SHEAF COHOMOLOGY AND ALGEBRAIC DE RHAM
THEOREM

YIHENG YE

ABSTRACT. In this paper, we introduce sheaves and the cohomology of sheaves.
We use sheaf-theoretic language and tools to specify the correct notion of
de Rham cohomology of a smooth algebraic variety. We prove a comparison
theorem between the de Rham cohomology of a smooth variety and the singular
cohomology of its underlying manifold.
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1. INTRODUCTION

Methods of homological algebra were introduced to Algebraic Geometry by Serre
in his fundamental paper [17]. The significance of the theory of cohomology of
abstract algebraic varieties was first emphasized by A. Weil in [20], providing an
idea to prove his famous conjecture. Thus, according to [5], the initial aim of such
introduction is to find so called Weil cohomology of algebraic varieties to capture
arithmetic information. In this paper, we aim to give a short but clear exposition
to one such introduction: the de Rham cohomology of algebraic varieties.

We first recall the classical theory of de Rham:

Definition 1.1. The de Rham complex is the complex of differential forms on
a smooth manifold M, with the exterior derivative as the differential:

0— QO(M) S QM) S (M) S Q3(M) > -,

where QF(M) is the abelian group of smooth k-forms on M. De Rham cohomology
is the cohomology of de Rham complez.
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De Rham cohomology is an important tool in the study of manifolds. The in-
exactness of the de Rham complex measures the extent to which the fundamental
theorem of calculus fails on general manifolds. One of the most beautiful applica-
tions of de Rham cohomology is that it captures the information about the number
of (higher-dimentional) holes in the manifold. The famous Poincaré Lemma tells
us that for a contractable domain in a Euclidean space, all closed forms are exact,
yielding trivial de Rham cohomology groups of all degrees. In other words, the
nontriviality of the de Rham cohomology group indicates the uncontractability,
i.e., the existance of holes in a manifold. For details, see [15], chapter 18. We also
refer to [15], chapter 19 for a proof of the classical de Rham theorem:

Theorem 1.2. (Classical de Rham theorem, version 1) Let M be a smooth
manifold, then we have an isomorphism between de Rham cohomology and singular
cohomology with coefficients in R:

Hi (M) = H}

sing (M ; R)

We want to introduce classical de Rham cohomology into complex smooth alge-
braic variety X. Firstly, X has an underlying structure of complex manifold which
we denote by X,,. We can compute singular cohomology and the complex analog of
the de Rham cohomology (using holomorphic forms instead of smooth forms) over
Xan. For X, there is an algebraic version of differential form defined using regular
functions. Correspondingly, we have a canonical algebraic de Rham complex Q%
which we will explain later in our paper. We want to explore the relation between
the analytic structure and the algebraic structure of the same smooth variety X
by conjecturing that the cohomology of algebraic de Rham complex is isomorphic
to the singular cohomology of the complex manifold X,,. Dissapointingly, this
natural conjecture is false in general:

(1.3) HY,p (Xan; C) 2 HF(Q%).

sing
The correct definition of Algebraic de Rham cohomology involves the concept of
hypercohomology. Grothendieck proves the following remarkable theorem in [6]:

Theorem 1.4. (Algebraic de Rham theorem) Let X be a smooth complex
algebraic variety, and X, be its underlying complex manifold. Then the singu-
lar cohomology of Xan with C coefficients agrees with the hypercohomology of the
complex Q% of sheaves of reqular differentials on X with its Zariski topology:

HE  (Xan,C) = HF(X,0Q%).

sing

In this paper, we follow [12] to present a proof for the Algebraic de Rham theo-
rem.

Section 2 and 3 are general introductions to the theory of sheaves and cohomology
of sheaves. Section 4 introduces coherent sheaves and some important properties.
We will also explain Serre’s GAGA principle, which plays an important role in
the proof of algebraic de Rham theorem. Section 5 introduces the construction of
algebraic de Rham complex and the concept of hypercohomology, which is central
to the formulation of algebraic de Rham cohomology. We also state Grothendieck’s
algebraic de Rham theorem in section 5. The last two sections sketch a proof of
algebraic de Rhem theorem. The main idea is that we first reduce the theorem to
affine case, i.e., if we can prove the algebraic de Rham theorem on smooth affine
varieties, the we can generalize the affine case to all smooth varieties. We then put
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an affine variety X into a projective variety Y, and we transfer information on X
to Y on which we can apply some powerful tools (including Theorem 4.12). We
split the affine case of the algebraic de Rham theorem into several isomorphisms,
and we prove them separately, yielding our desired result.

