DUALITY THEOREMS IN STABLE HOMOTOPY THEORY

HEIDI LEI

ABSTRACT. In this expository paper, we give a definition for the notion of
duality in symmetric monoidal categories. Then, we discuss duality in the
stable category of spectra, for which there is a space-level description known as
g-duality, and give geometric constructions of the coevaluation and evaluation
maps exhibiting Spanier—-Whitehead duality at space level and consequently
Atiyah duality by specializing to manifolds and interpreting the maps using
the Pontryagin-Thom construction. Finally, we deduce Poincaré duality as a
direct consequence of the Thom isomorphism theorem and Atiyah duality.
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1. INTRODUCTION

Different notions of duality have played an important role throughout the his-
torical development of algebraic topology: Poincaré, Lefschetz, Eckmann—Hilton,
Alexander, Spanier—Whitehead, Atiyah, Whitney, to name a few. While seemingly
separate, a great number of these notions and theorems of dualities are united by
the same categorical formulation of duality, referred to as strong duality by Dold
and Puppe in their influential paper [2].

In Section 2, we give a basic overview of the formulation of categorical duality
by defining the conditions an object and its dual need to satisfy in a symmetric
monoidal category, and give alternative characterizations of duality based on the
adjoint properties of dual pairs, as well as characterizations in closed categories.

In Section 3, we specialize to duality of spectra in the stable homotopy category,
and derive the direct categorical consequence that dual spectra lead to duality be-
tween (generalized) cohomology and homology. Furthermore, we give an equivalent
formulation at the space level termed g¢-duality, which can also be characterized
through a slant product isomorphism.
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In Section 4, we derive a version of Spanier—Whitehead duality, which is equiv-
alent to Spanier and Whitehead’s original formulation in [8] using polyhedra em-
bedded in spheres, by geometrically constructing the maps exhibiting categorical
duality. Atiyah duality, first proved by Atiyah in [1], follows as a special case of
Spanier—Whitehead duality. For simplicity, we only include the case for manifolds
without boundary in Section 5. Finally, in Section 6, we show that Poincaré duality
can be derived as the composite of the Thom isomorphism and Atiyah duality.

2. CATEGORICAL DUALITY

Let (C, I, ®) be a symmetric monoidal category with unit I and a tensor product
operation ® : C x C — C which is unital, associative, and symmetric up to natural
isomorphisms. We omit the unit and associativity isomorphisms, and denote the
symmetry isomorphism by v: X QY - Y ® X.

For objects in C, we give a formal definition for dualizability, i.e., the conditions
for which an object is strongly dualizable in the sense of Dold and Puppe [2].

Definition 2.1. Let (C,I,®) be a symmetric monoidal category. An object X
of C is dualizable if there exists an object Y, called the dual of X, and a pair of
morphisms,

n:I—-XQY, c:YRX—=>I

such that the following composites are identities:

XoeloXPhxevyeXx 295 xel~X,

Yoyel 2hyeXxey 2L 1oy ~Y.

Here, 7 is called the coevaluation map and € the evaluation map, and the defining
relations are referred to as triangle identities. It is easy to check from the definition
that all duals of X are naturally isomorphic, so it makes sense to speak of the dual
of X. If Y is a dual of X, we call (X,Y") a dual pair. Moreover, (Y, X) also forms
a dual pair with coevaluation map yn and evaluation map ev.

For a dualizable object X and its dual Y, the functors — ® X and — ® Y
form an adjoint pair, as elucidated by the following alternative characterizations of
dualizability through the adjunction.

Proposition 2.2. The following characterizations of dualizability for objects X, Y
in a symmetric monoidal category C are equivalent:
(1) (X,Y) is a dual pair with mapsn: I = X®Y ande : Y ®X — I satisfying
the triangle identities.
(2) For all objects A, B € C, there exists a mapn: I — X @Y such that the
induced map ng : C(A® X,B) - C(A,BR®Y) is a bijection, where ng(f)
18 given by the composite

A Al ¥ A x ey 12 Bay.

