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Abstract. This paper is an introduction to homological representations of

the braid group. First, we introduce the classical definition of the Artin braid
group and discuss some geometric interpretations. In particular, we consider

the braid group as the group of isotopy classes of self-homeomorphisms of a

punctured disk. Finally, we introduce the Burau representation and prove that
this representation is not faithful for n > 5.
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1. The Artin Braid Group

Braid groups form a rich class of mathematical objects and lend themselves to a
variety of interesting geometric interpretations, some of which will later be explored
in this paper. In this section, we begin by presenting the braid group in terms of
generators and relations as originally defined by Emil Artin in [1].

Definition 1.1. The Artin braid group Bn is the finitely generated group with
n− 1 generators σ1, σ2, ..., σn−1 satisfying the following relations:

σiσj = σjσi for i, j ∈ {1, ..., n− 1} with |i− j| ≥ 2

σiσi+1σi = σi+1σiσi+1 for i ∈ {1, ..., n− 2}

The relations above are referred to as the braid relations. An element of Bn is
called a braid. By definition, B1 = {1} is trivial. The group B2 only has a single
generator σ1 and no relations, so it is isomorphic to Z. For n ≥ 3, Bn is nonabelian.
To see this, we first prove the following lemma:

Lemma 1.2. Let f : Bn → G be a group homomorphism from Bn to a group
G. Then the elements {ai = f(σi)}ni=1 satisfy the braid relations. Conversely, if
some {a1, ..., an−1} ∈ G satisfy the braid relations, then there exists a unique group
homomorphism f : Bn → G such that ai = f(σi) for any i ∈ {1, ..., n− 1}.
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Proof. The first direction only requires a quick verification. Given f : Bn → G a
group homomorphism and i, j ∈ {1, ..., n− 1}, we have

aiaj = f(σi)f(σj) = f(σiσj) = f(σjσi) = f(σj)f(σi) = ajai,

and for i ∈ {1, ..., n− 2} we have

aiai+1ai = f(σi)f(σi+1)f(σi) = f(σi+1)f(σi)f(σi+1) = ai+1aiai+1.

For the other direction, let Fn denote the free group generated by {σ1, ..., σn−1}.
Suppose {a1, ..., an−1} ∈ G satisfy the braid relations. Then there exists a unique

group homomorphism f̃ : Fn → G such that f̃(σi) = ai for all i ∈ {1, ..., n − 1}.
Note because {ai}n−1

i=1 satisfy the braid relations,

f̃(σiσj) = f̃(σi)f̃(σj) = aiaj = ajai = f̃(σj)f̃(σi) = f̃(σjσi)

for all i, j ∈ {1, ..., n− 1}. Moreover, for any i ∈ {1, ..., n− 2}

f̃(σiσi+1σi) = aiai+1ai = ai+1aiai+1 = f̃(σi+1σiσi+1)

Thus f̃ induces a unique group homomorphism f : Bn → G such that ai = f(σi)
for all i ∈ {1, ..., n− 1}. �

We can now show that Bn is nonabelian for n ≥ 3:

Lemma 1.3. The braid group Bn is nonabelian for n ≥ 3.

Proof. Let Sn denote the symmetric group whose elements consist of permutations
on the set {1, ..., n}. Sn is generated by n− 1 simple transpositions {si}n−1

i=1 , where

si is the permutation that just exchanges i and i+1. Notice that {si}n−1
i=1 satisfy the

braid relations. Hence by the previous lemma there exists a group homomorphism
f : Bn → Sn such that si = f(σi) for all i ∈ {1, ..., n − 1}. Because the simple
transpositions generate Sn, this homomorphism is surjective. Since Sn is nonabelian
for n ≥ 3, so is Bn. �

Looking at the braid relations, we see that we can define a group homomorphism
ı : Bn → Bn+1 where ı(σi) = σi for all i ∈ {1, ..., n − 1}. We refer to this
homomorphism as the natural inclusion, and in the next section, we will see it is
injective.

2. Geometric Braids

Braid groups have a variety of geometric interpretation interpretations, one of which
we will now discuss. When we picture a braid, we imagine strands that weave
around each other without intersecting. The following definition makes this notion
precise:

Definition 2.1. A geometric braid on n strings is a subset β ⊂ R2×[0, 1] consisting
of n disjoint topological intervals (called the strings of β) such that the projection
R2 × [0, 1] → [0, 1] maps each string homeomorphically onto [0, 1]. Moreover, β
satisfies:
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(1) β ∩ (R2 × {0}) = {(1, 0, 0), (2, 0, 0), ..., (n, 0, 0)}
(2) β ∩ (R2 × {1}) = {(1, 0, 1), (2, 0, 1), ..., (n, 0, 1)}

Each string of β starts from some point (i, 0, 0) and ends at some (s(i), 0, 1) where
i, s(i) ∈ {1, 2, ..., n}. By looking at where each string ends up, we obtain a permuta-
tion (s(1), s(2), ..., s(n)) of the set {1, 2, ..., n}, referred to as the underlying permuta-
tion of β. A braid with a trivial underlying permutation (i.e. (s(1), s(2), ..., s(n)) =
(1, 2, ..., n)) is called pure.

