RANDOM MATRICES AND DETERMINANTAL POINT
PROCESS

XINKAI WU

ABSTRACT. In this expository paper, we shall study the joint probability dis-
tribution of the eigenvalues of Gaussian Unitary Ensemble (GUE) random
matrices, an important object in the theory of random matrix, from a point
process perspective. We won’t discuss the Wigner’s semicircular law, but we
will occasionally use that result. We shall assume that the reader is familiar
with measure theoretic probability. Our approach is based on a combination
of references [1] and [3].
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1. A BRIEF INTRODUCTION TO POINT PROCESS

We will present some essential general definitions and concepts regarding point
processes in this section. We will build our study of GUE matrices within this
abstract framework.

Definition 1.1. (Random Point Process)
A random point process on a measurable space X is a random sum » ,_; dx,
of Dirac masses. We restrict X to be a locally compact, complete and separable

metric space. For instance, X can be a subset of R%. We endow X with its Borel
o—field B(X).

The central object of this paper, the eigenvalues of the Gaussian unitary ensem-
ble, is a random point process.

Definition 1.2. (Locally Finite Atomic Measure)

A locally finite atomic measure on X is a positive measure u : B(X) —
NU {co} which takes integer values and for any compact subset K, u(K) < co. We
denote M(X) to be the set of atomic measures on X. It then follows that u can be
written as ). ; d,, for a countable index set I.

Date: 08/25/2021.



2 XINKAI WU

We endow M (X) with the smallest o —field which makes the maps yu — u(B), B €
B(%X) measurable.Thus, we can consider a random point process on X as a mea-
surable map from the probability space to to M (X). From this perspective, u(B)
is a random variable that is integer-valued.

Example 1.3. Suppose that p : B(X) — RU {+oo} is a locally finite positive
Borel measure on X. A Poisson point process with intensity g on X is a ran-
dom point process P, such that, for any family (B,),c, of disjoint Borel subsets
of X, (Py(Ba)),c4 18 a family of independent Poisson variables with parameters
i (Bg). Any locally finite positive Borel measure on X gives rise to a Poisson point
process, which is unique in law in .Z2%*°™(X).

Suppose M is a random point process from (Q,F,P) — M(X) on a locally
compact polish space, then we can define, for ¢+ > 1, some random variables
X; : (Q,F,P) - XU {a} such that X; = a iff M(¥) < oo and i > M(X). Fur-
thermore, we have M = Zi\i(lx) dx,-

These random variables enable us to define M™ := Z“#_“#mlginSM(x) 6Xi1’~~ x

Remark 1.4. For explicit computations of M™, see [2].

Definition 1.5. (Factorial Moment Measure)

The n' factorial moment measure of M is the positive Borel measure u%,; on
X" defined by pf, ([Tl Bi) :== E[M™([T\—, B)].

Here we present a calculation based on [1], and there are more calculations in

[2].

Example 1.6. Suppose we have a Poisson point process P on X with intensity pu,
and some disjoint locally compact subsets By,..., B, in X. We can construct the
restriction of the Poisson point process P to B = UZ:l B, in the following manner.
First, we take a Poisson random variable N with parameter u(B), then we set

N
Pp= Z5Xi
i=1

where the X; ’s are independent random variables in B with law
independent of N. We then have:

0]

(B and are

n

pp' (Byx Byx--x By)=E| Y (H 1Xiae3a> = (H “ﬂ%’) E [N =] #(B.)

i1 Fi F e Fin \a=1 a=1

By additivity, we conclude that /ﬁ,n = 1®". This identity encodes the independence
of the restrictions of the Poisson point process P to disjoint subsets.

Definition 1.7. (Correlation Functions)

Suppose we have a random point process M on a locally compact polish space X,
then there exists a reference Radon measure (locally finite Borel positive measure)
A on X such that the factorial moment measure %, is absolutely continuous with
respect to A®" for all n > 1. We call p,(z1,...,2,) = (fi(/(‘gi) (z1,...,2,) the
correlation function of the random point process. The derivative here is the
Radon-Nikodym derivative.
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Remark 1.8. The existence of correlation functions in the above setting is guar-
anteed by the Radon-Nikodym theorem.

Definition 1.9. (Simple Point Process)
A point process x is simple if P(3z : X({z}) > 1) = 0.

Definition 1.10. (Determinantal Point Process)

A simple random point process Y is said to be a determinantal point process
if its correlation functions py(z1,...,2,) = det(K(z;,;)1<ij<n) for all n with
some adequate kernel K which does not depend on n.

We will show later in this paper that the eigenvalues of the GU F matrices form
a determinantal point process.

