pa(x) =
ga(a) + g′a(a)(x− a). By the uniform regularity of ga and the Integral Mean Value
Theorem we have, for some ξ between a and x,

|ga(x)−pa(x)| =
∣∣∣∣(∫ x

a

g′a

)
− g′a(a)(x− a)

∣∣∣∣ = |(g′a(ξ)−g′a(a))(x−a)| ≤M |x−a|1+α

Therefore it follows from the hypothesis of Campanato’s Lemma 2.1 that

|f(x)− pa(x)| ≤ (N +M)|x− a|1+α

for x ∈ B(a, δ).

We now prove the n = 1 case of Campanato’s Lemma 2.1 while requiring ga to

be polynomial in place of ‖g(n)
a ‖α ≤M . Say that f ′ were not α-Hölder continuous

at a. In other words, there is some x ∈ B(a, δ) such that |h′a(x)| > 2N |x − a|α.
There is no loss of generality in assuming h′a(x) > 0, x > 0, a = 0 so let h = h0 and
say h′(x) > 2Nxα. Then

h′(x)x > Nx1+α +Nx1+α

≥ Nx1+α + h(x)

and so

0 > Nx1+α + h(x)− h′(x)x

= Nx1+α + h(x) + h′(x)(0− x).

Since y 7→ h(x) + h′(x)(y − x) is the linear approximation of h = h0 = f − g0 at x,

h(x) + h′(x)(y − x)) = (gx − g0)(y)

because gx is the linear approximation of f at x so gx−g0 is the linear approximation
of f − g0 at x. We therefore have

0 > Nx1+α + (gx − g0)(0)

= Nx1+α + gx(0)− f(0).
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So f(0) − gx(0) > Nx1+α. But by assumption x ∈ B(0, δ) and so 0 ∈ B(x, δ)
therefore by the hypothesis of the lemma |f(0)−gx(0)| ≤ N |x|1+α, a contradiction.

�

3. Journé’s Lemma

Theorem 3.1. (Journé’s Lemma [1]) Let M be a uniformly Cn,α manifold
and Fs and Fu be uniformly Cn,α-continuous transverse foliations of M with Cn,α

leaves. If f is a function on M which is Cn,α along each of its leaves with Hölder
constant uniformly bounded over all of them, then f is Cn,α on M.

We will only prove Journé’s Lemma 3.1 for 2-manifolds. However, this method
of proof generalizes to manifolds of arbitrary dimension. In order to prove Journé’s
Lemma 3.1, we would like to use Campanato’s Lemma 2.1 to demonstrate the
regularity of f . To do so we fix some point P on M. There is a Cn,α chart of
M under which this point becomes the origin. We can further compose with Cn,α

functions which send the Fs and Fu leaves passing through the point to the x and
y axes. Note that these are the Cn,α charts of the leaves themselves and not the
foliation charts. By hypothesis f(x, 0) and f(0, y) are Cn,α so we can assume f is
zero on the axes by replacing f(x, y) with f(x, y)− f(x, 0)− f(0, y) + f(0, 0).

Now consider the geometric sequence {rk} for some r ∈ (0, 1). Let Lu(x), Ls(x)
be the images of the leaves of Fu, Fs which pass through x ∈ R2 under the mapping
described above which sends Lu((0, 0)) to the y-axis and Ls((0, 0)) to the x-axis.
We define

Mk,l ∈ Lu((rk, 0)) ∩ Ls((0, rl)).

To see that Mk,l is well defined note that Cn,α-continuity guarantees that leaves will
be almost straight close to the origin and so the intersection of any two transverse
leaves will be just one point. We also define

Sk,l ={(0, 0)}
∪ {(ri, 0) : k ≤ i < k + n}
∪ {(0, rj) : l ≤ j < l + n}
∪ {Mi,j : k ≤ i < k + n, l ≤ j < l + n}.

Specifically, the Sk,l we want are those of the form Sk,k and Sk,k+1 so we define
Sm = Sbm/2c,dm/2e.

With these preliminaries out of the way, our goal will be first to interpolate f
over Sm to get polynomials Pm, then to take the limit of the coefficients of Pm to
get a polynomial Q which approximates f at (0,0). To show that Q satisfies the
conditions of Campanato’s Lemma 2.1, we use the Pm as an intermediary, bounding
both Q and f to them for sufficiently large m.

3.1. Defining Pm. We want Pm to be a polynomial interpolating over Sm which
is separately nth degree in x and in y. The construction of Pm depends on one-
dimensional interpolation.

