ERROR-CORRECTING CODES AND ALGEBRAIC FUNCTION
FIELDS

JACOB PARISH

ABSTRACT. Error-correcting codes enable one to reliably send data across un-
reliable communication channels. In this paper, we first give a general intro-
duction to the theory of such codes. We then introduce alebraic function fields,
a language which allows us to do algebraic geometry over nonclosed fields; we
define places, divisors, and differentials, and we state the Riemann-Roch the-
orem. Algebraic function fields are applied to construct a large class of codes,
the so-called algebraic geometry codes. Finally, as an example of algebraic
geometry codes, we look at codes arising from Hermitian function fields and
investigate their parameters.
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1. INTRODUCTION

Suppose one wants to transmit a message to someone else over an unreliable
communication channel. Due to the channel’s unreliability, the other party may
not receive the correct message. In the best case, the receiver might realize there is
an error when the message does not make sense, and ask for it to be retransmitted.
This is clearly inefficient, especially in situations where there is high latency. In
the worst case, the receiver might misunderstand the transmitter, and take some
unintended action.

Error correcting codes are motivated by precisely this problem. By adding some
redundancy to the transmitted message, the transmitter can enable the receiver to
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recover the original message, even in the presence of errors. To demonstrate how
we might do this, we consider the following example. The receiver and transmitter
must first agree on some alphabet; we will use the binary alphabet {0,1}, which
is often the alphabet one wants to use in practice. A trivial first example of error-
correcting codes are the repetition codes. If the receiver wants to transmit a binary
string in {0,1}*, they may repeat it m times, for some agreed-upon number m.
They thus transmit to the receiver a string in {0, 1}*™. To recover the ith symbol
of the original message, the receiver may inspect the i-th position in each of the m
received copies, and decode according to the majority. Of course ties are possible;
in that case, the receiver might ask for a retransmission, or we could require that
m be odd. The receiver will successfully recover the original message whenever, for
each symbol in the original message, the number of errors in each transmitted copy
is at most LmT_lj A protocol of this sort, where the transmitter encodes messages
of length k into messages of length n for some n > k is known as a block code.
In practice, a transmitter breaks up a large message they wish to send into blocks
of length k, encodes each block into a codeword of length n, and transmits these
codewords in sequence.

We should also clarify that we restrict our attention to channels where the only
possible errors are those where some symbol is confused with another; that is, we
do not consider the possibility that a symbol is deleted, or that extra symbols are
somehow inserted.

2. THE THEORY OF CODES

2.1. Linear Codes and their Parameters. While a receiver and transmitter
could use any alphabet, allowing arbitrary alphabets generally provides too little
structure for us to work with. As such, we choose our alphabet to be the finite field
of order g where ¢ is some prime power, which we denote by [F,. Moreover, we will
deal exclusively with linear codes, which are defined as follows.

Definition 2.1. A linear [n, k], code is a linear subspace C' C Fy of dimension k.
The number n is called the length of the code, and k is called its dimension.

Since we are restricting our attention to linear codes, we often omit the word
“linear”. To a code C, we can associate a (non-unique) k X n matrix whose rows are
a basis in C. This matrix is often denoted by G, and is called a generator matriz
for the code C. Note that this matrix is the matrix corresponding to an injective
linear map from IFZ to Fy, whose image is C. This makes the encoding process
particularly easy for linear codes. To encode a vector x € IF’;,
only compute the product zG.

Definition 2.2. Given an [n,k], code C, the dual code C* is the [n,n — k],
code given by the orthogonal complement of C', with respect to the standard inner
product (z,y) := > 1| Ty

If H is a generator matrix for the dual code C*, then one can see that Hy” = 0
if and only if y € C. For this reason, H is called a parity-check matriz for the code
C, and this matrix plays an important role in the decoding of linear codes. We will
not say any more about duals here, but we will revisit them in our constructions
of algebraic geometry codes in Section 4.

Now, we would like to be able to quantify the error-correcting capacity of a linear
code. To that end, we introduce the following definitions.

a transmitter need
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Definition 2.3. The Hamming distance between two vectors z,y € Fy, denoted
by d(z,y), is the number of coordinate positions where z and y differ. That is,
d(z,y) ={i: z;i # yi}]-
Definition 2.4. Let C be an [n, k], code. The minimum distance of C, denoted
by d, is

= %yIEnCl‘g#y d(@,9)

If C is an [n, k], code of minimum distance d, we sometimes refer to C as an
[n, k,d]y code when we wish to specify d. Notice that in a practical sense, d tells
us how many errors the code C' can correct. In particular, suppose that d > 2¢+ 1.
If a receiver receives a message y € [y, then they are able to recover the original
message whenever the number of errors is at most ¢, as there is a unique vector
z € C for which d(z,y) < t. Thus, an [n, k,d], code can correct any | 95| errors.

Since C'is a linear subspace, there is a simpler way of understanding the minimum
distance. We first introduce the following definition.

Definition 2.5. The Hamming weight of a vector = € Fy, denoted by ||z, is the
number of nonzero coordinates of x, that is, ||z|| = ’{z txy F 0}’

One can then observe that the minimum distance of C' is equivalently given by

the following formula.
d= min |||
zeC,x#0

We would like for d to be as large as we can make it, as a fraction of the length n.
Of course, to increase our error-correcting capacity, we must add more redundancy
to our data; that is, we must make k smaller (again, as a fraction of n). This
tradeoff between k and d is made more precise by the following bound.