2. THE JOINT DISTRIBUTION OF THE EIGENVALUES OF GUE MATRIX

In this section, we will introduce what a GU E random matrix is and investigate
their joint probability distribution. Their joint distribution is crucial in proving
that they form a determinantal point process.

Definition 2.1. (Gaussian Unitary Ensemble Matrix)
We consider a random matrix in the following form.

(Hn)ii = Nr(0, %), (Hx)ij = (Hn)ji = Nr(0, 55) + iNr(0, 55 )-

Let Vi be the space of N x N Hermitian matrices endowed with the Lebesgue
measure dHpy. Then the distribution pg, of a Gaussian Unitary Ensemble
(abbreviated as GUE) matrix Hy is an absolutely continuous probability measure
on V,, which can be written as

HHN = e T wH’ H1gig1v dH; H1§i<j§NdRe (Hi;)dIm (H;;),  with Zngue, =

ZN,GUE,1

2N g N2

NNZ -
Theorem 2.2. (Joint Distribution of the Point Process of Eigenvalues of
a GUE Matriz)

The ordered random sequence (Xny1 < ... < Xy n) of eigenvalues of a GUE
matric My forms a random point process on R and admits the following density
function in the Weyl chamber RY with respect to Lebesgue measure:

lonasosony -4 S (ana)?

e 2
ZN,GUE,2

2 ) .
H1§i<j§N 2N — 2N, ngigN dxn,i in which Zy,gue,2 =
N

CMYN"F (N —1)(N —2)!---1!

For simplicity, we denote A\; < ... < Ay as the N eigenvalues corresponding to
N1 < - < ZINN-

Suppose X € My, then by Schur decomposition, we have X = UDU* with D
being a diagonal matrix with real entries (note that the eigenvalues of Hermitian
matrices are real), and U is an orthogonal matrix.

We fix some notations first. Set My to be the set of Gaussian unitary en-
semble matrices. Let Uy be the set of all orthogonal matrices. We say that
U ¢ @/]\(,2) is normalized if every diagonal entry of U is strictly positive real.
We say that U € 02/]\(,2) is good if it is normalized and every entry of U is nonzero.

The collection of good matrices is denoted 02/]\(]2),5 Finally, we call that D € @y
is distinct if its entries are all distinct, denoting by 2% the collection of dis-
tinct matrices, and by 23 the subset of matrices with decreasing entries, that
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is 7% = {D €% D;; > Di+17i+1}. We use %I\(,Q)’dg to denote the subset of
H(2) consisting of those matrices that possess a decomposition X = UDU* where
De 2% and U € 75,

Let P% be the the law on Vi given by pgr.

The key idea behind the proof is that the map (U, D) — UDU™ is injective and
its complement is of Lebesgue measure zero. Then we essentially need a change of
variable formula.

There are several lemmas regarding the sets and matrices we have defined.Eventually,
we need to show that the complement is of Lebesgue measure zero.

Lemma 2.3. MN\MJ(f,’g has null Lebesque measure. Further, the map (D%,U%) —
Mj‘f;g given by (D,U) — UDU* is bijective. The same map from (D%, U%) — Mﬁ,’g
given by (D,U) — UDU* is N! to one.

Proof. In order to prove the first part of the lemma, we note that for any nonvan-
ishing polynomial function p of the entries of X, the set {X : p(X) = 0} is closed
and has zero Lebesgue measure (this fact can be checked by applying Fubini’s The-
orem). So it is enough to exhibit a nonvanishing polynomial p with p(X) = 0 if
X € %]\([2)\%1\([2),@' Toward this end, we will show that for such X, either X
has some multiple eigenvalue, or, for some k, X and the matrix X*) obtained by
erasing the k th row and column of X possess a common eigenvalue.

Given any N by N matrix H, for i,j = 1,...,N let H®7) be the N — 1 by
N — 1 matrix obtained by deleting the i th column and j th row of H, and write
H®) for H**  We begin by proving that if X = UDU* with D € 2%, and
X and X®) do not have eigenvalues in common for any k = 1,2,..., N, then all
entries of U are nonzero. Indeed, let A\ be an eigenvalue of X, set A = X — \I,
and define A*Y as the N by N matrix with Az(;j = (—1)" det (A()) . Using the
identity AA*Y = det(A)I one concludes that AA*¥ = 0. Since the eigenvalues
of X are assumed distinct, the null space of A has dimension 1 , and hence all
columns of A4 are scalar multiple of some vector vy, which is then an eigenvector
of X corresponding to the eigenvalue A. Since vy (i) = A?,%J = det (X(i) — )\I) #0
by assumption, it follows that all entries of vy are nonzero. On the other hand,
each column of U is a nonzero scalar multiple of some vy, leading to the conclusion
that all entries of U do not vanish. Note that the resultant of the characteristic
polynomials of X and X*) which can be written as a polynomial in the entries of
X and X®), and hence as a polynomial P; in the entries of X, vanishes if and only
if X and X*) have a common eigenvalue. Further, the discriminant of X, which is
a polynomial P, in the entries of X, vanishes if and only if not all eigenvalues of X
are distinct. Taking p(X) = P;(X)P2(X), we obtain a nonzero polynomial p with
p(X)=0if X € %0]\(]2)\%]\(]2),@. The second part of the lemma is immediate since
the eigenspace corresponding to each eigenvalue is of dimension 1, the eigenvectors
are fixed by the normalization condition. The multiplicity arises from the possible
permutations of the order of the eigenvalues.

