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Abstract

In this paper, we are interested in the similarity between the correlations of the zeroes of the
Riemann Zeta Function and the eigenvalues of a random, uniformly distributed unitary matrix
of order N , as N → ∞. In the �rst section, we de�ne the Riemann Zeta Function on C \ {1},
we state and prove some of its basic properties and state the Riemann Hypothesis. In the
second section, we talk about the Circular Unitary Ensemble (CUE). We explain the uniform
distribution on U(n), prove the Weyl's integration formula and then we talk about determinantal
point processes and the sine kernel. In the third and last section, we prove Montgomery's
Theorem, as well as state the Montgomery's conjecture, which shows the similarity we talked
about.

1 Introduction

In 1860, Bernhard Riemann published the well-known paper entitled �On the Number of Primes
Less than a given Magnitude�. In this paper, he proved an improved version of the Prime Number
Theorem, under an assumption he made, known today as the Riemann Hypothesis; the fact that

all non-trivial roots of ζ lie on Re(s) =
1

2
. In 1900, Hilbert included the Riemann Hypothesis in

his famous list of the 23 problems with which he challenged 20th century mathematicians. Since
then, the Riemann Hypothesis has proved to be perhaps the most famous and important unsolved
Number Theory problem, as many theorems today depend on its truth. It is known today that the
Riemann Hypothesis is true up to the number 3× 1012. One possible approach to this problem, is

the Hilbert-Pólya conjecture, which states that if ρn =
1

2
+ itn are the roots of ζ, then tn are the

eigenvalues of a self-adjoint operator (and, thus, are real).
In 1973, Montgomery conjectured that the pair correlation of the zeroes of the Riemann Zeta Func-
tion follows the determinant of the sine kernel, and proved, under the Riemann Hypothesis, that
this is indeed true for a special category of functions. From a conversation of H.L.Montgomery with
F.J.Dyson, both of them realized that eigenvalues of complex Hermitian or Unitary matrices have
exactly the same n-tuple correlation function, that of the determinant of the sine kernel. This is of
course a sign that the Hilbert-Pólya conjecture is true. That is when people started to understand
that the Riemann Zeta Function is very much related to Random Matrix Theory. Since then, the
link between them has developed very much, and it is a �eld which is researched even today.
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2 The Riemann's Zeta Function

2.1 Analytic Continuation of the Riemann Zeta Function

In this paragraph, our goal is to de�ne the Riemann ζ function in the half-plane Re(s) > 1 and
show it can be extended analytically in C \ {1}, and at 1 it will have a simple pole with residue 1.
We start by giving the following de�nition of the ζ function.

De�nition 2.1. We de�ne the Riemann zeta function to be the function

ζ(s) =

∞∑
n=1

1

ns

for all s ∈ C with Re(s) > 1.

The series on the right hand side is absolutely convergent in the half plane Re(s) > 1, thus it
de�nes an analytic function on this domain. Next, we break the process of extension into several
propositions.

Proposition 2.2. ζ can be extended to {s ∈ C, Re(s) > 0} \ {1}.

Before starting the proof, we give the following technical Lemma.

Lemma 2.3. Let a, b ∈ R with 0 < a < b and φ : [a, b]→ C be a function with continuous derivative.

Then, the following relation holds:

∑
n∈N
a<n≤b

φ(n) =

∫ b

a
φ(x)dx+

∫ b

a

(
x− [x]− 1

2

)
φ′(x)dx+

(
a− [a]− 1

2

)
φ(a)−

(
b− [b]− 1

2

)
φ(b).

For the proof of this Lemma, due to additivity, it is enough to consider the case in which
k ≤ a < b ≤ k + 1 for some nonnegative integer k. This case can be proven with a straightforward
integration by parts.

Proof of Proposition 2.2. We apply Lemma 2.3 to the function φ(x) = x−s, and set a = 1, b ∈ N.
Then,

b∑
n=2

n−s =
b1−s − 1

1− s
− s

∫ b

1

x− [x]− 1
2

xs+1
dx+

1

2
(b−s − 1)

and thus,

ζ(s) = 1 +
∞∑
n=2

n−s = s

∫ ∞
1

[x]− x+ 1
2

xs+1
dx+

1

s− 1
+

1

2
, Re(s) > 1. (1)

Observe that the function f(x) = [x] − x +
1

2
is bounded, so the right hand side of (1) de�nes an

analytic function for all s such that Re(s) > 0 and s 6= 1. Thus, the function ζ can be de�ned to
be equal to the function on the right hand side, for Re(s) > 0 and s 6= 1.

Proposition 2.4. ζ can be extended to {s ∈ C, Re(s) > −1} \ {1}.

2



Proof. We are going to prove that the integral on the right hand side of (1) converges actually for
Re(s) > −1. Set

f1(x) =

∫ x

1
f(t)dt and h(x) =

∫ x

1

[t]− t+ 1
2

ts+1
dt.

For every positive integer k we have that f1(k+ 1) = f1(k), so f1(x) is bounded. Thus, integrating
by parts implies

h(x2)− h(x1) =

∫ x2

x1

[t]− t+ 1
2

ts+1
=

[
f1(t)

ts+1

]x2
x1

+ (s+ 1)

∫ x2

x1

f1(t)

ts+2
dt→ 0 as x1, x2 →∞.

So, the limit lim
x→∞

h(x) exists for every s such that Re(s) > −1 and s 6= 1. Thus, we can de�ne

ζ(s) = s

∫ ∞
1

[x]− x+ 1
2

xs+1
dx+

1

s− 1
+

1

2
, Re(s) > −1, s 6= 1.

For all s such that Re(s) < 0, we have

s

∫ 1

0

[x]− x+ 1
2

xs+1
dx = −s

∫ 1

0
x−sdx+

1

2

∫ 1

0

s

xs+1
dx =

s

s− 1
− 1

2
=

1

s− 1
+

1

2
,

so if −1 < Re(s) < 0 then

ζ(s) = s

∫ ∞
0

[x]− x+ 1
2

xs+1
dx.

We �nally can prove the analytic continuation of ζ on C \ {1}.

Proposition 2.5. ζ can be extended to a meromorphic function on C with a simple pole at 1 with

residue 1. Moreover, we have the following functional equation,

ξ(s) = ξ(1− s) with ξ(s) =
1

2
s(s− 1)π−s/2Γ

(s
2

)
ζ(s).

Proof. The function f(x) = [x] − x +
1

2
is 1−periodic, so expanding in Fourier series and using

Dini's Theorem, we have

[x]− x+
1

2
=

∞∑
n=1

sin(2nπx)

nπ
,∀x /∈ Z.

So, for −1 < Re(s) < 0, integrating term-by-term (see Lemma 2.6 for the proof) implies

ζ(s) = s

∫ ∞
0

∞∑
n=1

sin(2nπx)
nπ

xs+1
dx =

s

π

∞∑
n=1

∫ ∞
0

sin(2nπx)

nxs+1
dx =

=
s

π

∞∑
n=1

(2πn)s

n

∫ ∞
0

sin y

ys+1
dy = − s

π
(2π)sΓ(−s) sin

sπ

2
ζ(1− s). (2)

In the last equality, we used the known identity

Γ(s) sin
πs

2
=

∫ ∞
0

ys−1 sin ydy.
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The Right Hand Side of relation (2) is analytic for any s with Re(s) < 0, and thus we can de�ne

ζ(s) = − s
π

(2π)sΓ(−s) sin sπ
2 ζ(1− s), for Re(s) < 0.

