THE FROBENIUS MAP AND KUNZ’S THEOREM

BENJAMIN SLATER

ABSTRACT. The Frobenius Map is an endomorphism on commutative rings
of prime characteristic. This map gives rise to Kunz’s Theorem, which pro-
vides a simple criterion for identifying singularities in algebraic varieties. This
expository paper will provide the background motivating Kunz’s Theorem, ex-
plore basic properties of the Frobenius Map, and finally prove one direction of
Kunz’s Theorem.
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1. ALGEBRAIC VARIETIES

Algebraic Geometry is concerned with vanishing sets of polynomials, the sets
of points at which given polynomials evauluate to zero. For instance, the familiar
polynomial f(z,y) = 2% +y* — 1, for real x and ¥, is equal to zero at points on the
unit circle.

When we’re interested in more general results (rather than restricting ourselves
to the real or complex numbers, for instance), we consider a general field k. The
set of polynomials with coefficients in k can be thought of as a ring; the ring
of polynomials in n variables with coefficients in k is denoted k[z1,...,x,]. We
consider points to be n-tuples of elements of &, and these points lie in n-dimensional
affine space, denoted A}.

Let f(x1,...,2,) be a polynomial with coefficients in k. The vanishing set of
f, written V(f), is the set of points (a1, ...,a,) such that f(a1,...,a,) =0. If we
have a set of polynomials f1,..., f,, we can define the vanishing set V(f1,..., fn)
as the set of points at which all of the polynomials f1,..., f, are equal to zero. A
set of points in affine space is called an algebraic set if it can be represented as a
vanishing set of polynomials. We say a vanishing set V' is irreducible if there are no
algebraic sets A, B C V such that AU B = V; if V is irreducible, it is also called
an algebraic variety.

It will be convenient to associate vanishing sets with ideals of the polynomial
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ring, rather than sets of polynomials. The following proposition suggests how this
can be done.

Proposition 1.1. Let S C k[x1,...,xz,] be a finite collection of polynomials. De-
note by I(S) the ideal of the polynomial ring generated by S. Then

V(S) =V(I(5))

Proof. Consider the polynomials fi,..., f,, that make up S and therefore gener-
ate I(S). We know that if a point P is in V(I(S)), then it must be in V(S) =
V(f1,..., fm) as well (since the polynomials fi,..., f, are in I(S)). Similarly, if a
point P isin V(f1,..., fm), then it is in V/(1(S)). This is because for a polynomial
g in I(S), we can write g = >, a, f;, for certain polynomials a;. If all the polyno-
mials f; evaluate to zero at P, then each a;f; evaluates to zero at P as well, and
so g evaluates to zero at P. Thus, V(S) =V (f1,..., fm) =V (I(9)) O

Given an ideal I, we can construct the coordinate ring of V(I), written T'(V),
by taking the quotient ring of k[z1,...,z,] with I(V). Symbolically, I'(V) =
klx1,...,2,]/I(V), and it consists of polynomials (including constants) that are
non-zero on V', along with 0 itself. We can form the quotient field of T'(V') by con-
sidering expressions F'/G such that F' and G are elements of I'(V') and G is nonzero.
We denote by k(1) this quotient field, called the field of rational functions on V,
and say that a rational function f from k(V') is defined at P if it can be written
with a denominator that is not equal to zero at P.

At last, we have a definition dealing with individual points, a tool we’ll need
to study singularities. In fact, we can leverage these rational functions to gain an
algebraic structure reflecting local properties of the variety.

Definition 1.2. Let V' be an algebraic variety and P a point on that variety. The
local ring of V' at P, written Op(V'), is the set of rational functions that are defined
at P.

The Hilbert Nullstellensatz [2, Theorem 1.3A, pg 4] tells us that points in affine
space over an algebraically closed field correspond to prime (and in fact, maximal)
ideals of the polynomial ring. We can thus think of the local ring of V' at P in
a different way. Let R be the polynomial ring k[z1,...,2,] and p the prime ideal
corresponding to the point P. We now construct the set W out of the elements in
R that are not in the ideal p; note that W must be closed under multiplication,
since the product of two elements not in a given prime ideal is not in that prime
ideal either. Then the localization of R at P, written R,, is the set of fractions
4 for @ in R and w in W (it is not hard to show that this is indeed a ring). All
elements of R are also elements of R, since 1 cannot be an element of the prime
ideal p.