(]
Lemma 2.4. The mapT : UyY — R defined by T(U) = (22 Dn  Uvveoy

Ui1 U1 """ Un-1,N—1
is injective with smooth inverse. The set (T'(Uy’))¢ has Lebesque measure zero.

Proof. We begin with the first part. The proof is by an inductive construction.
Clearly, U1_12 =1+ Z;.V:Q U1 41* /|U11]>. So suppose that U, ; are given for 1 <
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i <ipand 1 <j < N.Letv; = (U1,...,Uis),i=1,...,55. We can then solve
the equation

N Uigt1.i *
i i
Ui ig+1 + Zi:io+2 Ui (7U 0 )

1 ig+1,ig+1 .
v Usigi1 + SN Usy (iotli
2 g 2,i0+1 i=ig+2 V2,0 Uig+1,i0+1

Vig N U, ) *
Uloﬂo-‘rl + Ei:i0+2 Ulo,l Uig+1.i9+1

The very good condition on U ensures that the vector Z is uniquely determined by
this equation, and one then sets

10 N U 2
—2 _ 2 io+1,i
Uidniors =1+ D 12 + Y U raon
k=1 i=ig+2 |~ totliot

and

Uip+1,5 = Z;Uigt1,ig+1,  for 1 < j <iip.
All entries Usy41,; with j > 49+ 1 are then determined by T'(U) This completes the
proof of the first part.

To see the second part, let Z, ]\(,2) be the space of matrices whose columns are or-
thogonal, whose diagonal entries all equal to 1 , and all of whose minors have

nonvanishing determinants. Define the action of 7' on Q‘”]\(,Q) as before. Then,
T <42/1\([2)’Vg) =T (,@f 15,2)) . Applying the previous constructions, we immediately
obtain a polynomial type condition for a point in RN®=1) to not belong to the set
T (22).

O

Lemma 2.5. The Lebesque measure of My \ MY is zero.

Proof. We identify a subset of %1\52)’Vg which we will prove to be of full Lebesgue
measure. We say that a matrix D € 2§ is strongly distinct if for any integer
r=1,2,...,N —1 and subsets I, J of {1,2,...,N},

I:{i1<"‘<ir}; J:{j1<...<jr}

with I # J, it holds that [[,.; D # [[;c; Dis- We consider the subset %ﬁ@’wg
of jf]\(fz)’ V& consisting of those matrices X = UDU* with D strongly distinct and

U e %1\(,2)’Vg Given a positive integer r and subsets I, J as above, put

</\ X) = det, .1 X, j,
1J

thus defining a square matrix A" X with rows and columns indexed by r-element
subsets of {1,...,N}. If we replace each entry of X by its complex conjugate,
we replace each entry of A”X by its complex conjugate. If we replace X by its
transpose, we replace A"X by its transpose. Given another N by N matrix Y
with complex entries, by the Cauchy-Binet Theorem (see lemma 2.2 in [1]), we
have A"(XY) = (A"X)(A"Y). Thus, if U € %" then \"U € %P where
cy = NI/(N —r)lrl. We thus obtain that if X = UDU™* then A" X can be decom-
posed as A"X = (A"U) (A" D) (A"U*). In particular, if D is not strongly distinct
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then, for some r, A" X does not possess all eigenvalues distinct. Similarly, if D is
strongly distinct but U ¢ %I\(,Q)’ V8 then some entry of A"U vanishes. Repeating
the argument presented in the proof of the first part of lemma 2.3, we conclude
that the Lebesgue measure of J42\ 757" vanishes. This completes the proof
of the lemma.

O

Now we can derive the joint distribution based on these lemmas. Let T be as
defined in previous lemmas.

Proof. (Proof of Theorem 2.2): Define mapT : T (?/]E,Z)’Vg> x RN — 4 (2).

