LUNA’S ETALE SLICE THEOREM
DREW MELMAN-ROGERS

ABSTRACT. Luna’s Etale Slice Theorem is a theorem in algebraic geometry
that characterizes particular quotients of varieties by reductive groups. This
paper will detail a proof of this theorem, beginning by detailing properties of
reductive groups and good quotients. This paper will then define the notion
of an étale morphism and introduce a form of Zariski’s Main Theorem for
G-morphisms, which will provide the required machinery for the proof.
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1. INTRODUCTION

Luna’s Etale Slice Theorem is an algebraic analogue of the slice theorem in dif-
ferential geometry. Introduced by Luna in 1973, the theorem is an important tool
for the proof of the Luna-Richardson theorem, which generalizes the Chevalley Re-
striction Theorem to the case of a reductive algebraic group acting on an irreducible
normal affine variety. It has applications to the local study of the moduli spaces of
semi-stable vector bundles on curves.

The theorem states that if G is a reductive algebraic group, X is an affine variety
acted on by G, and = € X such that X is smooth at z and the isotropy group G,
of x is reductive, then there exists a morphism ¢ : X — T, X with the following
properties:

(1) ¢ is Gy-invariant
(2) ¢lx) =0
(3) ¢ is étale at z
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This theorem becomes invaluable if we wish to study the local properties of good
quotients by reductive groups. One such application due to Luna and Richardson
is as follows:

Let G be a reductive group acting linearly on a vector space M and assume that
there exists y € M with closed orbit Gy and such that dim Gy > dim Gz for every
x € M. Then there exists a non-empty open subset U C M such that all points of
U are of the same orbit type and if x € U the orbit Gz is closed in M. Let a € U
and let H be the isotropy subgroup G,. Now let Ng(H) be the normalizer of H
in G and W = Ng(H)/H. Then if F = M* is the vector space of fixed points of
H on M, the aforementioned Luna-Richardson theorem states that the restriction
map k[M] — k[F] maps k[M]¢ isomorphically onto k[F]|".

2. PRELIMINARIES AND BACKGROUND

In this section we will very quickly and very briefly give an overview of the
constructions from algebraic geometry the rest of the paper will require. In this
paper our ground field is C unless otherwise mentioned.

Definition 2.1. For k a fixed algebraically closed field, affine n-space over k is
the set of n-tuples of elements of k. This space is denoted A} or A™. An element
p € A" is called a point.

Definition 2.2. Let A be the polynomial ring k[xy,...,2,], f € A, and p € A™.
Then the zeros of f are the set Z(f) = {p € A™ | f(p) = 0}. If T C A, the zero
set of T is the set of common zeros of all elements of T'. Specifically, we define the
zero set Z(T) to be the set {p € A" | f(p) =0forall f €T}

Definition 2.3. For Y C A", if there exists a subset T C A such that Z(T) =Y
we call Y an algebraic set.

Definition 2.4. We define the Zariski topology on A™ by letting the open sets be
complements of the algebraic sets defined above.

Definition 2.5. Let V be an irreducible subset of A™. Then if V is closed in the
Zariski topology, we call V' an affine variety.

Remark 2.6. Though the main theorem treated in this paper concerns affine
varieties, we would also like to consider a notion of a variety without necessarily
conceiving of it as embedded in some space. We can construct this more abstract
notion of a variety by defining a variety to be a topological space X together with
an open cover {U;} and for each U; an affine variety structure such that on each
intersection U;NU; in the open cover, the induced variety structures are isomorphic.

Definition 2.7. In the affine case, to which most of this paper will be restricted,
we define a morphism of varieties to be a function between affine varieties which is
a polynomial in each coordinate.

Definition 2.8. A morphism f: X — Y for varieties X and Y is called an affine
morphism if there exists an open cover {U;} of Y such that for each i, f~1(U;) is
affine.

Definition 2.9. A rational mapping of varieties f : X — Y is an equivalence class
(fz,Z) where Z C X is nonempty and fz is a morphism fz : Z — Y, where
(fz.2) ~ (fy,2Z") if fz and f}, coincide on Z N Z'. Tt is birational if there is an
inverse g : Y — X, also a rational mapping.
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Definition 2.10. Let X be an affine variety and K be our ground field. Let U be
an open subset of X. Then if a function ¢ : U — K has the property that for every
a € U there exist polynomial functions f and g for f nonzero and ¢(z) = ?Eg for

all z in some open set U,, a € U, C U, we say that ¢ is a regular function.

3. ALGEBRAIC GROUPS AND REDUCTIVE GROUPS

We begin by defining the notion of an algebraic group, and will restrict our focus
to a special class of algebraic groups known as reductive groups.