Lemma 3.2. Let p be the nth degree polynomial p of one variable with coefficients
c0, . . . , cn which interpolates the values b0, . . . , bn over the points z0, . . . , zn. There
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exists CB such that if R/η < B, where R = sup |zk| and η = infk 6=l |zk − zl|, then

n∑
p=0

|cp|Rp ≤ CB sup |bk|.

Proof. Using Lagrange Polynomials we have

p(x) =

n∑
i=0

bi
∏
j 6=i

x− zj
zi − zj

.

We would like to bound the magnitude of the coefficient of xp in bi
∏
j 6=i

x−zj
zi−zj .

Said coefficient is the product of bi,
∏
j 6=i(zi − zj)−1, and the coefficient of xp in∏

j 6=i(x− zj). First, note that |bi| ≤ supi |bi| and
∣∣∣∏j 6=i(zi − zj)−1

∣∣∣ ≤ 1/ηn. Then,

using Vieta’s Formulas, we can compute the coefficient in
∏
j 6=i(x− zj) to be∑

0≤j1<···<jn−p≤n
j1,...,jn−p 6=i

(−1)n−pzj1 . . . zjn−p .

Finally, since |zj1 . . . zjn−p | ≤ Rn−p

|cp|Rp ≤ Rp
n∑
i=0

∣∣∣∣∣∣∣∣bi ·
∏
j 6=i

1

zi − zj
·

 ∑
0≤j1<···<jn−p≤n
j1,...,jn−p 6=i

(−1)n−pzj1 . . . zjn−p


∣∣∣∣∣∣∣∣

≤ Rp
n∑
i=0

sup |bi| ·
1

ηn
·

 ∑
0≤j1<···<jn−p≤n
j1,...,jn−p 6=i

Rn−p



= Rp sup |bi|
1

ηn
Rn−p

n∑
i=0

 ∑
0≤j1<···<jn−p≤n
j1,...,jn−p 6=i

1


=

(
R

η

)n
sup |bi| · (n+ 1) ·

(
n

n− p

)
.

Therefore if n is fixed, CB is clearly only dependent on B. �

We use the following lemma to extend the argument to polynomials of two vari-
ables interpolating over points which are sufficiently close to a grid.

Lemma 3.3. (“Lemma 1” in Journé’s original paper) Let B > 1 and fix n.
For any set {zk,l}0≤k≤n,0≤l≤n ∈ R2, define

R = sup |zk,l|
η = inf

(k,l) 6=(k′,l′)
|zk,l − zk′,l′ |.

There exists ε > 0 such that if {zk,l}0≤k≤n,0≤l≤n ∈ R2 satisfies

|zk,l − (xk, yl)| ≤ εη

R/η < B
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for some {xk}, {yl} ∈ R, then we can interpolate any {bk,l}0≤k≤n,0≤l≤n ∈ R over
{zk,l}0≤k≤n,0≤l≤n. Specifically, we mean that if the conditions on {zk,l}0≤k≤n,0≤l≤n
are satisfied, then for any {bk,l}0≤k≤n,0≤l≤n ∈ R there is a unique polynomial
p(x, y) =

∑n
p,q=0 cp,qx

pyq such that p(zk,l) = bk,l. Moreover, there is some CB > 0
dependent only on B such that

(3.4)

n∑
p,q=0

|cp,q|Rp+q ≤ CB sup |bk,l|.

Proof. We can interpolate over the grid {xk} × {yl} by interpolating first in one
direction and then the other. That is, for each k perform one-dimensional inter-
polation over the n + 1 points {xk} × {yl} and then interpolate the coefficients of
those n+ 1 polynomials in the other direction.

To construct the desired p, we first interpolate to get a polynomial p1 such
that p1(xk, yl) = bk,l. Then we correct for the error by defining p2 to interpolate
bk,l − p1(zk,l) over {xk} × {yl}. If zk,l are close enough to {xk} × {yl}, that is if ε
is small enough, then

sup
k,l
|p2(xk, yl)| = sup

k,l
|bk,l − p1(zk,l)| ≤

1

2
sup |bk,l| =

1

2
sup
k,l
|p1(xk, yl)|.