We also have A € RNV and z € T (%15,2)’%) D € 9n with D;; = A\; and T(z,)\) =

T-Y(2)DT~1(2)* By Lemma 2.4, T" is smooth, whereas by Lemma 2.3, it is N!-
to-1 on a set of full Lebesgue measure and is locally one-to-one on a set of full
Lebesgue measure. Letting JT' denote the Jacobian of 7', we note that JT' (z,A) is
a homogeneous polynomial in A of degree (at most) N (N —1), with coefficients that
are functions of z (since derivatives of T(z, A) with respect to the A-variables do not
depend on A, while derivatives with respect to the z variables are linear in A ). Note
next that 7" fails to be locally one-to-one when A\; = A; for some ¢ # j. In particular,
it follows by the implicit function theorem that J T vanishes at such points. Hence,
A(A) = ILic; (Aj = Ai) is a factor of JT. In fact, we have that A(\)? divides
JT. Since A()) is a polynomial of degree N(N — 1)/2, it follows that J1'(z,\) =
9(2)A(N)? for some (continuous, hence measurable) function g. By Lemma 2.5, we
conclude that for any function f that depends only on the eigenvalues of X, Writing
for brevity W = T1(z), we have T'= WDW*, and W*W = I. Using the notation
dT' for the matrix of differentials of 7', we have dI' = (dW)DW* + W (dD)W*+
WD (dW*). Using the relation d (W*W) = (dW*)W 4+ W*(dW) = 0, we deduce
that
W*(dT)YW = W*(dW)D — DW*(dW) + (dD)

Therefore, when A\, = \; for some ¢ # j, a complex entry (above the diagonal) of
w* (dT)W vanishes. This implies that, when A\; = A;, there exists two real linear re-
lations between the on-and-above diagonal entries of dT, which implies in turn that
(N — )\j)2 must divide J7'. From here, we can deduce the joint distribution. Since
A()) is a polynomial of degree N(N —1)/2, it follows that JT'(z, ) = g(z)A(N)?
for some (continuous, hence measurable) function g. By Lemma 2.5, we conclude
that for any function f that depends only on the eigenvalues of X, it holds that

Nt [ marg = [lg@)id [ ro)amP [Le ¥ .

Moving N! to the right hand side, we obtain the density of the eigenvalues.
Up to the normalization constant ([ |g(z)|dz) /N!, we have proven the theorem.
The normalization constant can be explicitly computed to be m See sec-
tion 3.1 in [4].
O

To get rid of the indicator variable in the fraction, we shall consider the un-
ordered random sequence of eigenvalues (xn1,...,2n n) With joint distribution
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% X M€_¥|AN()\)|2HCZLL‘NI e RN = 1 6_¥|AN()\)|2Hd$Nﬂ‘

ZN,GUE,2 ZN,GUE
for Zy,cue = N'Zn,cuE,2-
This unordered random sequence yields a random point process My = Zi\il Oz s
which is called the Gaussian unitary ensemble (GUFE) point process. We shall
prove that this random point process is determinantal.

Theorem 2.6. (GUE point process is determinantal)

The eigenvalues of a random matriz Hy of the GUE form a determinantal point
process associated to the kernels Ky (x,y) = Zfigl on,i(2)pnN,i(y), where the oy ;
are the orthonormal polynomials for the scaled normal law X = Ay = Ng(0, %)

P i —22
Ezplicitly, we have ¢ ;(z) = %‘/ﬂﬁm) in which H;(x) = (—1)16;%(67) which

we call the N*" Hermite polynomial.

To show this theorem, we need to establish some general criterions.

Suppose ¢;, 1; are real valued, and we set A; j =< 15|¢; >r2(x, 0= [y i(x)¢;(x)A(dzx).
If A as a matrix is invertible, then we can define a kernel K (z,y) = 321 ; i< n Vi (LU)A;]»I ®i(y).
By scaling, we can assume det(A) = 1.

The following general theorem holds.

Theorem 2.7. (Determinantal point process associated to a finite rank
reproducing kernel)
Let (¢:, %) 1<in be a family of real valued functions in L*(X, \) such that det(A) =
1. Then the kernel Ky is a reproducing kernel, that is,
Jx En(z,2)A\(dx) = N, [ Kn(z,y)Kn(y, 2)Mdy) = Kn(z, 2).
If the random variables x1, . ..,z has a joint distribution of 77 det(¢;(x;))1<ij<n det(vi(x;))1<ij<n
and an associated random point process My = Zfil 0z;. Then the random point
process My is determinantal on (X, ) with kernel Ky.

Proof. The proof of the above theorem can be found in Theorem 2.3 in [1].
O

Now we return back to our specific question.

When we take ¢; = 10; to be the i'” normalized orthogonal polynomials for a
probability measure A, we can redefine the kernel Ky (x,y) = Zﬁgl oi(2)di(y).

