A PROOF OF THE MORDELL-WEIL THEOREM

HUISHI YU

ABSTRACT. The goal of this expository paper is to give a self-contained proof
of the Mordell-Weil theorem.

This paper assumes a familiarity with algebraic number theory and some
basic knowledge of algebraic geometry.
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1. INTRODUCTION

The origin of number theory goes back to Ancient Greek when people studied
Diophantine equations, the solution of polynomial equations in rational numbers.
For linear equations, we can solve them via linear algebra. For quadratic equations
in two variables, we can use quadratic reciprocity and Hensel’s lemma to solve them
in every completion of Q. Then piecing together information over every local field
helps us get results for the global field Q. The cubic equations in three variables
become more complicated. We are interested in a special type of cubic called
elliptic curves, on which there is an addition law. This makes the arithmetic of
elliptic curves fruitful and interesting.

The main goal of this paper is to provide a self-contained proof of the famous
Mordell-Weil theorem. In section 2, we discuss some basic properties of elliptic
curves. After that we break the proof of the theorem into two distinct parts. In
section 3, we prove the weak Mordell-Weil theorem. In section 4, we prove the
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descent theorem, and then finish the proof of the Mordell theorem by constructing
a height function on elliptic curves.

2. BAsic PROPERTIES OF ELLIPTIC CURVES

2.1. Addition law on Elliptic Curves. Let K be a field, we can define elliptic
curves over the field K.

Definition 2.1. An elliptic curve over K is a pair (E,O), written as E/K, where
F is a smooth projective curve over K of genus 1 and O € E. The special point
O is called the basepoint. Sometimes E/K is denoted as E if the field K is clear
from context.

There is another useful equivalent definition.

Definition 2.1°. An elliptic curve E over K is a subvariety of P? defined by a
homogenous equation

Y2Z + a1 XYZ+a3sYZ%2 = X2+ au X%Z + ay X Z? + ag Z°
with coefficients aq,...,a6 € K. The point O = [0,1,0] is called the point at
infinity.

Such an elliptic curve consists of an affine subvariety of the affine plane z ## 0 and

an infinity point [0,1,0]. The Weierstrass equation of the elliptic curve is defined
by
(2.2) E :y? 4 a1zy + asy = 2° + asz® + asx + ag.
To see that the above two definitions are equivalent, we need to use the Riemann-
Roch theorem (see Theorem A.4). For a detailed proof, see [2, Chap. 3] or [4,
Chap. 4]. For 0 € Gal(K/K) and P € E, we can define a natural Galois group
action, denoted by Q7.

The divisor group of an elliptic curve E, denoted Div(E), is defined by the free
abelian group generated by points of E. For a divisor D €Div(E) of the form

D= Z TLP(P),’I’LP €z,
PEE
the degree of D is defined by
deg D = Z np.
PEE

For P € F, since E is a smooth curve, the local ring of E at P, denoted K (FE)p,
is a discrete valuation ring. The normalized valuation is denoted by vp. For
f € K(E), the order of f at P is defined as

ordp(f) :==vp(f).
If f is a non-zero function on F, that is f € K(E)*, then
div(f) = ) ordp(f)(P)
PeE

is a divisor on the elliptic curve E. Such a divisor is called a principal divisor. The
Picard group of E, denoted Pic(E), is the quotient of Div(E) by the subgroup of
principal divisors.

Since deg(div(f)) = 0 (Theorem A.1), the degree map factors through Pic(E).
Thus we get a degree map on Pic(E) and Pic(E) is defined as the preimages of 0.
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Remark 2.3. Those who are familiar with algebraic geometry know that Weil
divisors are defined on every variety (see [1, Chap.6]). As a special case, Weil
divisors on a smooth curve are defined above. In general, the quotient of the Weil
divisor group by the subgroup of principal divisors is called the divisor class group
or the Weil class group. The Picard group of a variety is defined quite differently
and possibly not isomorphic to its Weil divisor group. However, when dealing with
smooth curves these two groups are isomorphic, so it is reasonable to regard the
divisor class group as the Picard group.

We now define an addition law on E. The following theorem largely depends on
the Riemann-Roch theorem, which is introduced in the Appendix A.

