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Abstract. We survey several different approaches to Frankl’s conjecture - an

open problem in combinatorics (also known as the union-closed sets conjec-

ture). Aside from surveying different approaches, we also introduce a lattice-
like structure and investigate how it can be used with the surveyed methods

to achieve new results. Our focus is on approaches that use principles of aver-

aging, namely: standard averaging, weighted averaging, and up-compression.
We discuss the results gained from these methods, how they can be applied to

the introduced structure, and their fundamental limitations.
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1. Introduction

Frankl’s conjecture is an open problem in combinatorics that has many different
approaches and formulations in other fields such as lattice theory [8] and graph
theory [3]. Despite an abundance of re-formulations, methods, and even results,
Frankl’s conjecture is still very much an open problem. What makes this even
more surprising (considering the age of the conjecture) is that the formulation of
the conjecture is very accessible.

We now present the conjecture statement in its combinatorial form:

Let F be a finite collection of sets such that for all x, y ∈ F , x ∪ y ∈ F .
Then there is some element m, such that m is an element of at least

half the sets in F .

Before investigating some approaches to this conjecture, let us establish the
notation that we will use throughout the paper.
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Definitions 1.1.

1) The universe U(F ) = {a ∈ X : X ∈ F}.

2) For a union-closed family F , we let n = |F | and m = |U(F )|.

3) For an element a, let Fa = {X ∈ F : a ∈ X}.

4) An element a is said to be abundant if |Fa| ≥ n/2 and therefore F is
Frankl’s (F obeys the conjecture).

5) We say F is separating if for all x 6= y ∈ U(F ), there is some a ∈ F
containing exactly one of x, y.

In the following example, for brevity, we will refer to sets such as {1, 4, 5} as 145.

Example 1.1. If F = [14, 3, 124, 134, 1234], then n = 5, U(F ) = {1, 2, 3, 4}, m = 4,
F2 = [124, 1234], 1, 3, and 4 are abundant, and F is not separating because 1 and
4 always appear together.

It turns out that any non-separating family F can be simplified down to a sep-
arating family F ′ such that F is Frankl’s if and only if F is Frankl’s. So for the
majority of the paper we will always assume F is separating.

Lemma 1.2. For any non-separating family F , we can simplify it down to a sep-
arating family F ′ such that F is Frankl’s if and only F ′ is.

Proof. F is not separating, so there are groups of elements that always appear
together. We can then formalize these groups as equivalence classes under the
equivalence relation, where a ∼ b means that a, b always appear together. Then,
we can keep one element from each class. The resulting F ′ must be separating.
Furthermore, if x ∈ U(F ) is abundant, then its respective equivalence class will
be abundant in F ′. Likewise, if an equivalence class is abundant in F ′, all of its
members will be abundant in F .

�

2. Standard Averaging

The averaging approach relies on the following principle: if the average number
of sets that each element in the universe is in is greater than or equal to n/2 then
there must be at least one abundant element. In other words, if

(2.1)
∑

x∈U(F )

|Fx| ≥
m · n

2

then F is Frankl’s.

However, this form is not very useful because it is too difficult to compute all |Fx|,
and if we could, we could simply see which one is greater than n/2. The usefulness
of the averaging approach comes from the following double-counting argument:
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∑
x∈U(F )

|Fx| =
∑
A∈F
|A|

Thus, we can show instead that

(2.2)
∑
A∈F
|A| ≥ m · n

2

In other words, if we can show that the average set size is greater than m/2,
then F is Frankl’s.

3. Bounds on m and n

This section is primarily following the introduction to the averaging approach
from Bruhn and Schaudt’s survey paper [4].

In this section we will discuss how this approach can be used to create differ-
ent bounds on the relationship between m and n, how it can be used to show the
conjecture holds for certain types of families, some limits of the averaging method,
and modifications such as up-compression, generalized averaging, and weighed av-
eraging, that help circumvent these limitations.

There are several ways to “bound” the relationship between n and m. This
section explores some of them. The first such bound we will study is given by
Czédli [5].