Grothendieck’s algebraic de Rham theorem has many applications in some deep
theories in algebraic geometry, such as Deligne’s theory of absolute Hodge classes.
However, all of these applications involves concepts beyond the scope of the paper,
so we refer to [12], chapter 3 for those who are interested in some of the applications.

2. SHEAF THEORY

We first introduce the notion of sheaves. For any topological space X, let
Open(X) be the category whose objects are open subsets of X and morphisms
are inclusions of open subsets.

Definition 2.1. Let C be an arbitrary category. A C-valued presheaf F on X is a
contravariant functor from the category Open(X) with values in the category C.

To be precise, a presheaf F contains the following data:
(1) For each open subset U C X, F associates an object F(U) € Ob(C);
(2) For each inclusion V' < U of open sets in X, we have a restriction map:

(2.2) resypy : F(U) — F(V).

For any s € F(U), we use s|y to denote its image under resyy .

Sometimes we also denote F(U) by T'(U, F). The elements in F(U) are called
sections of F over U. Elements in F(X) are also called global sections.

The restriction F|y of F to an open set U C X is a presheaf on U defined by
Flu(V):=F(V) forall V CU.

A morphism ® € Hompgs, (F,G) between two presheaves is a collection of mor-
phisms

(2.3) Py F(U) = G(U)
such that whenever we have an inclusion V' C U, we get a commutative diagram:

(2.4) F(U) 2 g(U)

rchV\L erSUV
%

®
F(V)—=gG(V)
Remark 2.5. Through out our paper, we restrict our attention to sheaves with
values in an additive category (abelian groups, commutative rings, modules, etc.)

The kernel of the morphism of presheaves ® : F — G is the sub-presheaf sub-
presheaf of F defined as ker(®)(U) := ker(®y) C F(U), such that for any other
sheaf H:

(2.6) Homs, (H, ker(®)) = {® € Homgs, (F,G)|P o ¢ = 0}.

Let F be a presheaf on a topological space X. We may want to ask: to what
extent are its sections over an open set U determined by its restrictions to smaller
open sets in U. This leads to the definition of sheaf.
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Definition 2.7. Let U C X be open, and U = {U;};er be an arbitrary open
covering of U. A presheaf F is a sheaf if the following axioms are satisfied:
(Locality) The natural projection F(U) > [Licr F(Us) is injective: If s,t € F(U)
satisfy slu, = t|u, for alli € I, we have s =1.
(Gluing) For any family s; € F(U;) such that silu,nu, = s
there exists s € F(U) such that s|y, = s; for all i € I.

vinu; foralli,jel,

A morphism between sheaves is a morphism between the underlying presheaves.
Remark 2.8. The kernel of a morphism of sheaves is also a sheaf.
Intuitively, a sheaf allows us to recover global information from local information.

Example 2.9. We define C° to be the sheaf of continuous R- or C-valued functions.
One easily checks that it is a sheaf.

Despite the structure of sections over an open set, we also want to study more
local structures, e.g. the structure around a single point x in a topological space X.
We therefore introduce the notion of stalk, which is a mathematical construction
that captures the behavior of a sheaf around a single point.

Definition 2.10. Let il, be the set of neighborhoods containing p. The stalk at p
is the direct limit F,, = lim F(U).
Uesl,

A sheaf map F — G over the same topological space X induces a group ho-
momorphism at each z € X: f, : F,, — G,. The support of a sheaf map f is
supp(f) = {x € X[f, # 0}.

We also want to introduce the notion of fine sheaf, since it is used in our proof
of the algebraic de Rham theorem.

Definition 2.11. Let F be a sheaf of abelian groups over a topological space X, and
U= {U,}ier be a locally finite cover of X. A partition of unity of F subordinate
to 8L is a collection {j; : F — F} of sheaf maps such that supp(j;) C U;, and for
eachz € X, Y jip =1dr,. A sheaf F of abelian group over a topological space X
is fine if for any locally finite open covering L, the sheaf F admits a partition of
unity.

For any presheaf, we have a canonical process of sheafification which associates
a sheaf to the presheaf:

Proposition 2.12. ([13]) For any presheaf G on a space X, its sheafification consists
of a sheaf G# together with a morphism j : G — G# with the following universal
property: for any sheaf F we have an isomorphism

Homps , (G, F) = Homg,, (G#, F).
The sheaf G¥* is unique up to isomorphism.
We can construct G#(U) as the set of functions s from U to Upecu Fp such that:
(1) For any p € U, s(p) € F,.
(2) For any p € U, there is an open neighborhood V.C U of p, and t € F(V)
such that ty = s(q) for allg € V.