Figure 1. A geometric braid on four strings (left), the correspond-
ing braid diagram (right).

On the left of Figure 1 is an example of a geometric braid on four strings. We
can imagine projecting a geometric braid onto R× [0, 1] and indicating which string
crosses over the other at any intersection. This is called a braid diagram. Any braid
diagram d also represents some associated geometric braid β. The braid diagram
of the geometric braid in Figure 1 is displayed on the right.

Looking at a geometric braid, we might ask ourselves how much we can deform
the braid before we stop considering it “the same”. More formally, we introduce
the following definition:

Definition 2.2. Two geometric braids β1 and β2 are isotopic if there exists a
continuous map F : β1 × [0, 1]→ R2 × [0, 1] such that:

F (x, 0) = idβ1

F (x, 1) = idβ2
,

and at any point t ∈ [0, 1], Ft : β1 → R2 × [0, 1] defines a geometric braid.

Intuitively, this definition is saying two geometric braids are isotopic if we can
continuously deform one into the other in such a way that at any point along the
deformation, we have a geometric braid. Two braid diagrams d1, d2 are isotopic if
and only if their associated braids, β1, β2, are isotopic.

We can define multiplication of two geometric braids as follows: Given two geo-
metric braids β1, β2, consider the associated braid diagrams d1, d2 respectively. The
product d1d2 is obtained by attaching d2 to the bottom of d1 and then compressing
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the diagram to fit in R × [0, 1]. The product d1d1 represents the product of the
geometric braids, β1β2.

Let Bn denote the set of all geometric braids on n strings. The following lemma
shows that any geometric braid β ∈ Bn has a two sided inverse β−1 ∈ Bn, implying
Bn is actually a group.

Lemma 2.3. Every geometric braid β ∈ Bn has a two sided inverse β−1 ∈ Bn.

Proof. Start by defining braids σ+1
i , σ−1

i for each i ∈ {1, 2, ..., n − 1}. Let σ+1
i be

represented by the diagram where the only intersection is the i-th string crossing
under the (i+ 1)-th string, and σ−1

i be represented by the diagram where the only
intersection is the i-th string crossing over the (i+ 1)-th string (see Figure 2).

Figure 2. The generator σ+1
i (left), the generator σ−1

i (right).

Notice that σ+1
i σ−1

i = σ−1
i σ+1

i = 1 for any i. We claim that σ+1
1 , ..., σ+1

n−1, σ
−1
1 , ..., σ−1

n−1

generate Bn.
To see this, let β ∈ Bn and consider an associated braid diagram d. Then by

slightly deforming neighborhoods of each crossing in β, d is isotopic to a diagram d′

such that if the strings of d′ have k crossings occurring at points (x1, s1), ..., (xk, sk) ∈
R × [0, 1], the second coordinates s1, ..., sk ∈ [0, 1] are all distinct. Then we may
choose t0, ..., tk ∈ [0, 1] such that

0 = t0 < t1 < ... < tk = 1

and the intersection d ∩ (R × [tj , tj+1]) for j ∈ {0, ..., k − 1} contains exactly one

crossing. Then each intersection d ∩ (R × [tj , tj+1]) is a diagram of either σ+1
i or

σ−1
i for some i ∈ {1, ..., n− 1}. Hence we can write d′ as the product

d′ = σε1i1 σ
ε2
i2
...σεkik

where ε1, ..., εk = ±1 and i1, ..., ik ∈ {1, ..., n − 1}. We know d′ has an associated
geometric braid β′, and because d′ is isotopic to d, β′ is isotopic to β. Let β−1 be
the geometric braid associated to the diagram d′−1 = σ−ε1i1

σ−ε2i2
...σ−εkik

. Then β−1

is a two-sided inverse of β′, and therefore also of β in Bn. �

Thus, we see Bn forms a group. In fact, as the following theorem states, this group
is actually isomorphic to the Artin braid group Bn that we defined in Section 1:

Theorem 2.4. Let ε = ±1. Then there exists a unique isomorphism

φε : Bn → Bn.
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We will not prove this theorem in this paper. For a proof, see [7]. However, the
following figure provides some geometric intuition behind the connection between
the Artin braid group and geometric braids. For simplicity, we have taken the case
where n = 4 and ε = +1. As Figure 3 suggests, the generators σi satisfy the braid
relations.