(8) For all objects A, B € C, there exists a map € : Y @ X — I such that the
induced map e : C(A,BRY) — C(A® X, B) is a bijection, where 4(g)
s given by the composite

AoX L Bovyex ¥ Bol~B.
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Proof. (1) = (2,3): Given the maps n and ¢, note that ny and 4 as defined in (2)
and (3) are inverses to each other, and thus bijections. For a map f: A® X — B,
ey onx(f) is given by

lea((fenlenel)=(foalenel)=f1a(1ee(nel) =/,

since (1®¢)(n®1) = 1x by the triangle identity. Similarly, foramap g: A — BQY,
Ny 0 ex(g) is given by

(Iegenel)(len =1ecxl)(gon =102 1)(1©n)g =y,

since (e ® 1)(1 ® n) = 1y by the triangle identity.

(2) = (1): Let AbeY, B be I. We have a bijective map ng : C(Y @ X,I) —
C(Y,Y). Define ¢ = 777;1(13/), i.e., the map corresponding to the identity map
under nx. Then, ng(e) = (e®1)(1 ®n) = 1ly. By the case above, the induced
map ey satisfies ng oey = 1 for all objects A,B € C. Let A =1 and B = X,
then ny oex(n) = n. Since nu(lx) = n, the bijectivity of ng forces ex(n) =
(1®¢€)(n®1) = 1x. Therefore, both triangle identities hold.

(3) = (1): Dual to the previous direction.

O

For a map between dualizable objects, we can define the corresponding dual map
between the duals of the objects.

Definition 2.3. Let (X,Y) and (A, B) be dual pairs in a symmetric monoidal
category C, and let f : X — A be a morphism. Then the dual morphism Df : B —
Y is defined to be the composite

B~Bol 2L BoXxoy 2% poAagy B 1oy ~ Y,

If the symmetric monoidal cateogory C is also closed, it is equipped with an
internal hom functor Hom : C°P? x C — C such that there is a natural adjunction

C(X®Y,Z)~C(X,Hom(Y, 2)).
The unit and counit of this adjunction are given by
n: X —>Hom(Y,X®Y), e:Hom(X,Y)®X =Y.

We define the canonical dual (weak dual in [2]) of X in a closed category to be
DX = Hom(X,I). There is always an evaluation map ¢ : DX ® X — I given by
the counit of the adjunction.

Proposition 2.4. The following characterizations of dualizability in a closed sym-
metric monoidal category C are equivalent:

(1) X is dualizable with dual DX.
(2) The map v: DX ® X — Hom(X, X) given by

DX ® X -2 DX ® Hom(I, X) 2 Hom(X, X)
is an isomorphism. In this case, the coevaluation map n is characterized as
the composite yv~1n', where ' : I — Hom(X, X) is the unit of adjunction,
i.e., the following diagram commutes:
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I—"1  X®DX

bl

Hom(X, X) «—— DX ® X.

Proof. (1) = (2) : The inverse v~ ! : Hom(X,X) — DX ® X is given by the
composite

Hom(X, X) 2% Hom(X, X)® X ® DX 2% X ® DX 2 DX ® X.

(2) = (1) : The commutative diagram defining 1 : I — X ® DX shows that the
following commutes, where ¢ is the counit of the adjunction:

X~loX " o xoDXoX 18, Xol~rX

J{n'@l l"/@l

Since the left-bottom composite is the identity, the top row, i.e., one of the triangle
identities also holds as the identity map for X. The other triangle identity for DX
can be shown similarly. O

Once we have dualizable objects, we have a few more isomorphisms including the
map from an object to its double dual, the pairing map, and the map that “moves
the product into the internal hom.”

Proposition 2.5 ([4] II1.1.3). The following maps are isomorphisms given the
dualizability of objects in a closed symmetric monoidal category C:

(1) When X is dualizable, the map p : X — DDX given by the adjoint of the
composite

X®@DX LDX®X ST

s an isomorphism.
(2) When X and X' are dualizable, or X is dualizable and Y = I, or X' is
dualizable and Y' = I, the pairing

® : Hom(X,Y) ® Hom(X',Y’") —» Hom(X ® X', Y ® Y)

18 an isomorphism.
(8) When X or Z is dualizable, the map

v:Hom(X,Y)® Z - Hom(X,Y ® Z)
given by the composite

Hom(X,Y)® Z ELUN Hom(X,Y) ® Hom(!, Z) N Hom(X,Y ® Z)

s an isomorphism.