A particular example is the GU E point process in which we take Ay = Nr(0, ).

Proof. (of Theorem 2.6)

First take A = N(0, 1).

We first show that the ¢n ;(x) are orthonormal.

Since each H;(x) is a monic polynomial with degree i, we can integrate against
H;(z) with each 7 to see that [, H;(z)z/A(dz) = 0 which concludes that, by
linearity of integration, H; and H; are orthogonal.

A straightforward integration shows that [, (H;(x))*A(dx) = i.

Hence, H\/(g) are orthonormal with respect to N (0, 1).

=

Hence, ¢y,;(z) are orthonormal with respect to N (0, +).
To apply the above general theorem, we also need to verify that s det (¢ (2;))1<i,j<n det(v;(2;))1<i j<n
is the joint distribution of the unordered random sequence of eigenvalues derived

previously. The verification can be done by plugging in Ay (dx;) e ~dzx;.

1 NN a2 .
Therefore the product of these measures amounts to InoisC ® ngigN dz;.
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Note also that A(z) = det((xn,;)V )1<ij<n and normalization doesn’t affect de-
terminant, we have det((¢n:(z;)))? = [Ticicjen lzi — z;]?. Hence, all conditions
of the general theorem are met, so the GUE point process is indeed determinantal.

O

3. SPACINGS AND CONVERGENCE OF THE EIGENVALUES OF GUE MATRIX

In this section, we shall mainly follow [3] in giving some explicit results regarding
the spacings of eigenvalues. We will prove the first theorem regarding the bulk
distribution of the eigenvalues in this section, but we will only prove some partial
results regarding the last two theorems in the next section with slightly different
settings. For complete proofs of the last two theorems, see Theorem 3.1.2 and
Theorem 3.1.4 in Chapter 3 of [3].

We suppose A1 < ... < )\, are n eigenvalues of a random GU E matrix.

From the Wigner’s semicircular law, we can roughly infer that the n eigenvalues
of the GUFE matrix are spread out on an interval of width roughly equal to 4y/n
and hence the spacing between adjacent eigenvalues is expected to be of order ﬁ

We will elaborate on the relevant results.
Theorem 3.1. (Gaubin-Mehta)
For any compact set A C R,

_N\k
limy o0 Ply/AL VAN € Al = 14300 S [ [y detf _ Ko(g,a) TT5_, da;
where

ife=y

I ifaty,

Sy

Theorem 3.2. (Jimbo-Miwa-Mori-Sato)

limy, 00 Ply/nA1, ..o/, € (S, 5)] = 1= F(2)

in which 1 — F(t) = els %42 qnd o is the solution of the differential equation
(to")2 + 4(to’ — o) (to’ —a + (")) = 0 so that 0 = — — L5 — L. L O(t*) as t — 0.
Furthermore, F(t) is a probability distribution function.

The above two theorems give us descriptions about the bulk of the eigenval-
ues, and the following theorems will give us descriptions about the edge of the
eigenvalues.

Theorem 3.3. lim P[n%(:\f—Z) <t =1+4>72, (_k—l,)k ST detl iy A, ay) H?Zl dr; =:

F5(t) in which A is the Airy kernel and F5(t) = e~ [ @=ta@)*dz yhere ¢ satisfies
q" =tq+2¢%,q(t) ~ Ai(t) ast — oo. We call the function Fy(t) the Tracy-Widom
distribution.

The following lemma is useful for proving the above theorems.

Lemma 3.4. For square integrable functions fi1,..., fn and g1,...,g, on the real
line, we have

aJ o [ dety o (T fulwi)gn(w))) [T das = ety [ fi(2)g;(x)dx

By orthogonality relation and the above lemma, we have [ det;’;—, K™ (X, \j) [Ti—; dA\; =
nl.

Kol,9) = T30 tn(a)in(y) = Y elian o),
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Set Sy (2,y) = = = EKu( 5 )
The proof of thls theorem can be found in [1], lemma 2.2 (Cauchy-Binet formula).
The following convergence of kernels holds.

1 sin(z—y)

pram— uniformly on each bounded subset of

Lemma 3.5. lim,_,o Sy(z,y) =
the (x,y) plane.

For a complete proof of the above lemma, see page 117, lemma 3.5.1 in [3]. We
will prove a slightly different version of this lemma in the next section.

Now we are ready to prove the statement about the bulk distribution.

Recall that the ¢, ; are orthogonal and that the GUE is determinantal.

