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Abstract. In this paper, we briefly introduce hyperbolic dynamical systems.

Then, we use the example of the Smale horseshoe to explore the properties
which can arise on a hyperbolic set. In particular, we show the topological

conjugacy between Smale horsehoe map and the shift map on the symbolic

space of two symbols. Finally, we prove the Birkhoff-Smale theorem, which
shows that the dynamics of the Smale horseshoe map can be found near any

transverse homoclinic point of a hyperbolic periodic orbit.
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1. Introduction

Dynamical systems studies the behavior of an iterated map or flow on a space. Of
particular interest are the orbits of points, which chart the motion of a single point
across the space under both backwards and forwards iterations of a map. In this
paper, we will introduce and focus our attention on hyperbolic dynamical systems.
Hyperbolic dynamical systems involve a “saddle-like” behavior in which, near an
orbit or union of orbits, the map expands uniformly in one direction and contracts
uniformly in another. Hyperbolicity is important in understanding structural sta-
bility (that is, the question of whether the dynamics of a map remain unaffected
by small perturbations).

In this paper, we will investigate a striking example of hyperbolic behavior:
the Smale horseshoe map. The Smale horseshoe is a structurally stable map with
infinitely many periodic orbits all contained in a compact invariant set. Smale saw
that the horseshoe can be used to model the dynamics of other complex systems.
For example, in his study of celestial mechanics, Poincare noticed the dynamics near
a transverse homoclinic point - a point whose orbit forms a loop which begins and
ends at a hyperbolic saddle point - were highly complex. Smale tackled this problem
by realizing that the dynamics of his horseshoe map could be used to characterize
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the behavior on a subset which can be found near any transverse homoclinic point.
This discovery, the Birkhoff-Smale Theorem, is the culminating result which we
will prove in this paper.

In §2, we introduce the basic notions and definitions of dynamical systems. Then,
in §3, we will briefly introduce hyperbolic dynamical systems, stating several of the
important results of hyperbolic theory, which will be useful for the proof of the
Birkhoff-Smale system. In §4, we give a short overview of symbolic dynamics, after
[1], which we will use to encode the behavior of the horseshoe map constructed in
§5 and in the Birkhoff-Smale Theorem. In §5, we give a geometric construction of
the Smale horseshoe as map from S2 to S2 and prove the topological conjugacy
between the shift map on the symbol space introduced in §5 and the horseshoe
map on a compact invariant subset. Finally in §6, we will prove the Birkhoff-Smale
Theorem.

2. Basic Definitions

Our initial setting will be that of a compact metric space X and a homeomor-
phism f .

Definition 2.1. A dynamical system is the family {fn}∞n=−∞, where

fn =

n times︷ ︸︸ ︷
f ◦ f ◦ · · · ◦ f, f0 = id, and f−n = (fn)−1.

For a given x ∈ X, the set Orb(x, f) = {fn(x)}∞n=−∞ is called the orbit of x under
f . A subset Λ ⊂ X is invariant under f if f(Λ) = Λ.

In addition to being interested in the behavior of iterates of the function f on
the whole space X, the study of dynamical systems pays close attention to the
behavior of f on or near points/subsets of X which have intelligible behavior. One
such emphasized notion is that of recurrence, of which there are several forms of
varying strength.

The strongest form of recurrence is periodicity. A point x ∈ X is periodic with
period n ∈ N if fn(x) = x, and n is the minimal positive integer which satisfies this
equality. A periodic point of period 1 is called a fixed point. We can weaken our
notion of periodicity by looking at the limit points of subsequences of the orbit of
x under either forwards or backwards iterations of f .

A point y ∈ X is called an ω-limit point of x ∈ X if there exists a subsequence
ni of the natural numbers such that fni(x) → y. The ω-limit set of X, denoted
by ω(x), is the set of all ω-limit points of x. A point x ∈ X is called positively
recurrent if x ∈ ω(x).

Likewise, a point y ∈ X is called an α-limit point of x ∈ X if there exists a
subsequence ni of the natural numbers such that f−ni(x) converges to y in X. The
α-limit set of X, denoted by α(x) will be the set of α-limit points of x. Finally, a
point x ∈ X is called negatively recurrent if x ∈ α(x).

Remark 2.2. These two forms of recurrence will be most important with regards
to the theorems presented in this paper. However, two weaker forms of recurrence
exist which are important to the study of dynamics in general. These are the
concepts of nonwandering and chain-recurrent points. A detailed overview may be
found in Chapter 1 of [1].

Now, we will discuss transitivity.
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Definition 2.3. A compact invariant set Λ ⊂ X of f is called topologically transi-
tive or transitive if there exists x ∈ Λ such that ω(x) = Λ.

The following result characterizes the conditions which are equivalent to transi-
tivity.

Theorem 2.4 (Birkhoff). Let Λ be a compact invariant set of f . The following
conditions are equivalent:

(a) Λ is transitive.
(b) For any two open subsets U and V of Λ, there is n ≥ 1 such that fn(U)∩V 6=
∅.

(c) There is x ∈ Λ whose positive orbit is dense in Λ.

A full proof may be found in [1].
It is natural for us to seek a method of finding equivalence between dynamical

systems. In other words, when are we able to say that the dynamics of two different
systems are in some sense “the same”? To answer this question, we introduce the
notion of topological conjugacy.

Definition 2.5. Two homeomorphisms f : X → X and g : X → X are topologically
conjugate to each other if there exists a homeomorphism h : X → X such that

hf = fg.

Such a homeomorphism h is called a topological conjugacy from f to g.

A familiar example of topological conjugacy is the concept of matrix similarity
from linear algebra; in this case, two square matrices representing the same linear
map are conjugate by way of a change of basis matrix. As such, we can think
of topological conjugacy as a sort of nonlinear change of coordinates linking two
homeomorphisms.

In addition to generally being an equivalence relation on the space of all home-
omorphisms from X to X, topological conjugacy ends up being a good choice for
a notion of “equivalence” between dynamical systems since it is invariant with re-
spect to iterates (i.e. hfn = gnh if hf = gh), and therefore preserves orbits for any
x ∈ X:

h(Orb(x, f)) = Orb(h(x), g).

Similarly, topological conjugacy also preserves the set of periodic points, the ω-
limit set, the nonwandering set, and the chain-recurrent set. By giving us a way
to determine if two dynamical systems are equivalent, topological conjugacy will
allow us to define the closely related idea of Cr structural stability.