Proposition 2.6 (Singleton bound). For any [n, k,d], code, we have the inequality
k<n-—-d+1

Proof. Let C' = {(x1,...,Zn—at1) * (#1,...,2) € C} C F2791 be the subspace
formed by removing the last d—1 coordinates of each vector in C. By the definition
of the minimum distance, it is impossible for two distinct codewords in C' to have
the same image in C’, or else they would be at a distance at most d — 1 from each
other. Therefore we must have |C| = |C” |, and it follows that C” is a k-dimensional
subspace of Fg’d“. This implies k <n —d+ 1, as desired. O

Note that this bound is independent of g. When ¢ is taken into account, one can
often obtain better bounds, and so the Singleton bound is rather crude. Nonethe-
less, it is an important bound, and codes which attain the Singleton bound (i.e.
for which k = n — d + 1) are of particular importance. They are called maximum
distance separable (or MDS) codes, as they have the maximum possible minimum
distance for a fixed length and dimension. We now turn to our first example of a
non-trivial code, which turns out to be maximum distance separable.

Example 2.7 (Reed-Solomon Codes). Let P = {P,...,P,} C F,. For some
a < n, let L(a) be the space of polynomials in one variable over F, of degree at
most a. Consider the map Evp : L(a) — F} given by

Eve(f) = (f(P1),-- - f(Pn))
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Then the image of Evp defines some code of length n. Since we have chosen a < n,
any nonzero polynomial f € L(a) may vanish at most at a points of P, and thus
Evp(f) must have at least n— a nonzero coordinates. It follows that d = n—a, and
that the map is injective, so that & = dim L(a) = a + 1. Thus we have constructed
an [n,a+ 1,n — a], code. A generator matrix for this code is given by

1 ... 1
P ... P,
a_|pP2 ... P2
pe .. po

Codes of this form are known as Reed-Solomon codes. Observe that the parameters
[n,a+1,n—a] meet the Singleton bound, and hence Reed-Solomon codes are MDS
codes.

2.2. Projective Systems. Here, we present another way to understand linear
codes, which has the benefit of being much less coordinate-centric. These are the
so-called projective systems, which are covered in more detail in [1, section 1.1]. We
first introduce two more important concepts regarding codes.

We say two [n, k], codes C' and C’ are equivalent if we can obtain one from
the other by re-ordering coordinates, or multiplying single coordinates by nonzero
scalars. More specifically, let A, be the group of automorphisms of Fy generated
by (1) automorphisms which permutate the coordinates and (2) automorphisms
which multiply the coordinate z; by a nonzero scalar a; € Fy. Then C' and C" are
equivalent if A(C) = C’ for some A € A,. One can observe that equivalence of
linear codes preserves the minimum distance d. It is common to only want to work
with codes up to equivalence.

We say that an [n, k], code C is nondegenerate if for each i = 1,...,n, there
exists some x € C such that x; # 0. That is, C is not entirely contained in
some coordinate hyperplane. In practice, of course, one would always want to
use a nondegenerate code, as a degenerate code “wastes” one or more coordinate
positions, since they are always set to 0.

Now we are ready to introduce projective systems, and to show their relationship
with linear codes. Throughout, we will denote the projective space of dimension k
over F, by P¥(F,) = P*.

Definition 2.8. A projective [n, k], system is a multiset P C P¥~1 of size n which
is not contained in any projective hyperplane. The parameter d for a projective
system is defined as follows.

d:=n —max{|P N H|: H is a projective hyperplane in P*~1}

As with codes, we refer to P as a projective [n, k,d], system when we wish to
specify d. Two projective systems P and Q are said to be equivalent if there is an
automorphism of P*~! which maps P to Q, and this equivalence certainly preserves
the value of d.

Theorem 2.9. Equivalence classes of nondegenerate [n, k,d], codes are in one-to-
one correspondence with equivalence classes of [n, k,d|; projective systems.
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Proof. Let C be an [n, k,d], code. Let z1,...,x, be the coordinate functions on
;. Since C is nondegenerate, the restrictions z; |c are all nonzero elements of the
dual space C*. We thus obtain n corresponding points P = {Py,...,P,} in the
projective space P(C*) = P*~1. Notice that a nonzero codeword = € C' determines
a hyperplane H(x) C P(C*) consisting of the functionals which vanish on . The
weight of a codeword is given by the number of coordinate functions which do not
vanish on x, that is, the number of elements P; which are not in the hyperplane
H(x), so we have

(2.10) lzll =|[{P; : P; ¢ H(z)}| =n—[{PNH(z)}

If the points P; were all in the same hyperplane, then the nonzero codeword deter-
mined by this hyperplane would have weight 0, which is impossible. Thus P is a
projective [n, k], system. Moreover, (2.10) implies the correspondence between the
minimum distances, i.e. P is a projective [n, k,d], system.

Now let C’ be an [n, k, d], code which is equivalent to C, and let Q = {Q1,...,Q.}
be the projective [n, k, d], system obtained from C’ in the same way as for C. Let
A € A, be an automorphism of Fy such that C' = A(C"), and consider the dual map
A*. There is some permutation o € S,, and nonzero scalars a; € I, such that for
coordinate functions x;, we have A*(x;) = a;z,(;. The restriction A* : C* — C"*
induces a map A* : PF=1(C*) — P*=1(C"*) with A*(P;) = Qo(i)- Thus we have
%(P) = Q, meaning P and Q are equivalent systems.