The concept of dualizability is closely related to a sense of finiteness of the
objects. A prototypical example comes from the category of modules.
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Example 2.6. Consider R-Mod, the category of modules over a commutative ring
R, where the product structure is given by the tensor product X ®r Y between
R-modules and the unit is R. The canonical dual of a module X is Hompg(X, R).
In this case, an R-module is dualizable in the categorical sense if and only if it
is finitely-generated and projective. For the special case when R = k is a field,
we have the category of vector spaces over k, where the dualizable objects are
finite-dimensional vector spaces.

For such a module X, let {x;} be a projective basis such that there exists {f;} €
DX and for all z € P, o = ), fi(x)x;. Then, the coevaluation map n : R —
X ®gr DX is given by

Conversely, for an R-module Y, let n: R — Y ® DY be a coevaluation map given
by

n
1Y 4i®g
i=1

Then, Y can be expressed as a direct summand of R™ through the inclusion Y — R™
and projection R" — Y given by

n
y— (i ®y))i (1) = Zﬁyi,
i=1
since the composition of the above two maps
n
Y > yielgi @)
i=1
yields identity on Y by the triangle identity.

Example 2.7. Generalizing the above example slightly, we consider Ch, (R-Mod),
the category of chain complexes of R-modules. The product structure is the tensor
product of chain complexes. For chain complexes A and B, the n-th degree of their
tensor product is defined to be

(A® B)p = @ Ap ® By,

p+a=n
and the boundary operator is defined to be
da®b)=0da@b+ (—1)a .
The symmetry isomorphism A ® B —+ B ® A is introduced with a sign
a@b= (=)l gaq.

A chain complex is dualizable if and only if it is finitely-generated and projective,
i.e., it is finitely-generated and projective in each degree with only finitely many
nonzero degrees.
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3. DUALITY FOR TOPOLOGICAL SPACES

In the stable homotopy category, the product is given by the smash product of
spectra and the unit is the sphere spectrum S. Denote the function spectrum with
F(X,Y). Using the criteria given in Proposition 2.2, we have the following theorem
for identifying dualizable spectra:

Theorem 3.1 ([4] I11.2.7). Finite CW spectra and their wedge summands are du-
alizable in the stable homotopy category.

Remark 3.2. Note the similarity between this statement and the dualizability of
finitely-generated free and projective modules, which are direct summands of free
modules, in the category of R-modules.

We have a duality theorem for spectra:
Corollary 3.3. Let X be a dualizable spectrum, then for all spectra E,
v:DXANE — F(X,E)
is an equivalence, and it induces an isomorphism
ve : E.(DX)=m.(DX ANE) ~7m.(F(X,E)) = E*(X).

Proof. Tt follows directly from Proposition 2.5(3) with Y = S, O

We can define ¢-duality between spaces which becomes categorical duality upon
passage to suspension spectra in the stable category. Let X and Y be based topo-
logical spaces.

Definition 3.4. Let S7 be a sphere of degree ¢ where ¢ is an integer. Let n: 59 —
XAY and e: Y A X — S? be maps such that the following diagrams commute up
to homotopy under passage to suspension spectrum:

SIAX L X AYAX YAt Py AXAY
X‘ J{l/\s J{’Y J/E/\l
X A S, SNy —ZAL, gany,

where o : S — 57 is the transposition of spheres with degree (—1)9. Then, X and
Y form a q-dual pair.

Upon passage to suspension spectra through the suspension spectrum functor
3°°, the triangle identities for the pair ¥*°X and ¥793°°Y are then exhibited by
the following maps 77: S — XX AX79¥*°Y and £: X79X5°Y A X*®X — S given
by

7=X"15%n: S ¥TIE®ST - STIEF(XAY) 2 EFX AXTINCY,

E=YT15%  NTIECYAERPX YISV AX) - X I18°8T~ S,

and the definition of g-duality above is equivalent to the following commutative
diagrams:
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sox ALy yioo x A MmaReoyY A RO X

\ |1z

Y X,
p-aney M Saney A SR X A STINCY
\ l@m
3TayeeY.
The translation of g-duality between spaces and spectra leads to an equivalent
formulation using slant products.

Proposition 3.5. Based spaces X and Y are qg-dual if and only if there exists a
map € : Y AN X — S9 such that the slant product

g/— M (EY) - 7" (BTIE®X)
induced by the composite
sy £ pETIReX, S)

is an isomorphism, where & is the adjoint of £. In this case, the mapn : ST — XAY
is categorized by either of the commutative diagrams in Definition 3.4.