Theorem 3.1. (Czédli)
If for some family F , n ≥ 2m − 2m/2, then F is Frankl’s.

Another result from Bruhn and Schaudt’s survey paper gives us a lower bound
on n with respect to m. However, it requires that F is separating.

Theorem 3.2. If for a separating union-closed family F , n ≤ 2m, then F is
Frankl’s.

Proof. Let us order the elements 1, ...,m in increasing order by the number of sets
they appear in. Then we claim that m appears in m sets.

Since F is separating, for all 1 ≤ i < j ≤ m, we have some Xij such that i /∈ Xij

but j ∈ Xij . Let us define Xi :=
⋃m

j=i+1Xij for all 1 ≤ i < m. We also define

X0 := U(F ).
Since F is union-closed, each Xi ∈ F . Furthermore, each Xi is distinct since

each contains i+ 1, ...,m but not i. There are m such Xi and all contain m.
�

Whereas Czédli describes the bound on the relationship between n and m di-
rectly, others try to derive lower bounds on 1

m ·
∑

A∈F |A|, and by doing this, they
are able to find more bounds on the relationship between n and m. Reimer [9] gave
us one such relationship.

Theorem 3.3. (Reimer)
If F is a union-closed family then

(3.4)
1

n
·
∑
A∈F
|A| ≥ log2(n)

2
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Figure 1. A visualization of the bounds on m (x-axis) and n (y-
axis). The purple line represents the 2

32m upper bound that will
be discussed later.

As a result, we have that

1

m
·
∑
A∈F
|A| ≥ n

2
· log2(n)

m

and hence, F is Frankl’s if log2(n) ≥ m.

The proofs for Theorems 3.1 and 3.3 will be omitted. However, we will prove
a stronger result than that of Theorem 3.1, and demonstrate the last part of 3.3
(that F is Frankl’s if log2n ≥ m), later on in the paper.

Combining Theorems 3.1 and 3.2, we narrow the search to families that satisfy
2m < n < 2m − 2m/2.

4. Types Of Families

Another approach that uses the averaging methods focuses on proving the con-
jecture for families with certain structures. One such structure comes from first
organizing the power set P (n) and then removing one set at a time.

Definition 4.1. An n-prism is a structure on P (m) where any two x, y ∈ P (m)
have an edge between them if and only if their symmetric difference, i.e. x∆y, has
size 1.

Remark 4.2. We can further structure an n-prism by arranging m + 1 levels,
where the i’th level contains all sets of size i. Those familiar with lattice theory can
observe that structuring any union-closed family in this way will result in a lattice.
The proof for this will be omitted.

We can immediately observe that if |x| = |y| = |z|−1, then x∪y = z if and only
if x, y both share an edge with z. Additionally, the number of sets on the i’th level
is
(
n
i

)
, so the structure of the m− prism mimics the m’th row of Pascal’s triangle

(with 2m total sets). More properties of this structure can be seen in Harrafa’s
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Figure 2. A 4-prism with F
[4]
1 and F

{2,3,4}
4 highlighted in red and

blue respectively

Figure 3. A 4-prism split into F
[4]
1 (red) and a 3-prism (blue).

paper on the subject [7]. It should be noted however, that their approach is very
different in that it focuses on a distance metric that can be used to relate sets,
whereas we will only be using the defined structure in order to more easily organize
the sets in a way that is relevant for the averaging approach.

Definition 4.3. Let k be an m−prism. We denote F k
a as the sets in k that contain

the element a. Moreover, define F k
a to be an m-face, where m = |U(k)|.

Note that for an m−prism k, k \F k
a is precisely the (m−1)−prism made up of

the elements U(k)\a. This results in F k
a being an (m−1)−prism where each set is

unioned with a. As such, it is identical in structure and size as the (m−1)−prism.
For an example, see Figure 3.

Now, we can construct different union-closed families by removing sets from the
power set. We can begin by observing the effect of removing one set.

Lemma 4.4. If we remove some set x from an m− prism k, then for the result to
be union-closed, we also must remove F j

a for some a ∈ x and j ⊂ k where U(j) = x.