Figure 3. The relation σ1σ3 = σ3σ1 (top), the relation σ1σ2σ1 =
σ2σ1σ2 (bottom).

Moreover, we can now understand why the natural inclusion ı : Bn → Bn+1 is
injective:

Lemma 2.5. The natural inclusion ı : Bn → Bn+1 is injective for all n

Proof. Associate Bn with Bn via the isomorphism in Theorem 2.4. Then, given a
geometric braid β, ı : Bn → Bn+1 adds to β a vertical string that is completely
unlinked from the original strings of β, forming a braid on n + 1 strings. Denote
this resulting geometric braid on n + 1 strings by ı(β). Then given two geometric
braids β1, β2 on n strings such that ı(β1) is isotopic to ı(β2), restricting the isotopy
to the first n strings yields an isotopy of β1 into β2. Hence, ı is injective. �

3. Self-Homeomorphisms and Mapping Class Groups

We now turn our attention to another geometric interpretation of braid groups. We
will view braids as isotopy classes of self-homeomorphisms of a 2-dimensional disk.
For the remainder of this section, let M denote an oriented topological manifold,
potentially with boundary ∂M , and let Q ⊂ M◦ be a finite subset of the interior
of M.

Definition 3.1. A self-homeomorphism of the pair (M,Q) is a homeomorphism
f : M →M such that:

f(x) = x for all x ∈ ∂M
f(Q) = Q

These conditions are simply saying that f fixes the ∂M pointwise and Q setwise.

Supposing Q consists of n points {q1, q2, ..., qn}, notice any self-homeomorphism f
of (M,Q) induces a (potentially trivial) permutation {f(q1), f(q2), ..., f(qn)} on Q.
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Definition 3.2. Two self-homeomorphisms f0, f1 of (M,Q) are isotopic if there
exist self-homeomorphisms ft for t ∈ (0, 1) of (M,Q) such that the map M×[0, 1]→
M sending (x, t)→ ft(x) is continuous.

Definition 3.3. The mapping class group M(M,Q) of (M,Q) is defined as the
group of isotopy classes of self-homeomorphisms of (M,Q), with composition as
the group operation: for f, g ∈M(M,Q), fg = f ◦ g.

Of particular interest is the case where M is a 2-disk and Q consists of n points of
the interior of M,M◦. In this case, the associated mapping class group M(M,Q)
is isomorphic to the braid group Bn. To build some theory as to why this is true,
we introduce the following definitions:

Definition 3.4. A spanning arc on (M,Q) is a subset α ⊂M which is homeomor-
phic to [0, 1] and disjoint from Q ∪ ∂M except at its endpoints, which lie in Q. A
spanning arc is simple if it contains no self-intersections. Two spanning arcs α1, α2

are isotopic if there exists a self-homeomorphism f : (M,Q)→ (M,Q) which sends
α1 to α2, is isotopic to the identity on (M,Q), and is the identity on Q.

For the remainder of this paper, all spanning arcs considered are assumed to be
simple.

Definition 3.5. Let α ⊂ M be a spanning arc on (M,Q). The half-twist τα
associated to α is defined as follows: Pick a small neighborhood Uα of α disjoint
from the other points in Q, and identify it with the open unit disk {z ∈ C : |z| < 1}
so that the orientation of M is preserved. Then τα : M →M is the identity outside
of Uα. Inside Uα, τα sends z ∈ C with |z| ≤ 1/2 to −z, and sends z ∈ C with
1/2 < |z| < 1 to exp(−2πi|z|)z.

Figure 4. The action of τα on a line transversely intersecting α
at one point.

Notice that τα, considered as an isotopy class in M(M,Q), does not depend on
the choice of Uα. Next, we state a few properties of half-twists that hint at the
connection to the braid group Bn:

(i) Let f : (M1, Q1)→ (M2, Q2) be an orientation-preserving homeomorphism. Let
α ⊂ M1 be a spanning arc on (M1, Q1). Then f(α) is a spanning arc on (M2, Q2)
and τf(α) = fταf

−1 ∈M(M2, Q2).

(ii) Let α1, α2 be two isotopic spanning arcs, which implies they must have the same
endpoints. Then τα1 = τα2 . This is true because by definition, α1, α2 being isotopic
means there has to exist a self-homeomorphism f : (M,Q) → (M,Q) which sends
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α1 to α2, is isotopic to the identity on (M,Q), and is the identity on Q. Then (i)
implies

τα2 = τf(α1) = fτα1f
−1

Because f is isotopic to the identity, fτα1
f−1 = τα1

(where this equality is under-
stood to be in M(M,Q)).