We have successfully completed our goal, which was to extend ζ analytically on C \ {1}. Using
the identities

Γ(z)Γ(1− z) =
π

sinπz
and Γ(z)Γ

(
z +

1

2

)
= 21−2z√πΓ(2z)

and the relation (2), we get that if we set

ξ(s) =
1

2
s(s− 1)π−

s
2 Γ
(s

2

)
ζ(s),

the function ξ satis�es the relation ξ(s) = ξ(1− s) and takes real values on real numbers. Also, the
function Ξ(z) = ξ(1

2 + iz) is an even function of z and takes real values on real numbers.

It remains, however to prove that term-by-term integration is possible. This is discussed in the
Lemma below:

Lemma 2.6. Term-by-Term integration is possible in the above proof.

Proof. Set g(x) =
∞∑
n=1

sin(2πnx)

πnxs+1
=
bxc − x+ 1

2

xs+1
(almost everywhere) and gN (x) =

N∑
n=1

sin(2πnx)

πnxs+1
.

Of course, gN (x) −−−−→
N→∞

g(x) almost everywhere in (0,∞). Let M ∈ N and σ = Res ∈ (−1, 0).

Using Abel's transformation, we can see that

gN (x) =
BN (x)

πNxs+1
+
N−1∑
n=1

Bn(x)

πxs+1n(n+ 1)
,

where Bn(x) =
n∑
k=1

sin(2πkx). By performing some easy calculations, we obtain that

Bn(x) = cosπnx+
sin2 πnx

tanπx
.

Thus, for any δ > 0, |Bn(x)| ≤ 1 +
1

δ
for δ ≤ x ≤ 1 and |Bn(x)| ≤ n for 0 ≤ x ≤ δ. So,

∫ 1

0

|Bn(x)|
xσ+1

dx = O
(
n

1
1−σ
)
,

by picking δ = n−
1

1−σ and ∫ k+1

k

|Bn(x)|
xσ+1

dx = O(
√
n),

by periodicity and picking δ = n−
1
2 , for any integer 1 ≤ k ≤ M − 1. By these two inequalities, we

get that gN −−−−→
N→∞

g in L1(0,M). Thus, it su�ces to prove that

∞∑
n=1

1

n

∫ ∞
M

sin(2πnx)

xs+1
−−−−→
M→∞

0.
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This is true, as∫ ∞
M

sin(2πnx)

πnxs+1
dx =

[
−cos(2πnx)

2πnxs+1

]∞
M

− s+ 1

2π

∫ ∞
M

cos(2πnx)

xs+2
dx = O

(
1

nMσ+1

)
.

Thus, ability to integrate term-by-term follows.

Next, we will state a few properties that will be useful.

Proposition 2.7. Let Λ(n) = log p if n = pa and 0 otherwise. Then, for all s with Res > 1, the
following identity holds:

−ζ
′(s)

ζ(s)
=
∞∑
n=1

Λ(n)n−s.

Proof. For Res > 1, we see that

ζ(s) =
∏

p prime

1

1− p−s
⇒ log ζ(s) = −

∑
p prime

log(1− p−s).

Di�erentiating this equality implies

ζ ′(s)

ζ(s)
= −

∑
p prime

log p
p−s

1− p−s
= −

∑
p prime

log p
∞∑
n=1

p−ns = −
∞∑
n=1

Λ(n)n−s,

by the de�nition of Λ. The Proposition follows.

The proof inequality stated below can be found in [10, Chapter 5.1]

Proposition 2.8. For any σ0 ∈ R, |ζ(σ+ it)| = O(tA) for some A depending on σ0, for all σ ≥ σ0.

Next, we state the Riemann Hypothesis, one of the most famous unsolved mathematical prob-
lems. Observe that on the half-plane Res > 1, the function ξ is holomorphic everywhere and does
not vanish. Thus, by symmetry, and keeping in mind that −k, k ∈ Z≥0 are the poles of Γ, we
conclude that the numbers −2k, k ∈ Z>0 are all roots of ζ. These are called the trivial roots of ζ.
The rest are called the non-trivial roots.

Conjecture 1. The non-trivial roots of the ζ function lie on the critical line Res =
1

2
.

Often, in order to overcome many kinds of di�culties, mathematicians assume the Riemann
Hypothesis is true. This is what we are also going to do in the last section of this paper.

2.2 Distribution of the Zeroes of the Zeta Function

In this paragraph, our goal is to prove an asymptotic formula for the zeroes of ζ in the critical strip,

0 ≤ Re(s) ≤ 1.

It is important to mention that all results of this paragraph are independent of the Riemann Hy-
pothesis. If we assume it is true, then these results hold for the roots on the critical line.

For T > 0, we denote by N(T ) the number of zeroes of ζ(s) in the rectangle

0 ≤ Re(s) ≤ 1, 0 ≤ Ims ≤ T.

First of all we prove an estimation for N(T+1)−N(T ), i.e. the number of roots that have imaginary
part inside [T, T + 1].

5



Lemma 2.9. For any t > 1, N(T + 1) − N(T − 1) = O(log T ) uniformly for T ≥ t. Thus, both

N(T + 1)−N(T ) and N(T )−N(T − 1) are O(log T ).

Proof. Let n(r) be the number of roots of ζ inside the circle with center 2 + iT and radius r. Then,
N(T + 1)−N(T − 1) ≤ n(

√
5). However, using Jensen's Theorem, we get

n(
√

5)�
∫ 3

√
5

n(r)

r
dr ≤

∫ 3

0

n(r)

r
dr =

1

2π

∫ 2π

0
log |ζ(2 + it+ 3eiθ)|dθ − log |ζ(2 + iT )|

� log T + 1� log T,

and the Lemma follows. The last inequality is due to Proposition 2.8.

Our next goal is to prove that as T →∞,

N(T ) =
1

2π
T log

T

2πe
+O(log T ).

Lemma 2.10. Set L(T ) =
1

2π
T log T − 1 + log 2π

2π
T +

7

8
and S(T ) = π−1 arg ζ

(
1

2
+ iT

)
, obtained

by continuous variation along the straight lines 2→ 2 + iT → 1
2 + iT . Then,

N(T ) = L(T ) + S(T ) +O

(
1

T

)
, as T →∞.

Proof. Let T > 0. Consider the rectangle R with vertices ±T ± 3
2 i. Inside R, the roots of Ξ are

exactly the roots of ξ inside the rectangle with vertices 2± Ti,−1± Ti. However, ζ does not have
roots on the domain Re(s) > 1, and due to symmetry of ξ it does not have any roots on Re(s) < 0,
except for the −2k, k ∈ Z>0. So, Ξ has exactly 2N(T ) roots inside R, which tells us that, due to Ξ
being even and taking real values on reals,

2N(T ) =
1

2πi

∫
∂R

Ξ′(z)

Ξ(z)
dz =

2

πi

(∫ T+ 3
2
i

T

Ξ′(z)

Ξ(z)
dz +

∫ 3
2
i

T+ 3
2
i

Ξ′(z)

Ξ(z)
dz

)
(3)

=
2

πi

(∫ 2+iT

2

ξ′(s)

ξ(s)
ds+

∫ 1
2

+iT

2+iT

ξ′(s)

ξ(s)
ds

)
=

2

π
∆ arg ξ(s), (4)

where ∆ denotes the variation from 2 to 2 + iT and then to 1
2 + iT , through straight lines. Thus,

πN(T ) = ∆ arg ξ(s) = ∆ arg s(s− 1) + ∆ arg π−
s
2 + ∆ arg Γ

(s
2

)
+ πS(T )

= arg

(
−1

4
− T 2

)
+ ∆ arg e−

s
2

log π + Im

((
−1

4
+

1

2
iT

)
log

(
1

2
iT

)
− 1

2
iT +O

(
1

T

))
+ πS(T ) = π − 1

2
T log π +

1

2
T log

T

2
− π

8
− T

2
+ πS(T ) +O

(
1

T

)
= π(L(T ) + S(T )) +O

(
1

T

)
,

and we have proven the desired result. We used the identity

log Γ(z) =

(
z − 1

2

)
log z − z − log 2π

2
+O

(
1

|z|

)
,
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and the fact that

Re

[
log

(
1

4
+

1

2
iT

)
− log

(
1

2
iT

)]
= Re

[
log

(
1 +

1

2iT

)]
= O

(
log

(
1 +

1

4T 2

))
≤ O

(
1

T 2

)
.