More generally, a local ring is already defined as a ring with a unique maximal
ideal. We should hope that the localization of a ring at a point is a local ring;
fortunately, this is the case. We first introduce a correspondence between the
ideals and prime ideals in R, and the ideals and prime ideals in R not intersecting
wW.

Proposition 1.3. The ideals and prime ideals in R, correspond to the ideals and
prime ideals in R not intersecting W.
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Proof. Consider the ring homomorphism ¢ : R — R, which sends each element r
from R to the fraction § in R,. First, let I be an ideal in I that does not intersect
W. Then ¢(I) can be used to generate a new ideal 7 in R, consisting of elements
2 where a is in the ideal I and w is in W. (The ideal consists of elements %,
where 7 is from R, but since ra is in the ideal I to begin with, it suffices to just pick
a from I). Since I does not intersect W, each element of Z is represented uniquely
by a and w, and 1 is only in Z if it was already in I. Furthermore, if I is prime,
then so is Z. Suppose wﬂl and w% are elements of Ry, and wTZULQ is in Z. Then mn
must be in I, but since I is prime, either m or n is already in I, and so either wﬂl

or = isin Z. So, Z is prime.
wa

Now, let J be a proper ideal of Ry, and consider the ideal I = ¢~'(J). Now
choose some a and b in I; ¢(a) + ¢(b) is in J, since J is an ideal, and so ¢(a + b) is
in J as well, since ¢ is a ring homomorphism. Thus, I is closed under addition. If
we take 7 in R, then ¢(r) - ¢(a) will be in J, and so ¢(r-a) is in J as well; then r-a
isin I, so I is an ideal. Does I intersect W? Suppose w is an element of both I and
W; then ¢(w) is in J; furthermore, by definition, ¢(w) = ¥. Then ¥ - % is in J,
but this product comes out to 1, violating the assumption that J is a proper ideal.
Thus, ¢~1(J) is an ideal that does not intersect W, and since the correspondence
goes both ways, the proof is complete. [

We can now show that the localization of a ring at a prime ideal is a local ring.

Proposition 1.4. Let R be a ring and p a prime ideal of R. Then Ry, the local-
ization of R at p, is a local ring.

Proof. Let I be a proper ideal of Ry; then I does not contain 1, or indeed any
units, and so it is generated by a subset .S of R that does not intersect W (because
any elements in R, but not in R are units). Then .S consists only of elements of
p, since W is just the set of elements in R that are not in p; it follows that I is
contained within the ideal generated by p, and so p is the unique maximal ideal of
Ry. Therefore, R, is local. ([

Thus, the localization of a ring R at a point P is, in fact, a local ring.

As the name implies, the localization of an algebraic variety V at a point P gives
us a window into the local properties of V' at P. In particular, it gives us a way of
examining singularities of V.

2. SINGULARITIES

Intuitively, a singularity is a point on an algebraic variety with unique (hence,
"singular”) qualities—specifically, points at which there is no well-defined tangent
space. Common examples include the cusp of the graph of 32 — 2% = 0 or the node
of the graph of 4% — 23 — 22 = 0, both of which occur at the origin (see Figure 1).
Singularities in affine space can be defined in terms of the Jacobian matrix of an
algebraic variety, even when the variety is of multiple polynomials; however, there
is also an equivalent algebraic definition, which is useful even in more complex
settings.

Definition 2.1. Let R be a Noetherian local ring. R is called regular if the
minimum number of generators of the maximal ideal of R is equal to the length of
the longest chain of prime ideals of R.
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FIGURE 1. The graphs of 4% — 2% = 0 (left) and y? — 2® — 22 = 0 (right)

Definition 2.2. An algebraic variety V has a singularity at a point p if the local
ring of V and p 0,(V) is not regular

This definition provides a satisfying algebraic perspective on singularities that
is mostly independent of geometry. However, it is generally not easy to check
whether a ring is or is not regular; as such, non-regularity does not appear to be
a particularly useful condition for identifying singularities. Kunz’s Theorem, using
the added machinery of the Frobenius map, provides us with a much less difficult
condition equivalent to regularity.

3. THE FROBENIUS MAP

Let R be a ring of prime characteristic p > 0; that is adding 1r to itself p times
yields Og, or if you prefer, p-1 =0 in R. The Frobenius map F': R — R is defined
by F(r) = rP. For natural numbers e, we denote by F°(r) the composition of F'
with itself e times. That is, F¢(r) = rP".

Proposition 3.1. The Frobenius map is a ring endomorphism.