(iii) Given two disjoint spanning arcs α1, α2 on (M,Q), we have

τα1
τα2

= τα2
τα1
∈M(M,Q)

This equality follows from using disjoint neighborhoods of α1, α2 when constructing
τα1 , τα2 .

(iv) Let α1, α2 be two spanning arcs on (M,Q) that share one endpoint and are
otherwise disjoint. Then,

τα1τα2τα1 = τα2τα1τα2 ∈M(M,Q).

To see this, first note that we have

τα1(α2) = τ−1
α2

(α1),

as shown in Figure 5. Then (ii) implies that

ττα1
(α2) = ττ−1

α2
(α1).

From (i), we get that
τα1

τα2
τ−1
α1

= τ−1
α2
τα1

τα2

which is equivalent to saying τα1τα2τα1 = τα2τα1τα2 .

Figure 5. The action of τα1 on α2 (left), the action of τ−1
α2

on α1 (right).

We now arrive at the main result of this section: Let Qn ⊂ R2 be the set consisting
of the n points {(1, 0), (2, 0), ..., (n, 0)}. Let D ⊂ R2 be a closed disk such that
Qn ⊂ D◦. For every i ∈ {1, ..., n− 1}, define

αi = [i, i+ 1]× {0}
to be the spanning arc connecting the ith and (i+ 1)th basepoints in Qn. Each of
these spanning arcs induces a half-twist

ταi ∈M(D,Qn).

Notice (iii) and (iv) above are equivalent to the braid relations that we defined
in Section 1. Hence by Lemma 1.2 there exists a group homomorphism

η : Bn →M(D,Qn)
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such that η(σi) = ταi for all i ∈ {1, ..., n− 1}.

In fact, we have the much stronger result:

Theorem 3.6. The homomorphism η : Bn →M(D,Qn) is an isomorphism.

The proof of this theorem is lengthy and requires us to define yet another geometric
interpretation of braid groups, thus it will not be included in this paper (see [7]).
However, this theorem finally shows that we can interpret the braid group Bn as
the mapping class group of a disk with n holes. With this, we are ready to move
on to discussing representations of the braid group.

4. The Burau Representation

This section begins by giving a representation of Bn in terms of explicit matri-
ces. In Section 5, we will interpret Bn as the group of isotopy classes of self-
homeomorphisms of a punctured disk and obtain a representation of Bn by observ-
ing how Bn acts on the homology of certain covering spaces. It will later be seen
that these two representations are actually equivalent.

Definition 4.1. A Laurent polynomial in t with coefficients in the field Z is a
formal sum of the form

λ =
∑
k∈Z

nkt
k

where nk ∈ Z. Let Λ = Z[t, t−1] denote the ring of such Laurent polynomials.

The Burau representation, as defined below, is a linear representation of Bn con-
sisting of n× n matrices over Λ.

Definition 4.2. Let n ≥ 2. Define Ui as the following n × n matrix with entries
in the ring Λ = Z[t, t−1]:

Ui =


Ii−1 0 0 0

0 1− t t 0
0 1 0 0
0 0 0 In−i−1


where Ik denotes the k × k identity matrix.

Notice each Ui has a block diagonal form: the blocks are (i − 1) × (i − 1) and
(n− i− 1)× (n− i− 1) identity matrices, and the 2× 2 matrix

U =

[
1− t t

1 0

]
.

Proposition 4.3. Each Ui, i ∈ {1, ..., n− 1} is invertible.

Proof. The Cayley-Hamilton theorem states that any 2× 2 matrix M satisfies the
equation

M2 − tr(M)M + det(M)I2 = 0.

Thus, U satisfies U2 − (1 − t)U − tI2 = 0. The identity matrices also satisfy this
relation, so we get that for all i ∈ {1, ..., n},

U2
i − (1− t)Ui − tIn = 0.
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This is equivalent to

Ui(Ui − (1− t)In) = tIn.

Multiplying by t−1 on both sides shows that Ui is invertible (over Λ) and that

U−1
i = t−1(Ui − (1− t)In) =


Ii−1 0 0 0

0 0 1 0
0 t−1 1− t−1 0
0 0 0 In−i−1

 .
�

Proposition 4.4. Let n ≥ 2. The matrices Ui for all i ∈ {1, ..., n} satisfy the braid
relations, i.e.

UiUj = UjUi for all i, j with |i− j| ≥ 2

UiUi+1Ui = Ui+1UiUi+1 for all i ∈ {1, ..., n− 2}.