Next, we prove another Lemma that will inform us about the behavior of S(T ).

Lemma 2.11. Let 0 ≤ α < β < 2 and f(s) be an analytic function taking real values on reals.

Also, suppose that |Ref(2 + it)| ≥ m > 0 for all t ∈ R and that |f(σ′ + it′)| ≤ Mσ,t for σ
′ ≥ σ and

1 ≤ t′ ≤ t. Then, if T is not the imaginary part of a zero of f ,

| arg f(σ + iT )| ≤ π

log 2−α
2−β

(
logMa,T+2 + log

1

m

)
+

3π

2
, for σ ≥ β.

Proof. On the line Re(s) = 2, Ref(s) does not vanish, so the argument on that line is < π
2 . Let

q be the number of times Ref(s) vanishes on the segment 2 + iT → β + iT . Then, in each of the
parts that this segment is divided, the argument is ≤ π. So, | arg f(σ + iT )| ≤ (q + 3

2)π. Since q is
the number of zeroes of g(z) = f(z + iT )− f(z − iT ), z ∈ [β, 2], q ≤ n(2− β), where n(r) denotes
the number of zeroes of g in the disk |z − 2| ≤ r. Thus, using Jensen's Theorem, we get

q log
2− α
2− β

≤ n(2− β) log
2− α
2− β

≤
∫ 2−α

2−β

n(r)

r
dr ≤

∫ 2−α

0

n(r)

r
dr

=
1

2π

∫ 2π

0
log |g(2 + (2− α)eiθ)|dθ − log |g(2)| ≤ logMa,T+2 + log

1

m
.

The Lemma follows immediately.

We apply this Lemma to the function f(s) = ζ(s) and for α = 0, β = 1
2 . This function indeed

satis�es the conditions, as for Re(s) ≥ 2,

|Reζ(s)| =

∣∣∣∣∣Re
∞∑
n=1

n−s

∣∣∣∣∣ ≥ 1− 1

22
− 1

32
− · · · > 1

4

and also due to Proposition 2.8. So, the Lemma tells us that S(T ) = O(log T ) as T →∞.

By the previous two Lemmas, it is immediate that what we wanted to prove is true.

3 The Circular Unitary Ensemble

3.1 The Haar measure on U(n)

In this paragraph, our goal is to describe what we mean exactly by the �uniform distribution� on
the group U(n) of n× n unitary matrices. First, we give a general Theorem by Haar:

Theorem 3.1. Let G be a locally compact group. Then, there exists a unique (up to a positive

multiplicative constant) Borel measure µ on G which is left-translation invariant, regular and such

that µ(K) <∞ for all compact sets K.
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Such a measure is called the Haar measure of a locally compact group G.

In particular, if G is compact, µ can be chosen to be a probability measure. In this special case, the

Haar measure µ is also right-translation invariant.

Consider the group U(n) of n × n unitary matrices, which is trivially a compact group. The
Haar measure on U(n) is a probability measure µ such that for any matrix V ∈ U(n) and every
measurable set A ⊆ U(n), we have µ(VA) = µ(AV ) = µ(A).

Below, we describe an way to construct the Haar measure on U(n):
Remember that the columns of a unitary matrix form an orthonormal basis of Cn. So, in order to
construct a uniform random matrix on U(n), pick the �rst column randomly and uniformly from
the sphere of Cn. Then, pick the second column randomly and uniformly from the subset of the
sphere of Cn, which consists of the vectors perpendicular to the �rst column. Continue the process
in the same manner. It is important to say that due to V being an isometry, for any V ∈ U(n), the
resulting measure is indeed the (translation invariant) Haar measure we would like to construct.

After this construction is clear, we can explain the uniform distribution on U(n) to be accord-
ing to the Haar measure, i.e. P(V ∈ A) = µ(A) for all Borel sets A.

3.2 The Weyl's integration formula

In this section, our goal is to prove the Weyl integration formula, which states that:

Theorem 3.2. The unordered eigenvalues of an N × N random, uniformly distributed unitary

matrix have eigenvalue density

1

N !(2π)N

∏
1≤j<k≤N

|eiθj − eiθk |2

with respect to dθ1 · · · dθN . This means that if g : U(N) → C is a class function (i.e. g(U) =
g(V ∗UV ), ∀U, V ∈ U(N)), then

Eg(U) =
1

N !(2π)N

∫
[0,2π)N

g̃(θ1, ..., θN )
∏

1≤j<k≤N
|eiθj − eiθk |2dθ1 · · · dθN ,

where g̃ is the expression of g with respect to the eigenangles of the matrix.

We begin by characterizing the Lie Algebra of U(N).

Proposition 3.3. The Lie Algebra of U(N) is u(N) = {X ∈MN (C) : X +X∗ = ON}.

Proof. Let γ : [−1, 1] → U(N) be a curve with γ(0) = IN and γ′(0) = X. Then, di�erentiating
γ(t)γ(t)∗ = IN implies γ′(t)γ(t)∗ + γ(t)γ′(t)∗ = ON . Putting t = 0 tells us that X +X∗ = ON .

Conversely, if X is such that X + X∗ = ON , then etX(etX)∗ = etXetX
∗

= etXe−tX = IN for
t ∈ [−1, 1]. Thus, the curve γ(t) = etX is a curve in U(N) with γ(0) = IN and γ′(0) = X. The
Proposition follows.

Next, we establish the central Lemma for the proof of the Weyl's integration formula.
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Lemma 3.4. Let T ⊆ U(N) be the set of diagonal unitary matrices and T′ ⊆ T to be the set of

diagonal matrices with pairwise distinct diagonal entries. Also, let U(N)′ to be the set of unitary

matrices with pairwise distinct eigenvalues. Then, the map ψ : U(N)/T × T′ → U(N)′ de�ned as

ψ(UT,Θ) = UΘU∗ is well-de�ned, N !-to-1 onto U(N) and its di�erential has

|det dψ(UT,Θ)| =
∏

1≤j<k≤N
|eiθj − eiθk |2,

for Θ = diag(eiθ1 , ..., eiθN ).

Proof. To prove that ψ is well-de�ned, observe that

UT = V T⇒ ∃ Θ̃ ∈ T : U = Θ̃V ⇒ UΘU∗ = V Θ̃ΘΘ̃∗V ∗ = VΘV ∗

(because Θ, Θ̃ are diagonal, thus commute).

The map ψ is onto. Consider V ∈ U(N)′ with pairwise distinct eigenvalues λ1, ..., λN . For ev-
ery permutation σ ∈ SN there exists some Uσ ∈ U(N) for which Uσdiag(λσ(1), ..., λσ(N))U

∗
σ = V .

Any two matrices Uσ, Uτ are not in the same coset of T, unless σ = τ . It is also simple that if
U,W are unitary matrices such that Udiag(λσ(1), ..., λσ(N))U

∗ = V = Wdiag(λσ(1), ..., λσ(N))W
∗

then UT = WT. Thus V has exactly N ! pre-images.

It remains to compute the di�erential of ψ. We start by observing that any curve γ : [−1, 1]→ T has
the form γ((t) = diag(eiθ1(t), ..., eiθN (t)), where θj : [−1, 1]→ R are smooth functions of t. Thus, the
tangent vector space of T at IN is exactly t = TIN (T) = {diag(iρ1, ..., iρN ) : ρ1, ..., ρN ∈ R}. Now,
the quotient map π : U(N) → U(N)/T induces a linear map dπIN : TIN (U(N)) → TINT(U(N)/T)
which is surjective with kernel t. Thus, we can identify the tangent space of U(N)/T on INT,

p = TINT(U(N)/T) = {X ∈MN (C) : X +X∗ = ON , Xjj = 0 ∀ j}.