We can similarly define pj by interpolating bk,l −
∑j−1
i=1 pi(zk,l) = pj−1(xk, yl) −

pj−1(zk,l) over {xk} × {yl} and

sup
k,l
|pj(xk, yl)| ≤

1

2
sup
k,l
|pj−1(xk, yl)| ≤ · · · ≤

1

2j−1
sup
k,l
|p1(xk, yl)|

will hold for the same ε. Therefore we can define p =
∑
pj which will converge

and interpolate as desired. It follows from (3.2) that each pj will satisfy (3.4) and
therefore that p will.

To show uniqueness we will consider the (n + 1)2 × (n + 1)2 two dimensional
equivalent of the Vandermonde matrix. For example, for n = 1 we have the matrix

V =


1 (z0,0)1 (z0,0)2 (z0,0)1 · (z0,0)2

1 (z0,1)1 (z0,1)2 (z0,1)1 · (z0,1)2

1 (z1,0)1 (z1,0)2 (z1,0)1 · (z1,0)2

1 (z1,1)1 (z1,1)2 (z1,1)1 · (z1,1)2


where (zi,j)k is the kth component of zi,j . If C is the matrix of coefficients cp,q of
an interpolating polynomial and B the matrix of values bk,l which it attains over
the interpolated points then

B = V C.
It is sufficient to prove that V is invertible from which we can conclude that the
coefficients are unique.

Say we have a polynomial interpolating over a grid {xk}×{yk}. The polynomial
is unique on any grid line x = xk because it is degree n in x and interpolates over
n+ 1 points on each line. But then the polynomial must also be unique over y = c
for any c since that line will contain n + 1 points each of which is on some line
x = xk. Therefore the two dimensional Vandermonde Matrix V ′ for (xk, yl) must
be injective because a polynomial interpolating over a grid must be unique. We can
find at least one polynomial to interpolate over any grid, in other words V ′ is also
surjective, and so it is invertible. Because the set of invertible matrices is open, V ′
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being invertible guarantees that V is for sufficiently small ε > 0. All we need to
show now is that ε is dependent only on B > R/η.

Fix B. Consider all sets of grids {xk} × {yk} which satisfy R′/η′ ≤ 2B where
R′ and η′ are defined for (xk, yl) as R and η were for zk,l. There is no loss of
generality if we re-scale those grids so that η′ = 1. The set of two dimensional
Vandermonde Matrices for those scaled grids is bounded since the entries of the
matrices are bounded by the R′ = R′/η′ ≤ 2B condition. It is also closed since
the set of two dimensional Vandermonde Matrices of grids which satisfy η′ = 1 and
the set of those that satisfy R′ ≤ 2B are. Therefore the set VB of matrices of grids
which satisfy η′ = 1 and R′ ≤ 2B is compact. Consider the function ε which takes
any V ′ ∈ VB to the corresponding ε(V ′) > 0 such that all matrices in an ε(V ′) ball
of V ′ are invertible. This function ε is clearly continuous and therefore attains a
minimum µB > 0 on the compact set VB . We can assume that µB < 1/2. Now set
εB = (1− 2µB) ·min(µB , B · (1− 2µB)).

Consider a set {zk,l} which satisfies the conditions

|zk,l − (xk, yl)| ≤ εBη
R/η < B

for some grid points {xk}×{yk}. Let R̃ and η̃ be the constants for that grid. Scale

all points by 1/η̃. Let the re-scaled constants for the grid be R′ = R̃/η̃ and η′ = 1.
We now have

|zk,l/η̃ − (xk, yl)/η̃| ≤ εBη/η̃.
Note that

η̃/η ≥ η − 2µBη

η
= 1− 2µB

and so
η/η̃ ≤ (1− 2µB)−1.

Therefore
|zk,l − (xk, yl)| ≤ min(µB , B · (1− 2µB)) ≤ µB .

We also see that

R′ ≤ R+ ηεB
η̃

< (B + εB) · η/η̃ ≤ B · η/η̃ +B ·min(µB , B · (1− 2µB)).

Since

η/η̃ ≤ η̃ + 2µB η̃

η̃
= 1 + 2µB ,

we have
R′ < B · (1 + 2µB) +B · (1− 2µB) ≤ 2B.