Proof. Since rings are closed under multiplication, F' certainly sends R to itself.
Furthermore, it sends 1 to 1 and 0 to 0, since 1?7 = 1 and 0P = 0 for any p > 0.
Since R is assumed to be commutative, we have for any a and b in R that

F(ab) = (ab)? = aP’b’ = F(a)F(b)

It is somewhat non-obvious that F' preserves addition; it is not true in general
that (a 4+ b)? = aP 4+ bP. This property arises from the yet-unused fact that the
characteristic of R is prime. We first expand the expression
P
(a+b)P=> (R)ar*"
k=0
It is quite easy to show that when p is prime and & is not equal to 0 or p, the factor
(1) is divisible by p. We know that (¥) = ﬁik)!, and that this expression must
be an integer. Since p is prime and we are considering the case where both k and
p — k are less than p, the denominator k!(p — k)! is not divisible by p. Then, since
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the numerator is divisible by p, it follows that the entire expression is divisible by
p as well. Consequently, since p =0 in R, all terms except for the k =0 and k =p
terms vanish in the binomial expansion, and we see that

Fla+b)=(a+bP =a? 4+ =F(a)+ F(b)

and so F preserves addition. Thus, we have shown that F is a ring endomorphism.
O

The Frobenius map is generally much better behaved than one might expect.
For instance, it is quite frequently injective.

Proposition 3.2. Let R be a ring of prime characteristicp > 0. Then F': R - R
is injective if and only if R is reduced.

Proof. First, suppose R is not reduced, so that there exists some nonzero r in R
and some natural number n such that ™ = 0. (Suppose n is the lowest such natural
number). If p is not 2, there exists a natural number m such that r™ is also nonzero.
We pick a large enough m such that m is less than n but mp is not. Then

F(r™)=r"P =0= F(0)

even though ™ is nonzero, and so F' is not injective.

Now, suppose F is not injective. Then there exist distinct elements a and b in
R for which F(a) — F(b) = 0. Since F' is a ring homomorphism, we know that
F(a—0b) =0 as well. Then (a —b)? =0, and a — b # 0 since a and b are not equal.
Then (a — b) is nilpotent, and R is not reduced. O

As a result of this property, we can safely invert the Frobenius map (provided we
restrict our attention to reduced rings, of course). There are two equivalent ways
of investigating the inverse of the Frobenius map and the related maps F¢. The
first is perhaps more intuitive.

Definition 3.3. Let R be a ring of prime characteristic p, K the total ring of
fractions of R, and K an algebraic closure of K. We denote by RY?" the set of
elements s in K such that s?° is in R.

Because char(K) = char(R), the Frobenius map on K is defined in the same way
as the Frobenius map on R. This fact will be used in the proof of the following
proposition, which highlights an important ring isomorphism.

Proposition 3.4. The map ¢ : R — RY?" defined by ¢(r) = /7" is a ring
isomorphism.

Proof. Saying that ¢ is a ring isomorphism is equivalent to saying that ¢! is a
ring isomorphism. Since K is a field, it is reduced, and so F (and thus F¢) is
injective as a map K — K. That is, for each r in R, there is a unique s in R'/?"
such that s*° = r. Furthermore, since R'/?" is constructed to contain the p¢th
roots of every element in R, ¢! is by definition surjective, and so ¢ is a bijection
between the elements of R and R'/?°. Tt therefore suffices to show that ¢! is a ring
homomorphism. We know from Proposition 3.1 that the Frobenius map is a ring
homomorphism, and ¢! is just the Frobenius map composed with itself e times.
Since the composition of ring homomorphisms is a ring homomorphism, ¢ is a ring
homomorphism, and since it is bijective, it is also an isomorphism. [
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It is always true that R is contained within R'/?°, since if r is in R, so is rP".
We can therefore consider R'/?" as an R-module, with addition and multiplication
by elements of R naturally defined as multiplication in K.

There is another equivalent R module pertaining to the inverse of the Frobenius
map. Let R be a ring of prime characteristic p > 0. Then FfR is an R module
with the following properties:

(1) Assets, FfR = R; the element r in R and the element Ffr in FfR are the
same.
(2) As Abelian groups, FfR = R; addition is defined equivalently in both
R-modules.
(3) For r in R and F¢m in F¢R, multiplication is defined as 7- F¢m = F¢rP m.
This last property means that Fm "represents” m!/?" | in the sense that r-m!/?" =
(rP“m)Y/P° . In fact, F¢R and RY?" are isomorphic as R-modules.