Proof. (of Theorem 3.1)
Since p,,(A) the joint distribution of the eigenvalues is det(K, (s, %;)1<i<j<n),
and {¢;} are orthogonal, we have

P(\; € AVi) = det / () (z

7,]7

det dij /% )Y (z)dx)

1+ Z(_l)k Z det (/AC Yy, (2)1y, (x)dz)(by expansion of the determinant)

1
=1 0<v1 <. <op<n_1 T

Then applying Lemma 3.5, we obtain,
k k

. det K™z, z) | | dxs
pr /\/ﬁ‘lA /f 1445=1 ! E
RN GOk
=1+ i L Z(%e_tS T, X5) Hd:vl

i=1

k
. det K"™(x;,x;) H dz;(by lemma 3.4)
k! Ac Ac tj=1 i—1

=

[

The \/571 disappears in the last equality because Sy (z;, ;) = ﬁKn(%, ﬁ)
0

4. CONVERGENCE OF DETERMINANTAL POINT PROCESS AND OTHER
GENERALITIES

Motivated by our previous discussion on the point process of the eigenvalues of
GUE, we now discuss some generalities of determinantal point process and apply
these relevant results back to GUE.

Definition 4.1. (Locally Uniform Convergence)

Let X be a topological space. Let M be a metric space. Let (f,,) be a sequence
of mappings f, : X — M. Then f, converges locally uniformly to f : X — M if
every point of X has a neighborhood on which f,, converges uniformly to f.
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Definition 4.2. (Convergence of Determinantal Point Process)

Consider a locally compact, complete, and separable metric space X, and a
sequence of random point processes (My), N € Non X. We say that My converges
to a random point process M if the law of My as a random element of M (X)
converges to to the law of M. By definition of the o-field on M (X), this means that
for any family of measurable subsets By, ..., B, C X, we have the convergence in
law (My(B1),...,MN(Bpn)) 2 Nooo (M(B1),...,M(Bg)).

Theorem 4.3. (Convergence of General Determinantal Point Process)

Suppose that M is a determinantal point process on (X, \) with locally bounded
Hermitian kernel K(x,y), and that (My)nen is a sequence of determinantal point
processes with Hermitian kernels Ky (z,y). If Ky(x,y) — K(z,y) locally uni-
formly, then My — M as N goes to infinity.

Proof. Suppose that the random point processes My and M are determinantal,
with Hermitian kernels Ky and K with respect to a common reference measure A
on X. We assume that K(z,y) is locally bounded, and that Ky (z,y) — K(z,y)
locally uniformly in x and y. Then, the correlation functions also converge locally
uniformly, and therefore, the joint moments of the vectors (My(B1),..., My (B,))
converge. As these moments determine the random point processes My and M,
the above theorem is true.

O
Fix a point z¢ € (—2,2). By Wigner’s theorem (see section 2.1 in [3]), in a
— 2
small interval (xg —&,20 + €), we expect to see N X 2¢ X % eigenvalues of

a random Hermitian matrix Hy of the GUE. Therefore, the distance between two
consecutive eigenvalues in this interval is expected to be of order

2 1
o, (N> .
4 — (z0)°N
We denote zn,1 > N2 > -+ > zn,n as the N eigenvalues of Hy. The previous

estimate leads one to introduce the following scaling of eigenvalues:

_ Ny4- (z0)°

YN, = 5 (xni — o) -

and we set My *° = SV 6, which is a random point process. This renor-
malised random point process is expected to have points spaced by a distance of
order 1. It contains information about the behavior of the eigenvalues of Hy in the
neighborhood of a parameter xg in the bulk of the spectrum, that is to say with
—2 < xg9 < 2. We have

2rB

Ny/4 — (z0)?

By this equality, we can infer that MII\‘;C&L 0 is also a determinantal point process
. If K is the Hermite kernel defined previously and

. [N _n(22)
Ky(a,b) = %e_ T Kn(a,b)

M *°(B) = My | xo +
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is the corresponding kernel with respect to the Lebesgue measure, then My
has for kernel

9 _
il Ky | xo+

2mx I 21y
v T e+ —
N/4 — (20)° N/4 — (20)° Nm

with respect to the Lebesgue measure. We denote a and b the two arguments of
Ky in the above.