Proof. Verifying both equalities only requires a bit of matrix multiplication. For
the first, let i, j ∈ {1, ..., n − 1} such that |i − j| ≥ 2. Assume without loss of
generality that j > i. Then

UiUj =


Ii−1 0 0 0

0 1− t t 0
0 1 0 0
0 0 0 In−i−1



Ij−1 0 0 0

0 1− t t 0
0 1 0 0
0 0 0 In−j−1



=



Ii−2 0 0 0 0 0 0
0 1− t t 0 0 0 0
0 1 0 0 0 0 0
0 0 0 Ij−i 0 0 0
0 0 0 0 1− t t 0
0 0 0 0 1 0 0
0 0 0 0 0 0 In−j−2



=


Ij−1 0 0 0

0 1− t t 0
0 1 0 0
0 0 0 In−j−1



Ii−1 0 0 0

0 1− t t 0
0 1 0 0
0 0 0 In−i−1

 = UjUi.

For the second equality, it suffices to check that1− t t 0
1 0 0
0 0 1

1 0 0
0 1− t t
0 1 0

1− t t 0
1 0 0
0 0 1



=

1 0 0
0 1− t t
0 1 0

1− t t 0
1 0 0
0 0 1

1 0 0
0 1− t t
0 1 0

 .
Multiplying out the left side yields1− t t 0

1 0 0
0 0 1

1 0 0
0 1− t t
0 1 0

1− t t 0
1 0 0
0 0 1
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=

1− t t− t2 t2

1− t t 0
1 0 0

 .
The right side is equal to1 0 0

0 1− t t
0 1 0

1− t t 0
1 0 0
0 0 1

1 0 0
0 1− t t
0 1 0


=

1− t t− t2 t2

1− t t 0
1 0 0

 .
�

Thus, by Lemma 1.2, there exists a group homomorphism

ψn : Bn → GLn(Λ)

such that ψn(σi) = Ui for every i ∈ {1, ..., n− 1} (where GLn(Λ) denotes the group
of invertible n×n matrices over Λ). This is called the Burau representation of Bn.

5. The Burau Representation is not Faithful for n > 5

A natural question to ask now is how “good” this representation actually is, or
more formally, for which n is the Burau representation faithful? Namely, for which
n is the homomorphism ψn : Bn → GLn(Λ) injective? It turns out that for n ≥ 5,
Kerψn 6= {1}. For n ≤ 3, it can be shown that the Burau representation is faithful
(see [7]), and the case where n = 4 is still an open problem. However, we will only
prove this statement for n > 5 here, as the case where n = 5 is more complicated
(see [2] for a proof). First, notice that under the natural inclusion ı : Bn → Bn+1,
Kerψn ⊂ Kerψn+1. Hence, to prove that Kerψn 6= {1} for all n > 5, it suffices
to show Kerψ6 6= {1}. To do this, we must introduce some new definitions and
concepts.

For now, let n ≥ 1. Let Q = {(1, 0), (2, 0), ..., (n, 0)} ⊂ R2. Let D ⊂ R2 be a
closed disk with counterclockwise orientation such that Q ⊂ D◦. Set Σ = D − Q,
and fix a basepoint d ∈ ∂D.

Figure 6. The surface Σ along with the loops X1, ..., Xn.
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Definition 5.1. Let γ be a loop in D based at d. The total winding number w(γ)
of γ is defined as the sum of its winding numbers around (1, 0), (2, 0), ..., (n, 0).

Let ϕ : π1(Σ, d)→ {tk}k∈Z be a group homomorphism which sends [γ] ∈ π1(Σ, d) to
t−w(γ). Because {tk}k∈Z is infinite cyclic, the kernel of ϕ corresponds to an infinite

cyclic covering space of Σ, which we will denote Σ̃. Pick some d̃ ∈ ∂Σ̃, and note⋃
k∈Z t

kd̃ is equal to all of the points in Σ̃ which get projected down to d ∈ Σ by
the covering map. Let

H̃ = H1(Σ̃,
⋃
k∈Z

tkd̃).

The group {tk}k∈Z acts on Σ̃ via deck transformations, and this in turn induces

a left action of {tk}k∈Z on H̃.

Proposition 5.2. H̃ is a free module over Λ = Z[t, t−1] of rank n.

Proof. First, Σ = D −Q deformation retracts onto the graph Γ ⊂ Σ consisting of
one vertex d and n oriented loops, which we denote X1, ..., Xn, as shown in Figure
6. Each Xi has total winding number −1, and therefore ϕ(Xi) = t. Also, the [Xi]

generate π1(Σ, d). The covering space Σ̃ deformation retracts onto a graph Γ̃ ⊂ Σ̃.