Definition 3.1. A group is called algebraic if it is a Zariski-closed subgroup of
GL,.

Some sources define an algebraic group as a group that is also an algebraic
variety, and call an algebraic group that is a Zariski-closed subgroup of GL,, a
linear algebraic group. However, every linear algebraic group is isomorphic to an
affine algebraic group and vice versa ([9] p.72). As the linear algebraic groups are
precisely the affine algebraic groups and in this paper we restrict ourselves to the
affine case, the distinction is unimportant.

Definition 3.2. Let X be an algebraic variety and G an algebraic group as defined
above. Then we define an action of G on X to be a morphism G x X — X mapping
(g,x) to gz with the properties that for e the identity element of G, for all g, ¢’ € G
and z € X, (9¢')r = g(¢'z) and ex = z. This in particular is a left action. We can
similarly define the action of an algebraic group on a C-algebra. If R is a C-algebra
and G is an algebraic group, then an action of G on R is a map G x R — R
mapping (g,r) to r9 with the properties that for all g,¢' € G r € R, r99 = (7*9)9/,
r¢ =r, and for all g € G, the map r — r9 is a C-algebra automorphism of R. If YV’
is a subset of the variety X, we say that Y is G-invariant if gY C Y for all g € G.

Definition 3.3. For G an algebraic group and V' a finite-dimensional vector space,
a morphism of groups G — GL(V) is called a rational representation of G if it
is a rational map of algebraic varieties. Such a rational representation induces an
action of the group G on V.

Definition 3.4. A representation is said to be reducible if it contains a nontrivial
G-invariant subspace.

Definition 3.5. Let G be an algebraic group. Then G is linearly reductive if every
rational representation of G is completely reducible.

As C is our ground field and C has characteristic 0, we state another property
that is equivalent in fields of characteristic 0: G is reductive in fields of characteristic
0 if and only if the radical of G is a torus. The radical of a group G is its maximal
connected solvable normal subgroup.

In fields with nonzero characteristic, our original definition implies the other,
but they are not equivalent. We will now give a result on the actions of reductive
groups on C-algebras known as Nagata’s Theorem.

Theorem 3.6. (Nagata’s Theorem, [5] Theorem 3.4). Let G be a reductive al-
gebraic group acting on a finitely generated C-algebra. Then the C-algebra RS is
finitely generated.
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Lemma 3.7. ([1] Proposition 2.19) Let X be an affine variety and G be a reductive
algebraic group acting on X. Let x be a closed point of X with closed orbit Gx.
Then the isotropy group G is reductive.

Theorem 3.8. ([1] Lemma 2.7) Let X be algebraic variety and G an algebraic
group acting on X. Let A(X) denote the ring of reqular functions on X and let W
be a finite dimensional C-subspace of A(X). Then

(1) W D V where V is some finite dimensional G-invariant C-subspace of
A(X).

(2) If W is G-invariant, there exists a rational representation giving the action
of G on W

4. CATEGORICAL QUOTIENTS AND GOOD QUOTIENTS

We now turn to a discussion of algebraic quotients.

Definition 4.1. If G is an algebraic group and X is an algebraic variety acted
on by G, we define the categorical quotient as a pair (Y, 7) with Y a variety and
7 a G-invariant morphism from X to Y such that for every algebraic variety Z
if f: X — Z is a G-invariant morphism then there exists a unique morphism

f:Y — Z such that the following diagram commutes:

Definition 4.2. Let X be an algebraic variety and let G be an algebraic group
acting on X. Then we define a good quotient to be a pair (Y, 7) with Y a variety
and 7 : X — Y a morphism with the following properties:
(1) 7 is affine
(2) 7 is surjective
(3) 7 is G-invariant
(4) Let A(X) denote the ring of regular functions on X. Then if U is an open
subset of Y, the canonical map A(U) — A(x~1(U))% is an isomorphism
(5) f V4 € X and Vo C X are disjoint, closed, and G-invariant, then 7(V;) and
m(V7) are disjoint closed subsets of X.

We denote this quotient Y = X /G and call Y a good quotient of X by G. Note
that good quotients are categorical quotients and thus unique. In the affine case
at least, good quotients by reductive groups are of special interest as we have the
following existence theorem, consequence of Nagata’s Theorem:

Theorem 4.3. ([1] Theorem 2.16) If X is an affine variety and G is a reductive
group acting on X, then X || G exists and is affine.
5. REGULAR FUNCTIONS AND LOCALIZATION

We will now work towards a definition of unramified morphisms, beginning with
a discussion of regular functions.
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Definition 5.1. Let X be an affine variety and let U be an open subset of X.
Then we denote the set of all regular functions on U by Ox(U)

Remark 5.2. Notice that with pointwise addition and multiplication, the set of
regular functions on an open subset U of an affine variety X, written &x (U), forms
a ring. In fact, since we can multiply any regular function pointwise with a fixed
scalar k € K, Ox(U) is also a K-vector space, so Ox (U) forms a K-algebra.