Proof. First, suppose x = U(k). Then there must be some element a ∈ U(k) that
is removed entirely, and thus, F k

a must be removed.
Now, if x ⊂ U(k) then let p = |x|. We can then construct a p − prism j from

the elements of x. We then have that j ⊂ k. Furthermore, x = U(j), so F j
a must

be removed from j, and consequently, from k.
�

With these definitions, we can now present the following theorem:

Theorem 4.5. Let f1, ..., fh be a collection of faces such that fi ∩ fj = ∅ for all
i 6= j.
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Now, let k be an m− prism such that for all 1 ≤ i ≤ h, fi ⊂ k.
Then

G = k \
h⋃

i=1

fi

is Frankl’s.
Furthermore, let C be a collection of sets such that for all x ∈ C, |x| ≤ |U(G)|

2 .
Then G \ C is also Frankl’s.

To begin proving this theorem, let us first define the averaging function A.

Definition 4.6. Define the function A on a family of sets F by

(4.7) A(F ) :=

∑
x∈F |x|
m · n

where m = |U(F )| and n = |F |.

We can see that this is a rearrangement of the inequality 2.2, and hence, if
A(F ) ≥ 1/2 then F is Frankl’s.

Lemma 4.8. Let F be a union-closed family, and let L ⊂ F . If

(1) A(F ) ≥ 1/2

(2)
∑

x∈L |x|
|U(F )|·|L| ≤ 1/2

and

(3) U(F ) /∈ L
then A(F \ L) ≥ 1/2.

Proof. As usual, let m = |U(F )|, and since F 6⊂ L, |U(F \ L)| = m.
If A(F ) ≥ 1/2 then

|F |/2 ≤
∑

x∈F |x|
m

=

∑
x∈L |x|
m

+

∑
x∈F\L |x|
m

= |L| ·
∑

x∈L |x|
|L| ·m

+ |F \ L| ·A(F \ L)

It then follows that

|F |/2− |L| ·
∑

x∈L |x|
|L| ·m

≤ |F \ L| ·A(F \ L)

We are also given that
∑

x∈L |x|
|L|·m ≤ 1/2, and so

|F |/2− |L| ·
∑

x∈L |x|
|L| ·m

≥ |F \ L| · 1/2

Hence,
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|F \ L| · 1/2 ≤ |F \ L| ·A(F \ L)

And we therefore conclude that A(F \ L) ≥ 1/2
�

To finish the proof to Theorem 4.5, we only need to show that after removing
each face, the family satisfies property (1) of Lemma 4.8, and the next face satisfies
properties (2) and (3). Finally, we must also show that the set C defined in 4.5
also satisfies properties (2) and (3).

Let us begin with the m− prism.

Lemma 4.9. Let k be an m− prism. Then:

(1)
∑

x∈k |x| = 2m−1 ·m

(2) A(k) = 1/2

Proof. We know that |k| = 2m since it is a power set. Furthermore, for each x ∈ k,
U(k) \ x ∈ k, and thus, the sets of k can be grouped into 2m−1 pairs (a, b) where
a ∪ b = U(k). Thus,

∑
x∈k |x| = 2m−1 ·m.

Next, we have that

A(k) =

∑
x∈k |x|
|k| ·m

=
2m−1

2m
= 1/2

�

Now that we have shown that prisms fulfill property (1) of Lemma 4.8, we must
show that faces satisfy properties (2) and (3).

Lemma 4.10. Let k be an m − prism, j ⊂ k a q − prism with q < m, and let
L = F j

a be a face. Then ∑
x∈L |x|
|L| ·m

≤ 1/2

Proof. First, since L is precisely the (q − 1)− prism unioned with a, we have that∑
x∈L
|x| = 2(q−1)−1 · (q − 1) + |L|

Then since |L| = 2q−1,∑
x∈L |x|
|L|

= 2−1 · (q − 1) + 1 =
q + 1

2
≤ m

2

Thus,
∑

x∈L |x|
|L|·m ≤ 1/2.