Now, we can introduce another important example of a sheaf:

Example 2.13. The constant sheaf A on a topological space X associated to a
set A is the sheaf of locally constant functions with value in A.
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The constant sheaf can be viewed as the sheafification of the constant presheaf
PA which assigns the value A to each open set of X, i.e., I'(U, PA) = A for any
open set U C X.

3. COHOMOLOGY OF SHEAF

We may now consider the cohomology theory of a space X with coefficients in
a sheaf associated to X. Later we will see that sheaf cohomology indeed gives a
generalization of singular cohomology of a space.

Definition 3.1. A sequence of sheaves on a space X:

0 F' F F 0
is exact if for all points x € X the induced sequence of stalks is exact.

Remark 3.2. ([9]) We also note that the previous definition is equivalent to:
(i) For all open sets U C X the sequence

0 FIU) FU) — F'(U)

is exact.

(ii) For any s” € F"(U) we can find a covering U = U,;U; by open sets and
s; € F(U;) such that s; — s"|y,.

Notice that the functor sending each sheaf to its value on U is left exact. Thus
we can have the following definition:

Definition 3.3. The sheaf cohomology H*(X,F) is the right derived functor
of the global section functor F — T'(X, F).

This definition is guaranteed by the fact that the category of sheaves has enough
injective objects, which is implied by the famous Godement construction ([4]). Be-
fore we explain that, we first recall some basic ideas in homological algebra.

Definition 3.4. An object Q in an abelian category C is said to be injective if for
every injective homomorphism f : X — Y and every morphism g : X — @Q there
exists a morphism h:Y — Q such that ho f = g.

Remark 3.5. A sheaf F is injective if for any diagram

A2

/
¢l ’
2O
T

with ker(y) C ker(¢) there is a map 1 : B — Z which makes the diagram commute.

A (right) resolution of F is a (possibly infinite) exact sequence of sheaves of
the following form:

(3.6) 0 F Zo 7 T

The sequence above is an injective resolution of F if 7y,7;,75,... are injective.
In [4], Godement gives a famous construction to guarantee that every sheaf F
can be embedded into an injective sheaf.
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Construction 3.7. Given an open set U C X, define GOF to be the direct product
HpEU Fp. We can show that GO F is injective. Repeating this process will give an
injective resulotion of sheaf F:

(3.8) 0 F G'r G'F G2F

We call this the Godement canonical resolution.

Standard argument in homological algebra shows that the cohomology is inde-
pendent of the choice of injective resolution, i.e., if we pick two injective resolutions
0— F—ZI°%and 0 —» F — J°, they are quasi-isomorphic. We conclude that sheaf
cohomology is well-defined.

We also introduce the useful notion of acyclic sheaves:

Definition 3.9. Let X be a topological space and L = {U; };cr be an open covering
of X. A sheaf F is acyclic over X if all higher sheaf cohomology groups vanish,
i.e. HX(X,F) =0 for all k > 0. The sheaf F is acyclic on the open covering
L if the restriction of F is acyclic on all finite intersections U;, N---NU;, of open
sets in AL.

The computation of sheaf cohomology can be complicated. We want to introduce
Cech cohomology, which naturally arises from the category of (pre)sheaves as a
way to compute sheaf cohomology.

Definition 3.10. Let X be a topological space and F be a (pre)sheaf defined
over X. Let 8 = {U;}ier be an open covering of X. For any set of indices
(io, - ,iq) € Iqul, we define Uio,...,iq = Uig N Uil n---N Uiq- Let

(3.11) CIUX, 4, F) = I 7. )
(205-00y1q)ETITL

We define the boundary map d : C4(X, U, F) — CI7L(X, 4, F) by

g+1
(3.12) (dc)(io,...,iq) = Z(*l)v reS(Cio,...,iv,...,z‘q)v

v=0
where i, means the index is deleted, so that the restriction map makes sense. It
is clear that d*> = 0, i.e., it is a valid boundary map. The complex C*(X, 4, F) is
called the Cech complex, which gives rise to Cech cohomology.

Cech cohomology is regarded as a nice approximation of sheaf cohomology due
to several reasons. First, if we restrict our attention to a sheaf F of abelian groups,
there is a canonical homomorphism H?(X, 4, F) — HP?(X,F) from Cech cohomol-
ogy to sheaf cohomology for any space X and any open covering i, since we can
show that 0 — F — C*(X, 4, F) is a resolution quasi-isomorphic to an injective
resolution of F. Second, if we have a paracompact space (e.g. a manifold), the ho-
momorphism is an isomorphism (for proof see [3]). Finally, injective resolutions are
usually complicated when we compute the sheaf cohomology, and Cech cohomology
may sometimes simplify the calculation.