Theorem 5.3. If U is an open subset of an affine variety X, then for ¢ € Ox(U),
V(¢) :={x € U: ¢(x) =0} is closed in U. This set is called the zero locus of the

reqular function on U.

Proof. By the preceding definition we know that for any point a € U there is a
corresponding open neighborhood U, C U where ¢ = ;—Z for some fq, 9, € A(X).
Thus {z € U, : ¢(z) # 0} = U, \ V(ga) is open in X. Therefore iy Ua \V(ga) =
U\ V(¢) is similarly open, and therefore V(¢) is closed in U. O

Definition 5.4. Let X be an affine variety and let f € A(X) be a polynomial
function on X. Then the distinguished open subset of f in X, denoted D(f) is the

set X\V(f)={zeX: f(z)#0}

Theorem 5.5. ([6] Proposition 3.10) Ox(X) = A(X). That is, the reqular func-
tions on the whole set X are exactly the polynomial functions. Indeed, more gen-
erally it is the case that

ox(D()) = { {7 -9 € AX),n e N}
This fact relies on the fact that our ground field is algebraically closed, as its

proof requires Hilbert’s Nullstellensatz. This result is deeply linked to a notion in
commutative algebra known as localization.

Definition 5.6. Let A be a ring. Then a subset S C A is called a multiplicatively
closed subset of A if 1 € S and S is closed under multiplication. Said differently, S
is a submonoid of the multiplicative monoid of A.

Let = be the equivalence relation on the set Ax S defined as follows: (a, s) = (b, )
if and only if (at — bs)u = 0 for some v € S. The equivalence class of a pair (a, s)
will be written as a fraction % and the set of all such equivalence classes will be
written S™!A. We can define a ring structure on S~'A by defining addition and

multiplication in the ordinary way:
(a/s) + (b/t) = (at + bs)/st and
(a/s)(b/t) = ab/st

Definition 5.7. The ring S~' A as defined above is known as the localization of A
at S or as the ring of fractions of A with respect to S. Intuitively, the elements of

S~1A can be thought of as formal fractions with numerators in A and denominators
in S. In the case in which S = {f" : n € N} for fixed f € A, denote S™'A by Ay.

Theorem 5.8. If X is an affine variety and f € A(x), then Ox(D(f)) ~ A(X);
Proof. Define a K-algebra homomorphism

AX) s = Ox(D(f) 27 = o0
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sending a formal fraction in the localization to a quotient of polynomial functions
on D(f). We can check that this is well-defined, as if & = fg— as formal fractions

in the localization A(X)y, then f*(gf™ — ¢’f") = 0 in A(X) for some positive
integer k, so gf™ = ¢’ f™ and therefore fgn = fg—/ as functions on D(f). Surjectivity
of this homomorphism follows from Theorem 5.5. If % = 0 as a function on D(f),
g =0 on D(f) and therefore gf =0 on X. Hence, f(g-1—0- ") =0in A(X) so

= ¥ as formal fractions in A(X)y, so the homomorphism is injective as well. [

6. A SIGHTSEEING TOUR OF SHEAVES

While the results of this paper require none of the actual machinery of sheaf
theory, applications of Luna’s Slice Theorem may. Moreover, the definition of an
unramified morphism is easier to express succinctly if we borrow notation from the
language of structure sheaves. As such, we will define some ideas related to sheaves
but will dedicate no time to describing their properties or mechanics.

Definition 6.1. Let X be a topological space. Then a presheaf % of rings on X
consists of the following data:
e for every open subset U C X a ring #(U)
e for every inclusion of open sets U C V in X, a ring homomorphism py ¢ :
F (V) — Z(U) termed the restriction map with the following properties:
(1) #®) =0
(2) pu is the identity map . (U) — F(U)
(3) if W C V C U are three open subsets, then py,w = pv,w © pu,v

The elements of .% (U) are referred to as the sections of .# over U. Additionally,
denote the restriction maps as ¢ — ¢ |y

Definition 6.2. Let % be a presheaf of rings that satisfies the following ” gluing”
property: if U C X is an open set, {U; : ¢ € I} is some open cover of U, and
@; € F(U;) are sections for all 4 such that ¢; |v,nv,= ¢; |v;nu, for all 4, j € I, then
there is a unique ¢ € % (U) such that ¢ |y,= ¢; for all I. Then our presheaf % is
called a sheaf of rings.