Theorem 2.4. There is a bijection between sets
c:E — Pi’(E)
P —~ (P)—(0).

As a consequence, this induces an addition law on E, and the basepoint O is the
zero element.

Proof. Let K(E) be the function field of E. We first show that o is surjective. For
every divisor D with degree 0, the Riemann-Roch theorem says that

dim Z(D + (0)) = 1.
Let f € Z(D + (O)) be a non-zero function. Then
div(f) > —D — (0).
Since we also have div(f) = 0, there is a point P € E such that
div(f) =—D — (O) + (P).

Then we have o(P) = D.
To show that the map is injective, it suffices to show that if (P) ~ (Q), then
P = Q. Now let (P) — (Q) = div(f). Consider the degree 1 map

[1,f]: E—P?
which is a homeomorphism between E and P?. This contradicts the assumption

that the genus of F is 1. O

We now turn to the study of maps between two elliptic curves. Since elliptic
curves are special cases of projective varieties, the map between them should be
a morphism between varieties. We also hope that the map preserves the addition
law.

Definition 2.5. Let F; and Fs be elliptic curves. An isogeny between F; and Fs
is a morphism

¢ : E1 — E2
satisfying ¢(O) = O.
Theorem 2.6. Let ¢ be a an isogeny between Ey and Eo. Then

(P +Q) = ¢(P) +¢(Q).
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Proof. Let the map ¢, be defined as
Pic’(E)) — Pic"(Ey)
> np(P) = Y np(g(P)).

PeE; PeE;

The above map is a group homomorphism. Since ¢(O) = O, we have the following
commutative diagram

(2.7) By — > Pic’(Ey)

NN

By —= Pic*(Ey).
Thus ¢ is also a group homomorphism. (I

For every m € Z, we define an isogeny
[m]: E — E.

If m > 0, then [m|P := m(P) = P+ --- 4+ P(m terms). If m = 0, then [0]P := O.
If m < 0, then [m]P := [—m](—P).

Then for every m € Z,m > 2, the m-torsion subgroup of E, denoted by E[m],
is the kernel of [m].

2.2. The Structure of E[m|. In this subsection, we will decide the group structure
of E[m]. This part is not necessary for the proof of the Mordell-Weil theorem;
however, we will still discuss it since it is somehow related to the Lubin-Tate theory.

First note that E[m] is a finite group. Suppose that E is defined by a Weierstrass
equation. Then the addition law on E is given by rational functions. In this way,
we can find points in E[m] by solving the polynomial equations

f(a?,y) =
9(z,y) =

We can show that there are finitely many common roots via the resultant of f and

g.
To decide the group structure of E[m], we first need to calculate its order. From

now on
(,25 : E1 — E2
is a non-constant isogeny of degree m. We see from (2.7) that ¢ is associated to

¢« between Picard groups. Recall that there is another natural homomorphism
between Picard groups

¢* :Pic’(Ey) —  Pic’(Ey)
Y ne@ = Y ng es(P)(P).

QEE; QEE> Pep=1(Q)
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So there is another diagram

(2.8) Ey —— Pic’(Ey)

$l J{w
= .0
E1 72> Pic (El),
where the map 45 is defined so as to make the above diagram commute. Since

¢* is the dual of ¢,, it is natural to say that g?) is the dual of ¢. However, it is not
obvious that ¢ is an isogeny.

Theorem 2.9. (a) There exists a unique isogeny
’(/) By — By

satisfying

(b) The map 9 is equal to ¢.
See [2, Theorem 6.1 of Chap. 3] for a detailed proof. We call é the dual isogeny
of ¢.

Theorem 2.10. For any m € Z, we have

Proof. We first prove an enhanced proposition. If ¢ and i are isogenies from FE;
to E5, then

S+d=0+9.
To make the proof more clearly, we now let x,y and z, w be Weierstrass coordinates
for Fy and Es respectively. For a given P = (x1,y1) € Eq, Theorem 2.4 shows that

(2.11) D = ((¢+v)(P)) = (¢(P)) = (¥(P)) + (0)
is a principle divisor of Ey. Let Fp € K(Es) satisfying
dZ’U(Fp) =D.