The vertices of Γ̃ are the lifts of d, {tkd̃}k∈Z, and the edges of Γ̃ are the lifts of the

Xi, {tkX̃i}k∈Z. For each k ∈ Z, the edge tkX̃i connects tkd̃ to tk+1d̃, as in Figure
7 below. So

H̃ = H1(Σ̃,
⋃
k∈Z

tkd̃) = H1(Γ̃,
⋃
k∈Z

tkd̃) =

n⊕
i=1

Λ[X̃i].

Therefore, H̃ is a free Λ-module with basis [X̃1], ..., [X̃n]. �

Figure 7. The graph Γ̃ ⊂ Σ̃.

Define Aut(H̃) as the group of automorphisms of H̃ that are linear in Z[t, t−1]. By
definition, a self-homeomorphism f of Σ fixes d (because f fixes ∂D pointwise),
and therefore induces an automorphism f∗ : π1(Σ, d) → π1(Σ, d). Let Mϕ(Σ, d)
denote the group of isotopy classes of self-homeomorphisms f such that ϕ ◦ f∗ = ϕ.
Then any f ∈Mϕ(Σ, d) has a unique lift to the covering space Σ̃ fixing d̃, denoted

f̃ . The map sending f to f̃ defines a group homomorphism Mϕ(Σ, d) → Aut(H̃),
which we call the twisted homological representation of Mϕ(Σ, d).

Given a loop γ in Σ based at d, if we apply some f ∈Mϕ(Σ, d) and permute the
points of Q, notice that the total winding number of γ remains the same. This is
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because the total winding number does not care about which particular point of Q
the loop goes around. Thus, restricting D to Σ defines a homomorphism

M(D,Q)→Mϕ(Σ, d).

We compose this with the twisted homological representation Mϕ(Σ, d)→ Aut(H̃)
which we defined earlier to get a homomorphism

Ψn : M(D,Q)→ Aut(H̃).

Next, we will show KerΨn 6= {1} for n > 5.

Definition 5.3. Let α1, α2 be two spanning arcs on (D,Q). We say α1 and α2 are
transversal if they do not share any endpoints and intersect transversely a finite
number of times.

Let α1, α2 be two transversal spanning arcs on (D,Q) with some orientation, and

pick arbitrary lifts α̃1, α̃2 ⊂ Σ̃ with induced orientations. Notice
⋃
k∈Z t

kα̃1 is equal

to all of the possible lifts of α1. Let tkα̃1 · α̃2 denote the algebraic intersection
number of tkα̃1 and α̃2.

Definition 5.4. Given two transversal spanning arcs α1, α2 on (D,Q), their alge-
braic intersection is defined as

〈α1, α2〉 =
∑
k∈Z

(tkα̃1 · α̃2)tk.

Notice that α̃2 is mapped bijectively to α2 by the covering map, and (
⋃
k∈Z t

kα̃1) is
mapped bijectively onto α1∩α2, which is finite by assumption. Hence the algebraic
intersection number of two transversal spanning arcs is finite. Moreover, any point
p ∈ α1 ∩ α2 ⊂ Σ has a unique lift to an intersection point of tkα̃1 with α̃2. We will
denote the unique k for which this occurs by kp ∈ Z. If we let εp = ±1 denote the
intersection sign of α1 and α2 at p ∈ α1 ∩ α2, then

〈α1, α2〉 =
∑

p∈α1∩α2

εpt
kp .

Remark 5.5. For any p, q ∈ α1 ∩ α2, kp − kq equals the total winding number of
the loop in Σ which starts at p and goes to q along α1, and comes back to p along
α2.

Recall that any spanning arc α on (D,Q) corresponds to a half-twist τα : (D,Q)→
(D,Q), and that τα ∈M(D,Q) We will denote the restriction of this half-twist to
Σ = D−Q by τα again. The next lemma provides a relationship between spanning
arcs and how Ψn acts on the product of their half-twists:

Lemma 5.6. Let α1, α2 be two transversal spanning arcs on (D, Q). If 〈α1, α2〉 = 0,
then Ψn(τα1τα2) = Ψn(τα2τα1).

Proof. Figure 4 depicts the action of τα1 on a curve crossing α1 transversely. So,
given g ∈ H = H1(Σ), τα1

inserts the ”figure-eight” curve α′1 at every intersection
of g with α1.

Therefore,
(τα1

)∗(g) = g + ([α1] · g)[α′1]

where [α1] · g is the intersection number of the loops [α1] and g (and the sign of
each crossing is determined by the orientation of D).
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Figure 8. The ”figure-eight” α′1.

