ON THE GENERATORS OF THE REAL COBORDISM RING

JUNZHI HUANG

ABSTRACT. In this paper, we compute the Stiefel-Whitney classes of the Dold
manifolds and give a proof that some of them are generators of the real cobor-
dism ring, following Thom’s results in [1].
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1. INTRODUCTION

The study of the cobordism ring 91 is basically about when a manifold can be
realized as the boundary of another manifold. In the celebrated paper [1] by Thom,
it is proved that 91 is isomorphic to some polynomial algebra over F5. He also finds
an equivalent description of the generators in terms of the Stiefel-Whitney classes
but fails to give all the representatives explicitly. In [3], Dold introduces what
are later called the Dold manifolds and proves that some of them are exactly the
generators of O, completing the characterization of the cobordism ring. However,
the paper is in German. Hence the author writes down this calculation of the
Stiefel-Whitney classes of Dold manifolds independently.

In chapter 2, we briefly overview some backgroud of the cobordism ring and
characteristic classes, mostly based on [1]. In chapter 3, we introduce the Dold
manifolds and their topological properties. In chapter 4, we compute the charac-
teristic classes of the tangent bundles of Dold manifolds. In chapter 5, we prove
that some of the Dold manifolds and the even dimensional real projective spaces
together give a complete generating set of M.

2. THE COBORDISM RING AND STIEFEL- WHITNEY CLASSES

In this paper, by a manifold M™ we mean an n-dimensional C'*°-manifold (pos-
sibly with boundary).
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A compact manifold M™ is called null-cobordant if there exists a compact mani-
fold W™ with boundary M™. Two compact manifolds M}* and M3 are cobordant
if the disjoint union M; LI Ms is null-cobordant.

Being cobordant is an equivalence relation, and the equivalence classes are called
cobordism classes. We use [M] to denote the class containing M. We can define an
additive structure by setting

[M7] + [Ms] = [M; U Ms).

This operation is well-defined because if M; and M] are cobordant through W+,
then the boundary of Wt L (My x I) is exactly (M; U M) U (M{ U Ms). The
class of a single point is the identity and the inverse of [M] is [M] itself since
O(M xI)= MUM. The addition is commutative and associative by the definition,
making the set of n-dimensional classes into an abelian group. We denote this
abelian group by 91".

Moreover, we can define a multiplication among the groups M* by setting [M] x
[N] = [M x N]. The multiplication maps from 0™ x N™ to M™*T". This is well-
defined because if OW = M U M’, we have (W x N) = (M x N)U (M’ x N). It
is also distributive with respect to the summation. Thus, the direct sum 91 of the
abelian groups M" forms a graded ring. We call 91 the (real) cobordism ring. Since
every element in 1 has order 2, it is actually a Fo-algebra.

Remark 2.1. Sometimes 91 is called the modulo 2 cobordism ring, in contrast to
the oriented version 2 where oriented manifolds are considered.

In [1], Thom computes the multiplicative structure of the cobordism ring .
One of the main tools he uses is the Stifel-Whitney classes for real vector bundles.

Definition 2.2. The Stiefel-Whitney classes of any real vector bundle are deter-
mined by the following axioms:

Axiom 1. For any rank-k real vector bundle over a topological space B, there is a
collection of cohomology classes w;(E) € H*(B;Zy) for i > 0 depending
on E (where we write Zo=7/27). The class wo(F) equals the unit ele-
ment in HY(B;Zsy) and w;(E) = 0 for i > k. The class w;(E) is called
the i-th Stiefel-Whitney class of E. The total Stiefel-Whitney class w(E)
is defined to be wo(E) + - - - + wi(E).

Axiom 2. (Naturality) Suppose f : B — B is a continuous map and F — B is a
real vector bundle over B. Then

[ (wi(E)) = wi(f*E)
for all © > 0. Here f*FE denotes the pull-back bundle of F.
Axiom 3. (The Whitney product theorem) If E and E’ are two real vector bundles
over the same base space B, then
w(E® E) =w(E) — w(E).
Axiom 4. For the tautological line bundle 1 over RP!, the first Stiefel-Whitney
class wi(n) # 0.

The Stiefel-Whitney classes are uniquely determined for any real vector bundle
by the axioms above. See [2].
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For a closed manifold M™, we have H"(M;Zs) = H,(M;Zs) = Z and a non-
degenerate pairing

<-7'> : Hn(M,ZQ) X Hn(M,ZQ) — ZQ

by Poincaré duality. Given a partition m = (i1, ...,4,) of integer n with ¢,...,3; >
0, define the corresponding Stiefel-Whitney number as

we(M) = (w;, (TM) — -+ — w;, (TM),[M]) € Zs.