�

Next, let us show the same result for the collection C defined in Theorem 4.5.

Lemma 4.11. Let G be a union-closed family, and let C be a collection of sets

such that for all x ∈ C, |x| ≤ |U(G)|
2 . Then∑

x∈C |x|
|C| · |U(G)|

≤ 1/2

Proof. We have that
∑

x∈C |x| ≤ |C| ·
|U(G)|

2 and thus,
∑

x∈C |x|
|C|·|U(G)| ≤ 1/2.

�
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Figure 4. A 5-prism from which F
[4]
1 (blue), F

{2,3,5}
5 (red), and

C (yellow) are being removed.

Finally, let us prove Theorem 4.5:

Proof. First, let us reorder f1, ..., fh by decreasing cardinality.
Next, suppose U(k) ∈ f1. Then as discussed previously, removing f1 will result

in a (m − 1) − prism, k1. Then since f2, ..., fh ⊂ k2, we repeat this process until
U(ki) /∈ fi, in which case, we have reduced the problem to the case where U(k) /∈ f1.

Now, by Lemma 4.9, A(k) = 1/2 and by 4.10,
∑

x∈f1
|x|

|f1|·m ≤ 1/2, so by Lemma

4.8, we have that A(k \ f1) ≥ 1/2.
If we repeat this process for f2, ..., fh, we get:

1/2 ≤ A(k \ f1... \ fh) = A(k \
h⋃

i=1

fi)

and thus,

G = k \
h⋃

i=1

fi

is Frankl’s.

Finally, by Lemma 4.11, we also have that A(G \ C) ≥ 1/2, and thus, G \ C is
also Frankl’s.

�

Example 4.12. If we let f1 = F
[4]
1 , f2 = F

{2,3,5}
5 , and C = [∅, 2, 3, 4, 15, 34, 45],

then according to the theorem removing these results in a family F such that
A(F ) ≥ 1/2. Indeed, we get that A(F ) = 2·2+6·3+4·4+5

15·5 = 43
75 > 1/2 (the process

can be observed in Figure 4).

This theorem gives us two types of families that we know are always Frankl’s.
Type 1: Those families which can be constructed by removing faces from a power
set, and Type 2: those families that can be constructed by removing sets with
bellow average cardinality from Type 1 families.
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We now show that the families described in Theorem 3.1 must be of Type 2 and
are therefore Frankl’s.

Proof. Suppose F is a union-closed family such that n ≥ 2m − 2m/2.
We can construct F in the following manner: start with the m − prism k and

remove sets, starting with the largest one and going in decreasing order, until we
reach F .

Let x be the largest set in k\F . Now, we know that |k| = 2m, and since removing
|x| will remove 2|x|−1 sets, we know that |x| ≤ m

2 + 1.
If |x| = m

2 +1 then by Lemma 4.8, we know that removing x will result in a type

1 family, with exactly 2m − 2m/2 sets, and so no more sets can be removed.

If, however, |x| < m
2 + 1, we get that |y| ≤ m

2 for all y ∈ k \ F , and thus

F = k \
⋃

y∈k\F

y

is a type 2 family.
�

We also get one of the results from Theorem 3.3, namely: F is Frankl’s if
log2n ≥ m. We know this because n ≤ 2m and n = 2m only when F is an

m− prism, which we know is Frankl’s.

5. Limits Of Standard Averaging

The standard averaging approach is limited however. The issue is that not all
families that obey Frankl’s conjecture have A(F ) ≥ 1/2. Hungarian Families are
one such type of family. We will be using the non-lattice formulation presented by
Bruhn and Schaudt [4] (the original lattice formulation was by Czédli, Maróti, and
Schmidt [6]).

Definition 5.1. Let us define an ordering < on 2N by: A < B if

i) maxA < maxB
or

ii) maxA =maxB and maxA∆B ∈ A

The first 25 elements of this ordering are as follows:

∅ < 1 < 12 < 2 < 123 < 23 < 13 < 3 < 1234 < 234

< 134 < 34 < 124 < 24 < 14 < 4 < 12345 < 2345

< 1345 < 345 < 1245 < 245 < 145 < 45 < 1235...