The reason this construction is relevant for our purposes is that if X is an affine
variety, the rings &x (U) of regular functions on open subsets U C X together with
the ordinary restriction maps of functions form a sheaf &x on X. The presheaf
axioms follow immediately from definition, and translating the gluing property into
the proper terminology gives that O is a sheaf if a function ¢ : U — K is regular if
it is regular on each element of an open cover of U. This follows from our definition,
as ¢ is regular if it is locally a quotient of polynomials. Thus Ox is a sheaf, referred
to as the sheaf of regular functions on X.

Definition 6.3. Let .% be a sheaf on X, where X is a topological space, and fix
a point z € X. Consider the set of pairs (U, ) with ¢ € #(U) for U an open
neighborhood of z. Define an equivalence relation '=’ as follows: (U, ) = (U’, ')
if there exists an open subset V such that x € V.C UNU’ and ¢ |y= ¢’ |y. The
set of pairs modulo equivalence is called the stalk %, of F at x.

Theorem 6.4. Let x be a point on an affine variety X and let O, denote the stalk
of Ox atx. Let S = {f € A(X) : f(x) # 0}. Then O, ~ STYA(X). In this case
O, is called the local ring of X at x.
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Proof. We can begin by characterizing S~ A(X).

STIAX) = {§  f.9 € AX), f(@) £0}

S is closed so we have that the localizations S™'A(X) exist. Take the homomor-
phism of K-algebras St A(X) — 0, defined by

7 (0. %)

mapping formal fractions to quotients of polynomials on the open neighborhood of
z on which the denominator is nonvanishing. We can begin by checking that this is

well-defined. Assume % = )gc—l, in the localization. Then we have that h(gf'—¢'f) =0

for some h € S. Therefore it must be the case that the functions % and % agree on
the open neighborhood D(h) of x and determine the same element in the stalk &,
so the morphism is well-defined. By definition we have that any regular function
in a sufficiently small neighborhood of z must be representable by a fraction % for
some g € A(x) and some f € S, so the homomorphism is surjective. Now assume
that a function defined by % represents the zero element of &,. Then % is zero in an
open neighborhood of z. Then without loss of generality we can assume that this
neighborhood is a distinguished open subset D(h) > z, h € S. Then h(g-1—0- f)
is zero on X and therefore is zero on A(X), so § = %in S7TA(X) as desired. O

This result allows us to restrict ourselves to the language of local rings &, and
avoid utilizing excessively heavy sheaf-theoretic machinery. We now have sufficient
terminology to define étale morphisms. First, however, we will define an algebraic
notion of the tangent space known as the Zariski tangent space.

7. THE ZARISKI TANGENT SPACE

In describing an algebraic version of the tangent space, we want it to have several
properties analogous to the classical version, where tangent vectors are determined
by derivatives. We want a notion of smoothness to be local and be defined only using
the functions on the variety X, and as such smoothness ought to be a property of the
local ring of X at a point . As taking derivatives at a point is linear approximation,
we also drop quadratic and higher terms. Thus we get the following definition:

Definition 7.1. Let X be a variety and x € X a point. Then the Zariski Tangent
Space of z at X is equal to the dual of the quotient
m/m?
where m is the maximal ideal of &,.
Definition 7.2. Let X be an affine variety. Then X is called smooth at a point
x € X if the local dimension of X at z is equal to the dimension of the Zariski
tangent space at x.
Suppose we have a morphism
f: X =Y
sending x to f(z). Then there is a ring homomorphism

f* : ﬁf(x) — ﬁz
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sending maximal ideal n — m, giving an induced map
df :n/n* — m/m?.
Geometrically, the map on tangent spaces ought to go in the other direction, justi-

fying our use of the dual of m/m?.

Definition 7.3. m/m?, the dual of the Zariski tangent space, is called the cotangent
space.

Definition 7.4. Following from the discussion above, given a morphism f : X — Y
taking  to f(x), there is a linear map

Tmf : TIX — Tf(x)Y
called the tangent map.

8. MORPHISMS

In this section we will describe properties of morphisms, building towards a
definition of étale morphisms.

Definition 8.1. A ring homomorphism f : A — B is finite if B is finitely generated
as an A-module.

Definition 8.2. A module M over a ring R is called flat if taking the tensor
product over R with M preserves exact sequences. That is, if the sequence

0-K—-L—-J—=0
is a short exact sequence of R-modules, then the sequence

0 >K®r M > LM —JRXrM —0

is also exact.

Definition 8.3. A ring homomorphism R — § is called flat if S is a flat R-module
for the module structure induced by the homomorphism.