The (xk, yl) therefore correspond to a matrix V ′ in VB since R′ < 2B. It follows
that the matrix V for {zk,l} will be invertible since it is sufficiently close to V ′ as
per the construction of µB . �

Let {zk,l} = Sm and {xk} × {yl} be Sm but with the Mk,l replaced by (rk, rl).
Depending on the value of r, η will be close to either rk+n−2 − rk+n−1 or rk+n−1

and in general R will be close to
√

2rm/2. Consequently, R/η will be close to√
2(rn−2 − rn−1)−1 or

√
2(rn−1)−1 and is therefore bounded for sufficiently large

m. By the Cn,α-continuity of the foliations, we can bound the derivatives of the
leaves and thus require that |Mk,l − (rk, rl)|/R be as small as desired for large m.
Since η/R is close to a non-zero number, it follows that |Mk,l − (rk, rl)|/η can be
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made small. Therefore Lemma 3.3’s assumptions can be satisfied for any ε > 0 and
so we can uniquely construct Pm to interpolate f over Sm and to satisfy (3.4) for a
fixed CB and sufficiently large m. Moreover, (3.4) will hold uniformly over P , the
point on M associated with the origin. That is, there is a uniform CB such that
(3.4) will hold for uniformly large m.

3.2. Defining Q. Let lp,q = 0 for p+ q > n and

lp,q = lim
m→∞

c(m)
p,q

for p + q ≤ n and c
(m)
p,q the coefficient of xpyq in Pm. Let Q be the nth degree

polynomial with coefficients lp,q. To prove that Q is well defined we can show

(3.5) |c(m)
p,q − c(m+1)

p,q | = Om(rm(n+α−p−q)/2).

By the triangle inequality and convergence of geometric sums, it will then follow

that for p + q ≤ n the sequence {c(m)
p,q }m is Cauchy. (3.5) will also be useful in

bounding Q to Pm. We will therefore prove that it holds uniformly over P . If we
first show

|Pm(x, y)− P ′m+1(x, y)| = Om(rm(n+α)/2)

for (x, y) in Sm+1 then (3.5) will follow by (3.4).
Assume m is even. The other case will follow by an analogous argument. Pm

restricted to either the x or y axis is an n degree single variable polynomial which is
0 at n+1 points. Consequently, each Pm is identically 0 on the axes. Therefore the
only points at which Pm and Pm+1 differ are Mk,1+m/2 with m/2 ≤ k < n+m/2.
Fix some such k. Let M(y) = (xk(y), y). The continuity of the foliation verifies
that the leaves of Fu are indeed the graphs of functions of y. Because the point in
question is one over which Pm+1 interpolates, we can replace it with f . Now note
that f and Pm are Cn,α and f −Pm has n+ 1 zeroes on the order of rm/2 distance
apart. If we apply the Mean Value Theorem we get that

|(f − Pm)(M(y))| ≤ |y| · |((f − Pm) ◦M)′(c)|

for some c ∈ (0, y). Moreover, Rolle’s Theorem gives us n points at which ((f −
Pm) ◦M)′ is zero. We can again use the Mean Value Theorem as above but with
c and one of the points generated by Rolle’s Theorem. A repetition of this process
followed by applying the definition of the α-Hölder norm yields

(3.6) |(f − Pm)(M(y))| ≤ (C1r)
m(n+α)/2‖Dn((f − Pm) ◦M)‖α

for |y| ≤ C1r
m/2 and uniformly large m. In (3.6), C1 can be any constant uniform

over P such that for the chosen uniformly large m, all points on M(R)∩Sm are of
absolute value less than C1r

m/2. This requirement on C1 guarantees that all the
points generated by the applications of Rolle’s Theorem, the Mean Value Theorem,
and the definition of the α-Hölder norm are less than C1r

m/2 and therefore that
the product of n+ α many of those points is less than (C1r

m/2)n+α. We will also
require C1 ≥ 2 which will be useful near the end of the proof.

We now want to estimate the right hand side of (3.6). First note that because
f is uniformly Cn,α on the leaves of the foliations, ‖Dn(f ◦M)‖α can be bounded
across all leaves. We must then prove the following lemma for Pm:
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Lemma 3.7. (“Lemma 2” in Journé’s paper) Say p, q ≤ n and p + q > n.
For any δ > 0 there exist C2 and N both uniform over any choice of P such that if
k > N ,

(3.8)

∥∥∥∥∥
(
dn

dyn
(xk(y))pyq

)∣∣∣∣
y∈[−C1rk,C1rk]

∥∥∥∥∥
α

≤ δC2(rk)p+q−n−α.