Define a Hungarian Family H(n) to be the collection of the first n elements of
the ordering <.

Lemma 5.2. A Hungarian family H(n) is union-closed and obeys the Frankl’s
conjecture.
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Proof. Let A,B ∈ H(n). Then max(A ∪B) ∈ A or ∈ B.
WLOG, say that max(A ∪B) ∈ A. Then max(A ∪B) =maxA and
max((A ∪B)∆A) =max(B \A) ∈ A ∪B.
Thus, A ∪B ≤ A and hence A ∪B ∈ H(n).

Now, unless n = 1 (in which case, the family only consists of the empty set), we
have that {1} ∈ H(n). Then, in a union-closed family F that contains a singleton,
for any x ∈ F such that 1 /∈ x, we have that x ∪ {1} ∈ F . Thus, for any set that
does not contain 1, there is one that does, and so we know that 1 is in at least half
the sets of F .

Hence, we know that H(n) is Frankl’s
�

Despite obeying Frankl’s conjecture, some Hungarian Families have been shown
by Czédli, Maróti, and Schmidt [6] to not have an average greater than 1/2.

Theorem 5.3. Czédli, Maróti, and Schmidt
A(H(n)) < 1/2 when n = b 232mc, with m = |U(H(n))|.

Proof. This proof relies on the following identities:⌊
2

3
2m
⌋

= 2m−1 + 2m−3 + ...+ 4 + 1 =
2m+1 − 1

3
if m is odd

⌊
2

3
2m
⌋

= 2m−1 + 2m−3 + ...+ 8 + 2 =
2m+1 − 2

3
if m is even

Let us designate the first 2m−1 elements of the ordering < as I0, the next 2m−3

elements as I1, and so on until Ik (with k = bm−12 c) which contains the largest,

according to the ordering, element (or pair of elements if m is even) of H(n).
We can observe that |Ii| = 2m−2i−1. Furthermore, we can see that I0 = 2[m−1]

and that after that, each element j < m follows the pattern of alternating in chunks
of 2j−1 sets. As a result, we have that each Ii is precisely those subsets of [m] that
contain all of m−1,m−3, ...,m−2i+1,m,m−2i but not m−2,m−4, ...,m−2i+2.
Hence, the element m−2i+1 appears in all the sets of Ii∪ ...∪Ik but only in half of
I1 ∪ ...∪ Ii−1. However, element m− 2i appears in none of the sets of Ii+1 ∪ ...∪ Ik
but in half of I1 ∪ ... ∪ Ii−1 and in all of Ii. Thus if m is even (if it is odd, the
process is very similar),

m∑
i=1

|H(n)
i | = |H

(n)
m |+ |H

(n)
1 |+

k∑
i=1

(|H(n)
m−2i+1|+ |H

(n)
m−2i|)

= |H(n)| − |I0|+
1

2
|H(n)|+

k∑
i=1

(|H(n)|+ |Ii|)

= (k + 1)|H(n)| − |I0|+
1

2
|H(n)|+ |H(n)| − |I0|

=
m

2
|H(n)| − 2m +

3

2
· 2m+1 − 2

3
=
m

2
|H(n)| − 1

Thus, we have that A(H(n)) = 1
2 −

1
n·m < 1

2 .



AN AVERAGING APPROACH TO FRANKL’S CONJECTURE 11

Now, since the ordering defined has the property that the first 2m elements form
[m], and since n > 2m−1, we know that for each m there is a Hungarian family
with the desired number of sets, and therefore, with A(H(n)) < 1

2 .
�

This theorem shows us that the standard averaging approach can not be suc-
cessful in showing all union-closed families are Frankl’s since the statement “F is
Frankl’s if and only if A(F ) ≥ 1/2” is false.

Example 5.4. As an example, let us consider F = H(10). Then

F = [∅, 1, 12, 2, 123, 23, 13, 3, 1234, 234].

We can see that F has an abundant element 1, but A(F ) = 19
40 < 1/2.