Conversely, let P = (Py,...,P,) C P*~! be a projective [n, k, d], system. For
each P;, choose an arbitrary representative p; € ]F’; , and consider the linear map
Evp : (F¥)* — F given by

Evp(p) = (o(p1),---,¢(pn))

Since P is not contained in any hyperplane, the vectors pi,...,p, span IF’;, and
hence Evp is injective. Therefore its image is an [n, k|, code C. Furthermore,
since each p; is nonzero, there is some element of (F’;)* which is nonzero at p;, and
hence C' is nondegenerate. A nonzero element ¢ € (IFZ)* determines a projective
hyperplane H(p) C P¥~1 consisting of those points on which ¢ vanishes. The
weight of Evp(p) is given by

|Eve(o)|| =[{pi - o(ps) # 0} =n—|PNH(p)|

This implies that C' is an [n, k, d], code.

Now let @ = {Q1,...,Q,} be a projective system which is equivalent to P,
and let C’ be the code obtained from this system in the same way, with ¢; € IF’;
the chosen representative of Q;. We wish to show C and C’ are equivalent. Let
T : Pk=1 — PF~! be a projective automorphism such that T(P) = Q, so that
T(P;) = Qo (;) for some permutation o € S,,. We can extend T in an arbitrary way

to some linear automorphism 7" : ]F’; — ]F’; , with T(pz) = i, (;) for some nonzero

scalars a; € Fy. Let A € A, be the map given by permuting coordinates by o and
scaling the ith coordinate by a;. One can then verify that Evp oT™ = A o Evg.
Thus C" = A(C"), and hence C and C’ are equivalent codes.

O
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Remark 2.11. If we reinterpret the Singleton bound in terms of projective systems,
we find it is the statement that

k—1 <max{|P N H|: H is a projective hyperplane in P*~'}

That is, there exists some projective hyperplane containing at least k — 1 points of
P. But any k — 1 points in P*~! lie in a hyperplane.

3. ALGEBRAIC FuNcTION FIELDS

3.1. Function Fields and Places. In this section, we introduce the concept of
an algebraic function field. This enables us to do algebraic geometry over a field
which is not algebraically closed, and will be vital to our constructions of algebraic
geometry codes in the following section. Throughout this section, let k denote an
arbitrary field.

Definition 3.1. An algebraic function field (or just a function field) K/k of one
variable over k is a field K D k such that K is a finite algebraic extension of k(z),
where x € K is transcendental over k.

Example 3.2. The most basic example of a function field is when we take K =
k(zx). This is called the rational function field, and it corresponds to rational func-
tions on the projective line P! (k).

It is also common to represent a function field as a simple algebraic extension of
k(z). That is, we have K = k(z, y), where ¢(y) = 0 for some irreducible polynomial
©(t) € k(z)[t]. We will see this in Section 5 when we look at the example of the
Hermitian function field, which is given by F,2(x,y)/F,, along with the relation
$T+1 — yr + y.

Definition 3.3. A wvaluation ring of a function field K/k is a proper subring O C K
such that O D k, and such that for all f € K, at least one of f or f~ lies in O.

The set O* of elements f such that both f and f~! lie in O is a group under
multiplication, and is called the group of units of O. Clearly, we have k* C O*.

Proposition 3.4. Let O be a valuation ring of K/k. Then the set P = O\ O* is
a mazimal ideal of O; moreover, it is the unique mazximal ideal of O.

Proof. Let f € P and u € O. Then fu cannot lie in O or else f would be a unit;
hence fu € P. Now, if f,g € P, then either f/g or g/f belongs to P. Without loss
of generality, assume it is f/g. Then f 4+ g =g(f/g+ 1) € P. Thus P is an ideal.

Any ideal which contains a unit v € O* must contain the entire ring, and thus
P is maximal, as well as unique. U

Proposition 3.5. The maximal ideal P of a valuation ring O is principal. More-
over, if t is a generator of P, then every element f € K* may be represented
uniquely as t™u for some n € Z and some unit u € OF.

Proof. See [1, proposition 2.5.1]. O

In algebraic geometry over algebraically closed fields, we speak of points on
varieties. For algebraic function fields, we replace the notion of a point with the
notion of a place.

Definition 3.6. A place of a function field K/k is the maximal ideal P of some
valuation ring @ C K. The set of all places of K is denoted by Pk.
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A place P uniquely determines a corresponding valuation ring; namely, the ring
which consists of the elements f € K whose inverses do not lie in P. We denote
the valuation ring corresponding to a place P by Op.

Definition 3.7. A discrete valuation of a function field K/k is a function v : K —
Z U {0} satisfying the following conditions.

(1) v(fg) = v(f) + vg) for all f,g € K.

(2) v(f+g) = min(v(f),v(g)) for all f, g€ K.

(3) There is some element f € K such that v(f) = 1.
(4) v(\) =0 for all X € k*.

(5) v(f) = oo if and only if f = 0.

By Proposition 3.5, every place P € Pk has a generator ¢t. Such a generator is
called a local parameter at P. This proposition immediately suggests the following
candidate for a discrete valuation on K.

Definition 3.8. Let P € Px be a place, and define a function vp as follows. Let ¢
be a local parameter at P. For f € Kx, write f = t"u for an integer n € Z and a
unit u € OF, and set vp(f) = n. Of course we must define vp(0) = oco.

Observe that this function is independent of the choice of local parameter. In-
deed, if s is another local paremeter, then we may write ¢ = su where u € O% is a
unit. For any f € K*, we have f = t"v for some unit v. But t"v = s"(u"v), and
u™v is also a unit.

Proposition 3.9. The function vp is a discrete valuation on K.