By the calculation in [4, Chap. 5], we can find a rational function f(z,y, z,w) such
that

F(x,y) = f(x7ya K )
In this way, for a given Q = (21, w1) € E», we get a function G, .,) = f(-,-, 21, w1) €
K(E1). P = (x1,y1) € E1 is azero point of G ., .,,) if and only if Q = (21, w1) € Ey
is a zero point of F{,, ,,y. Then (2.11) shows that
(e+v)(P) = @
ordp(GQ) = egrp(P)

For the same reason, P = (x1,%1) € E1 is a pole of G(., ., if and only if

d(P) = Q,ordp(Gg) =ey(P);or
»(P) = Q,ordp(Gq) = ey(P).
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Thus we have
div(Gg) = Z ordp(G@)(P)
Pe(o+¢)=1(Q)
- > ordp(G)(P)
Pe($)~1(Q)
- Z ordp(Ggq)(P)
Pe(y)~1(Q)
(¢ +¢)"((Q) — " ((Q) — ¥ ((Q))
Thus for every @ € Es, (2.8) yields

(212)  (G+)(Q) - dQ) — (@) = o7 (div(G(Q)) — din(G(0))) = O,
which completes the prooﬁ\that m = ngS + 1[)
Since we already have [1] = [1], by induction we have [m] = [m]. O

o~

Finally, we get the following theorem:

Theorem 2.13. Let E be an elliptic curve and m be a non-zero integer.
(a) deg[m]=m?.
(b) If char(K)=0 or char(K) does not divide m, then

E[m| 2 Z/mZ x Z/mZ.

(¢) If char(K )=p, then either
E[p?] = {O} foralle e N;or
E[p?] = Z/p°Z for alle € N.
Proof. (a) Let d = deg[m]. Then Theorem 2.10 yields

Thus d = m?.
(b) Take a non-zero differential w € Q. Since

[m]*w =mw # 0,
[m] is separable (see[Proposition A.3]). Thus

#E[m] = #[m]"1(0) = deg[m] = m?.

For every d|m, we have #E[m][d] = #E[d] = d*. Let E[m] = Z/d\Z&---®Z/d,Z.
Then we have

di = #E[d] = di,
which shows that n = 2. Moreover we have

dydy = #Eldy] = d3,

which shows that d; = do = m. This completes the proof.
(c) Assume that F is defined by Weierstrass equation f. Let f(P) be the equation

obtained from f by raising each coefficient of f to the p" degree. Let E®) be the
elliptic curve defined by f®). Then we have the p*" Frobenius morphism

¢p:E — EW
(z,y) = (a9").
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Since K is perfect, Proposition A.2(b) shows that deg ¢ = p. While p?¢ = deg[p¢] >
#FE[p®], we have

#E[p°] = deg,[p°] Proposition A.2(a)
= deg,[p]*
= (deg, (¢ 0 ¢))° Theorem 2.9

= (deg, ¢)°
it é is inseparable
p® otherwise.

For e = 1, the only abelian group of order p is Z/pZ and the proof is done. We now
prove by induction on e. If the proof is done for e — 1, let E[p°~!] be generated
by a point P, € E[p°!]. The map [p] is surjective, so there exists a point Q €
[p]"*(P,). Then Q + P is of degree p®, therefore generates E[p¢]. As a conclusion,
E[p*=1 2 Z/p°Z. O

Remark 2.14. The result of Theorem 2.13(c) is analogous to some part of Lubin-
Tate theory. This is not surprising since purely inseparable is somehow analogous
to totally ramified, and both of them involve looking at the structure of torsion
points. To be more precise, let K be a local field with a uniformizer w. Let K
be its algebraic closure. Then we can use Lubin-Tate formal group f to construct
a Og-action on Ay = mp,. An important fact is that Af[w”] = Ok /@™ as Ok
module. As a consequence, K (Af[w™])/K is totally ramified of degree #(Ox /w™)*.