We will now explore modifications to the averaging approach that attempt to
circumvent this issue.

6. Weighted Averaging

The weighted average approach assigns a weight to each element in the universe
so that the presence of certain elements effects the average more than others. The
idea is that if F is Frankl’s then there is some weight distribution with an average
greater than half. As a result, this approach has an “if and only if” property, and
so ideally, it can be used on any family, unlike in the standard averages approach.

Definition 6.1. A weighted family (F,w) is a family F , together with a weight
function w : U(F )→ R≥0 such that for some a ∈ U(F ), w(a) > 0.

With this definition, we can modify function 4.7 to work with weighted families.

Definition 6.2. For a weighted family (F,w), let

A(F,w) =

∑
X∈F

∑
a∈X w(a)

|F | · (
∑

a∈U(F ) w(a))

In other words, we are now replacing the cardinality of each set with its weighted
sum, and m with the sum of the weights.

Example 6.3. If we let w = 1, then A(F,w) = A(F ), whereas if we let w(1) = 1
and w(a) = 0 for all a 6= 1,

A(F,w) =
|F1|
|F |

This brings us to the theorem that makes this approach useful:

Theorem 6.4. A union-closed family F is Frankl’s if and only if there is some
weight function w such that A(F,w) ≥ 1/2.

Proof. From example 6.3, we can immediately see that if F is Frankl’s then there is
some abundant element a, and if we let w be the characteristic function of a, then

A(F,w) = |Fa|
|F | ≥ 1/2.

For the other direction, we can assume that F is not Frankl’s. Then we have for
all w:
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A(F,w) =

∑
X∈F

∑
a∈X w(a)

|F | · (
∑

a∈U(F ) w(a))

=

∑
a∈U(F ) w(a) · |Fa|
n ·
∑

a∈U(F ) w(a)

<
(n/2) ·

∑
a∈U(F ) w(a)

n ·
∑

a∈U(F ) w(a)
= 1/2

We conclude that F is Frankl’s if and only if A(F,w) ≥ 1/2.
�

The key benefit of this theorem is that it shows that the weighed average ap-
proach can be used on any family, whereas the standard average approach was
limited to a relatively small number of sets. To illustrate this, let us revisit a
previous example.

Example 6.5. Let F = H(10). As noted previously, A(F ) < 1/2.
Now, let us define the weight function

w : w(1) = 4, w(2) = 2, w(3) = 1, w(4) = 0

Then

A(F,w) =
5 · 4 + 6 · 2 + 6 · 1

10 · 7
=

38

70
> 1/2

However, the pairing (F,w) is still too arbitrary to be useful. The following
theorem gives us a concrete connection between F and (F,w) for any rational w.

Theorem 6.6. For any union-closed family F and rational weight function w,
there is some family Fw such that A(F,w) = A(Fw) and Fw can be simplified
down to F using the process defined in Lemma 1.2.

Proof. w is rational so then for all x ∈ U(F ), we can write w(x) = qx
px

with

qx, px ∈ N. Further, denote x′ = p1 · ... ·px−1 · qx ·px+1... ·pm and P = p1 · ... ·pm.
Then, let us construct a new family F ′ as follows: in each set X ∈ F , replace each
a ∈ U(F ) with a1, ..., aa′ if a′ 6= 0. In the case that a′ = 0 = w(a), remove a
entirely, and add the subscript Xa so that the number of sets does not decrease
and the structure does not change. Now, we know that if we were to group each
a1, ..., aa′ we can turn F ′ into F , and so, F ′ is Frankl’s if and only if F is Frankl’s.

Next, we have that ∑
X∈F ′

|X| =
∑
Y ∈F

∑
a∈Y

a′

Since a′ = p1 · ... · pa−1 · qa · pa+1... · pm = P · qapa
, we have that∑

X∈F ′

|X| = P ·
∑
Y ∈F

∑
a∈Y

qa
pa

= P ·
∑
Y ∈F

∑
a∈Y

w(a)

Further,

|F ′| · |U(F ′)| = |F | ·
∑

a∈U(F )

a′ = |F | · P ·
∑

a∈U(F )

w(a)
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Now setting Fw = F ′ it follows that

A(Fw) =
P ·
∑

Y ∈F
∑

a∈Y w(a)

|F | · P ·
∑

a∈U(F ) w(a)
= A(F,w)

It is important to note that since we required that there is at least one a such
that w(a) > 0, the sum

∑
a∈U(F ) w(a) 6= 0 in the denominator.