Proof. We first prove properties (1) and (2). Let f,g € K. If either of f or g is 0,
then (1) and (2) are both obvious, so assume both are nonzero. Then vp(f) =n
and vp(g) = m for some n,m € Z. Write f = t"u and g = t™v for a local
parameter t € P and units u,v € O%. Then fg = t""uv, where uv € O*, so
(1) is satisfied. Assume without loss of generality that n < m. Then we have
f+g=t"(u+tm™ ") = t"h, where h lies in Op. If h = 0, then vp(f + g) = oo,
and we are done. Otherwise, we can write h = t*w where w € O} is another unit
and k£ > 0. Then vp(f +g) =n+k > n, so (2) is satisfied.

Property (3) follows since vp(t) = 1 whenever ¢ is a local parameter; property
(4) is obvious since k* C O%; and property (5) is by definition. O

One can now observe that we have the following relationships between vp and
the sets Op, Op, and P.

Op ={f €K:vp(f) 20},
Op = {f €K:vp(f) =0},
P={feK:vp(f) >0}

In the following definitions, we will make it more clear why K/k is called a
function field.

Definition 3.10. Since a ring quotiented by a maximal ideal is a field, we may
define the residue class field of a place P to be the quotient field Op/P. We denote
this field by kp.

Definition 3.11. Let P € Px be a place, and let f € K. The wvalue of f at P,
denoted by f(P), is defined by setting f(P) equal to the image of f in kp whenever
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f lies in Op, and setting f(P) = oo otherwise. Thus P determines a map from K
to kp U {oco}.

It now makes sense to define the following.

Definition 3.12. Let P € Px be a place and f € K. Then P is a zero of f if
vp(f) > 0 (equivalently, f € P). The value vp(f) is called the order of the zero at
P. Similarly, P is a pole of f if vp(f) < 0 (equivalently, f~1 € P); and —vp(f) is
called the order of the pole at P.

Recall that the nonzero elements of k all lie in Of = Op \ P. Thus each of them
has a different equivalence class in kp, implying there is a natural embedding of k
into kp. Thus the following definition makes sense.

Definition 3.13. The degree of a place P, denoted by deg P, is the degree of the
extension kp /k.

If a place P is a place of degree 1, then kp =k, and so for any f € K, the value
of f at P is an element of k U {oo}. That is, f may be thought of as a k-valued
function on the places of degree 1 (where f is allowed to have poles).

Proposition 3.14. The degree of a place P € Pk is finite. In fact, if x is a nonzero
element of P, then deg P < [K : k(z)].

Proof. See [1, proposition 2.5.7]. ]

3.2. Divisors. In this section, we begin to build towards the Riemann-Roch theo-
rem by introducing the notion of a divisor on a function field.

Definition 3.15. The divisor group DivK of the function field K/k is the free
abelian group generated by the places P € Px. A divisor D of K/k is an element of
this group. In other words, D is a formal sum > pep, apP for coeflicients ap € Z,
only finitely many of which are nonzero.

The coefficient of the place P in a divisor D is denoted by vp(D). The degree of
a divisor D, denoted by deg D, is the sum of the coefficients weighted by the degree
of the corresponding place, that is

deg D = Z vp(D)deg P
PePy
As only finitely many coefficients are nonzero, this is well-defined. The support of
a divisor is the set of places whose corresponding coefficients are nonzero, and is
denoted by Supp D.

We can define a partial ordering on DivK by setting D < D’ whenever vp(D) <
vp(D') for all P € Pg. A divisor D is called an effective divisor if D > 0 with
respect to this ordering.

The notation vp(D) for the coefficient of the place P suggests the following
definition.

Definition 3.16. Let f € K*. The principal divisor of f, denoted by (f), is
ZPEIPK vp(f)P. If Z is the set of zeroes of f, and N is the set of poles of f, then
(f) is the difference between the divisor of zeroes,

(flo=Y_ vp(f)P

PeZ
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and the divisor of poles,

(f)oo = Z 7VP(f)P

PeN

The next theorem shows that not only is this well-defined (i.e. that a function
has only a finite number of zeroes and poles), but that a function has the same
number of zeroes and poles, when multiplicities are properly counted.

Theorem 3.17. The degree of a principal divisor is 0.
Proof. See [4, theorem 1.4.11]. O

We define an equivalence relation on divisors by saying that two divisors D and
D’ are equivalent if D' = D + (f) for some function f € K*. In this case, we write
D ~ D’. The fact that this is an equivalence relation follows from the fact that
the principal divisors form a subgroup of Div K. Indeed, for any f, g € K*, we have
(f)+(9) = (fg), and —(f) = (f~1). Theorem 3.17 implies that equivalent divisors
have the same degree, though it is not always true that two divisors of the same
degree are equivalent.

One may think of a divisor as specifying, for each place P € Pk, how poorly
behaved a function f € K is allowed to be at P; given a divisor D, we want to look
at functions with a pole at P of order at most —vp(D) whenever vp(D) < 0, and
with a zero of order at least vp(D) whenever vp(D) > 0. The following definition
formalizes this idea.

Definition 3.18. Let D be a divisor of K/k. We define L(D) to be the space given
by

LD)={feK :(f)+ D >0}u{0}

Observe that L(D) is a vector space over k. Indeed, scaling f by a nonzero
constant A € k does not change the principal divisor of f; moreover, if we have
f,g9 € L(D), then at any place P we have vp(f + ¢g) > min(vp(f),vp(g9)) > vp(D)
by property (2) of a discrete valuation, and thus we also have f 4+ g € L(D).

Proposition 3.19. If D ~ D', then L(D) = L(D’).