Theorem 3.13. For a paracompact space X, we have an isomorphism
HY(X, 4, F) = HY(X, F)

between Cech cohomology and sheaf cohomology.
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In general, the choice of open covering matters in our computation. However,
Theorem 3.13 shows that (at least) for a paracompact space, the choice of covering
does not matter. We will use Cech cohomology quite frequently in our proof of the
algebraic de Rham theorem.

One side of the algebraic de Rham theorem is the singular cohomology of the
complex manifold. We quote the following theorem to emphasize the connection
between singular cohomology and constant sheaf cohomology (for proof see [3]).

Theorem 3.14. Let X be a paracompact Hausdorff space which is locally con-
tractible, and A be an abelian group. We have an isomorphism

H,o (X, A) = HY (X, A)
between A-coefficient singular cohomology and constant sheaf cohomology.
Combining this with classical de Rham theorem, version 1, we have:

Theorem 3.15. (Classical de Rham theorem, version 2) Let M be a smooth
manifold. We have the following isomorphisms:

Hip(M) = HY,\ (M;R) = H*(M,R) = H*(M,R).

sing
4. COHERENT SHEAVES

In this section, we introduce coherent sheaves and some useful properties,
which plays an important role in the remaining of the paper. An important example
of a coherent sheaf is the sheaf of regular functions over a variety, which is the
starting point of the algebraic de Rham complex.

Definition 4.1. Let F and G be sheaves. The direct sum F & G of two sheaves is
defined by letting (U, F @ G) = F(U) & G(U) for all open set U C X.

We can show that the direct sum of sheaves is a sheaf. We denote the direct sum
of k copies of F by F&*,

Definition 4.2. Let R be a sheaf of commutative rings over topological space
X. A sheaf F is a sheaf of R-modules if for any U C X, F(U) is a R(U)-
module such that the restriction v : F(U) — F(V) is compatible with the restriction
s: R(U) = R(V): for any a € R(U) and b € F(U), we have r(ab) = s(a)r(b).

A sheaf F of R-modules is locally free of rank k if for every x € X, there is
a neighborhood U of x on which there is a sheaf isomorphism F|y = R@k.

A sheaf of Op;-modules, where O, is the sheaf of holomorphic functions over a
complex manifold M, is called an analytic sheaf.

Example 4.3. Let M be a complex manifold of dimension n. The sheaf QF  of
holomorphic k-forms is an analytic sheaf locally free of rank (Z) with local frame
dzi, A+ Ndz, for 1< iy < -+ < iy <.

Again, let R be a sheaf of commutative rings over topological space X, F be a
sheaf of R-modules on X. Let f1,..., f, be sections of F over an open set U. We
define a sheaf map ¢ : R®" — F as follows: For any rq,...,r, € R(U), the map
olu : R¥"(U) — F(U) is given by (r1,...,7n) — > 7ifi.

We define the sheaf of relations S(f1,..., f,) among fi,..., f, as the kernel
of the sheaf map ¢, a subsheaf of (R|y)®". We say that F|y is generated by
fis-oy fu if |y is surjective. The sheaf F is of finite type if for every x € X
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there is a neighborhood U on which F|y is generated by finitely many sections
fla"'afn G‘F(U)

Definition 4.4. A sheaf F of R-modules on a topological space X is coherent
if F is of finite type; and for any open set U C X and any collection of sections
fio-o s fn€ FU), S(f1y---, fn) is of finite type over U.

Example 4.5. The sheaf Oy, of holomorphic functions on a complex manifold M
is a coherent sheaf of Oj-modules (see [2]).

Let X be an algebraic variety and U be an open subvariety. A function on X
is regular on U if its restriction on U is a rational function (functions of the
form g/h, where g, h are polynomials) with non-vanishing denominator. A function
itself is called regular if for any « € X, there exist an open set U 5 x on which it
is regular. Note that the regular function on algebraic varieties is the analogue of
the smooth function on manifolds.

Example 4.6. The sheaf Ox of regular functions on an algebraic variety X is a
coherent sheaf of Ox-modules (see [17]).

We also note that a sheaf of Ox-modules over an algebraic variety X is usually
called an algebraic sheaf.

A sheaf F of R-modules on a topological space X is locally finitely presented
if for every & € X there is a neighborhood U on which there is an exact sequence
of the form

(4.7) Rl Rl Flu 0;

We can show that a coherent sheaf F of R-modules on a topological space X
is locally finitely presented. The following theorem is very useful in identifying
coherent sheaves of modules:

Theorem 4.8. Let R be a coherent sheaf of commutative rings over topological
space X, F be a sheaf of R-modules on X. F is coherent if and only if it is locally
finitely presented.