�

Remark 6.7. Although the above theorem can’t be proven for irrational weights,
all of its main effects can be. Namely, we can still find an Fw that can be simplified
down to F , and which is Frankl’s if and only if F is. Further, for all ε > 0 we can
find Fw such that |A(F,w)−A(Fw)| < ε. This can be done because Q is dense in
R. The formal proof for this will be omitted because irrational weights are almost
never used since the very nature of the conjecture confines us to an integer number
of sets with integer cardinality.

Now let us present an immediate corollary:

Corollary 6.8. Let k be an m-prism, w a rational weight function, and C ⊂ k a

collection of sets such that for all X ∈ C,
∑

a∈X w(a) ≤
∑

a∈[m] w(a)

2 .
Then k \ C is Frankl’s.

Proof. By applying 6.6 on k, we will get a new family, k′ and its subset C ′. However,
because each element exists in exactly half the sets, we know that A(k′) = A(k) =
1/2. Furthermore, for all X ∈ C, |X ′| =

∑
a∈X w(a) (where X ′ is the corresponding

set in C ′).

Then, we have that for all X ′ ∈ C ′, |X ′| < |U(k′)|
2 , and hence, by applying

Theorem 4.5, we get that k′ \ C ′, and therefore k \ C are Frankl’s.
�

This allows us to “rotate” the average set size line in order to cover a different
combination of sets.

Let us review how Theorem 6.6 works in practice by revisiting theH(10) example.

Example 6.9. Let F = H(10) and as previously, define:

w : w(1) = 4, w(2) = 2, w(3) = 1, w(4) = 0

Then by the process outlined in the proof of Theorem 6.6,
Fw = [∅, 1111, 111122, 22, 1111223, 223, 11113, 3, (1111223)4, (223)4]
which can be simplified into the separating F = [∅, 1, 12, 2, 123, 23, 13, 3, 1234, 234]

and further, we have that A(Fw) = 38
70 = A(F,w)

This result allows us to view each (F,w) not as some arbitrary pairing of a family
with a function that maps U(F ) to the reals, but rather as a link to another family
with identical structure. This allows us to view each family as a point in a space of
families (strictly speaking this “space” can be modulated into the positive points
of an m − sphere), which has the following important property: if even a single
point in the space is Frankl’s, every point is. More importantly, the function A(F )
is not uniform in this space.

Weighted averages were used by Ivica Bošnjak and Petar Marković [2] in or-
der to ease the case-work required to prove the conjecture for 11-element families.
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Bojan Vuckovič and Miodrag Źivkovič [10] also used weighted averages and an algo-
rithm for shifting the weight function in order to prove the conjecture for m = 12.
However, they also used the basis approach, a broad method that merits its own
paper.

7. Up-Compression

A common tool in combinatorics, up-compression is the process of modifying one
structure into another, while preserving some key attributes of the original. This
tool is also used to modify one union-closed family into another called an up-set.

Definition 7.1. A union-closed family U is an up-set if for all X ∈ U ,
X ⊂ Y ⊂ U(U), implies Y ∈ U .

In order to turn a regular set into an up-set, we use the following functions:

Definition 7.2. For a union-closed family F , a set X ∈ F , and an element a,
define

(1) ua(X) =

{
X + a if X + a /∈ F
X otherwise

(2) ua(F ) = {ui(X) : X ∈ F}

(3) u(F ) = um ◦ ... ◦ u1(F )

Consider the following example:

Example 7.3. Let

F = [14, 23, 1234]

Then

u1(F ) = [14, 123, 1234]

u2(u1(F )) = [124, 123, 1234] = u(F )

We can see that u(F ) is an up-set but F is not.