Proof. Let D' = D + (f). We claim the map g — fg is an isomorphism from
L(D) to L(D'). If g € L(D), then for any place P, we have vp(g) > vp(D). Thus
vp(fg) = ve(f) + ve(g) > vp(f) + vp(D) = vp(D’). Hence, we indeed have
gf € L(D’). Moreover, this map is certainly linear, and its inverse is given by

g f'g. 0
Lemma 3.20. L(D) = {0} whenever D <0

Proof. If there were a nonzero f € L(D), then we would have (f) + D > 0, and
hence deg(f) > 0. But this is impossible by Theorem 3.17. O

Lemma 3.21. L(0) =k.
Proof. See [4, lemma 1.4.7]. O

Lemma 3.22. Let D, D' € DivK be divisors with D < D’. Then we have
dimy (L(D")/L(D)) < deg D" — deg D



10 JACOB PARISH

Proof. Note first that D < D’ implies L(D) C L(D’); if we have f € L(D), then
(fY+D > (f)+D >0,s0 f € L(D') as well. Thus the quotient L(D")/L(D)
makes sense.

Now, since D < D', we can write D' = D+ P +- - -+ P, for some not necessarily
distinct places P;. We can therefore assume that D’ = D+ P, and induction proves
the general case. Let ¢ € K be an element such that vp(t) = vp(D') = vp(D) + 1.
Consider the linear map ¢p : L(D’) — kp given by ¢p(f) = (ft)(P). Note that
for f € L(D’), we have vp(ft) = vp(f) +vp(t) > —vp(D') + vp(D') = 0, so
this is a well-defined map (i.e. (ft)(P) # o0). Moreover, the kernel of pp is
exactly L(D); f lies in the kernel exactly when vp(ft) > 0, which occurs only when
vp(f) > —vp(D'), i.e. vp(f) > —vp(D). Hence, it follows that

dimy (L(D")/L(D)) < dimg(kp) = deg P = deg D" — deg D

Corollary 3.23. L(D) is finite-dimensional as a k-vector space.

Proof. If L(D) = {0} we are done. Otherwise there is some f € L(D) such that
(f)+(D) > 0. Let D' = D+(f). Since L(D’) = L(D), it suffices to show D’ is finite-
dimensional. By Lemma 3.22, since D’ > 0, we have dimy(L(D")/L(0)) < deg D’.
Since dimg(L(0)) = dimg(k) = 1, we conclude that dimy L(D') < degD’'+1. O

We denote the dimension of L(D) by ¢(D). Observe that, as a consequence of
Proposition 3.19, this depends only on the equivalence class of D. This corollary
gives us an upper bound on ¢(D) in terms of the degree of the divisor, namely,
(D) < deg D+ 1. We also have the following lower bound.

Proposition 3.24. There exists a constant v (dependent on the function field)
such that deg D — ¢(D) < v for all D € DivK.

Proof. See [4, proposition 1.4.14]. O

As a consequence of this result, we can introduce the following definition, which
is an important numerical invariant of a function field.

Definition 3.25. The genus of a function field, denoted by g, is defined by

= degD —¢(D)+1
9°7 pex O (D) +

We can see that g is an integer, and taking D = 0, we find that g is a nonnegative
integer.

3.3. Differentials and Riemann-Roch. Calculating the dimension ¢(D) is, in
general, a difficult problem, to which the theorem of Riemann-Roch gives a partial
answer. In order to formulate the statement of the theorem, we first must introduce
the notion of a differential on a function field. The complete definition is rather
technical, and we shall omit some elements of it; a full treatment is given in chapter
4 of [4]. The important idea is that these differentials should behave similarly to
the differentials of calculus. Until now, we have allowed k to be an arbitrary field,
but here we shall require that k be perfect.

Definition 3.26. Let M be a K-module. A derivation of K into M is a k-linear
map § : K — M such that for all z,y € K, the “product rule” holds:

d(zy) = 26(y) + yd(z)
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Definition 3.27. For each z € K, let [z] be a symbol. Let F' be the free K-module
generated by the elements {[z] : € K}. Consider the submodule N generated by
(1) Az +y] = [2] = [y] s 2,y € K}
(2) {[Mx] = Az] 2z e K, A ek}
(3) {lzy] — zly] —yla] : z,y € K}
Let Qx be the quotient module F/N, called the module of differentials of K.

For [z] € F, we denote by dx the equivalence class of [z] in Q. Let d : K — Qg
be the map which sends x to dx. Then d is a derivation of K into Qg. Indeed,
since N is contains the sets (1) and (2), the map d is k-linear, and (3) implies that
d satisfies the product rule.

Definition 3.28. A separating element of K/k is an element z € K such that
K/k(zx) is a finite separable extension.

Lemma 3.29.
(1) Lett € K. If for some place P € Px, t is a local parameter at P, then t is
a separating element of K/k.
(2) It t is a separating element, then dt # 0.

Proof. See [4, proposition 3.10.2] for (1) and [4, proposition 4.1.8] for (2). O

Proposition 3.30. Qg is a one-dimensional K-module.

Proof. See [4, proposition 4.1.8]. O

It follows that if dx is nonzero, then every differential w € Qg factors uniquely
as w = fdx for an element f € K.

Definition 3.31. Let w € Qi be a differential, and let P € Px be a place with a
local parameter ¢. Since dt # 0, we can write w = fdt. Set vp(w) = vp(f).

It can also be shown that this definition is independent of the choice of local
parameter, and that vp(w) # 0 for only finitely many places P. It is then natural
to define a divisor associated to a differential.