Here [M] is the Zy-fundamental class of M.

If M is null-cobordant, say M"™ = OW"*!, let « be the inclusion map M — W.
Then the pull-back bundle ¢*(TW) is the direct sum of TM and the normal bundle
v(M) on M. The bundle v(M) is a trivial line bundle because the inner normal
vector field gives a nowhere zero section. By naturality and the Whitney product
theorem, we have

Cwl(TW) = wi (TM & v(M)) = w,(TM)
for all 7. Thus
wr (M) = (wi, (TM) — - — w; (TM), [M])
(2.3) = (wi, (TW) — - — 1wy, (TW), [M])
= (Wi, (TW) — -+ wi (TW), 1. [M]).

Consider the long exact sequence for the Zs-homology of the pair (W, 0W):

0= Hyp1 (W) — Hp it (W,0W) 25 H, (M) =5 H, (W).

By Poincaré duality, Hy, 1 (W) = Hy1 1 (W,0W) = Zs. The boundary map 0, is
an injection by exactness, hence an isomorphism, mapping the fundamental class
[W,0W] to [M]. Again by exactness, we have

L[ M] = 1, (0. [W,0W)) =

By (2.3) we get w, (M) = 0 for every partition 7.

Thus one necessary condition for a n-manifold to be null-cobordant is that all of
its Stiefel-Whitney numbers vanish. In fact this is also a sufficient condition, and
it could be rephrased as a condition for two manifolds to be cobordant:

Theorem 2.4 (Thom [1]). Two manifolds M and M’ are cobordant if and only if
they have equal Stiefel- Whitney numbers.

Therefore, we can use Stiefel-Whitney numbers to characterize cobordism classes
as well as the structure of 1.

A useful viewpoint we will adopt towards the Stiefel-Whitney classes is to con-
sider w; as the elementary symmetric polynomial of degree i in viariables t1, ts, ..., t,
of degree one. One motivation is the splitting principle, which says that for any
real bundle £ — B, there is a space B’ and a map f : B — B such that f*F
is a direct sum of line bundles and f induces an injection on cohomology. Write
ffE=L1® - -® L,. Then by the Whitney product theorem we have

Frw(E) =w(Ly)...w(Ly) = (14w (L1))... (1 +wi(Ly))
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or
frfwo(E) =1,
[fwi(E) =wi(Ly) + -+ wi(Ly),

f*wn(E) = W1 (Ll)wl (Lg) N wl(Ln)

Since the elementary symmetric polynomials generate the ring of symmetric poly-
nomials, the Stiefel-Whitney numbers are in 1-1 correspondence with symmetric
polynomials of degree n in ¢;.

The following theorem gives a complete characterization of 9.

Theorem 2.5 (Thom [1]). The ring M of cobordisms is isomorphic to the poly-
nomial algebra over Zo with exactly one generator xy, of degree k for each positive
integer k # 2™ — 1. For any such k, the generator xy could be chosen to be the
cobordism class containing any k-manifold My, whose Stiefel- Whitney number cor-
responding to the symmetric polynomial ), th is non-zero.

In the following chapters, we will identify suitable representations M} for all
generators.

3. DOLD MANIFOLDS

In this section, we define the Dold manifolds and give a characterization of their
cohomology.

Definition 3.1. Fix m,n > 1. Let 7 be the involution of S™ x CP" defined by
7(z, [y]) = (-, [§]),x € S™, [y] € CP™.

The involution 7 gives a free Zs action on S™ x CP™. The Dold manifold P(m,n)
is defined to be the (m + 2n)-dimensional quotient manifold of S™ x CP"™ by the
Zo-action. We use [z, [y]] to denote the point in P(m,n) corresponding to the
equivalence class containing (z, [y]).

Since the Zs-action on S™ x CP™ given by 7 is free as the antipodal map on the
S™ component, P(m,n) can be viewed as a CP"-bundle over RP™. Denote the
bundle map by p.

Embed S™ into R™*! as the unit sphere. We define

Cir={(x0y..yxm) €S™ 2 >0,2i11 = = xp, = 0},
Cr =A{(x0, - m) € S™ 12 < 0,341 =+ = Ty, = 0}
Then for i+ = 0,...,m, CZ.i is an i-cell in S™ and all Cf together give a cell

decomposition of S™.
For CP™, we define

D; ={lz0,...,20) €CP" : 2; #0,2j41 = --- = 2, = 0}.

Here Dj is a 2j-cell in CP™ and all D; together give a cell decomposition of CP™.