A few examples of flat morphisms:

(1) For any ring R, the polynomial ring R[¢] is flat over R
(2) If R is a commutative ring and S is any multiplicative subset of R, then
the localization ring S™!R is flat over R

Definition 8.4. Let X and Y be algebraic varieties, x € X, and consider a mor-
phism f : X — Y. Then the morphism f is unramified at z if ms,0, = m,
for m, and my,) denoting the maximal ideals associated to the points = and f(x)
respectively. The morphism f is said to be unramified if it is unramified at every
point x.

Definition 8.5. Let X and Y be algebraic varieties and € X. Then a morphism
f X — Y is étale at z if it is flat at  and unramified at z. If f is étale at all
points x, then f is called an étale morphism.

Example 8.6. To understand the idea behind the notion of an unramified mor-
phism, it is easier to describe the behavior we are trying to avoid via this construc-
tion. Consider the variety associated to y? — 2% (shown in red), and let
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Y = Spm Clz,y]/(y* — 2°)
X = Spm C[z] ~ AL
Consider the morphism f : Y — X, (x,y) — x projecting our variety onto the
affine line. Intuitively we can see that, for = nonzero, f has two branches and at
the point marked in black below the two branches come together or ”ramify.” In
this case we can say that generically f is a 2-to-1 function and that Y is split into
2 sheets. At the point y = (0,0) € Y the function f is not unramified.

Definition 8.7. Let H C G for H and G reductive groups and H closed with H
acting on G as follows:

HxG—G
(h,g) = gh™".
Then let H act on an affine variety Y. Letting
GxgY=(GxY)/H

there is a clear action of G on G Xg Y and we say that G x g Y is obtained from
Y by extending the action on H to G.

Definition 8.8. Let ¢ : X — Y be a G—morphism for G an algebraic group
acting on affine varieties X and Y. Then ¢ is called strongly étale if the following
properties hold:
(1) ¢/ : X JG—=Y |G is étale.
(2) The quotient morphism 7x : X — X / G and ¢ induce a G-isomorphism
X ~Y xyyq (X ] G).

Remark 8.9. From this definition we can see that a strongly étale morphism is
étale and surjective. Additionally, for all points € X the restriction of ¢ to Gz is
injective and Gz is closed precisely when G¢(z) is closed.

9. ZARISKI’S MAIN THEOREM FOR (G-MORPHISMS

Theorem 9.1. (Zariski’s Main Theorem for Varieties, [4] Part III.11) If f : X —
Y is a birational projective morphism of varieties and Y is normal then f~'(y) is
connected for ally € Y.

This is a special case of Zariski’s main theorem, which has an identical statement
but replaces varieties with more general objects. The proof of our main theorem
will use a similar result for G-morphisms.
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Definition 9.2. If X and Y are algebraic varieties then a morphism f : X — Y is
finite if A(X) is a finitely-generated A(Y)-module and quasi-finite if its fibers are
finite.

Lemma 9.3. For affine irreducible normal varieties X and Y, if a morphism
¢ : X =Y is birational and quasi-finite then ¢ is an open immersion.

This is an immediate consequence of Theorem 9.1.

Definition 9.4. A morphism of varieties ¢ : X — Y is dominant if the image of ¢
is dense in Y.

Theorem 9.5. Let G be a reductive group acting on affine varieties X and Y.
Let ¢ : X = Y be a quasi-finite G-morphism. Then there exist affine G-varieties
X' DX andY' DY as closed subvarieties with the following properties:

(1) X' is normal.

(2) The action of G on X is induced by its action on X' and the action of G
on'Y is induced by its action on Y.

(3) There exists a morphism ¢ : X' — Y’ that is dominant and quasi-finite,
mducing ¢ : X — Y.

Proof. Lemma 3.8 gives us that because we have A(X) as a finitely-generated C-
algebra, there exists a finite-dimensional G-invariant subspace W C A(X) generat-
ing A(X). If we let S(W) be the symmetric algebra of W then we have a surjective
C-algebra G-morphism

p:S(W) — A(X).

We then consider X as a closed G-subvariety of Spec(S(W)). Let V C S(W) be
a finite-dimensional subspace containing a system of generators of ker(p) (as an
ideal) such that the image of V' in A(X) is contained in A(Y") and V' contains a set
of generators of this C-algebra. Then by Lemma there exists a finite-dimensional
G-invariant C-subspace of S(W) that contains V. Call this subspace Vy and let
Ao be the G-invariant C-subalgebra of S(W) generated by Vy. Let Y = Spec(Ay).
Then because p maps Ag on A(Y') we can consider Y as a closed G-subvariety of Y.
Letting X" = Spec(S(W)) and I = ker(p), we see that the inclusion Ay C S(W)
defines a dominant G-morphism ¢” : X"/ — Y’ inducing ¢.