Proof. Let I = [−C1r
k, C1r

k]. This Lemma relies on bounding ‖ y|I ‖α, ‖ y|I ‖∞,
‖ xk|I ‖α, and ‖ xk|I ‖∞. We first determine those bounds. For k sufficiently large,

|xk(x)− xk(y)|
|x− y|

≤ 1

by transverse continuity and the Mean Value Theorem. Therefore, for x, y ∈ I,

|xk(x)− xk(y)|
|x− y|α

≤ |x− y|1−α ≤ (2C1r
k)1−α

and so

‖xk|I‖α = sup
x,y∈I
x 6=y

|xk(x)− xk(y)|
|x− y|α

≤ (2C1r
k)1−α.

Similarly,

‖y|I‖α = sup
x,y∈I
x 6=y

|x− y|
|x− y|α

= sup
x,y∈I
x 6=y

|x− y|1−α = (2C1r
k)1−α.

Now consider the ∞ norms. Clearly ‖ y|I ‖∞ = C1r
k. For xk note that xk(0) =

rk and, for large k,

sup
x,y∈I
x 6=y

|xk(x)− xk(y)| ≤ sup
x,y∈I
x 6=y

|x− y| ≤ 2C1r
k

by the Mean Value Theorem. Therefore ‖ xk|I ‖∞ ≤ (1 + 2C1)rk.
We are now ready to prove (3.8). For convenience, assume all norms following

are taken over I. By the product rule for differentiation, each term of dn

dyn (xk(y))pyq

will be of the form Π ·xtkys where Π =
∏n
j=1(x

(j)
k )pj and t+s ≥ p+ q−n. We want

to bound ‖Π · xtkys‖α by δC(rk)p+q−n−α for some uniform C. By Theorem 1.4,

‖Π · xtkys‖α ≤ ‖Π‖α · ‖xtkys‖∞ + ‖Π‖∞ · ‖xtkys‖α.

We can assume ‖Π‖α ≤ δ by transverse continuity, and

‖xtkys‖∞ ≤ ‖xk‖t∞ · ‖y‖s∞
≤ ((1 + 2C1)rk)t(C1r

k)s

≤ (1 + 2C1)tCs1(rk)t+s

≤ (1 + 2C1)tCs1(rk)p+q−n−α

since t+ s ≥ p+ q − n > p+ q − n− α. Therefore

‖Π‖α · ‖xtkys‖∞ ≤ δ(1 + 2C1)tCs1(rk)p+q−n−α.
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Because transverse continuity also guarantees ‖Π‖∞ ≤ δ for sufficiently large k,
all that remains to be shown is that ‖xtkys‖α is on the order of (rk)p+q−n−α. By
Theorem 1.4, Corollary 1.6, and the bounds placed on the norms of xk and y,

‖xtkys‖α ≤ ‖xtk‖α · ‖ys‖∞ + ‖xtk‖∞ · ‖ys‖α
≤ t‖xk‖t−1

∞ · ‖xk‖α · ‖y‖s∞ + s‖xk‖t∞ · ‖y‖s−1
∞ · ‖y‖α

≤ t((1 + 2C1)rk)t−1 · ((2C1r
k)1−α) · (C1r

k)s + s((1 + 2C1)rk)t · (C1r
k)s−1 · ((2C1r

k)1−α)

≤ (t(1 + 2C1)t−1(2C1)1−αCs1 + s(1 + 2C1)tCs−1
1 (2C1)1−α)(rk)t+s−α

≤ (t(1 + 2C1)t−1(2C1)1−αCs1 + s(1 + 2C1)tCs−1
1 (2C1)1−α)(rk)p+q−n−α.

Therefore if

C = (1 + 2C1)tCs1 + (t(1 + 2C1)t−1(2C1)1−αCs1 + s(1 + 2C1)tCs−1
1 (2C1)1−α)

then

‖Π · xtkys‖α ≤ δC(rk)p+q−n−α.

Each term of dn

dyn (xk(y))pyq is therefore bounded by C(rk)p+q−n−α for some uni-

form C. Consider the sum of all of those C, and maximize that sum over p+ q < n
and 0 ≤ p, q ≤ n. Let C2 be that maximum. �

The proof of (3.6) only involves f−Pm over the domain [−C1r
k, C1r

k], therefore
it is of no concern that Lemma 3.7 bounds the Hölder norm solely over that interval.
To apply (3.8) to (3.6) we need only require that m > 2N .