We need to compute d
dtψ ◦ γ(t)|t=0 for curves γ : [−1, 1] → (U(N)/T) × T′ with arbitrary initial

directions. Consider the curve γ1(t) = (UetZT,Θ), where Z ∈ p. This curve has γ1(0) = (UT,Θ)
and γ′1(0) = (UZ, 0) . Thus,

dψ(UZ, 0) =
d

dt
ψ(γ1(t))|t=0 =

d

dt
(UetZΘe−tZU∗)|t=0

= UZΘU∗ − UΘZU∗ = UΘU∗(U(Θ−1ZΘ− Z)U∗).

Similarly, if we consider the curve γ2(s) = (UT,ΘesΘ′), this has γ2(0) = (UT,Θ) and γ′2(0) =
(0,ΘΘ′). Thus,

dψ(0,Θ′) =
d

dt
ψ(γ2(s))|s=0 =

d

ds
(UΘesΘ

′
U∗)|s=0 = (UΘU∗)(UΘ′U∗).

We have, thus, fully de�ned the linear operator dψ(UT,Θ), which acts as follows:

dψ(UT,Θ)(UZ,ΘΘ′) = (UΘU∗)(U(Θ−1ZΘ− Z + Θ′)U∗).

Because every unitary matrix U has | det(U)| = 1, if we set AΘ(Z) = Θ−1ZΘ−Z for matrices Z ∈ p,
|det dψ(UT,Θ)| = | detAΘ ⊕ I| = | detAΘ|. Observe that p is a real linear space, not a complex one.
Its dimension is N(N − 1), and a basis of this vector space is {Ejk − Ekj , i(Ejk + Ekj) : 1 ≤ j <

9



k ≤ N} (where Ejk is the matrix with a 1 on the (j, k)−position and 0 elsewhere). Thus, the
complexi�cation pC of p is the set of matrices with zeroes on the diagonal, which has (Ejk)j 6=k as a
basis. Also, one can check that, since Θ = diag(eiθ1 , ..., eiθN ), AΘ(Ejk) = (ei(θj−θk) − 1)Ejk for all
j 6= k. So,

| detAΘ| =
∏
j 6=k
|ei(θj−θk) − 1| =

∏
1≤j<k≤N

|eiθj − eiθk |2,

and the proof is complete.

Next, we state a technical Proposition which will allow us the change of variables we intend to
make in the proof of the main Theorem.

Proposition 3.5. Let G be a compact Lie group and H be a closed subgroup of G; µG and µH denote

the Haar measures on G,H respectively. Then, there exists some regular Borel probability measure

on G/H (denoted by µG/H) which is left-translation invariant, and such that for any continuous

φ : G→ R, ∫
G
φ(g)dµG(g) =

∫
G/H

∫
H
φ(gh)dµH(h)dµG/H(gH).

We move on to the proof of the Weyl's integration formula.

Proof of the Theorem 3.2. Observe that T \T′ and U(N) \U(N)′ have probability 0 (by comparing
dimensions). Since ψ is an N !−to−1 local di�eomorphism, using it to make a change of variables
implies∫

U(N)
g(U)dµU(N)(U) =

∫
U(N)′

g(U)dµU(N)(U)

=
1

N !

∫
T′

∫
U(N)/T

g(ψ(UT,Θ))| detψ(UT,Θ)|dµU(N)/T(UT)dµT(Θ)

=
1

N !

∫
T

∫
U(N)/T

g(UΘU∗)|detψ(UT,Θ)|dµU(N)/T(UT)dµT(Θ).

Since g is a class function, and µU(N)/T is a probability measure, the last equality becomes∫
U(N)

g(U)dµU(N)(U) =
1

N !

∫
T
g(Θ)|detψ(UT,Θ)|dµT(Θ)

=
1

N !(2π)N

∫
[0,2π)N

g̃(θ1, ..., θN )
∏

1≤j<k≤N
|eiθj − eiθk |2dθ1 · · · dθN .

The proof is complete.

3.3 Determinantal point processes

De�nition 3.6. Let Λ be a Polish space. A bounded and Borel-measurable function K : Λ×Λ→ C
is called a kernel. For a kernel K, set ‖K‖ = sup

(x,y)∈Λ×Λ
|K(x, y)| <∞.

De�nition 3.7. • Let Λ be a Polish space and X a point process on Λ. For any A ⊆ Λ, let NA
be the number of points of X inside A. Also, let µ be a Borel measure on Λ. Suppose that X
is such that for every k ∈ N there exists a function ρk : Λk → [0,∞) for which

E

(
k∏
i=1

NAi

)
=

∫
A1

∫
A2

· · ·
∫
Ak

ρk(x1, ..., xk)dµ(x1) · · · dµ(xk),

10



for all pairwise disjoint subsets (Ai)
k
i=1 of Λ. Then, the functions ρk are called the k−point

correlation functions of X with respect to µ.

• The point process X is called determinantal if there is a kernel K : Λ × Λ → C such that

ρk(x1, ..., xk) = det[K(xi, xj)]
k
i,j=1, for all k ∈ N. In this case, K is called the kernel of X .

The goal of this section is to prove that for each N , the eigenvalues of a uniform unitary matrix
of size N is a determinantal point process, with respect to the uniform probability measure. From

now on, consider Λ = [0, 2π), µ = 1
2πλ and KN (x, y) =

n−1∑
j=0

eij(x−y). Also, let f(θ) = eiθ, φ0 = 1

and φn = fn, n ∈ N. Observe that (φn)∞n=0 is orthonormal and that KN (x, y) =
n−1∑
j=0

φj(x)φj(y).

Finally, set Dn,N (x1, ..., xn) = det[KN (xj , xk)]
n
j,k=1. We will show the following Proposition:

Proposition 3.8. The eigenvalue angles of a uniformly distributed random matrix in U(N) form

a determinantal point process, with kernel KN , i.e. with n−point correlation functions Dn,N .

We begin by proving the following technical Lemma:

Lemma 3.9. 1. For all (x1, ..., xN ) ∈ ΛN we have DN,N (x1, ..., xN ) = |det[φk−1(xj)]
N
j,k=1|2,

which implies that DN,N is real, non-negative and symmetric with respect to (x1, ..., xN ).

2. For 1 ≤ n ≤ N ,∫
Λ
Dn,N (x1, ..., xn)dµ(xn) = (N + 1− n)Dn−1,N (x1, ..., xn−1).

Thus, Dn,N is, for 1 ≤ n ≤ N also real, non-negative and symmetric.

3. For m > N , we have Dm,N = 0.

4. For any measurable function g : Λn → R,

1

N !

∫
ΛN

 ∑
1≤j1<···<jn≤N

g(xj1 , ..., xjn)

DN,N (x1, ..., xN )dµ(x1) · · · dµ(xN )

=
1

n!

∫
Λn
g(x1, ..., xn)Dn,N (x1, ..., xn)dµ(x1) · · · dµ(xn).

Proof. 1. Using the fact that a matrix has the same determinant as its transpose, we get that

DN,N (x1, ..., xN ) = det

[
N∑
`=1

φ`−1(xj)φ`−1(xk)

]N
j,k=1

= (det[φk−1(xj)]
N
j,k=1)(det[φj−1(xk)]

N
j,k=1)

= (det[φk−1(xj)]
N
j,k=1)(det[φk−1(xj)]

N
j,k=1) = |det[φk−1(xj)]

N
j,k=1|2,

q.e.d.
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2. For n = 1 the statement is trivial. Suppose n > 1 and set An,N = [KN (xj , xk)]
n
j,k=1, and A

k,`
n,N

to be An,N without the k-th row and the `-th column. We �rst expand detAn,N with respect
to the last column, and we get that

detAn,N =
n∑
k=1

(−1)k+nKN (xk, xn) detAk,nn,N .