The product cell structure of S™ x CP"™ consists of the cells C’ii x D; of dimension
i+2j. The involution 7 is compatible with this cell structure of S™ x CP™, mapping
CE x Dj to (=1)"+1CF x Dj. Thus the cell structure of S™ x CP™ induces a
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cell structure of the quotient manifold P(m,n). Denote the image of Ci* x D; in
P(m,n) by [C?, D7]. The boundary map of the cell complex is given by
3([01, DJ]) = (1 + (*1)i+j+1)[ci_1, Dj] for i = 1, 2, ce ,m,j = 0, 1... , N,
9([Co,D;]) =0 for j=0,1...,n.

If we take Zs as coefficient, the cellular boundary map is zero for every dimension
and all [C;, D;] form a basis of H,(P(m,n);Zs). Define a l-cochain ¢ and a 2-
cochain d by

<C7 [Cla DJ]> = 61567
(d,[Cs, DJ]> = 6(2)5{7
where 07 = 0if i # j and 67 = 1 if i = j.

The coboundary map is zero for every dimension by duality, so ¢,d € H*(P(m,n); Zs).

It is proven in [3] that the Zo-coefficient cohomology ring of P(m,n) is isomorphic

to the polynomial ring
Z2 [Ca d}/(cm+1a dnJrl)'

4. STIEFEL-WHITNEY CLASSES OF DOLD MANIFOLDS
Let TP(m,m) be the tangent bundle of P(m,n).
Theorem 4.1. The total Stiefel-Whitney class of TP(m,n) is given by
(1+c+d)" T (1+c)™.

Proof. We first describe two models for the tangent spaces of S™ and CP™.
Embed S™ into R™*! canonically. For any unit vector z, identify T, S™ with
vectors in R™*! that are perpendicular to .
For any non-zero vector y in C™t!, identify T1,)CP™ with the complex linear

space Home((y), (y)*).
C™*! spanned by y.

By definition, the Dold manifold P(m,n) is the quotient of S™ x CP™ by the
order 2 involution 7. The tangent space of P(m,n) at the point [z,[y]] can be
identified with the real vector space consisting of the pairs

{(LL’, [y]7 v, a)7 (_xv [g]7 -0, d)}

with v € T;,8™ and a € T},;CP". We are using the above mentioned interpretation
of T'S™ and TCP™ so the notation —v and @ will cause no confusion.

Let E; be the subbundle of TP(m,n) consisting of the pairs

{(.13, [y]7 07 Oé), (—J), [?], Oa d)}
and Fy be the subbundle consisting of the pairs
{(.’IJ, [yL v, O)a (_$7 [g]a -, O)}
Both are given the natural coordinate-wise linear structures and bundle maps. Then
TP(m,n) & E, ® FEs.

By the Whitney product theorem, the total Stiefel-Whitney classes of the bundles
have the relation

(4.2) w(TP(m,n)) = w(Er)w(Es).
We will calculate w(E) and w(Es) separately.

Here (y) means the 1-dimensional complex subspace of
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We first consider E;. Viewing the real projective space RP™ as the quotient of
S™ by the antipodal map, the tangent space of RP™ at the point {z, —x} can be
written in the form of pairs {(z,v), (—x, —v)} where x € S™ and v € T,,5™. Recall
that P(m,n) is a CP™bundle over RP™ and the following map p is the bundle
map:

p: P(m,n) - RP™
p(lz, [y]]) = {=, —z}.
It follows from the definition that p*TRP™ = FE;.
There exists a section for the bundle P(m,n) — RP™ defined as
s:RP™ — P(m,n)
{z,-z} — [z,[1,0,...,0]].
The composition p o s is the identity on RP™ and the induced map p* from
H*(RP™) to H*(P(m,n)) is injective. In particular, if ¢ is the non-trivial element
in HY(RP™;Zy), then p*(t) = ¢ and
(43)  w(By) = w(p' TRP™) = p* (w(TRP™)) = p*((1+ ™) = (1 + )™+,

Now we turn to the computation of w(Es3). Let n be the tautological bundle over

RP™. Consider the bundle
Ey=E, @R p™n,

where the underlined notation R stands for the trivial real line bundle. Each vector
of E) based at the point [z, [y]] has three coordinates: an ordered pair («, @) for
some a € Home((y), (y)1), a real number p and a real vector Az lying in the real
subspace of R™*! spanned by x. Note that a different choice of the representitive
of the point [z, [y]] will result in a change of the sign of A, so each vector of E} can
also be represented by a pair

{(Z‘, [y]a a, W + )‘Z)a (—J), [?], a, b — )‘Z)}
where a, A € R, or equivalently, a pair of the form

{(l‘, [y]a @, Z)a (—1’, [g]a a, 2)7 z € (C}

Define £ to be a real vector bundle over P(m,n), whose fiber at the point [z, [y]]
is the real vector space of the pairs {(z, [y],u), (—x,[y], %)} with u € (y) c C*T1.
The real vector bundle £ has rank 2. Note that £ is not a complex bundle, at least
not in the obvious way. Actually the computation will show that w; (&) # 0.