Now say p + q ≤ n. We do not need as strong of a bound for
∥∥∥ dn

dynx
p
ky
q
∥∥∥
α

. We

again restrict y but this time to any ball B centered at zero with small enough

radius that x
(j)
k have uniformly bounded α-Hölder and ∞ norms. For simplicity,

say this restriction can be achieved by requiring k > N for the same N from Lemma
3.7. By the product rule, Theorem 1.4 and its corollaries, and since ‖y‖α, ‖y‖∞,

‖x(j)
k ‖α, and ‖x(j)

k ‖∞ are uniformly bounded, we have

(3.9)

∥∥∥∥∥
(
dn

dyn
(xk(y))pyq

)∣∣∣∣
y∈B

∥∥∥∥∥
α

≤ C3

where C3 is uniform over k and P .
Say the bound for Dnf is ‖Dn(f ◦M)‖α ≤ C4 and note that k ≥ m/2. By (3.8)

and (3.9) we have

‖Dn((f − Pm) ◦M)‖α ≤ C4 + δC2

∑
p+q>n

|c(m)
p,q |rm(p+q−n−α)/2 + C3

∑
p+q≤n

|c(m)
p,q |

for |y| ≤ C1r
m/2 and m > 2N . Therefore it follows from (3.6) that

|(f − Pm)(M(y))|(3.10)

≤ (C1r)
m(n+α)/2‖Dn((f − Pm) ◦M)‖α

≤ C5

rm(n+α)/2 + δ
∑

p+q>n

|c(m)
p,q |rm(p+q)/2 +

∑
p+q≤n

|c(m)
p,q |rm(n+α)/2
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for |y| ≤ C1r
m/2, m > 2N , and C5 = C

m(n+α)/2
1 max(C2, C3, C4). Consequently,

|(Pm − Pm+1)(x, y)|

≤ C5

rm(n+α)/2 + δ
∑

p+q>n

|c(m)
p,q |rm(p+q)/2 +

∑
p+q≤n

|c(m)
p,q |rm(n+α)/2


for m > 2N and (x, y) ∈ Sm+1. Note that the latter condition implies |y| ≤ C1r

m/2.
Since Pm+1 − Pm interpolates f − Pm over Sm+1, it follows from Lemma 3.3 that
it is the unique polynomial which does so. Therefore Pm+1−Pm satisfies (3.4) and
so ∑

|c(m)
p,q − c(m+1)

p,q |rm(p+q)/2(3.11)

≤ CBC5

rm(n+α)/2 + δ
∑

p+q>n

|c(m)
p,q |rm(p+q)/2 +

∑
p+q≤n

|c(m)
p,q |rm(n+α)/2


for m > 2N . Since

∑
p+q>n |c

(m)
p,q |rm(p+q)/2 ≤

∑
p+q>n |c

(m)
p,q |rm(n+α)/2, (3.5) fol-

lows and its uniformity follows from that of CBC5.

3.3. Bounding Q to Pm. We want to use (3.11) to show by induction that for
some sufficiently large K and m0 which are uniform over P ,

(3.12) |c(m)
p,q | ≤ K

m−1∑
j=m0

(rj/2)n+α−p−q

Assume this holds for some m. We again assume that m is even for simplicity. For

the m+ 1 case we can use (3.11) to relate c
(m)
p,q and c

(m+1)
p,q :

|c(m)
p,q − c(m+1)

p,q |rm(p+q)/2 ≤
∑
|c(m)
p,q − c(m+1)

p,q |rm(p+q)/2

≤ CBC5

rm(n+α)/2 + δ
∑

p+q>n

|c(m)
p,q |rm(p+q)/2 +

∑
p+q≤n

|c(m)
p,q |rm(n+α)/2

(3.13)

≤ CBC5

rm(n+α)/2 + δK
∑

p+q>n

m−1∑
j=m0

(rj/2)n+α−p−q · rm(p+q)/2(3.14)

+K
∑

p+q≤n

m−1∑
j=m0

(rj/2)n+α−p−q · rm(n+α)/2


≤ C6

(
rm(n+α)/2 + δKrm(n+α)/2 +Krm0α/2 · rm(n+α)/2

)
(3.15)

= C6

(
1 + δK +Krm0α/2

)
rm(n+α)/2.(3.16)