For k = n, the matrix An,nn,N = An−1,N , so∫
Λ
KN (xn, xn) detAn−1,Ndµ(xn) = NDn−1,N (x1, ..., xn−1).

For k < n, we expand detAk,nn,N with respect to the �nal row, to get

detAk,nn,N =

n−1∑
`=1

(−1)`+n−1KN (xn, x`) det[KN (xi, xj)]i 6=k,n
j 6=`,n

.

Orthonormality tells us that∫
Λ
KN (xk, xn)KN (xn, x`)dµ(xn) =

N−1∑
r,s=0

φr(xk)φs(x`)

∫
Λ
φr(xn)φs(xn)dµ(xn)

=
N−1∑
r=0

φr(xk)φr(x`) = KN (xk, x`).

Using this result it is easy to derive that∫
Λ

(−1)k+nKN (xk, xn) detAk,nn,Ndµ(xn)

=

n−1∑
`=1

(−1)k+`−1KN (xk, x`) det[KN (xi, xj)]i 6=k,n
j 6=`,n

= −det[KN (xi, xj)]
N−1
i,j=1,

where the last equality is true again by expansion with respect to the k−th row. Since there
are exactly n− 1 terms like this one (for 1 ≤ k < n), the proof is complete.

3. Let Φ = [φj−1(xi)]1≤i≤m
1≤j≤N

. Then, ΦΦ∗ is an m × m matrix with rank ≤ N < m, thus has

determinant 0. However, we know that Dm,N (x1, ..., xm) = det(ΦΦ∗) and we are done.

4. This part of the Lemma follows immediately by symmetry of DN,N and part 2 of this Lemma.

Proof of Proposition 3.8. First of all, for k > N , what we want to prove is trivial by part 3 of the
previous Lemma.
Now, before we move on to the other two cases, we have to remind that∏

1≤j<k≤N
|eiθi − eiθj |2 = | det[eiθj(k−1)]Nj,k=1|2 = DN,N (θ1, ..., θN ).
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We use the Weyl's integration formula.
Suppose that k = N . Then, if A1, ..., AN ⊆ Λ are pairwise disjoint, then

N∏
j=1

NAj (X ) = 1⇔ ∃σ ∈ SN : θj ∈ Aσ(j), for all j,

otherwise it is equal to 0. Thus,

E

 N∏
j=1

NAj

 = N ! P(θ1 ∈ A1, ..., θN ∈ AN )

=
1

(2π)N

∫
A1

· · ·
∫
AN

∏
1≤j<k≤N

|eiθj − eiθk |2dθ1 · · · dθN

=
1

(2π)N

∫
A1

· · ·
∫
AN

DN,N (θ1, ..., θN )dθ1 · · · dθN .

For the third case in which k < N , consider A1, ..., Ak ⊆ Λ to be pairwise disjoint. Observe that
because of the fact that they are pairwise disjoint, for all θ, 1As(θ)1At(θ) = 0 for s 6= t. So,

k∏
j=1

NAj =
k∏
j=1

(
N∑
`=1

1Aj (θ`)

)
=

∑
1≤`1,...,`k≤N

k∏
j=1

1Aj (θ`j ) =
∑
σ∈Sk

∑
1≤`1<···<`k≤N

k∏
j=1

1Aσ(j)(θ`j ),

where in the last equality we used the previous observation. Thus,

E

 k∏
j=1

NAj

 =
∑
σ∈Sk

E

 ∑
1≤`1<···<`k≤N

k∏
j=1

1Aσ(j)(θ`j )

 = k! E

 ∑
1≤`1<···<`k≤N

k∏
j=1

1Aj (θ`j )


=

k!

N !(2π)N

∫
ΛN

 ∑
1≤`1<···<`k≤N

k∏
j=1

1Aj (θ`j )

DN,N (θ1, ..., θN )dθ1 · · · dθN

=
1

(2π)k

∫
Λk

 k∏
j=1

1Aj (θj)

Dk,N (θ1, ..., θk)dθ1 · · · dθk

=
1

(2π)k

∫
A1

· · ·
∫
Ak

Dk,N (θ1, ..., θk)dθ1 · · · dθk.

In the next to last equality, we used part 4 of Lemma 3.9. This shows the Proposition.

Remark 3.10. Notice that

KN (x, y) =

N−1∑
j=0

eij(x−y) =
eiN(x−y) − 1

ei(x−y) − 1
=

=
ei
N
2

(x−y)

ei
x−y
2

· e
iN
2

(x−y) − e−i
N
2

(x−y)

ei
x−y
2 − e−i

x−y
2

= ei
N−1

2
(x−y)

sin
(
N(x−y)

2

)
sin
(x−y

2

) .

Thus, if we set

SN (x, y) =
sin
(
N(x−y)

2

)
sin
(x−y

2

) ,

SN and KN produce exactly the same point process in Λ = [0, 2π).
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3.4 The sine kernel

In this section, we want to prove that if the eigenvalues of a matrix drawn uniformly from U(N)
are correctly recentered and rescaled, for large N , they approximately follow the Sine Kernel Point
Process.
We begin with some de�nitions and basic Lemmas.

Lemma 3.11. Suppose that F,G are kernels on the polish space Λ. Then,

| det[F (xi, xj)]
n
i,j=1 − det[G(xi, xj)]

n
i,j=1| ≤ n1+n

2 ‖F −G‖max(‖F‖, ‖G‖)n−1.

We will not present the proof of this Lemma.

De�nition 3.12. Let Λ be a Polish space and K a kernel on Λ. Then, if µ is a �nite Borel measure

on Λ, for n > 0, we denote by ∆n(K,µ) to be

∆n(K,µ) =

∫
Λ
· · ·
∫

Λ
det[K(xi, xj)]

n
i,j=1dµ(x1) · · · dµ(xn).

This quantity is indeed well-de�ned for any n. Also, we can set ∆0(K,µ) = 1.
Having all of this in mind, we de�ne the Fredholm determinant associated with the kernel K, to be

∆(K,µ) =
∞∑
n=0

(−1)n

n!
∆n(K,µ).

This series converges absolutely (for example using Stirling's approximation formula).

Now, we establish a Lemma that will be very useful in what is to come.

Lemma 3.13. Let Λ be a Polish space and µ a �nite measure on Λ. Also, let K,L be two kernels

on Λ such that max(‖K‖, ‖L‖) ≤ M . Then, there exists some constant C(M) depending only on

M such that

|∆(K)−∆(L)| ≤ C(M)‖K − L‖.

Proof. Set ‖µ‖ = µ(Λ). We �rst bound the ∆n's using Lemma 3.11. For any n, we get

|∆n(K,µ)−∆n(L, µ)| ≤
∫

Λn
|det[K(xi, xj)]

n
i,j=1 − det[L(xi, xj)]

n
i,j=1|dµ(x1) · · · dµ(xn)

≤ ‖µ‖nn1+n
2 max(‖K‖, ‖L‖)n−1‖K − L‖ ≤ ‖µ‖nn1+n

2Mn−1‖K − L‖.

Thus,

|∆(K,µ)−∆(L, µ)| ≤

( ∞∑
n=0

1

n!
‖µ‖nn1+n

2Mn−1

)
‖K − L‖,

and the result follows, using Stirling's approximation formula.