Proof. The equivalence follows from the equivalence of (1) and (3) of Proposition 2.2
since the isomorphism ey : F(A,BAX®Y) — F(AAX79%°X, B) is completely
determined in the stable homotopy category for A = B = S, which is given by the
isomorphism e/—. O

Remark 3.6. The equivalence of (1) and (2) of Proposition 2.2 gives the dual
version for the map 7.

4. SPANIER—WHITEHEAD DUALITY

A topological space is an Euclidean neighborhood retract (ENR) if it can be
embedded as a retract of an open neighborhood in R™. A pair of spaces (X, A) is
an ENR pair if X is an ENR and A — X is a cofibration. Let C(X, A) denote
the mapping cone for a cofibration A — X, and conventionally C(X, &) = X, the
space X with a disjoint basepoint.

In this section, we exhibit the duality between ENR pairs by explicitly construct-
ing the coevaluation and evaluation maps at space level using g-duality.

Theorem 4.1 (Spanier—Whitehead duality). Let (X, A) be an ENR pair with X
compact and embedded in RY. Then C(X,A) and C(R? — A,R? — X) are q-dual.
In particular when A = &, X1 and C(RY,R? — X)) are g-dual.

In order to construct g¢-duality maps € and 7, we first need two lemmas on
mapping cones regarding excision and product. See Section 3.4 of [4] for proofs of
the following lemmas.

Lemma 4.2. ForU C AC X, leti: (X —UA-U) — (X,A) be an excision.
Then the induced mapping cones

CX-UA-U)—-C(X,A
are homotopy equivalent if either of the following holds:
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(1) The closure of U is contained in the interior of A, and X is normal.
(2) The inclusions A—U — X — U and A — X are cofibrations.

For pairs of spaces (X, A) and (Y, B), we use the following shorthand notation
for product pairs:

(X,A)x (V,B) =(X XY, X xBUAXY)
Lemma 4.3. For (X, A) and (Y, B), there exists a homotopy equivalence
a:C(X,A)NC(Y,B) = C((X,A) x (Y,B))

if either of the following holds:

(1) A is open in X, B is open inY, and X x BUA XY is normal.
(2) A— X or B—Y is a cofibration.

Now we are ready to construct € and 7.

Construction 4.4. Let B C R? be a closed disk around the origin. Let ¢ :
CRI—ARI-X)NC(X, A) — S?be defined by the commutativity of the following
square up to homotopy:

C(R?— A,R? — X) A C(X, A) —— §7 ~ C(R%,R? — B)

C((RT — A,RY — X) x (X, AN 2257 C(Re, R — {0)).

Since X is an ENR, let N C R? be the neighborhood such that there is a
retraction 7 : N — X. Since A — X is a cofibration, (X, A) is a neighborhood
deformation retract pair with homotopy h : X x I — X such that h(x,0) = z and
h(a,t) =a for x € X and a € A and ¢t € I, so there is a map s = h; that restricts
to a retraction from an open neighborhood U C X to A. Then the composite
sr: 11U — A is a retraction to A from an open neighborhood r~'U € RY.

Let n: 57 — C(X,A) AC(R? — A,R? — X)) be defined by the commutativity of
the following square up to homotopy:

CR?,R?—B)~ 81 — 1 O(X,A) AC(RY — A, R? — X)
C(RY, (RY — X)UU) C((X,A) x (R — A,RY — X))

C(i)T C(srxl)T

O(N — A, (N - X) U (U — 4)) 2% (N, r~1U) x (R? — A, R — X)).

where A is the diagonal map given by (N — A) — N x (R? — A). The excision ¢
induces a homotopy equivalence by Lemma 4.2(1). In both constructions, « is a
homotopy equivalence by Lemma 4.3(2) as A — X is a cofibration.

We show that the above constructions for € and 7 satisfy the conditions for ¢-
duality in Definition 3.4 for the case A = &, which will be the case for Atiyah
duality discussed in the next section.

Lemma 4.5. The following diagram is homotopy commutative:
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SQ/\X+*>X+/\C’RQRQ_ )/\X+

\ lm

X4 A 9.