2.3. Reduction of Elliptic Curves. Let K be a number field. The following
notations will be used through out this paper.

Let So = > ./ ~, where elements of ) __ are embeddings ¢ : K — C and
o~0c if 6 =&. An element in S is called an archimedean place or an infinite
place. Each archimedean place associates to a normalized absolute value

|- ]o : K = Rxg,x > |o(x)].
Let p be a prime ideal of O. Then we can define the discrete valuation
vy : K = ZU+o00

such that (z) = p¥»®a with a a fractional ideal that does not have p-factor and
vp(0) = 400. Such a valuation is called a non-archimedean place or a finite place.
Each non-archimedean place associates to a normalized absolute value

| . ‘p K — Rzo,l‘ — N(p)—vp(ac)7

where N(p) = |O/p|. Let K, be the completion of K with respect to |- |, and k,
the residue field of the local field K.

An element in the set Soo U {v, : p is a prime ideal of Ok} is called a place of
K. We can prove that the above norms are all the possible norm under equivalence
(see [5, Chap. T7]).

Let L/K be a finite Galois extension and w, v places of L and K respectively. If
w|x = v, then we say w divides v or w is a place over v. Now let w and v be finite
places which are associated to 3 and p respectively. We call w an unramified place
over v if p = Pa, where a is an ideal of Op, that does not have P-factor. If every
place of L over v is unramified, we say that L/K is unramified at v.
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We now state some facts. For a detailed introduction, see [5, Chap. §].

Proposition 2.15. Let L/K be a finite Galois extension and K a number field.
Suppose that v is a finite place of K and that w is a place of L over v.

(a) Gal(L,/K,) is isomorphic to the decomposition group D.,. Thus it can be
regarded as a subgroup of Gal(L/K).

(b) There is a surjective map

Gal(Ly/Ky) — Gal(Ly/ky).

The kernel of the map, written as 1,,/,, is called the inertia group of w over v.

(c) If in addition L/K is abelian, then the inertia group I, does not depend on
the choice of w via group isomorphisms. L/K is unramified at v if and only if the
inertia group over v is trivial.

If K is a local field and F/K is an elliptic curve. Let mg be its maximal
ideal, which is generated by an uniformizer 7. Suppose that E/K is defined by
a Weierstrass equation. By substituting coordinates, we can find a Weierstrass
equation with coefficients in O and its discriminant, denoted A, satisfies that v(A)
is the smallest possible nonnegative integer among all the Weierstrass equation for
E. Such equation is called the minimal Weierstrass equation for E/K.

After choosing a minimal Weierstrass equation for F /K, we reduce its coefficients
modulo 7 to obtain a curve over the residue field k& of O. That curve, written as
E, is called a reduction of E. The natural map

E(K) — E(k)

is called a reduction map. If E is a smooth curve, then we says the reduction is
good. We call the reduction bad otherwise.

Here is an important theorem which will be used in the proof of the weak Mordell
theorem.

Theorem 2.16. Suppose that E/k is nonsingular, and that m is a positive integer
relatively prime to char(k). Then

E(K)[m] — E(k)
is injective. For the proof, see [2, Chap. 7].
3. WEAK MORDELL-WEIL THEOREM

From now on, our goal is to prove the famous Mordell-Weil theorem.

Theorem 3.1. (Mordell-Weil) Let K be a number field and E/K be an elliptic
curve. Then E(K) is a finitely-generated abelian group.

If Theorem 3.1 has been proved, then the structure theorem for finitely-generated
abelian group shows that

EK)27 ®Z/dWZ...7)d,7Z,

with r € Z>¢ and d;|d;41 for 1 < ¢ < n. Then we can get a weaker version of
Theorem 3.1.

Theorem 3.2. (Weak Mordell-Weil) Let E/K be an elliptic curve. Then for any
m > 2, E(K)/mE(K) is a finite abelian group.

In this section, we will directly prove the weak Mordell-Weil theorem.
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3.1. Kummer pairing. F(K)/mE(K) is analogous to K*/(K*)™ which appears
in Kummer thoery. Suppose that {, € K (where (, is a primitive n-th root of
unity). Let g, be the group of n-th roots. We recall that in number theory there
is a short exact sequence

1 L K* s K* 1.

The associated long exact sequence for Galois cohomology yields

1 I K* = K*

Hl(GK/KaNn) — Hl(Gk/mK*) —

Here we denote Gal(K/K) as Gg k. Hilbert’s famous "Hilbert 90" asserts that
HY(Gg g, K*) =1 and we get
K*/(K*)™ = H' (G, tn)-
Similarly, we do the same thing to E(K). The short exact sequence

[m] >

0 — > E[m] — E(K) E(R) 0

yields a long exact sequence

[m]

0 — E(K)[m] ————  E(K)

[m]

HYGg k. Elm]) —— H'Y(Gg, E(K)) —— H'(Gg,x, E(K)).