Now we shall determine the limit of this kernel as N goes to infinity. By the
Christoffel-Darboux formula (see section 2.4 in [1] or the relevant wikipedia page),

K}\?cal, To ((E, y) —

kn—1 onn(a)pnN-1(b) — dn N-1(a)dn, N (D)

Ky(a,b) = =~ a—b
_ 1 Hy(VNa)Hy_1(v'Nb) — Hy_1(VNa)Hy (VNb)
~ JNIN = 1) a—b :
. o o (VN Hy s (VED) — Hoy s (VN a) Hay (VD)
~(a,b) = )

(N — 1)' V2 a—>
If ¢ = 2 cos ¢, then we have seen in the previous deductions that

N\* _NTéHN(\/Nc)_ 1 sin 2¢.. ¢ )
(%) ‘ VN —\minqstS(N( 2 ‘¢c)+z‘4>1“

N\* w2 Hy o (VNo) 1 v (526 3. T\,
(%) ¢ Vo) wrsinqsccos( ( 2 ¢C>+ 2 4) N

where 1y_1 = 1+0 (N’l). These estimates are uniform when ¢ stays in a compact
interval of (—2,2). They are well behaved if we take ¢ equal to a or b. Further,
define ¢ = arccos 3, ¢, = arccos § and ¢, = arccos %. Given an angle ¢., we can

write
sin 2¢, ¢ m
c:N — Q¢ -
“ ( 2 ¢>+2 4

and we obtain,

1n-1cos (ag) cos (ap + ¢p) — 1y-1 cos (g + ¢q) cos (ap)

N sin ¢+/sin ¢, sin ¢p(a — b)

K}\(;cal, z0 (IL’, y) _

Notice that the angles ¢, ¢, and ¢, all differ by a O (%), where the constant in the
O(+) only depends on xg, z and y. Indeed, we have

_,_ T R S 1
$a=¢ 2Nsin2¢+O(N2> =0 2N(sin2¢)+O<N2)
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This enables us to greatly simply the calculations.
1n-1cos (ag) cos (ap + ¢p) — 1y—1 cos (g + ¢a) cos (ap)
N sin® ¢(a — b)
_cos (ag) cos (ay + ¢p) — cos (ag + ¢q) cos (ap) Lo 1
N m(sing)(z — y) N
_cos(ag —ap — Pp) — cos (g + g — ) ) 1
B 2m(sin @) (z — y) N
sin (aa —ap + L‘;%) sin (¢“J2r¢b> 1
- +0 | =
m(sing)(z — y) N
sin (N sin2¢, _ sin 2¢y + ¢b _ ¢a
m(x —y)

K™ ™ (a,y) =

N

cos(s+t)+cos(s—t)
2

This is due to trignometric identities cos scost = and coss —

cost = —2sin (£1) sin (£5%). Finally, we have
sin2¢, sin2 .
2¢— 2%+%—%=mﬂ%+mMM%—m+%—%
1
= (cos (¢a + ¢p) = 1) (¢a — dp) + O (NQ>
1
= 2sin’ (W)) (o — ¢a) + O (]\[2)
. 1
=2sin? ¢ (¢ — ¢bg) + O <N2>
_m(z—y) 1
S e ( N2)
so we conclude that locally uniformly in 2 and y, K9 ™ (z,y) — % We

have thus established by Theorem 4.3 the following convergence of kernels:

Theorem 4.4. (Gaudin-Mehta). For any parameter xo in the bulk of the spec-
trum, as N goes to infinity, the rescaled local random point process M ]l\?cal’ 0 con-
verges towards the determinantal point process M whose kernel is the sine kernel

sinm(x — y)
m(x —y)
the reference measure being the Lebesgue measure on R.

KSine(,T, y) —

The above convergence is for the bulk distribution, and we can do a similar
analysis for the edge distribution, that is to say in the neighborhood of zy = 2 or
—2. By symmetry, it suffices to look at the right-side edge. If © = 2 — ¢ with ¢
sufficiently small, then the density of eigenvalues at z is of order v/t, so we can

expect to see
t
o) (N / ﬁdu) =0 (N#/?)
0

eigenvalues in the interval (2 — ¢,2). Since we want to see a O(1) number of eigen-

values, we should choose t = O (N_%) so that (2)(52) = —1. We can expect the
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spacing of eigenvalues in the neighborhood of xy = 2 to be of order N -3 (instead
of N=1 in the bulk of the spectrum). We therefore rescale the eigenvalues of a
matrix Hy of the GUE as follows, as we have rescaled the bulk distribution: we
set z; = N3 (xn,; — 2) and M5 =S 5, In other words,

My (B) = My (2+ N7 B)

The rescaled random point process Mje\ﬁige is a determinantal point process on R
with the following kernel:

1 U U
K& (tu) = — Ky (24 —5,2+ —5
N(z2+y2)

e” 1 Hn(VNz)Hy_1(VNy) — Hy_1(VNz)Hy (VNy)
V2r(N —1)! t—u
where z = 2 + tN _%,y = 24+ uN~3 and the reference measure is the Lebesgue

measure on R.
Define

dn () = (;ﬁ) - H;v](%)

These normalised oscillator wave-functions form an orthonormal basis of .Z?(R, dx),
and they satisfy the following differential equation:

T 2 NHy_
i) =~ ow(a)+ (5 ) T L) 4 VR
Therefore,
e

e~ 7 Hy(VNz)Hy_1(vVNy) — Hy_1(VNz)Hy(VNy)

V2r(N —1)! x—y

 Un(VNa) (W (V) + 50w (V) ) — o (V) (63 (VN2) + L2y (VIVY))
x—y

_ On(VN2)Yh (VNY) — on (VN (VNZ) VN

T—Yy 2

N (VNz)Yn (VNY)

Now we perform an asymptotic study on Hy (v/Nz) and ¢x(v/Nz) when 2 is very
close to 2. We fix z =2 + tN*%, where ¢ is real. We have

bV = (57) o G < () T for b

2m VNI 2r) 2irN*% z
- \/Nlel/s eN%t(z—l)—&-N(—%-&-Qz—é—logz)@
A z

where 1y-1s =1+ O (N_%) The function f(z) = 2z — % — log z has a unique
critical point at z = 1. This can be verified by taking derivative:

f’(z)fozfl:O = z=1.
z
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We have f”(1) = 0, so in a neighborhood of the critical point, if z = 14+ N3y,
then
3 2 3
p(z,N) :Nét(z— 1)+ N (—2+2z— % —logz) =—ty — % +o(y%).

In this expansion, in order to make the term —% decrease rapidly, we need to take
arg(y) € {0, %ﬂ, 72%} Recall that for < 2, the contour chosen for the saddle
point analysis was the unit circle.

For x ~ 2, we shall deform this contour.

Around 1 , we take the union of the two segments

z=1+N_%ei2‘iTﬂu, 0<u<N*®
with § <& < ¢.
We join the endpoints of these two segments by the circle with center 0 and
radius

2im

; 1
TN = ‘1 + N°"3e% | = \/1 — N5 4 N3 =1— §N€*% +0 (N%f%) .

We denote v; and v, the two parts of this new contour. On the second part s,
writing z = rye'?, we have

—1
2 2 2 08N

so this quantity decreases with ¢ € (0,7) and is always smaller than its value at
z =1+ e 8 N°~3, which is
—aNh £ V2R —2log (1- N4 NEE) paen o
=— N7,

3 2 ‘-1
Re <—+2z—z—logz> :—(1—7‘Ncosw)2+L

Therefore,

1 1%
0 i
® 2 Y2

since ¢ > %. This implies that the contribution to the contour integral of

decreases as exp (—CN 3e ), so it will be negligible. On the other hand, a change of
variables formula gives us

f =) Iye—1sN™35 /ety*%zy
71 z ¢

where the path of integration on the right-hand side is the union of the two half-lines

2im

]R+e2‘iT7r and Rye™ 75 . So,ifx =2+ tN—3, then
1 3
Niyy(V/Nz) = N# <2,/etyy3dy) 1o (NE*%) .
¢

17T

3e

dZ N3E N
ep(z,N)‘ Z) < 2|t|N1/3 -5 +o (N:ss) __ To (N?,s)

3

The remainder is by construction a o(1), and on the other hand, the path integral
is the so-called Airy function Ai(t). (See also chapter 3 in [3].) This function
satisfies the differential equation Ai”(¢) — ¢t Ai(t) = 0 (Such differential equation
is mentioned in section 3, Theorem 3.3,see also chapter 3 in [3]). It can also be

o

redefined as the real semi-convergent integral Ai(t) = % fooo cos (ty + %) dy, and

its Fourier transform is s
(97

Ai(g) =e
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We have proved above that
Ny (2N% + tN—%) N AQ()

This estimate can be made locally uniform in ¢, and it can be considered as a
result of convergence of holomorphic functions of the variable ¢ by complex analysis.
Denote the left-hand side of the asymptotic formula above by 6y (¢). We have on
the one hand

VNz)' (VNy) — VN (VN 1
t—u 2NG
On (D)0 (1) — On (WO (1) 1
= — On(1)0
— oNT N ()On (u)
and on the other hand, 8 and all its derivatives converge locally uniformly on the
complex plane towards the Airy function and its derivatives. We have therefore

established the following result (see also Theorem 3.3 in section 3):

Kﬁ}jge(t, u)

Theorem 4.5. (Airy kernel). As N goes to infinity, the rescaled local random

point process M ]f,dge converges towards the determinantal point process whose kernel

is the Airy kernel

Ai(t) A’ (u) — Ai'(t) Ai(u)
t—u

KAy (t,u) = ,
These convergence results prove partially Theorem 3.2 and Theorem 3.3 in a

slightly different context. We can see from our proof the power of the theory of

point process in studying the distribution of eigenvalues of random matrices.
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