It is known that TCP™ @ C = f]ée (1) Where the nc is the tautological bundle
of CP™ (see [2] for example). Let

¢ : TCP" & C = Home(ne,ng) ® C — r’]g(nﬂ)

be the isomorphism between the bundles and let ¢, be the restriction of ¢ on the
fiber of TCP™ & C over [y], mapping from Home((y), (y)*) ® C to (g)®+1),
Using ¢ we can define a bundle map

9273 . Eé N g@(nJrl)
{(Iv [y]’ Q, Z)v (71'7 [g]v Q, 2)} = {(Iv [y]a ¢[y] (av Z))7 (755, [5]7 (rb[y] (OL, Z))}

The map gg fixes the base points and is linear on each fiber. Since ¢ is a bundle
isomorphism, the map ¢ is injective on every fiber hence a bundle isomorphism too.
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Since the Stiefel-Whitney classes of conjugate complex bundles are the same, we
get
(W)™ = w(E™H) = wg ")
= w(Ey) = w(E2 ®R & p™ne)

= w(Ea)w(p™nc)
= (1+ cJw(Es)
~ (w()" !
(4.4) w(Bp) = = -

Now we only need to compute w(§).

Let ¢ be the covering map S™ x CP™ — P(m,n), 71 be the projection S™ x
CP™ — S™ and mo be the projection S™ x CP™ — CP™. Consider the diagram
below:

TN ———>§

| |

§m x CP" —L> P(m,n)
where

f(xv [y]vu) = {(xa [y]vu)’ (_mv [g],ﬂ)}

The diagram commutes and f is a linear fiber-wise injection. Thus it is a pull-
back diagram and

(4.5) ™5 (1e) = ¢7(§).-
By the Kiinneth Formula, we have
H*(S™ x CP";Zs) = H*(S™;Z2) @ H*(CP"; Zs).
_ The induced map 73 sends generator of degree 2 of H*(CP™) to the generator
d of H°(S™) ® H?(CP™) = Zy. Combined with (4.5) we get

(4.6) ¢"(w(©) = 73 (w(ne) = 1 +d.

When m > 1, S™ x CP™ is simply connected so that ¢*(c) vanishes. When
m = 1, the induced homomorphism ¢, between fundamental groups is the map
from Z to Z multiplying by 2. Thus the restriction of ¢* on H'(P(m,n)) is the
zero map if we use Zs-coefficient.

To conclude, ¢*(¢) = 0 holds for all m. Using (4.6) and the fact that & is a rank-2
vector bundle, there are only four possibilities for w(¢):

1+dl4+c+dl+d+c1+c+d+

In order to determine the coefficient of terms c and ¢2, consider again the section
s : RP™ — P(m,n) which sends {z, —z} to [z,[1,0,...,0]]. The induced map s*
of cohomology is a surjection mapping ¢ to a, where a is the generator of degree 1
of the polynomial ring H*(RP™;Zs) = Zs[a]/(a™*1). Consider a cell structure of
RP™, where the unique i-cell is the image of Cii € S™ under the 2-sheet covering
S™ — RP™. The map s is compatible with the cell structures of RP™ and P(m,n),
inducing a chain map between the cellular chain complexes. The cell [Cy, D1] does
not lie in the image of s, so by duality s*(d) = 0.
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By the definition of pull-back bundles, the fiber of s*¢ at {x, —x} consists of the
pairs
{(z,[L,0,...,0],[2,0,...,0]), (==, [1,0,...,0],[%,0,...,0])},

for z € C, or equivalently, the pairs

{(.I, Z)v (71" 2)}

for z € C.

The pull-back bundle s*¢ can be decomposed into a direct sum of two real line
bundles & and & by separating the real and imaginary parts of z. To be precise,
the descriptions of £; and & as subbundles of s*¢ are given by

& {(z,s), (—x,8) : s € R} = {z, —x},
& {(z, i), (—x, —ti) : t € R} — {z, —x}.
The line bundle &; is trivial while & is non-trivial because no nowhere zero

section of & can be found. Since w; classifies real line bundles completely and
H'(RP™:;Zs) has only one non-zero element a, it can be deduced that

(4.7) s (w(§)) = w(s™¢) = w(&)w(z) =1+ a.
By (4.6) and (4.7) we know that
(4.8) wé)=1+c+d.