Now for y € Y let m, denote the ideal of y in Y and let m; denote the ideal of
y in Y. Our task then becomes to show that p~'(A(X)m,) = A(X")m]. We
immediately have the inclusion p(m}) C m,, so A(X")m; C p~'(A(X)m,). The
other direction requires some additional work. Let f € p~*(A(X)m,). We know
p(A(X")m}) = A(X) and p(m;) = m,, therefore there exists g € A(X")m; with
p(g) = p(f), meaning f — g € I =ker(p). mj is maximal, so I C m) C A(X")m;.
Thus f € A(X")m and p~'(A(X)m,) = A(X")m). Therefore p induces the
following isomorphism:

AXT)JA(X "y, = A(X)/A(X)m,.

As the morphism ¢ is quasi-finite, A(X)/A(X)m, is a C-vector space of finite
dimension. As A(X")/A(X")m, is as well, we know ¢"~!(y) to be finite. Let

X' = {x// c X | d)//fl(qs//(l,//)) is ﬁnite}
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Then X’ is G-invariant, open in X", and contains X.

Define 7 to be the quotient morphism 7 : X" — X" / G. From our definition of the
good quotient, 7"/ (X) and 7" (X"/X’) are closed and disjoint subsets of the good
quotient X" / G. Thus, there must be some h € A(X" / G) vanishing on X"\ X
that does not vanish at any point of X. Letting X’ C X" be the complement of
the zero locus of h o, we have that it is an open, affine, G-invariant subset of X"
with X € X/, and ¢’ = TIX’ : X! — Y’ is quasi-finite as desired. O

Lemma 9.6. ([7] Ch. V, Theorem 9) If an integral domain A is a finitely-generated
C-algebra, K is the quotient field of A, and L is a finite algebraic extension of K,
then the integral closure of A in L is a finitely generated A-module and a finitely
generated C-algebra.

Theorem 9.7. (Zariski’s Main Theorem for G-morphisms, ([1] Theorem 3.3)) Let
G be a reductive group acting on affine varieties X and Y, and let ¢ : X =Y be a
quasi-finite G-morphism. Then the following are true:

(1) There exist an affine G-variety Z, a G-morphism open immersion i: X —
Z, and a finite G-morphism 1 : Z — Y with the property that ¥ o i = ¢.

(2) If the image by ¢ of a closed orbit of X is closed, and ¢,G : X |G =Y |G
is finite, then ¢ is finite.

We will prove the first part of this theorem. The second part utilizes similar
machinery.

Proof. Let ¢* : A(Y) — A(X) be the morphism induced by ¢ and denote the
kernel of ¢* by I. Let Yy be the closed subvariety of Y corresponding to I. Then
we have f(X) C Y,. Replacing Y with Yj allows us to suppose ¢* is injective, and
we can view A(Y") as a subalgebra of A(X). Now let B’ be the integral closure of
A(Y’) in A(X’). Then by Lemma 9.6, B’ is a finitely generated C-algebra. Call
the image of B’ in A(X) by B and let Z’ = Spec(B’) and Z = Spec(B). Then
Z' is normal. Let i’ : X’ — Z’ and ¢’ : Z/ — Y’ be the morphisms induced by
B’ ¢ A(X') and A(Y') C B’ respectively. We now must prove that i’ is an open
immersion. By Lemma 9.3 ¢’ is an open immersion if it is quasi-finite and birational.
¢’ =1’ oi’ and ¢ is quasi-finite, therefore ¢’ is also quasi-finite. Birationality follows
it C(X")=C(Z’), or sufficiently if A(X") C C(Z’). Letting o € A(X') yields the
relation
a” + )\7L—1Oén71 + ...+ ha+ )\0 =0

for A; € C(Y') and 0 < ¢ < n. This relation follows from the fact that the
transcendence degrees of C(X') and C(Y”) are equal. Now let A; = ¢ for 0 < i <mn,
a;,b; € A(Y'), and b = Ilp<;<pnb;. Then ba is integral over A(Y’) and from the
definition of B’ we know that it contains bae. Thus o € C(Z").

Now we must prove that 1)’ is finite. B’ is finitely generated and all of its elements
are integral over A(Y"), therefore B’ is finitely generated as an A(Y’)-module.
Finally, let 4 : X — Z be the morphism induced by B C A(X). Let ¢ : Z — Y be
the morphism induced by A(Y) = B. ¢’ is an open immersion and ¢’ is finite, so i
is an open immersion and 1 is finite, as desired. ([

10. LUNA’S ETALE SLICE THEOREM

We now come to the main result of this paper, Luna’s Etale Slice Theorem.
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Lemma 10.1. (/1] Proposition 4.3(vi)) If f : X — Y is a morphism of varieties,
X is smooth at x € X and Y is smooth at f(z) € Y, then [ is etale at x if and
only if the tangent map Ty f : To X — Ty)Y is an isomorphism.