Note that α′1 lifts to a closed curve in Σ̃ because the total winding number of α′1
is zero. Thus τ̃α1

acts on [γ̃] ∈ H̃ by inserting lifts of α′1, α̃
′
1, i.e.

(τ̃α1
)∗([γ]) = [γ] + λγ [α̃′1]

where λγ ∈ Λ and the coefficients of λγ are the algebraic intersection numbers of γ
with the lifts α̃1 of α1. Similarly,

(τ̃α2
)∗([γ]) = [γ] + µγ [α̃′2]

for µγ ∈ Λ and α′2 is defined analogously to α′1. Because 〈α1, α2〉 = 0, any lift of
α1, and therefore also of α′1, has algebraic intersection number zero with any lift of
α2. Therefore,

(τ̃α2)∗(α̃′1) = α̃′1

and similarly

(τ̃α1
)∗(α̃′2) = α̃′2.

Thus for any γ ∈ H̃,

(τ̃α1
τ̃α2

)∗([γ]) = [γ] + λγ [α̃′1] + µγ [α̃′2] = (τ̃α2
τ̃α1

)∗([γ]).

Hence (τ̃α1
τ̃α2

)∗ = (τ̃α2
τ̃α1

)∗. �

So, to show that KerΨn 6= {1}, it suffices to construct two spanning arcs α1, α2 such
that 〈α1, α2〉 = 0 and τα1

τα2
6= τα2

τα1
in M(D,Q). We claim that the spanning

arcs for n = 6 in Figure 9 below satisfy these properties. First, we check that
〈α1, α2〉 = 0. The points in the intersection α1 ∩ α2 have been labeled p1, ..., p4.

Figure 9. Two spanning arcs in the case n = 6.

Choose lifts and orientations of α1 and α2 such that kp1 = 0, εp1 = 0. We let
εpi = 1 when α2 is directed up at pi and let εpi = −1 when α2 is directed down at
pi for all i = 1, ..., 4. Then, using Remark 5.5, we can find the kpi and εpi , and so

〈α1, α2〉 = 0 + (−1)(2) + (1)(4) + (−1)(2) = 0

It remains to show that τα1
and τα2

do not commute. To do this, we begin by
defining Dehn twists:



14 EHA SRIVASTAVA

Definition 5.7. Let c be a simple closed curve on Σ (i.e. a closed curve contained
wholly within Σ◦ and having no self-intersections). Identify an annular neighbor-
hood of c in Σ with S1 × [0, 1] such that the orientation on Σ is preserved and
c = S1 × {1/2}. The Dehn twist about c,

tc : Σ→ Σ,

is defined as follows: outside of S1×[0, 1], tc is the identity, and any (x, s) ∈ S1×[0, 1]
is sent to e2πis ∈ S1 × [0, 1].

Definition 5.8. Let c, d be two simple closed curves on Σ. We say that c and d
are isotopic if there exists a self-homeomorphism f ∈M(Σ) such that f is isotopic
to the identity and f(c) = d, and write c ∼ d Note that if c, d are isotopic, so are
their corresponding Dehn twists tc and td.

Definition 5.9. The geometric intersection number between two simple closed
curves c, d on a surface Σ is defined as the minimal number of intersection points
of simple closed curves on Σ isotopic to c and d, i.e.

i(c, d) = min{|c′ ∩ d′| : c′ ∼ c, d′ ∼ d}.

Let us also consider how half-twists about arcs are related to Dehn twists. Let
M be an oriented surface and Q ⊂ M◦ a finite subset of the interior of M . Let
Σ = M −Q, and let α be a spanning arc on (M,Q). Define D ⊂M to be a closed
(topological) disk such that α ⊂ D◦, and let c = ∂D be the boundary of this disk.
Then the Dehn twist tc : Σ → Σ corresponding to c is related to the half-twist
τα : Σ→ Σ about α as follows:

tc = τ2
α.

We now state some facts about Dehn twists, the proofs of which can be found in
[4].

Fact 5.1. Let c, d be two simple closed curves in a surface Σ. Then we have

i(tc(d), d) = i(c, d)2.

Fact 5.2. Let c, d be two simple closed curves in a surface Σ. Then

tc = td if and only if c = d

Fact 5.3. Let c be a simple closed curve in a surface Σ. Given f ∈M(Σ), f(c) is
also a simple closed curve in Σ, and

tf(c) = ftcf
−1

The following lemma uses these facts to provide a simple condition on when two
Dehn twists commute:

Lemma 5.10. Let c, d be two simple closed curves on an oriented surface Σ. Then
tctd = tdtc if and only if i(c, d) = 0.