To do so, we transfer settings to a compact, smooth manifold without boundary
M . Denote by Diffr(M) the set of Cr diffeomorphsisms of M . We endow Diffr(M)
with the Cr topology using a metric. Fix a finite cover of charts {(Ui, ϕi)}ni=1 such
that for each (Ui, ϕi) there exists another chart (Vi, ψ) so that Ui ⊂ Vi and ψ|U = ϕ.
We define the Cr-distance between two Cr diffeomorphisms f and g to be

dr(f, g) =

sup
x∈ϕi(Ui),1≤i,j≤n

{|ϕjfϕ−1
i (x)− ϕjfϕ−1

i (x)|, . . . , |Dk(ϕjfϕ
−1
i )(x)−Dk(ϕjgϕ

−1
i )(x)|}.

Note that the choice of cover of charts does not affect the topology. Now, we say
that f ∈ Diffr(M) is structurally stable if there exists a neighborhood U ⊂ Diffr(M)
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in the Cr topology such that if g is in U , f is topologically conjugate to g. In
other words, a Cr diffeomorphism will be Cr structural stable if its dynamics are
topologically equivalent to maps Cr-close to itself.

3. Background in Hyperbolic Dynamical Systems

We now give an introduction to hyperbolic dynamical systems, which will be our
central objects of study.

Definition 3.1. Let (E, | · |) be a finite-dimensional normed vector space. A linear
isomorphism A : E → E is called hyperbolic if E splits into a direct sum

E = Es ⊕ Eu

which is invariant in the sense that

A(Es) = Es, A(Eu) = Eu,

and for which there exist two constants C ≥ 1 and 0 < λ < 1 such that

|Anv| ≤ Cλnv, for all v ∈ Es, n ≥ 0, and

|A−nv| ≤ Cλnv, for all v ∈ Eu, n ≥ 0.

Given a hyperbolic splitting Es ⊕ Eu of A, we call Es the contracting space of A,
and we call Eu the expanding space of A. See Figure 1.

Figure 1. Splitting of E with respect to a hyperbolic linear isomorphism.

Let M be a compact, smooth Riemannian manifold and let f : M → M be a
Cr diffeomorphism. The idea of a hyperbolic set arises when we try to analyze
hyperbolic behavior of the tangent map Tf on some invariant set of f . The easiest
hyperbolic set to understand is that of a hyperbolic fixed point. A fixed point p ∈M
of f is called hyperbolic if the tangent map Tf : TpM → TpM is a hyperbolic linear
isomorphism.
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For an invariant subset Λ ⊂M , recall that the tangent bundle of Λ is the set

TΛM =
⊔
x∈Λ

TxM.

By looking at the tangent map Tf : TΛM → TΛM we may, instead of simply
looking at a hyperbolic splitting Es ⊕ Eu induced by the derivative at a fixed
point x, consider a family of splittings Esx ⊕ Eux = TxM , for all x ∈ Λ, which will
be invariant under the tangent map Tf and on which some uniform hyperbolic
estimates on the iterates of Tf will hold.

Notation 3.2. We will use | · | to denote the norm induced by the Riemannian
metric of M and drop base points from the notation. Then, if π is the bundle
projection, we will write |u| = |u|πu.

Now, we are ready to define a hyperbolic set.

Definition 3.3. Let M a compact smooth Riemannian manifold, f : M → M a
diffeomorphism. An invariant set Λ ⊂ M of f is called hyperbolic if, for all x ∈ Λ,
the tangent space TxM admits a splitting into a direct sum

TxM = Esx ⊕ Eux ,

which is invariant under the tangent map Tf , in the sense that

Tf(Esx) = Esf(x), T f(Eux ) = Euf(x),

and if in addition, there exist constants C ≥ 1 and 0 < λ < 1,

|Tfn(v)| ≤ Cλn|v|, for all x ∈ Λ, v ∈ Esx, n ≥ 0, and

|Tf−n(v)| ≤ Cλn|v|, for all x ∈ Λ, v ∈ Eux , n ≥ 0.

We have already noted that a hyperbolic fixed point is a hyperbolic set. However,
it is also completely possible for the entire manifold M to form a hyperbolic set of a
diffeomorphism f . Such a diffeomorphism will be called an Anosov diffeomorphism.

Example 3.4 (Anosov toral automorphism). Consider a hyperbolic linear isomor-
phism A : R2 → R2 with integer entries and determinant ±1. Such a map A is
called an Anosov auotomorphism. Because A has integer entries, it maps Z2 to
itself bijectively. Then, A induces a quotient map on the torus:

f : T2 → T2

such that πA = fπ, where π : R2 → T2 is the projection which takes each compo-
nent modulo 1. Since A is invertible and has determinant ±1, A−1 also has integer
entries and similarly induces a quotient map on T2, which is clearly f−1. We can
check that both f and f−1 are smooth maps, and therefore are diffeomorphisms.

Since the tangent space at x ∈ R2 is simply the whole space R2, we can define a
hyperbolic splitting at each point x which is simply the hyperbolic splitting of A.
Then, we take the hyperbolic splitting at a ∈ T2 to be the same as the splitting at
any x = π−1(a). Such a map f is called a Anosov toral automorphism.

If Λ ⊂ M is a hyperbolic set, then the subspaces Esx and Eux vary continuously
in x ∈ Λ (see [1]). In this way, we obtain two continuous subbundles of TΛM ,

Es =
⊔
x∈Λ

Esx and Eux =
⊔
x∈Λ

Eux ,
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such that for each x ∈ Λ, Esx ⊕ Eu = TxM . Thus, we write

TΛM = Es ⊕ Eu.

Moreover, we call Es the stable bundle and Eu the unstable bundle.
The following result states that if a map g is C1-close to f and Λ is a hyperbolic

set of f , then g−invariant sets close to Λ will be hyperbolic sets of g. This result
will be useful in the proof of the Birkhoff-Smale Theorem in §6.

Proposition 3.5 (Persistence of hyperbolicity for an invariant set). Let Λ ⊂M be
a compact hyperbolic set of f . Then, there is a C1 neighborhood U0 of f in Diff1(M)
and a > 0 such that for all g ∈ U0, every compact g-invariant set ∆ contained in
the ball of radius a around Λ is hyperbolic. In addition, as g approaches f in the
C1 topology and x ∈ ∆ approaches y ∈ Λ, we have that Es(x, g) also approaches
Es(y, f). The same holds for Eu(x, g) and Eu(y, f).