A REGULARITY LEMMA OF JOURNÉ 13

The second line, (3.13), follows directly from (3.11) by requiring m0 > 2N . A direct
application of the inductive hypothesis (3.12) leads to (3.14). Finally we have∑

p+q>n

m−1∑
j=m0

(rj/2)n+α−p−q · rm(p+q)/2

=
∑

p+q>n

(
rm0(n+α−p−q)/2 · r

(m−m0)(n+α−p−q)/2 − 1

r(n+α−p−q)/2 − 1

)
· rm(p+q)/2

=
∑

p+q>n

(
rm(n+α−p−q)/2 − rm0(n+α−p−q)/2

r(n+α−p−q)/2 − 1

)
· rm(p+q)/2

=
∑

p+q>n

rm(n+α)/2 − rm0(n+α−p−q)/2 · rm(p+q)/2

r(n+α−p−q)/2 − 1

=
∑

p+q>n

rm(n+α)/2

r(n+α−p−q)/2 − 1

since r(n+α−p−q)/2 > 1 for p+ q > n, and∑
p+q≤n

m−1∑
j=m0

(rj/2)n+α−p−q · rm(n+α)/2

=
∑

p+q≤n

(
rm0(n+α−p−q)/2 − rm(n+α−p−q)/2

1− r(n+α−p−q)/2

)
· rm(n+α)/2

≤
∑

p+q≤n

rm0α/2

1− r(n+α−p−q)/2 · r
m(n+α)/2

from which (3.15) follows for C6 independent of m, m0, and P . The final step (3.16),
though trivial, demonstrates that we can assume δ+ rm0α/2 < 1 by requiring small
δ and large m0. From that condition, it follows that there exists K large enough
that C6

(
1 + δK +Krm0α/2

)
< K. The uniformity of K over P follows from that

of C6. We can therefore conclude that

|c(m)
p,q − c(m+1)

p,q |rm(p+q)/2 ≤ Krm(n+α)/2

which implies

|c(m)
p,q − c(m+1)

p,q | ≤ Krm(n+α−p−q)/2

which can be summed with the inductive hypothesis (3.12) to show that the m+ 1
case holds. The base case of the induction is trivial as we can choose sufficiently
large K for the m0 required by the inductive step. This K determined by the base
case is also uniform by (3.4):

c(m0+1)
p,q ≤ CB · (r(m0+1)/2)−(p+q) sup

z∈Sm0+1

|f(z)| ≤ CB‖ f |F ‖α(Cr(m0+1)/2)α−p−q

where ‖ f |F ‖α is the uniform Hölder norm of f over the leaves of the foliations,
and C is some uniform constant which accounts for the difference between Mk,l

and (rk, rl). This bound given directly by (3.4) is very weak and it diverges as
m0 → ∞. However, if we first fix some m0 which is large enough to satisfy the
hypotheses of (3.4), and to satisfy the hypotheses of the induction, we can then use
the bound to find a uniform K to satisfy the base case.
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We now conclude from (3.12) that

(3.17) |c(m)
p,q | = Om(rm(n+α−p−q)/2)

uniformly over P for p + q > n which follows from (3.12) since the geometric sum
is equal to

K(r(n+α−p−q)/2)m0
(r(n+α−p−q)/2)m−m0 − 1

r(n+α−p−q)/2 − 1

and the -1 becomes negligible for large m as r(n+α−p−q)/2 > 1. Similarly,

(3.18) |c(m)
p,q − lp,q| = Om(rm(n+α−p−q)/2)

uniformly over P for p+ q ≤ n which follows from (3.5), the definition of lp,q, and
the geometric sum formula.

From (3.17) and (3.18) we conclude that

(3.19) |(Q− Pm)(x, y)| ≤ C7r
m(n+α)/2

for m > m0 and |x|, |y| ≤ C1r
m/2 because we can bound Q − Pm using its coeffi-

cients:

|(Q− Pm)(x, y)| ≤ C

 ∑
p+q>n

|c(m)
p,q |(rm/2)p+q +

∑
p+q≤n

|c(m)
p,q − lp,q|(rm/2)p+q


≤ C

(∑
p,q

(rm/2)n+α−p−q(rm/2)p+q

)
= C

∑
p,q

(rm/2)n+α.

= C(rm/2)n+α

for some uniform C.

3.4. Bounding f to Pm. It follows from rm(p+q)/2 ≤ rm(n+α)/2 for p+ q > n that
(3.10) can be rewritten as

(3.20) |(f − Pm)(M(y))| ≤ C8r
m(n+α)/2

for m > m0 and |y| ≤ C1r
m/2.