Proof. Tt suffices to show that the following diagram for pairs of spaces homotopi-
cally commutes after passage to mapping cones:

(RY,RT—B) x X —— (RL,RT—X) x X «——— (N,N-X) x X

l(v@)»—%z,vfw) lAXl
¥ N x (R%,R7 — {0}) +—— N x (R%,RY — X) x X
lrxl xl(v,m)mv—e] lrxlxl

Xx(RY,R?T—B) —— X x (R1,R? — {0}) +— X x (R, R? — X) x X.

1x[(v,z)—>v—2]

A homotopy for the left square is given by h(v,z,t) = (z,v — xt). A homotopy
for the top right square is given by h(n,z,t) = (tx + (1 — t)n,n — ). The bottom
right square commutes by definition.

[l

Lemma 4.6. The following diagram is homotopy commutative:

C(RY, R — X) A 9 5 O(RI,RY — X) A X4 A C(RE,RY — X)

I Jem

S9AC(RY,R? — X) — AL 4 59 A C(R?,R? — X).

Proof. Tt suffices to show that the following diagram for pairs of spaces homotopi-
cally commutes after passage to mapping cones:

(ox1)y

R%,RY — X) x (R?,R? — B R%,RY — B) x (R, RY — X
(

l (0" ) (v—2" v) l

(R%, R — X) x (R, RY — X) —— (R%,R? — {0}) x (R?,RY — X)

ixlT (U’W

(Rq,Rq — X) X (N,N — X) [(v,2)—v—z]x1

lle

(R7,R? — X) x N x (R%,R? — X) 23

1xrx1

(R7,RY — X) x X x (R?,R? — X)

It is clear that homotopies for all three parts of the diagram can be constructed as
linear homotopies as in the previous lemma. O

Proof of Theorem 4.1. It follows from Lemma 4.5 and Lemma 4.6 by Definition 3.4.
O
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5. ATIYAH DUALITY

In the manifold context, we can take X to be a compact manifold M embedded
in R?, and A to be empty. Then N can be taken to be the tubular neighborhood
of M, so R? — N is a deformation retract of R? — M, which implies that

C(RY,R? — M) — C(RY,R? — N) — R9/(R? — N) ~ N°

are homotopic equivalences, where N¢ is the one-point compactification of N. We
can identify N¢ with the Thom space Tv of the normal bundle on M, where the
Thom space construction is defined as follows.

Definition 5.1. For a vector bundle £ : V' — M, the Thom space of £ is defined to
be T¢ := D(V)/S(V), where D(V) and S(V) are the unit disk and sphere bundles
associated with & respectively.

Then, the duality for ENR pairs given in Theorem 4.1 specializes to the dual-
ity theorem for manifolds, known as Atiyah duality. The case for manifolds with
boundaries can be found in [4] and [1]

Theorem 5.2 (Atiyah duality). Let M be a compact n-dimensional manifold with-
out boundary embedded in RY, and let Tv be the Thom space of its normal bundle
v. Then My and Tv are q-dual.

In the following constructions, we give a bundle-level geometric description of the
g-dual coevaluation map n corresponding to the n map given in Construction 4.4.
As it is hard to interpret Construction 4.4 for € directly, a geometric description of
¢ is characterized by the commutativity of the left square in Definition 3.4.

Construction 5.3. Given the homotopy equivalence between C'(R?,R? — M) and
N¢ =~ Ty, the map

c: 8 ~CRI,R!—-B) > N ~Tv
is the Pontryagin-Thom collapse map, where the points in R? outside of the tubular
neighborhood N¢ are collapsed to the basepoint of N¢ at infinity. When A is empty,
a becomes a homeomorphism, and the composite C(rx1)oC(A), wherer : Tv — M
is the bundle projection map, is specializes to the Thom diagonal

A:TV&TV/\TV%M_F/\TV,

where the first coordinate of the second map is bundle projection. In this way,
n: 87 — My ATv can be interpreted as the composite of the Pontryagin-Thom
map and the Thom diagonal:

n:ngchTuiM+/\Ty.