The details of the proof can be a found in [1].
Now, we state the Stable Manifold Theorem and define the stable and unstable

manifolds. Briefly, the global stable manifold consists of the points which are at-
tracted to a point p of a hyperbolic set under forwards iteration of a diffeomorphism
f , while the global unstable manifold is the analogous set of points for backwards
iteration. The Stable Manifold Theorem claims that Esp can be embedded into M

as a Ck disk of dimension dim(Esp) which is tangent to p. In addition, points in the
embedded disk are attracted to the point p under forwards iteration. The analo-
gous statement will also be true for Eup . We will use the Stable Manifold Theorem
throughout the remainder of this section as well as in §6.

Theorem 3.6 (Stable Manifold Theorem). Let f : M → M be a Ck diffeomor-
phism, Λ a hyperbolic set of f with splitting TΛM = Es ⊕ Eu and hyperbolic con-
stants 0 < λ < 1 and C ≥ 1. Then there is r > 0 such that there are two Ck

embedded disks W s
r (p, f) and Wu

r (p, f) which are tangent at p to Esp and Eup , re-
spectively.

Furthermore, there is a Ck map σsp : Esp(r) → Eup (r) whose derivatives up to
order k vary continuously with p, σsp(0p) = 0p, and D(σsp)(0p) = 0, such that
W s
r (x, f) is an embedded copy of the graph of σsp. We will also be able to find

σpu : Eu(r) → Es(r) with similar properties so that Wu
r (x, f) is an embedded copy

of the graph of σup .
In addition, for r small enough,

W s
r (x, f) = {y ∈M | d(fny, fnx) ≤ r, ∀n ≥ 0}

= {y ∈M | d(fny, fnx) ≤ r and d(fny, fnx) ≤ Cλnd(y, x),∀n ≥ 0}.

Likewise,

Wu
r (x, f) = {y ∈M | d(f−ny, f−nx) ≤ r, ∀n ≥ 0}

= {y ∈M | d(f−ny, f−nx) ≤ r and d(f−ny, f−nx) ≤ Cλnd(y, x), ∀n ≥ 0}.

We call W s
r (x, f) the local stable manifold and Wu

r (x, f) the local unstable man-
ifold of x with size r with respect to f .

Remark 3.7. In general, it is possible to formulate the Stable Manifold Theorem
on the entire hyperbolic set at once using families of graphs σs and σu in order
to generate a self-coherent family of submanifolds {W s

r (p)}p∈Λ. Furthermore, note
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that r > 0 may not be the unique r satisfying the properties of the Stable Manifold
Theorem and so the local stable and unstable manifolds might likewise not be
unique. Going forward, we let W s

r (x, f) and Wu
r (x, f) refer to some local stable or

unstable manifold of size r.

The proof of the Stable Manifold Theorem is quite involved, and so will not be
included here. However, a full proof can be found in [1] or [3].

The global stable manifold of a point p ∈ Λ is the set

W s(p, f) = {q ∈M | lim
n→∞

d(fnp, fnq) = 0}

Likewise, the global unstable manifold is the set

Wu(p, f) = {q ∈M | lim
n→∞

d(f−np, f−nq) = 0}

Let r > 0 such that W s
r (p, f) is an embedded Ck submanifold. Then we can obtain

the global stable manifold from the local stable manifold of size r by considering
the union

W s(p, f) =
⋃
n≥0

f−nW s
r (fnp).

Likewise,

Wu(p, f) =
⋃
n≥0

fnWu
r (fnp).

Therefore, W s(p, f) and Wu(p, f) are monotone unions of embedded Ck subman-
ifolds and therefore are immersed submanifolds of f . Note that since the global
stable and unstable manifolds are immersed, but not necessarily embedded in M ,
they may have a more complicated structure than that of a C1 disk. As a result,
the local stable or unstable manifold is not simply a truncated version of the global
stable or unstable manifold. In other words, if we intersect the global stable or
unstable manifold with a ball of radius r around p, we do not necessarily obtain
the local stable or unstable manifold of size r. In fact, it will be possible for the
global stable or unstable manifold of f to be dense in M (and therefore dense in
any open ball of M).

Example 3.8. Recall the example of the Anosov toral automorphism given in
Example 3.4.

Let f be an Anosov toral automorphism induced by the Anosov automorphism
A : R2 → R2 with splitting Es ⊕ Eu. Then, for any x ∈ T2, both the global stable
manifold W s(x, f) and the global unstable manifold Wu(x, f) are dense in T2. The
reason for this is relatively simple. First, it can be shown (as in Theorem 3.8 of [1])
that for any x ∈ T2, W s(x, f) = π(W s(a,A)), where a is any point in the preimage
π−1(x). Recall that in Example 3.4 we mentioned that at a ∈ R2, there will be
the hyperbolic splitting Es ⊕ Eu. It is quick to check that W s(a,A) = a + Es.
Moreover, it can be shown that both Es and Eu are lines with irrational slope.
Thus, Es will cut through each vertical line through a point in Z2 at a sequence
of irrational points {nb}n∈Z. Therefore, modulo integers, Es intersects the vertical
boundary of the unit square - which is the latitude circle S1 - at a dense subset.
Therefore, W s(x, f) will be dense in T2. See Figure 2.

It will be convenient to, instead of working with two hyperbolic constants C ≥ 1
and 0 < λ < 1, find a way to create an immediate contraction and expansion on
Es and Eu.
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Figure 2. The stable manifold W s(x, f) wrapping around T2.

Proposition 3.9. Let Λ ⊂M be a hyperbolic set of f with splitting TΛM = Es⊕Eu
and hyperbolic constants C ≥ 1 and 0 < λ < 1. There is a C∞ Riemannian metric
〈〈·, ·, 〉〉 of M and a constant 0 < τ < 1 such that, with respect to the induced norm
|| · ||,

||Tf(v)|| ≤ τ ||v||, for all v ∈ Es,
||Tf−1v|| ≤ τ ||v||, for all v ∈ Eu.