Theorem 10.2. Let G be a reductive algebraic group and X an affine variety acted
on by G. Furthermore take x € X such that X is smooth at x and the isotropy
group Gy of x is reductive. Then there exists a morphism ¢ : X — T, X with the
following properties:

(1) ¢ is Gy-invariant

(2) ¢(x) =0
(3) ¢ is étale at x

Proof. Take m C A(z) to be the maximal ideal corresponding to . Then the
quotient map defined by d : m — m/m? = (T,X)* is G,-invariant. Take some
finite-dimensional linear subspace V' of m, such that d |y is surjective and some
finite-dimensional G -invariant subspace V' of m, containing V. G, is reductive
as stated, so we can decompose m/m? and V' into direct sums of irreducible rep-
resentations of G, so there must be some G -invariant linear subspace W of A(X)
with the property that d |w: W — (T, X)* is a G -isomorphism.

Define a by the following:

a=dy : (T,X)" — W.

Let S(FE) denote the symmetric algebra of E defined by S(E) = @ S"E. Extend
n>0
a to

S(a): S(TxX)*) — S(W).
The canonical morphism S(W) — A(X) gives us a morphism of C-algebras
fS8(Te X)) — A(X)

corresponding to a morphism of varieties ¢ : X — T, X, satisfying the first two
desired properties. As the tangent map T, f is an isomorphism, and so by Lemma
10.1, ¢ is étale at z. ([

Theorem 10.3. Let X be an affine variety and G a reductive algebraic group acting
on X. Then there exist a smooth affine G-variety Y such that X is G-isomorphic
to a closed G-invariant subvariety of Y .

Proof. Consider the C-algebra A(X) with generators fi,..., f,. Lemma 3.8 gives
us that there must exist some finite-dimensional G-invariant linear subspace W of
A(X) such that fq,...,f, € W. Let S(W) denote the symmetric algebra of W.
The inclusion W € A(X) induces a C-algebra G-morphism S(W) — A(X). As
this morphism is a surjection, taking ¥ = Spec(S(W)) gives the desired result. O

Lemma 10.4. (/1] Proposition 4.17) Suppose that a G-morphism 6 is étale at a
point x, X is normal at x, (Gx) is closed, and 0|c, is injective. Then there exist
an affine open subset U' C X | G with u € U’ such that if U = 71')_(1(U,), the
following are true:

(1) Oy and (0,c) v+ are étale.

(2) Ojy : U =V sends closed orbits to closed orbits.

(3) V=0U) and V' = (0,G)(U’) are affine open subsets and V = w3 (V).
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Definition 10.5. If f : X — Y is a morphism of varieties, than f is called an étale
covering if f is étale and finite.

Definition 10.6. Let U C X be G—invarimt.iThen U is saturated if whenever
2 € U and y € X have the property that Gx NGy # 0, y € U.

Lemma 10.7. ([1], Proposition 4.6) Let Y be connected and f : X — 'Y be étale.
Then if y is a closed point of Y, f~1(y) contains finitely many points. f is an étale
covering if and only if this number is the same for all such y. Call this number the
degree of f. The degree of f is 1 if and only if f is an isomorphism.

Lemma 10.8. Let ¢ be étale at x, X be normal at x, the orbit Go(x) be closed,
and ¢\, Then some affine subset U C X has the following properties:

(1) U is a saturated open subset.
(2) ¢(U) is affine and a saturated open subset of Y.
(8) The restriction of ¢ : U — ¢(U) is strongly étale.

Proof. Define U as in the preceding lemma. Then U is saturated and V = 6(U)
is affine, open, and a saturated subset of Y. Furthermore, 0|y is étale as is the
quotient morphism

0,6:mx(U)~U )G —=ay(V)=V ]G

We thus wish to prove that the G-morphism x : U — V Xy ¢ U J/ G induced by ¢
and the quotient morphism 7y : U — U J/ G is in fact an isomorphism.

Let Z =V xyyq U /J G. We first must prove that Z /G ~ U / G. We know
that 7y is given by the composition

(0,mv)
RMALLEN

U z2Uy)a

for po the second projection. Thus taking quotients yields that
U)G—=Z)G—-U)G

is the identity so we only need to prove that
ZJ)G-U)JG—-Z)G

is the identity as well. Call the previous composition A\. For v € U and v € V with
0,c(mu(u)) = my (u), it follows that

Az (v, 70 (w))) = 72(0(u), 7 (u)).