To define € : Tv A M, — S9, consider the Pontryagin-Thom map associated

with the immersion _
M2 M x M 2L R % M,

where j : M — RY is the embedding of M. That is, we collapse the tubular
neighborhood Tw(j x 1) = Tv A M onto the tubular neighborhood of the composite
Tv((j x 1) o A) = Twv(j,1). Since there is an isotopy (j,1) ~ (0,1), the bundle
Tv(j,1) is equivalent to Tv(0,1) = S? A M4 as the Thom space of the trivial
bundle R x M — M. Then € is given by the composite of the above-described
Pontryagin-Thom map and the canonical projection:

€ITI//\M+1)Sq/\M+—>Sq.
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6. POINCARE DUALITY

From Atiyah duality, we can quite straightforwardly derive Poincaré duality for
generalized cohomology theories with most of the work packaged in the Thom
isomorphism theorem. This line of proof can be easily generalized to equivariant
theories as well with little modification (assuming the existence of an orientation
class), while the usual proofs of Poincaré duality for ordinary cohomology as given
in [3] and [5] are not so generalizable.

Let E and E be a generalized cohomology theory and the corresponding reduced
theory respectively. For a bundle £ : V' — M and the associated Thom space T¢,
let iy, : ST — T¢ be the canonical map where S7 is the one-point compactification
of the fiber £~1(z) for each * € M. An E-orientation of ¢ is an element of degree
n in E™(T€) such that i%(u) € E™(S?).

Theorem 6.1 (Thom isomorphism). Let & : V — M be an n-dimensonal bundle
with an E-orientation p € E™(TE), then ® given by

—Up: E*(M) — E"T*(T¢)
is an isomorphism.

For a sketch of proof, see [5]. For a proof for generalized cohomology theories,
see for example [6].
Now we are ready to state the Poincaré duality theorem.

Theorem 6.2 (Poincaré duality). Let M be an E-orientable n-dimensional man-
ifold without boundary, then there is an isomorphism

E*(M) — BE,_.(M).

Proof. Let M be embedded in R?. The Poincaré duality map is given by the
composite of the Thom isomorphism and the duality isomorphism induced by the
g-dual pair (M4, Tv):

E*(M) — E9"" Y (Tv) — E,_.(M).

Since the normal bundle v of the embedding M — R? has dimension g —n, the first
map is indeed given by the Thom isomorphism. Since (My,Tv) is a ¢-dual pair,
(X°M;,X79%°°Tv) is a dual pair of spectra, so

B (Tw) ~ B (S7I9%Tw) = By o(S°My) ~ E,_.(M)

is an isomorphism by Corollary 3.3. (I

ACKNOWLEDGMENTS

I would like to give my utmost thanks to Prof. Peter May, the organizer of
UChicago REU 2021, who not only gave a series of wonderful talks on a variety of
topics in algebraic topology, but also guided my learning and exploration through-
out the program, without which this paper would not have been possible. I would
also give equally well-deserved thanks to my mentor, Hana Jia Kong, who helped
me immensely with understanding details of topics presented in the paper, and
provided useful feedback on the writing of this paper.



12 HEIDI LEI

REFERENCES

[1] M. F. Atiyah. Thom complexes. Proc. London Math. Soc. (3) 11 (1961), 291-310.

[2] A. Dold and D. Puppe. Duality, trace, and transfer. Proceedings of the International Confer-
ence on Geometric Topology (Warsaw, 1978), Warsaw, 1980.

[3] A. Hatcher. Algebraic Topology. Cambridge University Press. 2002.

[4] L. G. Lewis, J. P. May, and M. Steinberger. Equivariant Stable Homotopy Theory. Lecture
Notes in Mathematics. Springer-Verlag Berlin Heidelberg. 1986.

[5] J. P. May. A Concise Course in Algebraic Topology. University of Chicago Press. 1999.

[6] R. Pedrotti. Complex oriented cohomology, generalized orientation and Thom isomorphism.
https://ncatlab.org/nlab/files/PedrotticECohomology2018.pdf. 2018.

[7] K. Ponto and M. Shulman. Traces in symmetric monoidal categories. arXiv:1107.6032
[math.CT]. 2013.

[8] E. H. Spanier and J. H. C. Whitehead. Duality in homotopy theory. Mathematika 2 (1955)
56-80.


https://ncatlab.org/nlab/files/PedrotticECohomology2018.pdf
 arXiv:1107.6032

	1. Introduction
	2. Categorical duality
	3. Duality for topological spaces
	4. Spanier–Whitehead duality
	5. Atiyah duality
	6. Poincaré duality
	Acknowledgments
	References