A proof of this fact can be found in [1]. If 〈〈·, ·〉〉 satisfies the conclusion of
Proposition 3.9, then it is called adapted to Λ. Furthermore, the number

τ(Λ) = sup
x∈Λ
{||Tf |Es

x
||, ||Tf−1|Eu

x
||} < 1

is called the skewness of Λ with respect to the norm || · ||.
Now, we will state the Inclination Lemma, a result which will be important to

the proof of the Birkhoff-Smale theorem. Briefly, the Inclination Lemma states
that a disc transverse to the unstable manifold will eventually accumulate on the
unstable manifold. Before doing so, however, we must introduce another concept.

Definition 3.10. Let p ∈ Rn = Rk × Rn−k, and let || · || denote the Euclidean
norm on Rn. The standard horizontal γ-cone at p is the set

Hγ
p = {(x, y) ∈ TpRn | ||v|| ≤ γ||u||}.

Likewise, the standard vertical γ-cone at p is the set

V γp = {(x, y) ∈ TpRn | ||u|| ≤ γ||v||}.

Now, we are able to state the lemma.

Lemma 3.11 (Inclination Lemma). Let p ∈ M be a hyperbolic fixed point of f :
M → M . If n = dimM , let k = dimWu(p, f) and n − k = dimW s(p, f). Then,
for any k-disc B ⊂ Wu(p, f), any point x ∈ W s(p), any k-disc D transverse to
W s(p, f) at x, and any ε > 0, there is N > 0 such that if n > N , fn(D) contains
an (n − k)-disc that is C1 ε-close to B. An analogous statement holds true for
(n− k)-discs transverse to Wu(p, f).

Remark 3.12. Since we previously defined Cr closeness for a space of diffeomor-
phisms rather than a manifold, the statement of the Inclination Lemma might cause
some confusion. To address this, we will say that two disks A and B parametrized as
the graphs of two C1 diffeomorphisms σB and σA are C1-ε close if d1(σB , σA) < ε.
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Figure 3. A horizontal γ-cone. The closure of the complement of
the horizontal cone also forms a vertical 1/γ-cone.

See Figure 4 for a visualization of the statement of the Inclination Lemma.

Figure 4. Statement of the Inclination Lemma.

Proof. It will be enough to prove a version of the Inclination Lemma in local coor-
dinates. A proof of the local version can be found as Theorem 6.2.23 in [3] or as
Theorem 7.1 in [4]. Let π1 : Rk × Rn−k → Rk be the the projection map to the
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Figure 5. Local statement of the Inclination Lemma.

first coordinate. We can take local coordinates around a neighborhood U of p so
that Wu

r (p, f) ⊂ Rk × {0} and Wu
s (p, f) ⊂ Rn−k × {0}. Then, Eup is tangent to

Rk and Esp is tangent to Rn−k.

Set K, η, ε > 0. We will show that when D is is a C1 disk containing q ∈W s
p ∩U

such that for all x ∈ D, TxD is contained in K-cones about Eup and so that π1(D)

contains an η-ball around 0 ∈ Rk ⊕ {0}, then there exists N ∈ N such that when
n ≥ N , π1(fn(D)) = Wu

r (p, f)∩U and Tzf
n(D) is contained in a ε-cone about Eu

for all z ∈ fn(D). See Figure 5.
First, notice that since Rk and Rn−k are f -invariant and f is C1 (so its derivatives

vary continuously), at (x, y) ∈ Rk × Rn−k we can put Df(x, y) in the form of a
block matrix:

Df(x, y) =

(
Auu Asu
Aus Ass

)
,

where

||A−1
uu ||, ||Ass|| ≤ τ + δ.(3.13)

||Asu|| = o(||x||), ||Aus|| = o(||y||).

Here, τ is an (adapted) contraction/expansion rate of Df(p) and Df−1(p), and
δ > 0 is taken to be arbitrarily small by shrinking U and possibly replacing D with
some iterate fn(D). In other words, near the origin (0, 0), Df(x, y) approximates
the hyperbolic behavior of Df(p).

Now, we consider tangent planes in horizontal γ−cones as graphs of linear maps
whose operator norm || · || is bounded by γ. After shrinking D, we can assume
that D ∩ ({0} ⊕ Rn−k) is a single point {z}. We want to find n ∈ N such that the
tangent space Tfn(z)f

n(D) is contained in some ε-cone. To do so, we will consider

a linear map Ez : Rk → Rn−k parametrizing the tangent space TzD. The graph
gr(Ez) = {(x,Ez(x) | x ∈ Rk} ⊂ Rn × Rn−k can be written as the image of the
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linear map (
Ik
Ez

)
: Rk → Rk ×Rn−k

where Ik is the identity map on Rk. We can compose this map with Df(z) =
Df(x, y), giving us (

Auu,z Asu,z
Aus,z Ass,z

)(
Ik
Ez

)
.

Note that that we can calculate Df(p)(Ep) the same way for any point p ∈ D and
any linear map Ep parametrizing the tangent plane at p. Since in this case we are
looking at z = (0, y), then we have Asu,z = 0. In addition, since Auu ∈ Mk×k is
invertible, we know that the image of A−1

uu is the whole subspace Rk. As a result,

the image of Rk ⊕ {0} under

(
Auu,z

Aus,z +Ass,zEz

)
is the same as its image under

precomposition by A−1
uu,z:(

Auu,z
Aus,z +Ass,zEz

)(
A−1
uu,z

)
=

(
Ik

Aus,zA
−1
uu,z +Ass,zEz(Auu,z)

−1

)
.

Therefore, we set

Ef(z) = Aus,z(Auu,z)
−1 +Ass,zEz(Auu,z)

−1.

Then, using the bounds stated in (3.13),

||Ef(z)|| ≤ (τ + δ)(||Aus,z||+ ||Ez||),
which implies that

(3.14) ||Efn(z)|| ≤
n−1∑
i=0

(τ + δ)n−i||Aus,fi(z))||+ (τ + δ)n||Ez||.

Now, by iterating gr(Ez) under Df(z), we have found a sequence of linear maps
Efn(z), the graphs of which parametrize each tangent plane Tfn(z)D. If we show
that ||Efn(z)|| eventually becomes small, we will succeed in showing that Tfn(z)D
is contained in an ε-cone.