Proposition 3.5. Let R be a reduced ring of prime characteristic p > 0 and
consider R'/?" as an R-module. Then the map 1 : FER — RY?" given by ¢ (F¢r) =
rV/P° is an R-module isomorphism.

Proof. We already know that F€R = R'/?" since FCR = R as Abelian groups and
R = RYP" as rings. We also know that 1 preserves addition (this follows naturally
from Proposition 3.4 and the equivalence of F¢R and R as groups). Thus, we need
only show that 1) preserves multiplication. Choose some r and m in R. Then
rep(Fim) = r-m!/P = (P m) VP = (L m) = (rFim)

So 1 is a bijective R-module homomorphism, and therefore an R-module isomor-
phism. ([

Since R'/?° and F¢R are isomorphic as R-modules, the two notations can rea-
sonably be used interchangeably. Here, we will use the latter.

4. KuNz’s THEOREM

Kunz’s Theorem provides a means to study singularities using the Frobenius
map. However, the proof of this result will require a few new definitions and
lemmas.

Lemma 4.1. FEvery projective module over a local Ting is free.
A proof can be found in [4, Tag 058Z].

Definition 4.2. Let R be a local commutative Noetherian ring with maximal
ideal m and let M be a finitely generated R-module. A maximal regular sequence
(x1,a,...,2,) for M is a sequence of elements z; from m such that
(2) x;41isnot azerodivisor on M/(x1,...,z;)M (thatis,if m € M/(z1,..., )M,
then x;1m = 0 implies m = 0.
(3) There is no @41 siuch that (x1,za,...,2,, Tpt1) is a regular sequence.

Lemma 4.3. Any two maximal reqular sequences are the same length.
The proof is sourced to [4, Tag 00LE].

Definition 4.4. The depth of a module M over a local commutative Noetherian
ring R is the length of a maximal M-regular sequence.
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Definition 4.5. The depth of a local commutative Noetherian ring R is the length
of a maximal R-regular sequence, with R considered as an R-module.

Lemma 4.6 (The Auslander-Buchsbaum Formula). Let R be a commutative Noe-
therian local ring and M a nonzero finitely generated R-module with finite projective
dimension. Then

pdr(M) + depth(M) = depth(R)

A proof of this result can be found in [1, Theorem 19.9, pg 475]. With these
results out of the way, we can now proceed to the main attraction.

Theorem 4.7 (Kunz's Theorem). Let R be a local Noetherian ring of prime char-
acteristicp > 0. Then R s reqular if F¢R is a free module for some natural number
e.

By choosing R to be the local ring of a variety V" at a point P, we can use Kunz’s
Theorem to convert a difficult proof of regularity into a comparatively simple proof
of freeness.

Proof. First, fix a natural number e. We want to show that F¢R is a free module.
To do so, we will make use of Lemma 4.6, which states that for a finitely generated
R-module M over a local Noetherian ring R, we have

pdp (M) + depth(M) = depth(R)

We know that a free module has projective dimension 0 (see Lemma 4.1), so to
show that F¢R is free, we only need to show that the depth of M is equal to the
depth of R. But since FfR and R are equivalent as sets, it turns out that each
regular sequence in F?R corresponds to a regular sequence in R consisting of the
same elements. To see why, consider a sequence of elements {ry,...,r,} from R.
To say that r; is a zero divisor on F¢R/(r1,...,r;—1FER is equivalent to saying
that we can find some F¢s in F¢R such that r; Ffs =rFfmy+---+r;_1Ffm;_q,
with the F¢m terms chosen from F¢R. By applying the isomorphism between F¢R
and R, the previous statement is equivalent to the statement that we can find some

e e e
s and mq,...,m;_1 in R such that ¥ s = r{ m; + -+ +r_m;_1. The equation
. el e 1 e_1 .
can be rewritten as r;rY ~ s =1y " my + -+ ;177 ". Then there exists a g
e
. .. —1 . . .
in R such that rg is in (r1,...,7;_1) (namely, ¢ = 7 ~"s). Then r is a zero divisor

on R/R(r1,...,r;—1). So, the sequence {ri,...,r,} is R-regular if and only if it
is F¢R-regular. Thus, the supremum of the length of maximal regular sequences
of FfR is necessarily equal to the supremum of the length of maximal regular
sequences of R, and depth(F¢R) = depth(R). Then by Lemma 4.6, the projective
dimension of FfR is 0, and so FZR is free, when R is regular. O

There exists a more general version of Kunz’s Theorem, which states that R
is regular if and only if F?R is flat as an R module for some natural number
e [3, Theorem 2.1, pg 773].
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