We extract the following sequence
0 —— E(K)/mE(K) —~ H'(Gg i, Elm]) — H'(Gg i, E(K))[m] — 0.

It is likely that E[m] € E(K), in which case elements of H' cannot be written
explicitly. However, we have proved in section 2.2 that E[m] is a finite group, so
there is a finite field extension L/K such that E[m] C E(L).

Lemma 3.3. Let L/K be a finite Galois field extension. If E(L)/mE(L) is finite,
then E(K)/mE(K) is finite.

Proof. We notice the following commutative diagram

K E(K)/mE(K) E(L)/mB(L)

| | |

0 — HY Gk, Elm]) —> H (G gk, E[m]) — H"(Gg ., E[m)).

where the second row is the inflation-restriction exact sequence. The short 5-lemma
yields the first injection. Since Hl(GL/K, E[m]) is a finite group, K is also a finite
group. So the first row of the diagram gives the desired result. [
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Now suppose that E[m] C E(K). Then we have
H (G s Elm]) = Hom(Gog e, Elm]).
The explicit description of § shows that
(34) 0:E(K)/mE(K) — Hom(Gg/K),E[m])
(3.5) P — (0~ Q°—Q), where Q satisfies m@Q = P.
Now, consider the pairing
ki B(K)/mE(K) % Gg,r — E[m].

(3.4) shows that the left kernel of the pairing is trivial. If 7 € G g/ is in the right
kernel, then for any @ € F satisfying m@Q € E(K) we have Q7 = Q). The converse
is also true. So the right kernel is G, where L is the composition of all fields
K(Q) over all Q € E(K) such that mQ € E(K).

By abuse of notation, we still use x to denote the perfect pairing

k: BE(K)/mE(K)xGrx — E[m].
This is called the Kummer pairing.

3.2. The Extension L/K is Finite. In the previous subsection, we saw that
E(K)/mE(K) = Hom(Gp, k, E[m]). Our goal is to show that E(K)/mE(K) is a
finite group, so it suffices to prove that L/K is a finite field extension.

Lemma 3.6. (a) L/K is an abelian extension of erponent m. (i.e Gr k is an
abelian group such that the order of each element divides m.)
(b) Let
S := S U{E(K) has bad reduction at v} U {v(m) # 0}.
be a finite set of places of K. Then L/K is unramified outside S.

Proof. (a) Let 0 € Gr/k. Then
Kk(P,c™)=m-k(P,o)=0

for every P € E(K). The fact that the Kummer paring is perfect yields o = 0.
(b) Let v be a place of K outside S. Recall that if L;/K and Ly/K are both
unramified over v, then LjLy/K is unramified over v. It suffices to prove that

K(Q)/K is unramified over v, where Q € F(K) satisfying mQ € E(K).
Let L' = K(Q). w is a place of L' over v. Proposition 2.15 says it suffices to
prove that I/, is trivial. If 7 € I, ,, then 7 acts trivially on E(k,). Thus

—~

(3.7) Q" —Q=0.
Q7 — @ is a point in E satisfying
m(@ - Q) = (MQ)" - m@Q = 0.

The last equation follows from m@ € E(K) and that 7 can be regarded as an
element in GL//K. Hence

Q" = Q € Elm] € E(K)[m] C E(K,)[m].