To this end, we want to shrink the sum in (3.14). First, since ||Ez|| is constant
and τ + δ < 1, there exists N ∈ N such that (τ + δ)n||Ez|| < ε when n ≥ N .
Similarly, since z ∈ W s(p), we know that forwards iterates of z under f approach
the origin. Therefore, since ||Aus,fi(z)|| = o(||f i2(y)||), where f i(z) = (f i1(x), f i2(y)),
we have that ||Aus,fi(z)|| decreases to 0 as i gets large. Using this fact, we can make
the last terms of the sum in (3.14) small. That is, there exists N ′ ∈ N large enough
so that when n ≥ N ′,

n−1∑
i=N

(τ + δ)n−i||Aus,fi(z)|| < ε.

Likewise, there is N ′′ ∈ N such that when n ≥ N ′′, the first N − 1 terms of the
sum are small. Finally, letting N0 = max{N, N ′, N ′′}, we have that ||Efn(z)|| < ε
when n ≥ N . By taking N0 perhaps even larger, we may assume that ||Aus,(x,y)|| <
(1−τ−δ)ε, when |y| < ||fN0(z)||. In addition, the linear map Efi(p) parametrizing

the tangent space of f i(p) ∈ f i(D) varies continuously with the base point p, since
f is a Ck diffeomorphism and D is a C1 disk. So, by shrinking D, we may assume
that all tangent planes of points in fN0(D) are contained within ε-cones and that
||Aus,p|| < (1− τ − δ)ε, for all p ∈

⋃
i>N0

f i(p). Then, if ε > 0 is small enough, it
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Figure 6. Each tangent plane to D is eventually contained in ε-cone.

will be true that when ||E|| < ε,

||(Auu +AsuE)−1|| < 1.

Thus, for any p ∈ D, ||Efi(p)|| < ε, we have

||Efi+1(p)|| = ||(Aus,fi(p) +AssEfi(p))(Auu,fi(p) +Asu,fi(p)Efi(p))
−1||

≤ ||Aus,fi(p) +AssEfi(p)|| · ||(Auu,fi(p) +Asu,fi(p)Efi(p))
−1||

≤ ||Aus,fi(p)||+ ||Ass,fi(p)|| < (1− τ − δ)ε+ (τ + δ)ε = ε.

In other words, if Tfi(p)f
i(D) is contained within an ε−cone, the tangent space

Tfi+1(p)f
i+1(D) at the next iterate will be contained within an ε−cone. Therefore,

when n ≥ N0, the tangent plane Tpf
n(D) is contained within an ε−cone for all

p ∈ fn(D).
It remains to show that π1(fn(D)) = Wu

p ∩ U when n ≥ N0. Let vn be a
nonzero tangent vector to p ∈ fn(D) with image vn+1 under Dfn(p). Then, since
||Auu,f(x)|| > 1, we have that

||vn+1||
||vn||

≥ ||Df(p)|| > 1.

Therefore, the diameter of fn(D) increases at constant rate greater than 1, implying
that for n large enough, the image of fn(D) under the projection map π1 covers
the local unstable manifold Wu

r (p, f) ∩ U .
We now see for all n large enough, fn(D) will eventually contain a disk which can

be represented as a graph of a C1 function σn : Wu
r (p, f)∩U → Rn−k. Since fn(q) ∈

W s
r (p, f) approaches (0, 0), by continuity points in fn(D) near fn(q) become ε-close

to Rk × {0}. Moreover, since, as shown previously, all tangent spaces of fn(D) are
contained within ε-cones, the norm ||Dσ|| will be less than ε. Thus, σn will be
ε-close to 0 : Wu

r (p, f)→ Rn−k in the C1 topology.
Returning to our global setting, we see that we have shown that fn(D) contains

a k-disk that is C1-ε close to a k-disk contained in B (i.e. we have shown that it is
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C1 ε-close to a disk in the local unstable manifold). This is enough, however, since
successive applications of f will eventually cover the entire disk B. �

4. Symbolic Dynamics

In this section, we will give a quick overview on symbolic dynamics using two
symbols. Symbolic dynamics is an extremely useful tool in understanding the dy-
namics of the Smale horseshoe, since we will construct a topological conjugacy
between a homeomorphism in symbolic dynamics and an invariant set of the horse-
shoe. Remarkably, we will be able to encode the entire dynamics of the horseshoe
using a simple “shift” mechanism on strings of 0’s and 1’s. We will now begin by
giving some basic definitions.

Definition 4.1. The symbolic space Σ2 of two symbols is defined to be the bi-
infinite product

Σ2 = {0, 1}Z

endowed with the product topology.

Then, we can denote a point a ∈ Σ2 by a bi-infinite sequence {an}n∈Z where
each an is either 0 or 1.

Note that we will always treat the bi-infinite sequences as if they are centered
around 0. For example, denoting by a hat the 0-th place of a sequence in Σ2, the
sequence . . . 001̂00 . . . differs from . . . 010̂00 . . . by a shift to the left of one place.

We define a basis of open neighborhoods of a ∈ Σ2 using sets of the form

Cj(a) = {b ∈ Σ2 | bn = an,∀ − j ≤ n ≤ j}.
Therefore, we consider b to be close to a if for a large j, b agrees with a on the
interval [−j, j] centered at 0. This topology on Σ2 is metrizable by the metric

d(a, b) =
∑
n∈Z

|an − bn|
2|n|

.

Once again, we see that a and b are close if an and bn agree on a long string centered
about 0.

In §5 and §6, it will become relevant that Σ2 has the structure of a Cantor set.
Therefore, we will quickly define Cantor sets and prove this fact here.

Definition 4.2. A Cantor set is a topological space which is compact, perfect, to-
tally disconnected, and metrizable. All such sets are homeomorphic to the canonical
middle-thirds Cantor set on the real line.

Proposition 4.3. Σ2 is a Cantor set.

Proof. We have already mentioned that Σ2 is metrizable. By definition, the topol-
ogy on Σ2 is the infinite product of the compact space {0, 1}, endowed with the
product topology. Since the product of compact topological spaces is compact (with
respect to the product topology), we immediately have that Σ2 is compact.