Proof. We have already explained the only if part. The if part is implied by the
fact that the coherency is preserved by direct sums and cokernels (see [17]). (]

A complex manifold is Stein if it is biholomorphic to a closed submanifold of
CN. This is a very useful case, since the underlying manifold of a complex affine
variety is stein. We have a very useful theorem on Stein manifolds (see [7]):

Theorem 4.9. (Cartan) Coherent analytic sheaves are acyclic on Stein manifolds.

Now we want to explain the basic idea of Serre’s GAGA principle, which provides
a bridge between varieties and their underlying manifolds. Specifically, we want to
construct a functor from algebraic sheaves to analytic sheaves, and show that it is
an equivalence of categories.

Let X be a smooth quasi-projective complex variety, U C X be a Zariski open
subset. Let Xan, Uan be their underlying manifolds, respectively. Let Ox, Ox,, be
the sheaf of regular functions and the sheaf of holomorphic functions on X, X,
respectively. Let ${ = {U;};er be a Zariski open covering of X. Since Zariski
open sets are open under complex topology, the analytification i, = {U"} of
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the previous open covering is also an open covering of X,,. Let F be a coherent
algebraic sheaf over X. On every U; C 4 there is an exact sequence

(4.10) Ox|y! — Ox|g? F

v, 0.

The morphism Ox |§i_q — Ox |§]9ip induces a morphism of analytic sheaves Ox

Ox.. ,e%)n. Thus there is a coherent analytic sheaf F,, such that the following se-
quece is exact:

(4.11) Ox.,

Dq
U?n —

an|

32" — OXM‘GUB?“ *>_/_-'an|Uian —0.

Hence we obtain a functor from the category of smooth quasi-projective varieties
and coherent algebraic sheaves to the category of complex manifolds and analytic
sheaves. Serre’s GAGA principle (see [18]) asserts that for smooth quasi-projective
variety this is an equivalence of categories and we have the following theorem:

Theorem 4.12. (GAGA) Let X be a smooth quasi-projective variety. We have
an isomorphism

H*(X,F) = H*(Xan, Fan)
between sheaf cohomology of F over X and sheaf cohomology of Fan over Xay.

We also have the algebraic analogue of Theorem 4.9 (see [17]):

Theorem 4.13. (Serre’s Vanishing Theorem) A coherent algebraic sheaf F on
affine variety X is acyclic.

5. ALGEBRAIC DE RHAM COMPLEX AND HYPERCOHOMOLOGY

Consider a smooth complex algebraic variety X (with Zariski topology) over an
algebraically closed field k (e.g., C). We define the algebraic de Rham complex
Q% to be the complex of sheaves of regular differentials.

Definition 5.1. The complex of sheaves of regular differentials starts from
the sheaf Ox of regular functions and is induced by exterior derivations:

d d d d

Ox 0L

0% 0%

where Qf = /\]C QL. Every regular differential w € Q% can be written into

(5.2) w=frdgy A---Ndgy,

where fr,6i,,...,g;, are regular functions on X.

Now we introduce the important concept of hypercohomology, which is essential
in our construction of the algebraic version of de Rham cohomology.

Definition 5.3. Let F* be a complex of sheaves on a topological space X. The
hypercohomology H* (X, F*) of X with coefficients in the complex F* is the
derived functor of the global section functor: H*(X, F*) = h*(I'(X,I*)), where I*
is an injective resolution of F*°.

Several results regarding hypercohomology are very useful.

Theorem 5.4. A quasi-isomorphism F* — G* of complexes of sheaves of abelian
groups over a topological space X induces a canonical isomorphism in hypercoho-

mology H*(X, F*) = H*(X,G*®) (see [12]).
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Theorem 5.5. (Analytic de Rham Theorem) Let QF_ be the sheaf of holomor-

phic k-forms on a complex manifold M. Then the singular cohomology of M with

complex coefficients can be computed as the hypercohomology of the complex Q3. :
HE (M, C) = HF(M, Q).

sing

Proof. Let C*® be the complex of sheaves which has C in degree zero and 0 otherwise.
We interpret the holomorphic Poincaré Lemma as a quasi-isomorphism between the
following two complexes:

(5.6) 0 0 0

L

1 2
Qan Qan

0

which, by Theorem 5.4, induces an isomorphism between hypercohomology:
(5.7) H"(X,C*) = H*(X,Q2,).
The left hand side is HE (M, C). O

sing

When M is a Stein manifold, by Theorem 4.9, Q3 is a complex of acyclic sheaves.
Then we have

(5.8) H* (M, Q2,) = hE(Q2 (M),

an

and hence the following corollary of the analytic de Rham theorem is obvious:

Corollary 5.9. (Classical de Rham Theorem, Complex version) For a Stein
manifold M, we have an isomorphism

H*(M,C) = h*(Q2,(M)).