We turn our attention again to point processes. This next Lemma is a technical Lemma that
will allow us to prove the main result of this section.
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Lemma 3.14. Suppose X is a determinantal point process in Λ whose kernel is K. Then,

E

(
L∏
`=1

z
ND`
`

)
= ∆

(
1D

L∑
`=1

(1− z`)K1D`

)
,

for all the L−tuples (z`)
L
`=1 of complex numbers and mutually disjoint Borel (D`)

L
`=1 whose closures

are compact and D = D1 ∪ · · · ∪DL.

Proof. We will only give a sketch of the proof of this Lemma. The detailed proof can be found in
[1]. In order to handle the Left Hand Side of the equality, one can expand the product inside the
expectation in Taylor series, around (1, 1, ..., 1). As far as the Right Hand Side of the equality is
concerned, one has to use the de�nition of the Fredholm determinant. The identity that shows that
the two sides are equal is as follows:

E

[
r∏
i=1

(
NDi
ki

)
ki!

]
=

∫
∏
D
ki
i

det[K(xi, xj)]
n
i,j=1dµ(x1) · · · dµ(xn),

where
r∑
i=1

ki = n and (Di)
r
i=1 are pairwise disjoint Borel subsets of Λ whose closure is compact.

Next, we move on to the main Lemma of this subsection.

Lemma 3.15. Let (KN (x, y))n∈N be a uniformly bounded sequence of kernels of determinantal point

processes XN and suppose that KN (x, y) → K(x, y) uniformly on compact subsets of R, where K
is a kernel of the determinantal point process X . Also, let N (N)

A be the counting function of XN
and NA the counting function of X . Then, for any �nite number of pairwise disjoint compact sets,

D1, ..., Dn ⊆ R, the random vector (N (N)
D1

, ...,N (N)
Dn

) converges in distribution to the random vector

(ND1 , ...,NDn).

Proof. Clearly, it is enough to show that

E

 n∏
j=1

z
N (N)
Di

i

→ E

 n∏
j=1

z
NDi
i

 ,

for all n−tuples of zi's. By Lemma 3.14, this is equivalent to proving that

∆

1D

n∑
j=1

(1− zi)KN1Di

→ ∆

1D

n∑
j=1

(1− zi)K1Di

 .

But this is immediate by Lemma 3.13 and the hypothesis.

Having proved this result, we are ready to state and prove our result about the relation of
eigenangles of random unitary matrices and the Sine Kernel process.

De�nition 3.16. Consider the sine kernel K : R× R→ R,

K(x, y) =
sin(π(x− y))

π(x− y)
.

The kernel K is a kernel for a random point process in R, called the Sine Kernel process. We denote

by X this process.
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Theorem 3.17. Let XN = {x1, ..., xN} be the eigenangles of a random uniformly distributed unitary

matrix recentered and rescaled to lie in

[
−N

2
,
N

2

]
. Then, for any collection of pairwise disjoint

compact subsets D1, ..., Dn of R, the random vector (N (N)
D1

, ...,N (N)
Dn

) converges in distribution to the

random vector (ND1 , ...,NDn), where N (N),N are the counting functions of XN ,X , respectively.

Proof. Of course, xi =
Nθi
2π
− N

2
, where θi are the eigenangles of a random uniformly distributed

unitary matrix. Thus, a simple change of variables shows that the kernel for XN is

KN (x, y) =
1

N
· sin(π(x− y))

sin(π(x−y)
N )

.

The sequence KN satis�es the conditions of Lemma 3.15 and converges uniformly on compact sets

to K(x, y) =
sin(π(x− y))

π(x− y)
. Thus, the theorem follows, using Lemma 3.15.

4 Montgomery's Theorem and the link to Random Matrices

In the whole section, we assume the Riemann Hypothesis, Conjecture 1, is true. With γ > 0, from
now on, we denote the imaginary part of a root of ζ.

4.1 Statement and Preliminary Results

The Montgomery's Theorem is as follows:

Theorem 4.1. Let f : R→ R be a function whose Fourier transform,

f̂(y) =

∫
R
f(x)e−2πixydx

is supported in (−1, 1). Set

r2(f, T ) =

(
T

2π
log T

)−1 ∑
0<γ,γ′≤N(T )

γ 6=γ′

f

(
(γ − γ′) log T

2π

)
.

Then,

r2(f, T ) −−−−→
T→∞

∫
R
f(x)

(
1−

(
sin(πx)

πx

)2
)
dx.

First, we introduce the function that will be our subject of study.

De�nition 4.2. For T ≥ 2 and a ∈ R, let

F (a, T ) =

(
T

2π
log T

)−1 ∑
0≤γ,γ′≤T

T ia(γ−γ′)w(γ − γ′),

where w(x) =
4

4 + x2
.

Next, we prove the basic identity that will allow us to show why the function introduced above
is so crucial.

16



Lemma 4.3. For any 1 < σ < 2, t ∈ R and x ≥ 1,

(2σ − 1)
∑
γ

xiγ

(σ − 1
2)2 + (t− γ)2

=− x−
1
2

∑
n≤x

Λ(n)
(x
n

)1−σ+it
+
∑
n>x

Λ(n)
(x
n

)σ+it


+ x

1
2
−σ+it(log τ +Oσ(1)) +Oσ(x

1
2 τ−1),

where τ = |t|+ 2.

Proof. We use the Landau's identity, (this can be found in [4, Page 353])

∑
n≤x

Λ(n)n−s = −ζ
′(s)

ζ(s)
+
x1−s

1− s
−
∑
γ

x
1
2

+iγ−s

1
2 + iγ − s

+
∞∑
n=1

x−2n−s

2n+ s
, (5)

which holds for x > 1, x 6= pn, s 6= 1, ζ(s) 6= 0. Set s = σ + it and s = 1− σ + it in (5) to get

∑
γ

x
1
2
−σ+iγ−it

σ − 1
2 + i(t− γ)

=
ζ ′(σ + it)

ζ(σ + it)
+
∑
n≤x

Λ(n)n−σ−it − x1−σ−it

1− σ − it
−
∞∑
n=1

x−2n−σ−it

2n+ σ + it
(6)

and

∑
γ

xσ−
1
2

+iγ−it

1
2 − σ + i(t− γ)

=
ζ ′(1− σ + it)

ζ(1− σ + it)
+
∑
n≤x

Λ(n)nσ−1−it − xσ−it

σ − it
−
∞∑
n=1

x−2n−1+σ−it

2n+ 1− σ + it
(7)

We use the identity of Proposition 2.7 to get that (6) is equivalent to

∑
γ

xiγ

σ − 1
2 + i(t− γ)

= −x−
1
2

(∑
n>x

Λ(n)
(x
n

)σ+it
− x

1− σ − it
−
∞∑
n=1

x−2n

2n+ σ + it

)
.

Also, (7) is equivalent to

∑
γ

xiγ

1
2 − σ + i(t− γ)

= x−
1
2

ζ ′(1− σ + it)

ζ(1− σ + it)
x1−σ+it +

∑
n≤x

Λ(n)
(x
n

)1−σ+it

− x

σ − it
−
∞∑
n=1

x−2n

2n+ 1− σ + it

)
.

Subtracting (7) from (6) implies

(2σ − 1)
∑
γ

xiγ

(σ − 1
2)2 + (t− γ)2

=− x−
1
2

∑
n≤x

Λ(n)
(x
n

)1−σ+it
+
∑
n>x

Λ(n)
(x
n

)σ+it


− ζ ′(1− σ + it)

ζ(1− σ + it)
x

1
2
−σ+it +

x
1
2 (2σ − 1)

(σ − 1 + it)(σ − it)

− x−
1
2

∞∑
n=1

(2σ − 1)x−2n

(σ − 1− it− 2n)(σ + it+ 2n)
.
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The last two terms are O(x
1
2 τ−2) and O(x−2τ−1) respectively, and

−ζ
′(1− σ + it)

ζ(1− σ + it)
=
ζ ′(σ − it)
ζ(σ − it)

+ log τ +Oσ(1) = log τ +Oσ(1),

by identity (2), Proposition 2.7 and
Γ′(s)

Γ(s)
= log s+O(|s|−1) (the last one can be found, for example,

in [11, chapter 12]). These last observations show the Lemma.