To show that Σ2 is totally disconnected, we first let a = (. . . a−1 a0 a1 . . . ) and
b = (. . . b−1 b0 b1 . . . ) be distinct elements of Σ2. Since b 6= a, there exists m ∈ Z
such that am 6= bm. Let

V (a) = {c ∈ Σ2 | cm = am}.
V (a), which contains a, is open, and Σ2 \ V (a), which contains b, is also open.
Therefore, a and b must lie in different connected components. Finally, we see that
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Σ2 is perfect. Let a ∈ Σ2. For any j ≥ 1, a is not the unique element in Cj(a).
Therefore, any open neighborhood of a will have some element b 6= a. So, a is not
an isolated point, and a ∈ Σ2. �

Definition 4.4. We define the shift map

σ : Σ2 → Σ2

by
(σ(a))n = an+1, for all n ∈ Z.

That is, σ takes the bi-infinite sequence a ∈ Σ2 to the bi-infinite sequence σ(a) ∈
Σ2 which is a shifted one unit to the left.

The following proposition characterizes some of the properties of the shift map
σ.

Proposition 4.5. Periodic points of σ are dense in Σ2, and σ is transitive on Σ2.

Proof. Let a ∈ Σ2 and j ≥ 1. Let b ∈ Σ2 be sequence which repeats the (2j + 1)-
tuple a−j . . . aj in both directions. Then b is periodic and b ∈ Cj(a). Since we
can find such a sequence b for any j ≥ 1, then we can find b arbitrarily close to a.
Therefore, periodic points are dense in Σ2.

By Theorem 2.4, finding x ∈ Σ2 whose positive orbit is dense in Σ2 will be
enough to show that σ is transitive. Let xn = 0 for all n ≥ −1. Since there are only
countably many possible finite tuples of 0, 1, we may place them in some order.
Therefore, starting with n = 0, we set {xn}n≥0 to successively iterate through all
possible finite tuples of 0, 1. Now, let a ∈ Σ2, j ∈ N. The string a−j . . . aj is
present somewhere in the positive part of xn. Therefore, there exists m ∈ N such
that σm(x) agrees with a on the interval [−j, j]. Since we can do this for any integer
j ≥ 0, the positive orbit of x will be arbitrarily close to a. Thus, σ is transitive on
Σ2. �

Now, we are ready to describe the Smale horseshoe.

5. Description of the Smale Horseshoe as a map from S2 to S2

The goal of this section will be to define the Smale horseshoe geometrically, as
a map S2 to S2. Then, we will prove the topological conjugacy between the Smale
horseshoe and the shift map σ : Σ2 → Σ2.

Let Q ⊂ R2 be a unit square. Let f be a diffeomorphism which contracts
Q horizontally, expands it vertically, and then folds it into a horseshoe shape.
Furthermore, we require f be defined so that the horseshoe is put back onto the
original square Q and fn(Q) ∩ Q consists of two vertical rectangles V0 and V1

crossing the whole height of Q. By construction, the preimages of V0 and V1 will
be the horizontal rectangles H1 and H2, which also cross the whole length of Q.
That is, Q ∩ f−1(Q) = H1 ∪H2. See Figure 7. Since f does not map Q into itself,
some of the points of Q do not have second iterates. To fix this, we extend the map
to a global diffeomorphism on S2 which is affine on Hi, has a contraction rate of
0 < µ < 1 and an expansion rate of 1/µ. Let

Λ =
⋂
n∈Z

fn(Q).

Notice that any f−invariant set contained within Q must, by necessity, be contained
in the intersection of all positive and negative iterates of Q by f . However, this
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Figure 7. Images of H1 and H2 under the horseshoe map.

intersection is, by definition, exactly Λ, so Λ must be the maximal f -invariant set
inside of Q. Going forward, we will call Λ the horseshoe set.

The following theorem establishes the topological conjugacy between the shift
map σ and the horseshoe map f restricted to the horseshoe set Λ. The proof of the
Birkhoff-Smale Theorem (Theorem 6.2) in §6 will in many ways mirror the proof
given here.

Theorem 5.1. The horseshoe map f : Λ → Λ is topologically conjugate to σ :
Σ2 → Σ2.

Proof. To show that there exists topological conjugacy between f and σ, we will
construct a homeomorphism associating points in Λ to sequences in Σ2 which encode
their orbits. Then, the shift σ will naturally align with a shift in the orbit of x to
the orbit of fx.

Suppose that x /∈ H1 ∪H2. Then f(x) /∈ Q. Therefore,

Λ =
⋂
n∈Z

fn(H1 ∪H2).

Since H1 and H2 do not intersect, for each n ∈ Z, x ∈ Λ, the iterate fn(x) will
either be in H0 or H1, but never both. This lends a natural encoding of the orbit
of x by bi-infinite strings of 0’s and 1’s. Indeed, for any x ∈ Λ, there is a unique
sequence a ∈ Σ2 such that for all n ∈ Z

fn(x) ∈ Han .

We call a the itinerary sequence of x ∈ Λ. Consider the mapping h : Λ→ Σ2 which
sends x ∈ Λ to its itinerary sequence. Notice that the itinerary sequence of f(x) is
simply the shift of the itinerary sequence of x by σ, giving us the relation hf = σh.

To complete the proof that h is a topological conjugacy between f and σ, we
must prove that it is a homeomorphism. To show that h is continuous, we see that
for any j ≥ 1, if x, y ∈ Λ are sufficiently close, then their iterates fn(x) and fn(y)
will be within 1

2µ of each other for all −j ≤ n ≤ j. As a result, for all iterates in the
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interval [−j, j], the orbits of x and y will pass through the same series of horizontal
strips H0 or H1. Thus, their itinerary sequences will agree on [−j, j]. Since we
can do this for any j ≥ 1, h must be continuous. Then, because Λ is compact,
showing that h is bijective will be enough to show that it is a homeomorphism.
This follows from the fact that continuous bijections between compact spaces are
homeomorphisms.

To show that h is a bijection, we need to see that for any a ∈ Σ2, the intersection⋂
n∈Z

f−n(Han)

is a single point {x}. That is, one and only one x ∈ Λ travels through each possible
sequence of rectangles H0 and H1 under forwards and backwards iterations of f .

First, we define two families of sets {Ii}i∈N and {Ji}n∈N:

(5.2) · · · ∩ f2Ha−2 ∩ fHa−1 ∩Ha0 ∩ f−1Ha1 ∩ f−2Ha2 ∩ . . . .