Since my (v) = my (6(u)), the closures of the G-orbits of v and 6(u) meet. Therefore
the closures in Z of the G-orbits of (v, 7y (u)) and 6(u), 7y (w) meet so A is the
identity. Furthermore, y must send closed orbits to closed orbits, as 6 sends closed
orbits in U to closed orbits in V', so x must be finite.

We now must show that y is étale. By identifying V' with V' xv )q V' J G we get
that 6 = (Iy x 0,¢) o x so because 6 and Iy x 0, are étale, x is étale. Then x is
an étale covering. 7z o x = my, therefore

mo(x " (x(Gx))) = 7z o x(x " (x(Gx))) = 72(x(Gx)) = 7y (Gx).

Gz is closed so x 1 (x(Gz)) = Gz, and since § = (Iy x 0,G) © X, X|G= is injective.
Therefore the inverse images by x of elements of x(Gz) must be singletons, so x
has degree 1 and as such Lemma 10.7 gives us that x is an isomorphism. (]
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Theorem 10.9. (Luna’s Etale Slice Theorem) Let X be an affine variety and let
G be a reductive group acting on X. Take x € X with closed orbit Gx. Then there
exists a locally-closed subvariety V of X with the following properties:

(1) V is affine and x € V.

(2) V is Gy-invariant.

(8) The image of b : G xg, V — X, the G-morphism induced by the action of
G on G, is a saturated open set U C X.

(4) The restriction of ¢ : G xq, V. — X is strongly étale.

Proof. Assume X is smooth at x. Then because Gz is closed, G, must be reduc-
tive by Lemma 3.7. Theorem 10.2 then implies that there exists a G,-morphism
¢ X — T, X that is étale at  and with the property that ¢(x) = 0. Since G,
is a reductive group, there exists a G -invariant linear subspace N C T, X with
T.X =T,Gx® N.

Now let Y = ¢~ 1(IV), which is a G, -invariant closed subvariety of X such that
Y contains and is smooth at x. Now define T € G x¢, Y as the image of (e, g).
Then we have that G x¢g, Y is smooth at T and G x¢g, Y — X is étale at T,
following from our description of the tangent space. Then by applying Lemma 10.8
we get the desired result. O

ACKNOWLEDGEMENTS

I would like to thank my advisor Xinchun Ma for her guidance and for helping
me to understand the many moving parts involved in this proof. I would also like
to thank my classmate and friend Helena Perez-Stark for her immense patience
in listening to my usually-inane algebro-geometric ramblings. I would also like to
thank Professor Peter May and the many faculty members and graduate students
involved in organizing the 2021 University of Chicago Mathematics REU for giving
me the opportunity to participate in this program.

REFERENCES

[1] Jean-Marc Drézet. Luna’s slice theorem and applications. Jaroslaw A. Wisniewski. Algebraic
group actions and quotients, Hindawi Publishing Corporation, pp.39-90, 2004, 977-5945-12-7.
ffhal-00742479f

[2] McKernan, James. “Math 18.726 Lecture Notes Spring 2011.” Smoothness and the Zariski

Tangent Space, 2011, math.mit.edu/ mckernan/Teaching/09-10/Spring/18.726/18.pdf

Atiyah, M. F., and I. G. MacDonald. Introduction to Commutative Algebra. Westview Press,

1969.

[4] Hartshorne, Robin. Algebraic Geometry. Springer, 1997.

[5] Newstead, P. Introduction to Moduli Problems and Orbit spaces

[6] Gathmann, Andreas. “Algebraic Geometry.” Class Notes TU Kaiserslautern 2019/20, 2020,
www.mathematik.uni-kl.de/ gathmann/class/alggeom-2019/alggeom-2019.pdf.

[7] Samuel, P., Zariski, O. Commutative Algebra (vol. I, ITI). GTM 28,29 Springer-Verlag (1975)

[8] Luna, Domingo (1973), ”Slices étales”, Sur les groupes algébriques, Bull. Soc. Math. France,
Paris, Mémoire, 33, Paris: Société Mathématique de France, pp. 81-105

[9] Milne, James S. Algebraic Groups: The Theory of Group Schemes of Finite Type over a Field.
Cambridge University Press, 2017.

[10] Luna, Domingo, and Richardson, Roger W. ” A generalization of the Chevalley restriction
theorem.” Duke Mathematical Journal 46, no. 3 (1979): 487-496.

3



	1. Introduction
	2. Preliminaries and Background
	3. Algebraic Groups and Reductive Groups
	4. Categorical Quotients and Good Quotients
	5. Regular Functions and Localization
	6. A Sightseeing Tour of Sheaves
	7. The Zariski Tangent Space
	8. Morphisms
	9. Zariski's Main Theorem for G-morphisms
	10. Luna's Étale Slice Theorem
	Acknowledgements
	References