We may also use Cech-cohomological methods to compute hypercohomology. Let
(F*,dr) be a complex of sheaves over a topological space X, and = {U,};cr an
open covering of X. We consider the double complex KP? = CP(X,, F?) with
commuting differentials § and dz. The Cech cohomology H(X, 4, F*) of F* is the
cohomology of the single complex

(5.10) K =P P cn(x,u,F9

k p+qg=k

with total differential dx = ¢ + (—1)?dr). We have the following comparison
theorem (see [12]):

Theorem 5.11. Let (F*,dx) be a complex of sheaves of abelian groups over a
topological space X such that each sheaf F? is acyclic on the open covering t =
{Ui}ier of X, then there is an isomorphism H (X, 4, F*) = H*(X, F*).

Now we can state the remarkable Grothendieck’s algebraic de Rham theorem:

Theorem 5.12. (Algebraic de Rham theorem) Let X be a smooth complex
algebraic variety, and X, be its underlying complex manifold. Then the singular
cohomology of X, with coefficients in C agrees with the hypercohomology of the
complex 2% of sheaves of reqular differentials on X :

HE (X, C) = HF(X,Q%).

sing
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Remark 5.13. By Theorem 5.5, Theorem 5.12 is equivalent to the following iso-
morphism:

(5.14) H"(Xon, Q3,) = HY (X, Q%).

The rest of the paper gives a complete proof to this theorem.

6. REDUCTION TO THE AFFINE CASE

In this section, we will show that if Theorem 5.12 works for affine varieties, then
it works in general.

Suppose X is a complex smooth affine variety. Since Q% is a coherent algebraic
sheaf, by Theorem 4.13, Q’j( is acyclic on X, and hence the algebraic de Rham
theorem is reduced to the following conjectured isomorphism to be proven:

(6.1) HE o (Xan, ©) = ¥ (Q%).

sing

Now, we want to show that the affine case (assuming it is correct) implies the
general case. We first notice that every algebraic variety X has an affine open
covering 4 = {U; };cs in which every U; is an affine open set, and the intersection
of two affine open sets is affine open. Since Q’)“( is coherent, by Theorem 4.13, it is
acyclic on an affine open covering. By Theorem 5.11, we have

(6.2) HY(X,4,9%) = H¥ (X, 0%).
By Theorem 4.9 and Theorem 5.11, we have an analytic version:
(6.3) H*(Xan, Yan, Qo) =2 HF (X0, Q2).

Recall that the Cech cohomology H*(X,4l, Q%) is the cohomology of single com-
plex associated to the double complex @ KP4 = @ CP(X, 4, Q%), which can be
computed by a spectral sequence with the following E page:

(6.4) EPY = hi(KP*) = hi(CP(X, 41, 0% )
(6.5) = hj H Q% (Uig,w i) | = H hi(Q% (Uig, - i)
i0<-<ip i0< - <ip
(6.6) = JI H‘Ui.. i C).
i0<"'<ip

where the last equality comes from the assumed correctness of (6.1). Similarly,
H*(Xan, Yan, Q2,) can be computed by a similar spectral sequence with the follow-
ing Ey page:

(6.7) Efd = I riOxi, )
ig<---<ip

(6.8) = I H'Wi. i),
o< i

where the last equality comes from Corollary 5.9. The isomorphism of F; terms
commutes with the Cech differential, and hence induces an isomorphism in F,
terms. Therefore we have

(6.9)

HE (X, Q%) — o HE(X8,0%) — > H* (X, oo, O3,)

= HF (Xan, Q%)
(6.4)
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which is equivalent to Theorem 5.12 according to Remark 5.13. Thus the remaining
work is to show the algebraic de Rham theorem for the affine case:

Theorem 6.10. (Affine Case) Let X be a smooth affine complex algebraic variety,
and Xqn, be its underlying complex manifold. Then the singular cohomology of Xan
with C coefficients can be computed as the cohomology of the complex Q% of sheaves
of reqular differentials on X with its Zariski topology:

HE  (Xan, C) = h*(Q%).

sing

7. AFFINE CASE

In the beginning, we want to sketch the proof of Theorem 6.10 following [12].
Through out this section, we assume X to be a smooth affine complex variety.