= . . . f2Va−3
∩ fVa−2

∩ Va−1︸︷︷︸
J0︸ ︷︷ ︸

J1︸ ︷︷ ︸
J2

∩Ha0︸︷︷︸
I0

∩f−1Ha1

︸ ︷︷ ︸
I1

∩f−2Ha2

︸ ︷︷ ︸
I2

∩ . . . .

Because the families of sets Ji and Ii are built off of successive intersections, we
have that each of these families is nested:

In+1 ⊂ In and Jn+1 ⊂ Jn.
Furthermore, notice that for any vertical strip V , the intersection fV ∩ Vi is a
vertical strip with width contracted by µ. Likewise, for any horizontal strip H,
f−1(H) ∩Hi is a horizontal strip with height contracted by µ. This is so since

f−1H ∩Hi = f−1(H ∩ fH0) = f−1(H ∩ Vi).
Then, H ∩ Vi is a rectangle which crosses Vi horizontally, so its preimage will be
a contracted horizontal strip. Using these facts, we see that every In will be a
horizontal strip with height less than µn, and every Jn will be a vertical strip with
width ≤ µn. Since J0 is a vertical strip, we see that

J1 = f(Va−2) ∩ Va−1

is a vertical strip. Likewise,

J2 = f(f(Va−3) ∩ Va−2)) ∩ Va−1

must be a vertical strip. The same will be true for the family of sets In. Then⋂
n∈Z

f−n(Han)

is the intersection of a horizontal interval and a vertical interval, so it must be a
single point, which is what we wanted. �

Corollary 5.3. The horseshoe set Λ is a Cantor set. In addition the horsehoe map
f is transitive on Λ, and periodic points are dense in f .

Proof. The fact that Λ is a Cantor set follows from the fact it is homeomorphic to
Σ2, which is a Cantor set. Transitivity and the density of periodic points follows
from the conjugacy between σ and f . �
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6. Horseshoes and Transverse Homoclinic Points on Manifolds

Now we will introduce the concept of transverse homoclinic points and study the
dynamical behavior which occurs near them, which will resemble the behavior of
the Smale horseshoe.

Definition 6.1. Let p ∈ M be a hyperbolic periodic point of a diffeomorphism
f : M →M . We call some q ∈M a homoclinic point of p if

q ∈W s(p, f) ∩Wu(p, f) \ {p}.
The point q will be a transverse homoclinic point if the intersection of W s(p, f)
and Wu(p, f) is transverse at q.

Since the stable and unstable manifolds are invariant, iterates of transverse ho-
moclinic points must also be transverse homoclinic points. Therefore, the global
stable and unstable manifolds will have to intersect transversely at every point in
the orbit of q. This leads to a great complication in the dynamics of f , as the stable
and unstable manifolds will have to oscillate and double back upon themselves in
order to keep intersecting transversely at iterates of q. See Figure 8.

Figure 8. Shape of stable and unstable manifolds at a homoclinic point.

We are finally ready to state and prove the Birkhoff-Smale theorem. In this
proof, we will recover the entire behavior of the Smale horseshoe map within the
neighborhood of a transverse homoclinic point.

Theorem 6.2 (Birkhoff-Smale). Let f : M → M be a diffeomorphism, p be a
hyperbolic periodic point, and q be a transverse homoclinic point for p. Then for
any neighborhood U of {p, q}, there exists n ≥ 0 such that fn has a hyperbolic
invariant set Λ ⊂ U such that p, q ∈ Λ and on which fn is topologically conjugate
to the shift map σ : Σ2 → Σ2.

Proof. The following proof is modeled after Theorem 4.5 in [2]. To prove the main

result, we will find a way to construct sets Ṽ0 and Ṽ1 in a neighborhood U of
{p, q} which will play an analogous role to the rectangles V0 and V1 in the proof of

Theorem 5.1. Using Ṽ0 and Ṽ1, we will then encode the orbits of points in some
maximal invariant subset of U and apply the same technique of itinerary sequences
that we did in Theorem 5.1.

Let Λq = Orb(p) ∪ Orb(q). First, we will show that Λq is a hyperbolic set.
Then, we will show that if V is a small enough neighborhood of Λq, the maximal
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f -invariant subset
⋂
n∈Z f

n(V ) is also a hyperbolic set. Finally, by looking at the
local behavior of the unstable and stable manifolds in a neighborhood U contained
within V , we may construct boxes Ṽ0 and Ṽ1 and find some iterate n ∈ N such
that a topological conjugacy between σ : Σ2 → Σ2 and fn : ΛU → ΛU becomes
apparent.

Let Λq = Orb(p) ∪ Orb(q). For this proof, we will assume that p is hyperbolic
fixed point with splitting Esp ⊕Eup . However, adaptations can be made to allow for
the case that Orb(p) is a hyperbolic periodic orbit. To find a hyperbolic splitting
on Λq, we consider the direct sum

(6.3) TqW
u(p)⊕ TqW s(p) = TqM.

Since f is a diffeomorphism, the derivative Df(x) : TxM → Tf(x)M is linear
isomorphism for each x ∈ M . Therefore, we may iterate Df(x) on (6.3) in order
to obtain the invariant splitting

Dfm(q)(TqW
u(p)⊕ TqW s(p)) = Dfm(q)(TqW

u(p))⊕Dfm(q)(TqW
s(p))

= Tfm(q)W
u(p)⊕ Tfm(q)W

s(p)

on Orb(q). At each point fm(q) in the orbit of q, set Esfm(q) = Tfm(q)W
s(p) and

Eufm(q) = Tfm(q)W
u(p). We claim that the splitting

Es ⊕ Eu =
⋃
x∈Λq

Esx ⊕ Eux

is hyperbolic. To this end, we first ensure that the splitting Es⊕Eu on the orbit of q
continuously approaches Esp⊕Eup . Since the stable manifold is locally an embedded
C1 disk which is tangent to p, we must have that Tfm(q)W

s(p) converges to Esp as
fm(q) converges to p. On the other hand, since W s(p) and Wu(p) are transverse at
every point in the orbit of q, by the Inclination Lemma (Lemma 3.11), any disk in
Wu(p) containing q eventually C1-converges to the local unstable manifold Wu

r (p).
Therefore, under forwards iteration, the tangent space TqW

u(p) = Eu(q) converges
to Eup = TpW

u(p). An analogous proof shows that Esfm(q) ⊕ E
u
fm(q) converges to

Esp ⊕ Eup as m approaches −∞. Up until now, we have verified that Es ⊕ Eu is a
continuous, invariant splitting on Λq. Now we must show that it is hyperbolic.