Proof. If i(c, d) = 0, then c, d are isotopic to simple disjoint curves c′, d′ respectively.
We can then find disjoint annular neighborhoods around c′ and d′. Because Dehn
twists act as the identity outside of this annular neighborhood, we have that tc = tc′

and td = td′ commute.
Now suppose two Dehn twists tc, td commute. Because td is a self-homeomorphism

of Σ, by Fact 5.3,



AN INTRODUCTION TO THE BURAU REPRESENTATION OF THE ARTIN BRAID GROUP15

td = tctdt
−1
c = ttc(d).

Then by Fact 5.2, d = tc(d), which implies i(tc(d), d) = i(d, d) = 0. By Fact 5.1,
this means i(c, d) = 0, so c, d are isotopic to disjoint simple closed curves. �

We will also use the following lemma, whose proof can be found in [5].

Lemma 5.11. Let c, d be two simple closed curves on a surface Σ which intersect
transversely at a finite number of points. Then there exist isotopic simple closed
curves c′ ∼ c, d′ ∼ d such that |c′ ∩ d′| < |c ∩ d| if and only if c and d have a
”digon” (i.e., an embedded disk whose boundary is made up of one subarc of c and
one subarc of d).

We are finally ready to show that the half-twists τα1 , τα2 corresponding to the span-
ning arcs in Figure 6 do not commute:

If the half twists τα1
, τα2

∈ M(D,Q) commute, so must their restrictions to Σ =
D −Q. Let D1, D2 ⊂ M be closed topological disks such that α1 ⊂ D◦1 , α2 ⊂ D◦2 ,
and D1, D2 meet Q only at the endpoints of α1, α2 respectively. Let c(α1), c(α2) de-
note the boundaries of D1, D2. Then the corresponding Dehn twists also commute
because

tc(α1) = τ2
α1

: Σ→ Σ and tc(α2) = τ2
α2

: Σ→ Σ.

By Lemma 5.10, c(α1), c(α2) must be isotopic to disjoint simple closed curves.
Then Lemma 5.11 states that c(α1), c(α2) must have a digon. But, as shown in Fig-
ure 10 below, c(α1), c(α2) have no digons in Σ. Hence c(α1), c(α2) do not commute
and neither do the half-twists τα1 , τα2 .

Figure 10. The simple closed curves c(α1), c(α2).

Finally, it remains to show that the representation Ψn of Bn above is equivalent to
the Burau representation ψn:

Theorem 5.12. There exists a homomorphism µ : GLn(Λ) → Aut(H̃) such that
the following diagram commutes:

Bn
η //

ψn

��

M(D,Q)

Ψn
��

GLn(Λ)
µ
// Aut(H̃)

.
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Proof. Recall H̃ = H1(Σ̃,
⋃
k∈Z t

kd̃) is a free Λ-module with basis [X̃1], ..., [X̃n]. We

identify Aut(H̃) with GLn(Λ) as follows: a matrix (λi,j) ∈ GLn(Λ) acts on H̃ by

sending each [X̃j ] to
∑
i λi,j [X̃i]. Define

µ : GLn(Λ)→ GLn(Λ) = Aut(H̃)

by µ(M) = (MT )−1.
To show the diagram in the statement of the theorem commutes, we need to

check that for any b ∈ Bn,

Ψnη(b) = µψn(b).

It suffices to check this for the generators {σ−1
1 , ..., σ−1

n−1} for Bn. Let i ∈
{1, ..., n − 1}. The homeomorphism η(σ−1

i ) acts on D by rotating the arc con-
necting the points (i, 0), (i+ 1, 0) ∈ Q clockwise by π. For k 6= i, i+ 1, Xk remains
fixed, Xi is mapped to a loop homotopic to XiXi+1X

−1
i , and Xi+1 is mapped to a

loop homotopic to Xi, as seen in Figure 11 below.

Figure 11. The action of η(σ−1
i ) on the loops Xi, Xi+1 in

D. Outside of the dashed neighborhood of the arc connecting
(i, 0) and (i+ 1, 0), η(σ−1

i ) is the identity.

Lifting η to Σ̃ therefore keeps X̃k fixed for k 6= i, i + 1, maps X̃i+1 to X̃i, and

maps X̃i to X̃i(tX̃i+1)(tX̃i)
−1. Thus Ψnη(σ−1

i ) sends

[X̃i] to (1− t)[X̃i] + t[X̃i+1] and [X̃i+1] to [X̃i].

The matrix of this automorphism is
In−1−i 0 0 0

0 1− t 1 0
0 t 0 0
0 0 0 Ii−1


which is precisely equal to UTi = µψn(σ−1

i ). �

Thus, we see that the Burau representation of the Artin braid group Bn is not
faithful for all n > 5.
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