We want to apply some powerful tools dealing mainly with projective varieties,
such as Theorem 4.12. So it is very helpful to put X into a projective variety.
We apply Hironaka’s resolution of singularities, which yields a smooth projective
complex variety Y, an open embedding f : X < Y, such that D =Y — f(X) is a
normal crossing divisor in Y, and X — Y — D is an isomorphism. Correspondingly,
we have an induced embedding of complex manifolds f?" : X,, < Ya,.

The idea is straight forward: we want to study the projective variety Y to
recover information on X. We move the sheaf of holomorphic forms on X to Y
by considering the sheaf QISCG _(*D) of meromorphic k-forms on Y which restrict to
homolorphic k-forms on X. Let A’j(an be the sheaf of smooth complex value k-forms
on X,,, and then we consider its direct image on Y,: ff“A]}“(an.

There is an inclusion Q3. (¥Dan) — fi" A%, and by a lemma of Hodge and
Atiyah (see [11]), this inclusion is a quasi-isomorphism, which induces an isomor-
phism in hypercohomology:

(7.1) H* (Yan, O3, (+D)) = H* (Yan, f2" A%, )-
We assert that the following maps a, b are isomorphisms:
(7.2) H (Van, 9, (+D)) = B (Yan, [ A%,
7.12ia bi(?ﬁ)
HE g (Xan, C) —— hE(Q3)

which yields Theorem 6.10. The isomorphism « is taken care of by Lemma 7.12,
while the isomorphism b is separated into several isomorphisms:

=7 .
(73) Hk (}/an, Q;/an(*Dan)) b4> hk(QX)
7.17\L 4.13
H*(Y, Q% (D)) —21—~ H*(X, Q%)

Now we explain the proof in detail. Let M x be the sheaf of rational functions
on X. Let Ox be the sheaf of regular functions as usual. The inclusion Ox C
Mx of sheaves of abelian groups induces the inclusion O)X( - ./\/l)x( of sheaves of
multiplicative abelian groups. Let 4l = {U;};cr be an open covering of X.
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Definition 7.4. (Cartier divisors) A Cartier divisor on X is a global section
of the quotient sheaf M%/O%. We have a group Div(X) = I'(X, M%/0%). A
D € Div(X) is effective if for all U; C U, every f; € T(U;, Ox) is regular on U;.

Definition 7.5. (Normal crossing divisor) An effective divisor D = > D; on
X is a simple normal crossing (or SNC' divisor) if D is reduced, each component
D; is smooth, and if D is defined in a neighborhood of any point by an equation in
local coordinates of the form z1---z =0 for some k < n.

Consider X the projective closure of X defined by replacing the defining poly-
nomial f(z1,...,2x5) =0 by

A ZN
7.6 -, ,—) =0
(7.6) IC
in CPY, where Zy, ..., Zy are the homogeneous coordinates on CPYN | z; = Z;/Z.

X is singular in general. By Hironaka’s resolution of singularities, there is a surjec-
tive regular map 7 : Y — X, where Y is a smooth projective variety, 7~ }(X — X)
is a normal-crossing divisor D C Y, and w|y_p is an isomorphism. Thus we have
X =Y — D with an inclusion map f: X — Y.

Let Q’{,an(*Dan) be the sheaf of meromorphic k-forms on Y, which restricts to
holomorphic k-forms on X,, with poles only along D,,. Let AI;(“] be the sheaf of
smooth complex value k-forms on X,,. Let f2" : X,, — Yan. Consider the direct
image of .A’)“(an on Yo,:

(7.7) frAL (V) = A% (VN Xan)

for every open set V C Y,,. Since any s € Q’;,an(*D) over V is holomorphic and
hence smooth on V N X,,, Q’f,an(*Dan) is a subsheaf of fan])“(an. We have the

following important lemma (see [11]):

Lemma 7.8. (Fundamental lemma of Hodge and Atiyah) Let M be a complex
manifold, let D be a normal-crossing divisor in M, and let U = M — D and
J : U <= M the inclusion map. Let Q%,(xD) be the sheaf of meromorphic q-forms
on M holomorphic on U with poles along D. Let A{, the sheaf of smooth complex
value g-forms on U. For each q, Q%,;(*D) is a subsheaf of f.A},. The inclusion
Q% (xD) — fL Ay of complexes of sheaves is a quasi-isomorphism.