Definition 3.32. Let w € Qg \ {0}. Then the divisor of w, denoted by (w), is
defined to be }_pp, vp(w)P. This divisor is called a canonical divisor of K. The
divisor of zeroes of w, (w)g, and the divisor of poles of w, (w)«, are defined similarly
to Definition 3.16.

Definition 3.33. Let w,w’ € Qg \ {0}. Then by Proposition 3.30, there exists
some f € K* such that o = fw. It follows that (w') = (f) + (w), and hence all
canonical divisors are in the same equivalence class. This equivalence class is called

the canonical class of divisors of K. We often denote an arbitrary divisor in this
class by K.

Given a divisor D, we defined a space of functions L(D); we can also define a
similar space Q(D) of differentials.

Definition 3.34. Let D € DivK be a divisor. Define the space
QD) :={w e Q% \ {0} : (w) +D >0} U {0}
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Notice that if K is a canonical divisor, then Q(D) = L(K + D). Indeed, if
K = (w), then the map ¢ : L(K + D) — Q(D), ¢(f) = fw is an isomorphism.

Recall from our definition of genus in Definition 3.25 that g > deg D — ¢(D) + 1
for all divisors D € Div K. The Riemann-Roch theorem, which we are finally ready
to state, identifies the “missing term” which turns this into an equality. We do not
attempt to prove the theorem here; it is quite a deep result. We do prove some of
its immediate corollaries.

Theorem 3.35 (Riemann-Roch). Let D € DivK be a divisor, and let K be any
divisor in the canonical class of K. Then the following equality holds

D) —4(K—-D)=degD —g+1

Proof. See [4, theorem 1.5.15], or [2, section 8.6]. O
Corollary 3.36. If K is a canonical divisor, then £(K) = g.
Proof. Setting D = 0 in the Riemann-Roch theorem gives the following

£(0) —4(K)=deg0—g+1
Since £(0) = 1, we find {(K) = g. O
Corollary 3.37. If K is a canonical divisor, then deg K = 2g — 2.
Proof. Setting D = K in the Riemann-Roch theorem gives the following

UK)—£0)=degK —g+1
Since ¢(K) = g and ¢(0) = 1, we obtain the desired equality. O
Corollary 3.38. If D is a divisor such that deg D > 2g — 2, then

{(D)=degD —g+1

Proof. From the previous corollary, deg(K — D) < 0, and thus ¢(K — D) = 0. The
result follows by Riemann-Roch. O

3.4. Residues of Differentials. Before we introduce algebraic geometry codes,
we must define the residue of a differential, which will be necessary to construct
the duals of algebraic geometry codes.

Definition 3.39. Let f € K, let P € Pk, and let ¢ be a local parameter at P.
Then f can be expanded as a Laurent series

0 .
=3
i=—M
We define the residue of f at P with respect to t by

Respi(f) :=a_1

Definition 3.40. Let w € Qg, and let P € Px. Let t be a local parameter at P.
Then we can write w = f dt for some f € K. The residue of w at P is defined as

Resp(w) := Resp.(f)

It can be shown that this definition of Resp(w) is independent of the choice of
t, see [4, proposition 4.2.9]. We then have the following useful formula.
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Theorem 3.41 (Residue Formula). Let w € Qg. Then

Z Resp(w) =0

PePr

Proof. See [4, proposition 1.7.2], as well as [4, corollary 4.4.3]. O

4. ALGEBRAIC GEOMETRY CODES

We now use the ideas developed in the previous section to construct the algebraic
geometry code, linear codes constructed using algebraic function fields. We will also
use results of the previous section to prove bounds on the parameters of these codes.
Here we return to working over a finite field F,.

Definition 4.1. Let K/F, be a function field. Let P = {Py,...,P,} C Px be
a subset of the places of K of degree 1. Let D € DivK be a divisor such that
Supp D NP = (). Consider the map Evp : L(D) — F} given by

Evp(f) = (f(P1),. -, f(Pn))

This image of this map is a linear code of length n, which we denote by (K, P, D).
This construction is referred to as the L-construction.

The following example shows how the L-construction is a generalization of the
process we used to construct the Reed-Solomon codes in Example 2.7.

Example 4.2. Consider the rational function field Fy(z)/F,. Let Qo be the place
of degree 1 which is the unique pole of z, and let P be some set of the remaining
places of degree 1, n =|P|. Let D = aQ« for some integer a < n. Then L(D)
contains functions which have no poles anywhere except for at 0., and which have
a pole of order at most a at Q, i.e. L(D) consists precisely of the polynomials
in z of degree at most a. Therefore, the code C = (Fy(z),P, D)y, is exactly the
Reed-Solomon code with parameters [n,a + 1,n — al,.

Let P =) p.p P. The dimension of the code (K, P, D)y, is given precisely by
(4.3) k= ((D) — {(D — P)

Indeed, L(D — P) is exactly the kernel of the evaluation map Evp. Since Supp DN
P =0, L(D — P) consists of those functions in L(D) which have a zero of order at
least 1 at each place in P.

Remark 4.4. Applying the Riemann-Roch theorem to (4.3), we obtain
k=(degD+1—g—4(K—-D))—(degD—n+1—-g—4(K—D+P))

When deg D > deg(K + P) = n + 2g — 2, then both ¢(K — D) and {(K — D + P)
are 0, and hence k = n. Also, if deg D < 0, then k£ = 0. Thus the only interesting
cases occur when 0 < degD <n + 2g — 2.