Now, suppose that σ =
3

2
and write the equality of Lemma 4.3 as L(x, t) = R(x, t). The key for

the proof is to evaluate the second moments of L,R, and this is done in Lemmas 4.6, 4.7.

Lemma 4.4. Let (an)∞n=1 be a sequence of real numbers. Then, if f(x) =
∑
n≤x

an,

∑
n≤x

nan = xf(x)−
∫ x

1
f(t)dt.

The proof of this Lemma is trivial and, thus, omitted.

Lemma 4.5. Let Λ be as in Proposition 2.7. Then,∑
n≤x

Λ(n)2 = x log x− x+O(
√
x log3 x).

Using this and Lemma 4.4, we deduce that∑
n≤x

nΛ(n)2 =
x2

2
log x+O(x2)

and ∑
n≤x

n2Λ(n)2 � x3 log x.

Furthermore, ∑
n>x

Λ(n)2

n3
=

log x

2x2
+O(x−2)

and from this we deduce that ∑
n>x

Λ(n)2

n2
� log x

x
.

Proof. For x > 0, let ψ(x) =
∑
p≤x

log p. The Prime Number Theorem states that as x → ∞,

ψ(x) ∼ x. The Prime Number Theorem with error term states that ψ(x) = x+O(
√
x log2 x), under

the Conjecture 1. This is what we are going to use.
It is easy to see that ∑

p≤x
(log p)2 = ψ(x) log x−

∫ x

1

ψ(t)

t
dt,
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so φ(x) =
∑
p≤x

(log p)2 = x log x− x+O(
√
x log3 x). However, for all x we also have

∑
p≤x

(log p)2 ≤
∑
n≤x

Λ(n)2 =
∑
p≤x

(log p)2 +
∑
p≤
√
x

(log p)2 +
∑
p≤ 3√x

(log p)2 + · · ·

≤
∑
p≤x

(log p)2 + log2 x
∑
p≤
√
x

(log p)2 = x log x− x+O(
√
x log3 x).

We have proven the �rst part of the Lemma. The next two are immediate consequences of this part.
For the next part, for each n we have that φ(n)− φ(n− 1) = φ′(cn) for some cn ∼ n. Thus,∑

n>x

Λ(n)2

n3
=
∑
n>x

φ′(cn)

n3
∼
∫ ∞
x

φ′(t)

t3
dt =

log x

2x2
+O(x−2),

because φ′(x) ∼ log x. The last part is direct by the one we have just proven.

4.2 Implication of the Theorem

In this section, our goal is to describe how do these Lemmas combine to imply Theorem 4.1. We
begin by evaluating the second moments of L,R.

Lemma 4.6. For any T ≥ 2 and a ∈ [0, 1], we have∫ T

0
|L(T a, t)|2dt = F (a, T )T log T +O(

√
T log2 T ).

Proof. For any x, we get∫ T

0
|L(x, t)|2dt = 4

∑
γ,γ′

xi(γ−γ
′)

∫ T

0

dt

(1 + (t− γ)2)(1 + (t− γ′)2)
.

We know that for any ε > 0 and T ≥ ε, there are at most O(log(T + 1)) roots with imaginary part
inside [T, T + 1]. We use this fact for an appropriate ε > 0 (such that it is less than the smallest
positive imaginary part of a root) to make the following estimates, for 0 ≤ t ≤ T . In the �rst one,
we wish to estimate the sum where γ /∈ [0, T ]:

∑
γ:γ /∈[0,T ]

1

1 + (t− γ)2
=

∞∑
k=T

∑
k<γ≤k+1

1

1 + (t− γ)2
�

∞∑
k=T

log k

1 + (k − t)2
�

∞∑
k=T

log k

(1 + k − t)2
(8)

� log T

bT 2−T c+T∑
k=T

1

(1 + k − t)2
+

∞∑
k=bT 2−T c+T+1

log k

(1 + k − t)2
(9)

� log T

∞∑
k=T

1

(1 + k − t)2
+

∞∑
k=T 2

1

(1 + k − t)
3
2

� log T

∞∑
k=T

1

(1 + k − t)2
. (10)

19



Integrating (10) we get∫ T

0
log T

∞∑
k=T

1

(1 + k − t)2
dt = log T

∞∑
k=T

∫ T

0

1

(1 + k − t)2
dt

= log T

∞∑
k=0

T

(1 + k)(1 + k + T )

�
√
T log T

∞∑
k=0

1

(1 + k)
3
2

�
√
T log T.

Also, for the sum that takes into account only γ′ ∈ [0, T ], we get

∑
γ′∈[0,T ]

1

1 + (t− γ)2
�
dT e∑
k=2

log k

1 + (k − t)2
� log T

∞∑
k=−∞

1

1 + (k − t)2
� log T, (11)

For the integral in [T,∞) we get∫ ∞
T

 ∑
γ∈[0,T ]

1

1 + (t− γ)2

2

dt�
∫ ∞
T

dT e∑
k=2

log k

1 + (t− k)2

2

dt (12)

� log2 T

∫ ∞
T

dT e∑
k=2

1

1 + (t− k)2

2

dt (13)

� log2 T

∫ ∞
T

1

(1 + t− T )2
dt� log2 T, (14)

because
∞∑
k=n

1

k2
≤
∞∑
k=n

1

k(k − 1)
=

1

n− 1
.

For the respective integral in (−∞, 0) we similarly get∫ 0

−∞

 ∑
γ∈[0,T ]

1

1 + (t− γ)2

2

dt� log2 T. (15)

First, multiply estimations (10) and (11) and integrate to get∫ T

0
|L(x, t)|2dt = 4

∑
γ,γ′

xi(γ−γ
′)

∫ T

0

dt

(1 + (t− γ)2)(1 + (t− γ′)2)

= 4
∑

0≤γ,γ′≤T
xi(γ−γ

′)

∫ T

0

dt

(1 + (t− γ)2)(1 + (t− γ′)2)
+O(

√
T log2 T ).

We use estimations (14) and (15) to derive that∫ T

0
|L(x, t)|2dt = 4

∑
0≤γ,γ′≤T

xi(γ−γ
′)

∫ ∞
−∞

dt

(1 + (t− γ)2)(1 + (t− γ′)2)
+O(

√
T log2 T )

= 2π
∑

0≤γ,γ′≤T
xi(γ−γ

′)w(γ − γ′) +O(
√
T log2 T ),

by calculus of residues. The substitution x = T a implies the desired result.
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Now, our goal is to perform a similar calculation for R(x, t).

Lemma 4.7. For T →∞ and a ∈ [0, 1],∫ T

0
|R(T a, t)|2dt = ((1 + o(1))T−2a log T + a+ o(1))T log T.

Proof. We will use the following consequence of the Cauchy-Schwarz inequality:

If Mk =
∫ T

0 |Ak(t)|
2dt for k = 1, 2, 3, 4 and M1,M2 ≥M3,M4, then∫ T

0
|A1(t) +A2(t) +A3(t) +A4(t)|2dt = M1 +M2 +O(

√
M1M2). (16)

We can write R(x, t) = A1(x, t)+A2(x, t)+A3(x, t)+A4(x, t), where A3 and A4 are the error terms.
For A1, we use the Parseval's identity for Dirichlet series (whose proof can be found in [8]):∫ T

0
|
∞∑
n=1

ann
−it|2dt =

∞∑
n=1

|an|2(T +O(n)).