Now, Theorem 2.16 together with (3.7) shows that Q™ — Q = O, i.e. T acts trivially
on L. O

Lemma 3.8. Let S be a finite set of places of K. If L/K is abelian of exponent m
and L/ K is unramified outside S, then L/K is finite.
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Proof. We can first reduce to the case where (,, € K (where (,, is a primitive
m—th root of unity) because L((y,)/K () is finite induces L/K is finite.
Increasing the set S would only make the field L become larger, so we can
enlarge the set S. Let the class group of K be Cx = {ay,--- ,a,}. Here we use the
finiteness of class number (see [5, Chap. 4]). For any p which satisfies that there
exists some a; C p, add the place corresponding to p into the set S. Then the ring

Okgs:={re K:ze€ Ok, for every v ¢ S},

which is called the ring of S-integers in K, is a principal ideal domain. In fact, if a
is an ideal of O g, then there is an ideal of O called b such that

a:O[gS'b.

Let
n
b=a- H as’
i=1

with e; € Z and € K*. Then since we have enlarged the set S, we have

n

H u?i(/)[gs = OK,S-
i=1
Thus a = aOk,s.

Now since p,, C K, Kummer theory says that the maximum abelian extension
of exponent m over K is K(%/a:a € K). For a € K*, if t/a € L, then K( %/a)/K
is unramified outside S. That is, K,( %/a)/K, is unramified for every v ¢ S. Then
we have

ord,(a) = ord,(z™) =m - ord,(z) =0 mod m.
The second equation follows from the unramification of K, ( %/a)/K,.
Now it remains to prove that
Ts :={a€ K*/(K*)™ : ord,(a) =0 mod m for every v € S}
is a finite set. If it were proved, then L € K( %/a : a € Ts) would yield the finiteness
of L/K. We notice that there is a natural map
¢ : O;(,S — TS

that factors through (O)% ¢/(Of g)™. Dirichlet S-units theorem [see 3, Chap. 5]
says that Oj ¢ is finitely generated, so it remains to prove that ¢ is surjective.
For a € Tg, let a = g with b,c € Ok g and ¢(b), #(c) € Ts. Then cOk s is the
m*-power of an ideal of Ok,s. Since Ok g is principal ideal domain, there exists
c1 € Ok, s satisfying
COK“s = CTOK,S

For the same reason

bO}gS = bTOKﬁs,bl S OK,So
Thus

CLCTOK,S = bOK,S = bTOK,S.

Then a = (bye;')™ - u for some u € O%.s» and we have ¢(u) = a. U

Hence, Lemma 3.6 and Lemma 3.8 show that L/K is finite extension.
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4. PROOF OF THE MORDELL-WEIL THEOREM
4.1. Descent.

Theorem 4.1. (Descent Theorem) Let A be an abelian group. A height function
1S a map
h:A—=R
satisfying the following three properties:
(1)For each Q € A, there is a constant C1(A, Q) depending on A and Q, such that
h(P+ Q) <2h(P)+ C4
for any P € A.
(3)There is an integer m > 2 and a constant C3(A) only depending on A, such that

h(mP) > m*h(P) — Cs.

(8)For every constant Cs, the set
{Pe€A:h(P)<Cs}

is finite. Now if A/mA is a finite group (the m here coincides with that in the
second property), then A is finitely generated.

Proof. Let B B
A/mA: {Qla"' 7QT‘}7Qi S A.
For P € A, let
P - mPl + Qi1
P = mP+Qy
P,.1 = mP,+ sz

Then for 2<j<n-1,

1
hP;) < —5(Carth(mPy))
1
= ﬁ(@ + h(Pj-1 = Qy;))
1
< ﬁ(cé + 2h(Pj71) + Cl)
2
= Wh(Pj,l) + C,C is a constant
1
< P +C
2%h(P) < 1 for a sufficiently large n. Then P is a linear combination of Q1,--- , Q)
and P,. Since h(P,) < 1+ 2C, the third property yields that the number of such
P, is finite. Thus A is generated by {Q1, -+ ,Q-} U{P : h(P) <1+ 2C}. O

Remark 4.2. The procedure of the proof is kind of like an iteration of Euclid
division, and the second property of height function plays the role in contracting
the height of the remainder.

Take m = 2, since the Weak Modell-Weil theorem have shown that E(K)/2E(K)
is finite, our last task is to construct a height function for F(K).
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4.2. Heights on elliptic curves. Recall that we have defined normalized absolute
values on K in Section 1.3. The set of standard absolute values on K, written as
My, consists of all absolute values on K whose restriction on @ is a normalized
absolute value.

Here is a well known theorem that we will used.