3.5. Conclusion. Using (3.19), (3.20) and the triangle inequality,

(3.21) |(Q− f)(M(y))| ≤ C9r
m(n+α)/2

if m > m0, |y| ≤ C1r
m/2, and C9 = C7+C8. Note that the hypothesis |x| ≤ C1r

m/2

is automatically satisfied by M(y) for large k = m/2 and small y. Therefore

(3.22) |(Q− f)(x, y)| ≤ C10|(x, y)|n+α

for m > m0, |y| ≤ 2|x|, (x, y) ∈
⋃
k Lu((rk, 0)), and uniform C10. We attain (3.22)

from (3.21) by setting x = xm/2(y). It holds for all |y| ≤ 2|x| due to our requirement
that C1 ≥ 2.

Take some number A ∈ [1, 1/r − 1] and consider the sequence Ark. If we used
Ark in place of rk the proof as explained up to (3.22) would still hold for some
polynomial QA. Moreover, there exists ε > 0 such that if |A−B| ≤ ε, the same can
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be said for replacing rk by the sequence Ar1, Br2, Ar3, Br4, Ar5, . . .. It follows from
the triangle inequality that for m > m0, |y| ≤ 2|x|, and (x, y) ∈

⋃
k Lu((Ark, 0)),

(3.23) |(QA,B −QA)(x, y)| ≤ 2C10|(x, y)|n+α.

Since QA,B −QA is an nth degree polynomial, it cannot approach zero at the rate
of |(x, y)|n+α unless it is identically zero. To see that this is the case, consider that

lim
(x,y)→0

|(QA,B −QA)(x, y)|
|(x, y)|n+α

=∞

unless QA,B − QA = 0. Therefore QA,B − QA is zero on (x, y) ∈
⋃
k Lu((Ark, 0))

and so is identically zero. Consequently, QA = QA,B and by the same argument
QB = QA,B = QA. Furthermore, for any A ∈ [1, 1/r − 1], we can choose 1 = A0 ≤
A1 ≤ A2 ≤ · · · ≤ Ak = A such that |Aj − Aj−1| ≤ ε and thus Q = QA0

= · · · =
QAk = QA. Therefore (3.22) holds without the assumption (x, y) ∈

⋃
k Lu((rk, 0)).

However, (3.22) is still limited to x ≥ 0 and |y| ≤ 2|x|.
To resolve this restriction, we can repeat the proof by symmetry to get (3.22) to

hold over x ≥ 0 and |x| ≤ 2|y|, x ≤ 0 and |y| ≤ 2|x|, and x ≤ 0 and |x| ≤ 2|y| for a
different polynomial in each case. Including the original x ≥ 0 and |y| ≤ 2|x|, these
four regions overlap on x ≥ 0 and |x|/2 ≤ |y| ≤ 2|x|, x ≥ 0 and |y|/2 ≤ |x| ≤ 2|y|,
x ≤ 0 and |x|/2 ≤ |y| ≤ 2|x|, and x ≤ 0 and |y|/2 ≤ |x| ≤ 2|y|. By an analogous
argument to (3.23), Q and the three polynomials for each region must be equivalent.
Thus (3.22) holds without the restrictions on (x,y).

The last condition necessary for the application of Campanato’s Lemma 2.1 is
the uniformity of ‖Q‖Cn,α . This uniformity follows from the coefficients lp,q of Q
being uniformly bounded. To demonstrate that this is the case, first consider the
coefficients cp,q for p+ q ≤ n. By (3.12) those cp,q are uniformly bounded even as
m becomes large. Therefore lp,q are uniformly bounded.

The hypothesis that M is uniformly Cn,α allows us to apply Campanato’s
Lemma 2.1 to the manifold. Let τ = φ2 ◦ φ−1

1

∣∣
φ−1(U1∩U2)

for charts (U1, φ1) and

(U2, φ2). Say the bound for ‖τ‖Cn,α is T . It follows that

|τ(x, y)− τ(τ−1(0, 0))|
|(x, y)− τ−1(0, 0)|

≤ T

and so

|τ(x, y)| = |τ(x, y)− τ(τ−1(0, 0))| ≤ T |(x, y)− τ−1(0, 0)|.
Moreover, if Q is uniformly smooth then so is Q ◦ τ . Now take some point P ′ in
the neighborhood of P and consider a neighborhood of P ′. Generate a polynomial
Q′ to approximate f at P ′ as per (3.22). Say τ maps from the neighborhood of P
into that of P ′. We have

|(Q′ − f) ◦ τ(x, y)| ≤ C ′10|τ(x, y)|n+α ≤ C ′10T |(x, y)− τ−1(0, 0)|n+α.

In other words, Campanato’s hypotheses are satisfied for some neighborhood of P .
Thus, by Campanato’s Lemma 2.1, f is Cn,α.
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