So, ∫ T

0
|A1(x, t)|2dt =

1

x

∫ T

0
|
∑
n≤x

Λ(n)
(x
n

)− 1
2

+it
+
∑
n>x

Λ(n)
(x
n

) 3
2

+it
|2dt (17)

=
1

x

∑
n≤x

Λ(n)2
(x
n

)−1
(T +O(n)) +

∑
n>x

Λ(n)2
(x
n

)3
(T +O(n))

 (18)

= T log x+O(x log x+ T ), (19)

by Lemma 4.5. As far as A2 is concerned,∫ T

0
|x−1+it log τ |2dt = x−2

∫ T+2

2
log2 tdt = x−2

(
[t log2 t]T+2

2 − 2

∫ T+2

2
log tdt

)
(20)

= x−2(T log2 T +O(T log T )) = Tx−2(log2 T +O(log T )). (21)

As far as the error terms are concerned,∫ T

0
|x−1+it|2dt = Tx−2 (22)

and ∫ T

0
|x

1
2 τ−1|2dt� x

T
. (23)

We now combine these estimations, by considering the following cases:

1. For 1 ≤ x ≤ log
3
4 T , (21) gives M2 = (1 + o(1))Tx−2 log2 T and all the other estimations are

o(T log T ).

2. For log
3
4 T ≤ x ≤ log

3
2 T , all estimations are o(T log T ).
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3. For log
3
2 T ≤ x ≤ T log−1 T , (19) gives M1 = (1 + o(1))T log x and all the other estimations

are o(T log T ).

Thus, (16) tells us that for all x,∫ T

0
|R(x, t)|2dt =

(
(1 + o(1))x−2 log T +

log x

log T
+ o(1)

)
T log T.

Substituting x = T a proves the Lemma.

By (4.2), (4.6) and (4.7), the following Theorem follows immediately:

Theorem 4.8. The function F (a, T ) is real, even and eventually F (a, T ) ≥ −ε for all ε > 0. Also,
for a ∈ (0, 1), T →∞

F (a, T ) = (1 + o(1))T−2a log T + a+ o(1).

Next, or goal is to describe how (4.8) implies the Montgomery's Theorem. First, we perform
an inversion in a Fourier transform that appears to understand why suppf has to be a subset of
(−1, 1).

Lemma 4.9. For any function f ∈ L1(R) which satis�es the Fourier inversion formula,(
T

2π
log T

)−1 ∑
0≤γ,γ′≤T

f

(
(γ − γ′) log T

2π

)
w(γ − γ′) =

∫
R
F (a, T )f̂(a)da.

Proof. We calculate the Right Hand Side of the above equality, by using the Fourier inversion
formula: ∫

R
F (a, T )f̂(a)da =

∫
R

( T

2π
log T

)−1 ∑
0≤γ,γ′≤T

eia log T (γ−γ′)w(γ − γ′)

 f̂(a)da

=

(
T

2π
log T

)−1 ∑
0≤γ,γ′≤T

w(γ − γ′)
∫
R
eia log T (γ−γ′)f̂(a)da

=

(
T

2π
log T

)−1 ∑
0≤γ,γ′≤T

f

(
(γ − γ′) log T

2π

)
w(γ − γ′).

If suppf̂ ⊆ (−1, 1), we can use 4.8 to get that as T →∞,(
T

2π
log T

)−1 ∑
0≤γ,γ′≤T

f

(
(γ − γ′) log T

2π

)
w(γ − γ′) =

∫
R
F (a, T )f̂(a)da

∼
∫
R

(T−2|a| log T + |a|)f̂(a) =

∫
R
e−2|a|f̂

(
a

log T

)
da+

∫
R
|a|f̂(a) −−−−→

T→∞
f̂(0) +

∫ 1

−1
|a|f̂(a)da.

We have to compute the last integral:

Let K(x) = (1 − |x|)1[−1,1](x). Then, by performing some elementary calculations, one can ob-
tain that the Fourier transform of K is

K̂(y) =

(
sinπy

πy

)2

.
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Also, by the Parseval identity and the Fourier inversion formula,∫ 1

−1
(1− |x|)f̂(x)dx =

∫
R

(
sinπx

πx

)2

f(x)dx

⇔
∫ 1

−1
|a|f̂(a)da = f(0)−

∫
R

(
sinπx

πx

)2

f(x)dx.

Using this last equality, it is obvious that(
T

2π
log T

)−1 ∑
0≤γ,γ′≤T

f

(
(γ − γ′) log T

2π

)
w(γ − γ′) −−−−→

T→∞
f(0) +

∫
R

(
1−

(
sinπx

πx

)2
)
f(x)dx

⇔
(
T

2π
log T

)−1 ∑
0≤γ,γ′≤T
γ 6=γ′

f

(
(γ − γ′) log T

2π

)
w(γ − γ′) −−−−→

T→∞

∫
R

(
1−

(
sinπx

πx

)2
)
f(x)dx.

4.3 Montgomery's Conjecture

In the paper where Montgomery proved the Theorem we described above, he conjectured that 4.1
holds without the hypothesis that f̂ is supported in (−1, 1). Particularly, he conjectured it is true
for characteristic functions of intervals, i.e. functions of the form 1[a,b):

Conjecture 2. Let a, b ∈ R with a < b and r2(f, T ) as in 4.1. If f = 1[a,b), then

r2(f, T ) −−−−→
T→∞

∫ b

a

(
1−

(
sin(πx)

πx

)2
)
dx+ 1[a,b)(0).

We are still far away from proving this conjecture. Within known techniques, even expanding
4.1 to functions whose Fourier transform is supported in (−(1 + ε), 1 + ε) for some ε > 0 seems
di�cult. The reason for this is that if a > 1, the error term (23) is in fact greater than the main
term. However, the theorem we proved is evidence that this conjecture might be true.

Remember that the sine kernel also appears in the point process of the eigenvalues of an N × N
random unitary matrix, when N →∞, through Theorem 3.17. It is relatively easy, using Theorem
3.17, to prove that Conjecture 2 is in fact true for the random point process of the eigenvalues of a
random unitary matrix. For a detailed proof, one can look at [6, Chapter 7.1].

Theorem 4.10. Consider xi as in the proof of Theorem 3.17. Also, for some function f let

F2,U (f) =

N∑
j,k=1

f(xj − xk).

Then,

lim
N→∞

E(F2,U (1[a,b))) =

∫ b

a

(
1−

(
sin(πx)

πx

)2
)
dx,

which exactly matches Montgomery's Conjecture.

Montgomery's theorem was generalized by Rudnick and Sarnak in [9] from pair correlations to
all N−tuple correlations, with some extra conditions. Its proof is very di�cult and is not in the
goals of this paper. However, the statement itself is very interesting and connected to the whole
concept.
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Theorem 4.11. For any t > 0 let Et = {ωi : i ≤ N(t)} and f : Rn → R be a translation invariant

(f(x + t(1, 1, ..., 1)) = f(x), for all x, t) rapidly decreasing function on
n∑
j=1

xi = 0 (i.e. faster than

any |x|−λ), whose Fourier transform is supported in
n∑
j=1
|ξj | < 2. Consider the analog of r2(f, T ),

rn(f, T ) =
n!

N(T )

∑
S⊆ET ,|S|=n

f(S).

Then,

rn(f, T ) −−−−→
T→∞

∫
Rn
f(x1, ..., xn) det

[
sin(π(xj − xk))
π(xj − xk)

]n
j,k=1

δx1+···+xndx1 · · · dxn.

Like in the previous case, there comes the natural question, whether this is true for all translation-
invariant integrable functions. However, again the analog is true for random unitary matrices, just
like in the previous case. This was proved by Freeman J. Dyson in [3].
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