Theorem 4.3. (Product Formula) Let K be a number field. Then for any x € K*,

we have
alc = ] Jel = 1.
viEME
In fact, x|k coincides with the norm defined on Ik, the group of idéles.

We now define the height of a point in projective spaces.
Definition 4.4. Let P € PY(K) be a point with homogeneous coordinates
P =[zg, - ,zn].
The height of P is defined as
H(P) = [ max{lzoly,-,|onlo}™.
vEMK

This is well-defined because of the following reasons.
(DIf A € K*, then

[ max{aolo, - Aanlo}™ = [Nk - Hx(P) = Hy(P)
vEMEK

Thus Hg (P) is independent of the choice of coordinates.
(2)There is 0 < j < N such that

|l = max{[Azo[v, -, [Azn|o}™
for all but finitely many v € Mg. So the infinite product is convergent.

Remark 4.5. Hg is a generalization of a natural way of defining height on Q. To
be more precise, take P € PV (Q) and let [z, - - - , zn] be coordinates of P satisfying
X; € Z and ged(xo, - -+ ,xny) = 1. Then Ho(P) = max{|zo|, -, |zn]|}

Proposition 4.6. Let P € PN(K), and L/K is a finite extension. Then
Hy(P) = Hg(P)FEL
Consequently, let P € PV(Q) and suppose that P € PN(K) for some finite field
extension K/Q. Then
H(P) := Hg(P) "
is well-defined.
Proof.

Hp(P)

. zn
lgliéggv{lwzlw}
weMrp,

_ . Naw
= I 1I max {[ilo}

vEMK weMp w|v

— . Dwem Jwlv Thw
I e, (oo
veEMg T T

= H(P)MK



14 HUISHI YU

The last equation follows from the fact that
> nw=[L:K]
weMp, ,w|v

for every v € Mk. (]
Notation 4.7. For x € K, Hi (x) := Hg([z, 1]).
Proposition 4.8. (a) Let 0 € Ggq, then

Hi(o(z)) = Hre ().

(b) Let
f(T) :aon‘i’aleil‘i’"'*f’ad = (T*Oq)-H(Tfad)
be a polynomial in Q(T). Then

d
H([L,a1,--- ,ad)) <277 [T H(ay).

That means if we have a polynomial, then the height of coefficients is controlled by
the height of roots.

Proof. (a) This follows from the fact that

o (@)]o = |2]o-
suffices to prove that for every v € Mg, we have
b) It suffices t that f M h

d
d—1
o ) < 247" [l 1)

We prove by induction on d. For d = 1, it is obvious. Assume that we know the
result for polynomials with degree less than d — 1. Without loss of generality, let

|l ]y = Orgfgdﬂajlv}

Let
d

9(T) = H(T — ;) =boT 40T 2 - 4 by
i=2
We have a; = b; — a1b;—1 (where bg = b_1 = 0).
Org?gdﬂazh} < QOIg%Xdﬂbz\, la1bi—1v}

= 2 Ogr?éi;il{lbih} -max{|aiy, 1}

d
= 27 H (o) - HH(Ozj).

The last equation follows from the induction hypothesis. O
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From its definition, we expect the height behaves multiplicatively. However, to
satisfy the first two properties, it is more reasonable to expect the height function
behaves additively. So we define a map

h:PY(Q) = R,h(P) =log H(P).
Every non-constant function f € K(F) induces a surjective morphism
f+E — P!
p o L0 if P is a pole of f
[f(P),1] otherwise.

By abuse of notation, we still denote it as f.
We define the height function on E (relative to f) as

hy:E(K) — R
P h(J(P)).

It remains to prove that hy is a height function. The third property is the easiest
to verify.

Theorem 4.9. Let C' be a constant . Then the set
{PePN(K): Hy(P) <C}
contains only finitely many points.

Proof. Let P € P*(K). Take a homogenous coordinates [xg,- - ,2y]| of P with
some z; = 1. Then we have

Hi(P) =[] max{laolu,--- Janl}™
vEMg
. Ty
> ax H max{|;|,, 1}™
=" =" veMy

=  max Hy (x;).