Lemma 7.8 asserts that the inclusion map Q. (*Dan) — f2" A%, is a quasi-
isomorphism, and hence induces an isomorphism of hypercohomology

(7.9) HF (Yon, Q% (xDap)) = HY (Yan, f2 A%, )
The idea for the rest of the proof is as follow: if we can show that
(7.10) H,y(Xan, ©) 2 H* (Yan, £ A%,

and

(7.11) R*(Q%) = H* (Yan, QY. (*Dan)),

then we are done. For (7.10), we prove the following generalization to any complex
manifolds:

Lemma 7.12. Let M be a complex manifold, U C M an open submanifold with
j U <= M the inclusion map. We have
B (M, 2" Ay) = HS,, (U, C),

sing
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where A}, denotes the sheaf of smooth C-value k-forms on U.

Proof. Let A° be the sheaf of smooth C-value functions on M. For any open set
V C M, we have a canonical A°(V)-module structure on (f22A¥) (V) = AE(UNV):

A V) x AL(UNV) = AL (UNY)

(fa w) — f cW.
Then f20A¥ is a sheaf of A%-module, which is fine, and hence acyclic. We have
(7.13) HY (M, f2" AYy) 2 W (£ A) (M)
(7.14) = 1" (Af)(U)) = HE,, (U, C).

O

Applying Lemma 7.12 directly, we take care of (7.10).
Let Q’ffa (£, Dan) be the sheaf of meromorphic k-forms on Ya, holomorphic on

n

Xan with poles of order < n along Da,. Let Q% (xD) and Q¥ (%, D) be the algebraic
counterpart defined using functions regular on Y. Then we have

(7.15) O (#Dan) = Hm QF. (+Dayn), QF (+D) = lim QF (%, D)

Let Q%, Q])“(an (resp. QF, Q’f,an) be the sheaves of regular k-forms on X (resp. Y)
and holomorphic k-forms on X,, (resp. Ya,). We observe that regular forms on
X =Y — D not defined on D can have at most poles along D, thus we have

(7.16) f. 0% = QL(xD).
However, one notices that in general ff“Q}j(an # Q’{,an(*Dan)» since a holomorphic
form on X,, not defined along D,, may have essential singularities.
Proposition 7.17. (Hyper-GAGA) We have an isomorphism
H*(Y, Q5 (+D)) = H* (Yan, 23, (+Dan))
Proof. We apply Theorem 4.12 to obtain an isomorphism
(7.18) HP(Y, Q5 (%, D)) = H? (Yan, 23, (<, Dan))

an

For a compact or noetherian space, direct limit (of a system of sheafs) commutes
with cohomology (for proof see [4],[10], and [11]). Taking direct limit of both sides
as n — 0o, we obtain

(7.19) HP (Y, lim Q3 (2, D)) & HP (Yo i O3, (%, Dan)

which, by commutativity, is
(7.20) HP(Y, Q% (xD)) = HP(Yan, QY. (*Dan)).

an

Notice that this is an isomorphism of the F; terms of the second spectral sequence
of the hypercohomologies of Q3. (xD) and Q3. (*Day), respectively, which induces
isomorphism of the F, terms, and hence we obtain the result. ([

Proposition 7.21. We have an isomorphism in hypercohomology

H* (Y, Q% (+D)) = H*(X, Q%).
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Proof. Let V be an affine open set in Y, hence noetherian. We thus have

(7.22) H(V,Q4(+D)) = HP(V,lim Q4. (%, D))
(7.23) = lim H?(V, 9% (%, D)) = 0.

The last equality follows from Theorem 4.13, since Q3. ( £, D) islocally free, therefore
coherent. Then Qf (D) is acyclic on an open covering 4 = {U;};e; of Y. By
Theorem 5.11,

(7.24) H*(Y,Q3% (xD)) = H*(Y, 8, Q% (xD)).

By (7.16), H(Y, 4,93 (xD)) is the cohomology of the complex
(7.25) KP4 = CP(Y, 4,95 («D)) = CP(Y, U, f.9%)
(7.26) = ] @i, NnX).

io< +<ip

Let |x = {U; N X} be an affine cover of X induced by subspace topology.
Since Q% is locally free, by Theorem 4.13, we have vanishing higher cohomology,
ie. HP>O(U; N X, Q%) = 0. Thus Q% is acyclic on U|x, thus
(7.27) H* (X, Q%) = A (U] x, Q%).

The Cech cohomology H* (U] x,N%) can be computed as the cohomology of the
following complex:

(7.28) KP? = CP(X, U|x,0%)
(7.29) = ] @, NnX),
i< <ip
from which we directly get our result. O

Since Q% is locally free, by Theorem 4.13, we have vanishing higher cohomology
group HP>9(X,Q%). Finially, we have

(7.30) H?(X, Q%) 2 hP(T(X,0%)) = R (2%),

and this takes care of the (7.11). This proves Theorem 6.10, which, by the previous
section, implies Theorem 5.12, and hence we are done.
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