Of course, determining the values of ¢(D) and £(D — P) is difficult, so (4.3) does
not completely answer the question of how to determine the dimension. Moreover,
we do not have any precise formula for the minimum distance. However, we do
have the following lower estimates.
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Theorem 4.5. Let C = (K, P, D)y, be a code. Let a = deg D, and suppose that 0 <
a < n. Then we have the following lower bounds on the dimension and minimum
distance of C.

(4.6) k>a—g+1
and
(4.7) d>n—a

Proof. Note that since a < n, we have £(D — P) = 0. Thus, (4.3) implies that k is
exactly equal to ¢(D). By Riemann-Roch, we know ¢(D) > a— g+ 1.

Now, to prove the estimate for d, we want to show that a function f € L(D)\ {0}
can have at most a zeroes in P. We write D = DT — D~, where DT and D~ are
effective divisors with disjoint support. Notice that f has at least deg D zeroes in
Supp D, and at most deg D™ poles. Since the principal divisor of f has degree 0, the
number of zeroes of f outside of Supp D is therefore at most deg D —deg D™ = a.
Since we have required in the construction that SuppD NP = (), f can have at
most a zeroes in P. O

The estimates (4.6) and (4.7) are quite important, and are in fact given their
own special names. The value a — g + 1 is denoted k., and is called the designed
dimension of C. The value n — a is denoted d., and is called the designed distance
of C.

Given the same data (namely, a function field, a divisor, and a set of places of
degree 1), we can also construct another code.

Definition 4.8. Let K/F,, P, and D be as in Definition 4.1. Consider the map
Resp : Q(P — D) — Fy given by

Resp(w) = (Resp, (w),...,Resp, (w))
The image is a code which we denote by (K, P, D)gq, and this construction is referred

to as the Q-construction.

Recalling that Q(D) = L(K + D) where K is any canonical divisor, we have the
following precise formula for the dimension of the code (K, P, D)q.

(4.9) k = dimy QP — D) — dimy Q(—D) = ¢(K + P — D) — ¢(K — D)

Indeed, Q(—D) is the kernel of the residue map Resp. Since Supp D NP = (), the
space Q(—D) consists exactly of those differentials in Q(P — D) which have no poles
at any places in P, and thus whose residue at each place of P is 0.

Again, the values of (K + P — D) and ¢(K — D) are not generally easy to
determine, and we do not in general know the minimum distance of an {2-code.
However, we do have lower estimates on the parameters of the {2-construction as
well.

Theorem 4.10. Let C = (K,P,D)q be a code. Let a = deg D, and suppose that
a>2g—2. Then

(4.11) E>n—a+g—1
and

(4.12) d>a—-2g+2
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Proof. Notice that since a > 29 — 2 = deg K, we have ¢(K — D) = 0. Thus, (4.9)
implies that k is exactly equal to ¢(K + P — D). By Riemann-Roch, we know
(K+P-D)>(29g—2+n—a)—g+1=n—a+g—1, as desired.

To show that d > a — 2g + 2, we must show that for a nonzero differential
w € Q(P —D), there are at least a —2g+2 places of P where w has nonzero residue.
As before, we write D = Dt — D~, where Dt and D~ are effective divisors with
disjoint support. Note that we have (w)g > w > D > DT, and therefore

(W)oo = (w)o = (w) 2 DF = (w) =D — (w) = D~
Taking degrees, we find that
deg(w)oo > a—2g+2—deg D™

Then w must have at least a — 2g + 2 poles outside of Supp D. But since w €
Q(P — D), these poles must lie in P, and moreover, their order must be exactly
1, meaning w has a nonzero residue at each pole. So there are at least a — 2g + 2
places of P where w has a nonzero residue, as desired. O

The estimates (4.11) and (4.12), respectively, are also referred to as the designed
dimension and distance for the corresponding €2-code. The following theorem gives
the relation between the two constructions.

Theorem 4.13. The codes C, = (K,P,D)r and Cq = (K,P,D)q are dual to
each other.

Proof. Let f € L(D), and let w € Q(P — D). By the Residue formula, it follows
that

Zf(Pi) Resp, (w) = ZResPi(fw) =0

So Cp, L Cgq. It remains to check that dim Cp, + dim Cq = n. Using the precise val-
ues of the dimensions from (4.3) and (4.9), along with the Riemann-Roch theorem,
it follows that

dim Oy, + dim Cq = £(D) — 6(D — P) + (K + P — D) — {(K — D)
= (D) —¥¢K —-D))— (D -P)— 4K +P—D))
=(degD+1—g)— (deg(D—-P)+1—g)

Thus Cf, and Cg are each other’s duals. O

5. HERMITIAN CODES

Recall that for a Reed-Solomon code, we must select a set P C F,. This has the
disadvantage that we must have n < ¢. In this section, we will look at codes arising
from Hermitian function fields, which allow for a longer length in comparison to the
size of the alphabet. We first define the Hermitian function field and examine some
of its properties. Then we use the Hermitian function field to construct codes, and
investigate their parameters.

Definition 5.1. Let ¢ = 2. The Hermitian function field H over F, is given by
Fq(x,y), where

xr+1 — yr+y
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In the following lemma, we state some properties of the Hermitian function field
which will be useful in calculating the parameters of Hermitian codes.

Lemma 5.2.

(1) The genus of H is g =1r(r —1)/2.

(2) H has exactly r> + 1 places of degree 1, which consist of (1) the common
pole of x and y, denoted by Qo, and (2) for each of the r3 pairs («a, 3)
which satisfy o't = B" + B3, a place P, g which satisfies ©(Pa,g) = o and
Y(Pag) = .