Reimer [9] produces the following lemma which will make the up-compression
approach viable:

Lemma 7.4. For a union-closed family F we have:

(1) ua(F ) is union closed for any a ∈ u(F )

(2) u(F ) is an up-set

Proof. Let A,B ∈ ua(F ), u−1a (A) = A′, and u−1a (B) = B′. Then

1) A ∪B = A′ ∪B′
or

2) A′ ∪B′ + a

In the first case, we then know that A′∪B′+a ∈ F and so A∪B = A′∪B′ ∈ ua(F ).
In the second case, we know that A′ ∪ B′ + a ∈ ua(F ) and thus, A ∪ B ∈ ua(F ).
Hence, ua(F ) is union-closed.
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Let R(F ) = {b ∈ F : X ∈ F =⇒ X + b ∈ F}. Then for X ∈ ua(F ), we know
that X + a ∈ ua(F ). Furthermore, for b ∈ R(F ), let u−1b (X) = X ′. Now, if a ∈ X
then since X ′ + b ∈ F , X ′ + a+ b = X + b ∈ ua(F ).

If a /∈ X = X ′, then X + b = X ′ + b ∈ F , but also, it is necessary that
X + a ∈ F , and hence, X + a + b ∈ F . Then, ua(X + b) = X + b ∈ ua(F ). Thus,
R(ua(F )) = R(F ) + a and so it follows that R(u(F )) = U(F ). Then if X ∈ u(F )
and X ⊂ Y ⊂ U(u(F )), then Y = X ∪Y \X ∈ u(F ). Therefore, u(F ) is an up-set.

�

Balla, Bollobas, and Eccles [1] used up-compression to significantly improve the
upper bound introduced by Czédli (Theorem 3.1) from 2m − 2m/2 to d 232me. This
is a significant improvement, and furthermore, since we know there are Hungarian
families with b 232mc and an average of less than 1/2, we know that this is the best
upper bound that can be set using standard averages.

Theorem 7.5. Let F be a union-closed family with n ≥ d 232me. Then F is Frankl’s.

This theorem requires an in-depth look at up-compression and some other topics
not introduced in this paper, and so the formal proof will be omitted.

The key idea, however, is that Balla [1] demonstrated that a Hungarian family
H(n) in P (m) minimises the value

∑
X∈F |X| for families with n sets and a universe

of m. This is proved using up-compression on the Hungarian sets. From there, we
can see that for any F such that |F | > n, it is necessary that A(H(n)) < A(F ) and
so A(F ) ≥ 1/2 and F is Frankl’s.

8. Conclusion

We have investigated several different useful tools for working on Frankl’s con-
jecture, as well as a structure that helps us use those tools better. Although they all
have promise and bring results, one crucial element is still missing. None of these
methods are able to distinctly utilize or observe some fundamental property that
distinguishes union-closed families from regular families. Of course, they all utilize
the fact that F must be union-closed, but on a more case-by-case basis. Hence, until
a method or group of methods are found that are able to characterize some unique
property of union-closed sets (aside from the fact that they are union-closed), it is
unlikely that the conjecture will be solved.
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[2] Bošnjak, Ivica and Marković, Petar. The 11-element case of Frankl’s conjecture.

http://emis.math.tifr.res.in/journals/EJC/Volume 15/PDF/v15i1r88.pdf

[3] Bruhn, Charbit, Schaudt, and Tell. The graph formulation of the
union-closed sets conjecture, European Journal of Combinatorics
https://www.sciencedirect.com/science/article/pii/S0195669814001425



16 ANDREY SHAPIRO

[4] Bruhn, Henning and Schaud, Olivert. The Journey Of The Union-Closed Sets Conjecture.

https://arxiv.org/pdf/1309.3297.pdf

[5] Czédli. On averaging Frankl’s conjecture for large union-closed sets,
Journal of Combinatorial Theory (Series A) 116 (2009), 724–729.

https://www.sciencedirect.com/science/article/pii/S0097316508001040
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