Indeed, we want to show there exist C, λ such that for all v ∈ Esx,

|Dfn(x)(v)| ≤ Cλn|v|.
Let || · || be an adapted norm on Eup ⊕Esp. Set λ to be the skewness of || · ||. By the
continuity of the splitting Es ⊕ Eu, we may find a neighborhood O of p such that
||Df(x)(Esx)|| < λ when x ∈ Orb(q) ∩ O. Because q is a homoclinic point, it will
approach p under both positive and negative iterates of x. That is, there is M ∈ N
such that when n ≥M or n ≤ −M , fn(q) ∈ O. Therefore, the neighborhood O of
p will necessarily contain all but finitely many elements of Orb(q). Therefore, we
may find C ≥ 1 such that if x ∈ Orb(q) such that f i(x) /∈ O for 0 ≤ i < k, then
||Df i(x)(Esx)|| ≤ Cλi. Furthermore, for any x ∈ Orb(q), there is at most one such
string of positive iterates i, for 0 ≤ i < k, of x such that f i(x) /∈ O. Thus, we find

||Df i(x)(Esx)|| ≤ Cλi

for all positive iterates i. We can carry out a similar process by exchanging f and
f−1 to obtain to an appropriate C and λ for both Tf and Tf−1. This completes
the proof that Λq has a hyperbolic structure.
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The next step in the proof is to show that if V is a small enough neighborhood
of Λq, the maximal f−invariant set

ΛV =
⋂
i∈Z

f i(V )

also has a hyperbolic structure. But this is immediate from Proposition 3.5.
Now, we construct the sets Ṽ0 and Ṽ1. First, as in the proof of Lemma 3.11 we

can take local coordinates so that Esp becomes identified with Rk, Eu is identified

with Rn−k and a neighborhood near p is a subset of Es × Eu. Furthermore, we
identify the local stable manifold W s

r (p) with the disk Es(r) × {0} and the local
unstable manifold Wu

r (p) is given by the disk Eu(r)×{0}. For εs, εu > 0, we denote
Ds = W s

εs(p) and Du = Wu
εu(p). Since we have identified W s

r (p) with Es(r) and
Wu
r (p) with Eup , we similarly let Ds = Es(εs) and Du = Eu(εu). Then we take

εs, εu > 0 and k ≥ 0 such that

q ∈ int(f−k(Ds) \ (f−(k−1)(Ds))

q ∈ int(fk(Du) \ (f (k−1)(Du)),

adjusting εs or εu so that they work the same k in forwards and backwards iter-
ations. Because p is a fixed point, it will be contained in both the image fk(Du)
and the preimage f−k(Ds). See Figure 9.

Figure 9. The intersection of fk(Ds) and fk(Du) at p and q.

Take j0 ≥ 0 such that for all j ≥ j0, the disk fk(Du) crosses f−k(Ds×f−j(Du))
transversally in the connected component of the intersection

(6.4) f−k(Ds × f−j(Du)) ∩ fk(Du)

containing either p or q. That is, the disk fk(Du) intersects f−k(Ds × {y}) at a
single point in each component, and this intersection is transverse. By choosing j
large, we ensure that the image of the rectangle Ds × f−j(Du) ⊂ Ds ×Du under
f−k is “thin” enough so that fk(Du) crosses through it vertically. See Figure 10.
Thus, (6.4) is a vertical disk through p in one component and a vertical disk through
q in another.

Now, we find a neighborhood of fk(Du) which acts as a vertical strip through q
and p. For j ≥ j0, consider the set

(6.5) f2k+j ◦ f−k(Ds × f−j(Du)) = fk+j(Ds × f−jDu)).
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Figure 10. Intersection of the image of Ds with Ds × f−j(Du).

By Lemma 3.11, we can guarantee that fk+j(Ds × f−jDu) forms a “thin” strip
around fk(Du) when j is large enough. Therefore, for large j, we find that
fk+j(Ds×f−j(Du)) crosses f−k(Ds×f−j(Du) transversally in the components of
the intersection

fk+j(Ds × f−jDu)) ∩ f−k(Ds × f−jDu)

containing p and q. In this case, we see that the intersection of fk+j({x}× f−jDu)
and fk(Ds × {y}) is exactly one point and the intersection is transverse, for any
x ∈ Ds, y ∈ f−j(Du).

Then, for a fixed j large enough to satisfy the previous condition, set n = 2k+ j
and D = f−k(Ds× f−jDu)). Notice that the “vertical” intersection of fn(D) with
D is similar to the intersection fn(Q)∩Q in our construction of the Smale horseshoe

map in the previous section. Therefore, the following give good candidates for Ṽ0

and Ṽ1 in our present construction.
Let Ṽ0 be the connected component of fn(D) ∩ D which contains p. Likewise,

let Ṽ1 be the connected component of fn(D) ∩ D which contains q. Let U be an
open neighborhood of p and q which is contained in V . Let

Λ =
⋂
i∈Z

f in(Ṽ0 ∪ Ṽ1).

By construction, Ṽ0 and Ṽ1 are disjoint. Therefore, a point x ∈ Λ must be in either
Ṽ0 or Ṽ1, but never both. In addition, by our choices of Ṽ0 and Ṽ1, the preimage

f−n(Ṽ0 ∪ Ṽ1)

has two connected components which cross D horizontally, transverse to fk+j({x}×
f−j(Du)), for all x ∈ Ds. Since ΛV is hyperbolic, we know that Λ ⊂ ΛV is
hyperbolic. Let h : Λ → Σ2 be the map sending x ∈ Λ to its itinerary sequence.
The contraction and expansion rates of Λ as well as the properties of Ṽ0 and Ṽ1

are such that the arguments from the proof of Theorem 5.1 apply. Thus, h is a
topological conjugacy between Λ and Σ2. This ends the proof of the Birkhoff-Smale
theorem. �

Corollary 6.6. The map fΛ is topologically conjugate to the Smale horseshoe map
restricted to the maximal invariant set on Q. Therefore, Λ is a Cantor set, periodic
points are dense in Λ, and f |Λ is transitive.
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Figure 11. Choice of Ṽ0 and Ṽ1.
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