(8) The principal divisors of x — o and y — 3 are

(@-a)= D Pap—rQx

Brf=artl
(y—B) = (r+1)Pyg—(r+1)Qu if 87+ B=0
Zﬁ,,,+/3:a,,.+1 Pysg—(r+1)Qux otherwise

(4) The canonical divisor (dx) is given by (1 —r — 2)Qoo-
(5) For an integer m, the set

B(m):={z'y :0<i,0<j<r—1ir+j(r+1)<m}
is a basis of L(mQso).
Proof. See [4, lemma 6.4.4]. O

We use the Hermitian function field H to construct a code in the following way.
Let P consist of all of the places of degree 1 except for Q. Given an integer m,
let C,, be the code given by (H,P,mQ)r, which is a code of length n = r®.
Denote the dimension of C), by k,,, and the minimum distance by d,,. As in the
previous section, let P be the divisor ) pep P- Recalling Remark 4.4, we consider
only those values of m for which 0 < m<n+29—2=r34r2 —r -2,

Lemma 5.3. Let 2z =29 —x. Letw =dz/z. Then (w) = (r*+1r2 —r —2)Qs — P.
Moreover, at each P, g, we have Resp, ,(w) = 1.

Proof. Note that dz = —dx since d(z?) = qz9! = 0. Thus (w) = (dz) — (2).
We know that (dz) = (r* — r — 2)Qo by Lemma 5.2, so it suffices to show that
(2) = P — r®Qo. Notice that we can write z = [L.cr, (z — ). Since we know the
principal divisor of x — «, we can easily compute the principal divisor of z,

(2)=) (@=a)=> Pup—r"Qu

acl, a,f

Finally, since z has a zero of order 1 at each P, g, it is a local parameter at each
Pe,p. Thus we have Resp, ,(w) = Resp, ,.(1/2) = 1. O

Proposition 5.4. The codes Cy, and Crsyp2_p_o_p, are dual to each other.

Proof. Let D = mQo, and D+ = (13 +72 —7r—2—m)Qo, so that C,, = (H,P, D),
and Cpsp2_p_o_p = (H,P,D+). By Lemma 5.3, we have D+ = (w) +P — D.

As a consequence of L-2 duality, it suffices to show that (H, P, D)q = (H, P, D%)r.
We first observe that Resp(fw) = Evp(f) for all f € L(D+). Indeed, we have
shown that the residue of w at every place P € P is 1, and thus Resp(fw) =
f(P)Respw = f(P). Now, it remains to be shown that the map f — fw is an
isomorphism from L(D%) to Q(P — D). If f € L(D1), then (f) + D+ > 0, which
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implies (f) + (w)+P — D > 0, and hence fw € Q(P — D). So the map does indeed
go from L(D4) to Q(P — D). Moreover, given 1 € (P — D), we can recover f by
writing n = fw (by Proposition 3.30). So this map is an isomorphism. (]

Lemma 5.5. If we write m = ar + b where 0 < b < r — 1, then the size of B(m)
is given by

a(a+1)/2 +min(a,b) +1 f0<m<r2—r—2
2

Proof. The second case follows by Riemann-Roch. The condition m > 2 —r —2 =
2g — 2 implies that /(mQs) = m + 1 — g by Corollary 3.38.

In the first case, we must count the number of pairs (i, j) such that ir+j(r+1) <
m = ar +b. We must have 0 < i+ j < a. All pairs such that i + j < a are valid,
and the number of such pairs is a(a+ 1)/2. It remains to count the number of pairs
with ¢ + j = a. In this case, we have ir + j(r + 1) = ar + j, so we must have j < b.
So j may take on any value from 0 to min(a,b), which determines the value of i,
and so the number of such pairs is min(a, b) + 1. O

Proposition 5.6. The dimension of Cy, is given by

b = |B(m)| if0<m<r?
" r3—|B(r3+7'2—r—2—m)| ifr3<m<r+r2—r—2

Proof. When m < 73, the map Evp is injective, and thus k,, = ¢(D) = ’B(m)’
The second case follows by Proposition 5.4. ]

It is more difficult to determine the exact value of the minimum distance of C,,.
We of course have the designed distance d. = > — m, which is useful whenever
m < r3. We can also prove the following.

Proposition 5.7. Suppose that m = ir+j(r+1) <73 for0 <iand0<j <r—1.

Then if 7 =0 ori < r?> —r —2, we have d,, = d. = > — m.

Proof. If j = 0, then m = ir. Since i < r?, we may choose distinct elements

a1,...,0; €Fy. Let f=(x—aq)...(x — ;). Then f has exactly ir zeroes in P.
Since f € L(mQwo), dm = 1 — m follows.

If i < r? —r — 2, then we may choose distinct elements aq, ..., q; such that
alr_l # 1. There are r2 —r —1 such elements, namely, the elements in F,\F}, so we
can indeed choose them to be distinct. Now choose j distinct elements 51,. .., 5;
such that Bi +08k=1 Let f=(r—o1)...(x— )y —P1)...(y — B;). Then
f € L(mQ), and f has precisely m zeroes in P. Indeed, each function z — ¢y
has r zeroes, and each function y — B has r + 1 zeroes, hence f has a total of
ir + j(r + 1) = m zeroes. Since we have chosen o; and By, such that aj ' # 1
and B, + B = 1, all m zeroes are distinct. Since f € L(mQ), it follows that
dyy =13 —m. O

A more complete picture of the minimum distance of Hermitian codes can be
found in [6, section 4.3].
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