By (4.2), (4.3), (4.4) and (4.8) we can deduce that
w(E) = w(E)w(Fy) = (1+¢)™(1 4 c+d)" .

5. THE GENERATORS OF THE UNORIENTED COBORDISM RING I

By [1], the ring 9t is isomorphic to the polynomial ring Fo[xa, x4, x5, .. .| with
exactly one generator xj, for each dimension k # 2" — 1. We will identify represen-
tatives M, for each dimension k.

Theorem 5.1. For any k # 2" — 1: if k is even, let My, = RP*; if k is odd, let
My, = P(2" — 1,2"s), where r > 1, s is a positive integer and k + 1 = 2"(2s + 1).
Let z, € N be the cobordism class containing My. Then N is isomorphic to the

polynomial ring Falze, x4, x5, ... ].

Proof. Recall that for the manifold My, we may view the n-th Stifel-Whitney class
of T My, as the elementary symmetric polynomial of degree n in formal variables
{t;}¥ | in degree 1. In practice, one can consider the polynomial

N

(5.2) q(t) = thwaj(TMk)
=0

and the t;’s are just roots of ¢(t). Here we adopt the convention that wg = 1.

In order to prove that the cobordism ring is freely generated by the classes
[M}], we only need to verify that M}, is not cobordant to the sum of products of
lower dimensional manifolds. By Thom'’s result, this is equivalent to proving that
SNtk € H¥(My; Zsy) is non-zero.

=1"
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If k is even, M}, = RP* and w(TMy) = w(TRP*) = (1 + ¢)¥*1, ¢ being the
generator of degree 1 of H*(RP*;Zy). Thus

N
q(t) =Y twy_(TM;) = (t+c)F .
=0
Sot; =+ =tgs1 = c and
k+1

St =(k+1)c"=c" #£0.
i=1

If k is odd, write k + 1 as the form 2"(2s + 1) where » > 1 and s > 1. Let
m =2" —1 and n = 2"s. By the computation in the first section, we have

w(TMy) = w(TP(m,n)) = (1+c+d)" (1 +c)™.
Therefore one can take the ¢; to be the roots of the polynomial
q(t) = (B + et +d)" T (t + o)™,
Let z,y be the two roots of t? 4 ct + d. Then z and y satisfy the relation
r+y=c, xy=d.
Let s, = 2" + " for any positive integer . Then we have

(5.3) th = (n+1)(z" + y*) + mc* = 5.

Thus we only need to prove that si # 0.
In low degrees we have s; = ¢ and s = (z + y)? — 2xy = d. Moreover, we have
the following inductive relation for r > 3:

(5.4) Sy = 8187_1 + S28,_1 = CSp_1 + dS,_o.

Note that we are working with Zs-coefficient so the sign does not matter.
We can show by induction that

L r—i-
55 = r—2i gi

for r > 1. Here we assume that (’;) =0if b > a or a <0, with the exception that
(8) = 1.. Indeed, (5.5) holds for r = 1,2. Now assume it holds for all degrees below
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r. For degree r, by (5.4) we have
Sy = 818r—1 + S28r—1

= CSp_1 +ds,_o

=2, =22, g
— r72i71di d r72if2di
ey (T )

i=0 i=0
e TE IR =272, g
_ r—2i g r—2i—2 ji+1
D S G R Sl U Ee
=0 =0
L r—ioo L r—ioo
_ r—2i i r—2i i
= ( ; )c d"+ Z ( i1 )c d
=0 i=1
[r/2] .
—i-1 y
_ (7" Z >Cr—21dz
i=0 !
which indicates that (5.5) holds for degree r.
When r =k,
N (k—i—1\ 4 0 (m+n-—1 2"(s+1) —2

By (5.3), in order to prove that My, is indecomposable, we only need to show that
(*"5fD72) is odd. One way to compute (%) mod 2 is to write a and b in binary.
The binomial number (Z) is odd if and only if every binary digit of a is greater than
or equal to that of b. In our case where a = 2"(s+ 1) — 2 and b = 2"s, the binary
representation of a can be obtained from the representation of b by turning all the

0’s in the last 7 digits to 1’s. This shows that (> 71)72) is indeed an odd integer.

2"s
Combining the two cases together, we can deduce that the Mj’s are generators
of the cobordism ring 91*. (]
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