So it suffices to prove that the set
S={reK:Hg(x)<C}

contains finitely many elements.
Let d = [K : Q]. Suppose that z € S and that = 21, - , 2. are conjugates of
x, e < d. Then consider the polynomial
€
F@O) =] —2) =T+ T+ +a
i=1

which has coefficients in Q. Proposition 4.8 then yields

d
H([17a17"' 7ae]) S 2d_1HHK(xi)
i=1
_ 2d—1HK($)e
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which means that there is a polynomial f(T') € Z[T] with coefficients less or equal
to 2¢71C? and with degree less or equal to d, satisfying f(x) = 0. The number of
such non-constant polynomials is finite, which yields the finiteness of S. (]

We now explain why we say that the height function h behaves additively.
Theorem 4.10. For all P,() € E(K), we have
hy(P+ Q)+ hy(P — Q) = 2hs(P) +2hs(Q) + O(1),
where the remainder O(1) only depends on f and E.

Assume that F is defined by a Weierstrass equation, we first reduce to the case
when f is equal to . Then we check the relationship between coordinates by some
straight calculations. For the detailed proof, see [2, Theorem 6.2 of Chap. 8].

Corollary 4.11. h; satisties the first and the second properties.
Proof. For the first one, Theorem 4.10 yields
hi(P + Q) < 2h(P) +2h;(Q) + O(1) = 2hy(P) + Ch.
For the second one, Theorem 4.10 yields
hy([2]P) = hy(P + P) = 2h¢(P) + 2hy(P) + O(1) = 4hs(P) + Cs.

We have now completed the proof of the Mordell-Weil thoerem.

APPENDIX A. BASIC RESULTS FOR ALGEBRAIC GEOMETRY

We recall some fundamental results from algebraic geometry. For a detailed
introduction, see[1,Chap. 1]. In this section, the field K is always algebraically
closed and the curve is always smooth.

Theorem A.1. Let C be a curve. For any f € K(C), ord(div(f)) =0.

For the proof, see [1, Chap.2, Corollary 6.10].

Let C1, Cs be two K-projective curves and ¢ a nonconstant morphism from Cj
to Cy. The function field of C;(resp. C5) is denoted as K(C7) (resp. K(Cs)).

Let @ = ¢(P). If t € K(C4) is an uniformizer of K(C2)q, then

ey(P) := ordp(¢*(t))
is called the ramification index of ¢ at P.

Proposition A.2. (a)K(Cy)/¢*(K(Cy)) is a finite extension, the degree of the
extension, denoted by deg ¢, is called the degree of morphism ¢. The separable and

inseparable degree of the extension are denoted by deg, ¢ and deg; ¢ respectively.
(b)For every @ € Cs,
> ey(P) =degg.
Pes=1(Q)
(c)If furthermore, ¢ is a isogeny between elliptic curves Eq and Es, then for every
Q€ Ey
#67H(Q) = deg, ¢.

For a curve C, the space of differential forms on C' is denoted by Q¢. And we
now have the following result.
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Proposition A.3. ¢ is separable if and only if the map
(¢)* : QCZ — QCZ

1S NON-2€ro.

Let P € C and w € Q¢. If t € K(C) is an uniformizer of K(C)p, then there
exists a unique function g € K(C) such that w = gdt at P. Then we define
ordp(w) = ordp(g). It can be proved that ordp(w) is independent of the choice of
t. The divisor associated to w is

div(w) = Y _ ordp(w)(P).
pPeC
For any non-zero w € Q¢, div(w) is called a canonical divisor, denoted by K.
A divisor D = Y np(P) is positive, denoted by D > 0 if np > 0 for every P € C.
If Dy, Dy are divisors such that Dy — Dy is positive, then we write as D1 > D.
Given a divisor D, we now define a set of functions

2(D) = {f € K(C)* : din(f) + D > 0} U {0}.

This is a finite-dimensional K-vector space, and we use {(D) to denote its dimension.
We now state the famous Riemann-Roch theorem.

Theorem A.4. (Riemann-Roch) Let C' be a smooth curve and Ko a canonical
divisor on C. The integer g is the genus of C. Then for every divisor D € Div(C),

I(D)—Ul(K¢—D)=degD — g+ 1.
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