FERROMAGNETIC PHASE TRANSITIONS IN A STACKED
LATTICE ISING MODEL
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ABSTRACT. In this paper we discuss some of the mathematics behind the Ising
model, a physics model of magnet formation. After a brief introduction to the
physics, this paper will focus on the existence of a ferromagnetic state given
certain model parameters on the infinite lattice. This paper investigates an
extension of this model where we consider a finite number of stacked lattices.
We then observe how the stacked lattice model compares to the standard model
on a lattice of one higher dimension. In particular, this paper is interested in
how and where some of the techniques shown in [1] for the standard lattice
extend to a stacked lattice.
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1. SOME PHYSICS BACKGROUND TO THE ISING MODEL AND
PARAMAGENT-FERROMAGNET PHASE TRANSISION

This problem was first introduced within the physics community and conventions
are reminiscent of this origin. To prevent losing mathematicians to the somewhat
cumbersome equations, subscripts, and names this section will provide a brief back-
ground to the problem thereby making sense of some of the conventions.

As a good chemist may inform you, the magnetic properties of certain met-
als and alloys are due to the existence of “free electrons” in the spin states of the
atoms composing these metals. These electrons, located more or less equally spaced
throughout a piece of metal, have one of two spin states: up or down (colloquially
north and south). Basic magnetism tells us opposites attract, so we would imagine
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that the most stable (lowest energy) state of a magnet would be that with alter-
nating spins. Unfortunately, classical physics misses a key aspect of this story and,
in reality, the state with the least potential energy occurs when adjacent electrons
have the same spin®.

In short, free electrons cause certain metals to be magnets. This begs the ques-
tion: if magnets are made out of iron why are other iron products (like needles,
hammers, and other tools) often not magnetized? It is precisely that: they are
not magnetized. Any iron product is capable of being a magnet but it must be
magnetized first (you can do this yourself: take a steel sewing needle and place
a large magnet next to it, in a day or so you will have a small magnetic sewing
needle). You may notice that there are metals with free electrons which are at-
tracted to magnets, yet, no matter how long you put a magnet next to them, they
remain unmagnetized (an excellent example is a refrigerator door, often made out
of aluminum, spends all day and night with magnets attached but never attains a
permanent magnetic field which is why you can put a fridge magnet on backwards).
These are called paramagnets, and they are metals whose free electron interaction
is too weak to overcome entropy and become a permanent magnet. In other words,
the energy associated with a more random or chaotic system overcame the energy
associated with magnetic interactions. This causes the paramagnet, in the absence
of an external magnetic field, to lose its magnetization and revert to a more stable
chaotic state. Paramagnets can only gain a stable magnetization in the presence
of a magnetic field, thus paramagnets can be attracted to a nearby magnet, but
paramagnets lose this magnetization as soon as the external magnet is far enough
away.

One can imagine that the spins of free electrons are under a sort of ‘tug-of-war’
between the forces of entropy and magnetization. Since entropy increases with
temperature, we can affect this ‘tug-of-war’ by changing the ambient temperature.
An increase in temperature effectively dampens electron interactions by augmenting
the entropy of the system. Thus, when heated to very high temperatures, metals
that are typically ferromagnets (like iron) become paramagnets. Conversely, typical
paramagnets (like aluminum) can be cooled down to low temperatures (and so
low entropies) to produce ferromagnets. This temperature-dependent transition
between paramagnets and ferromagnets has interested many physicists. The Ising
model was developed to get a better understanding of this phase transition. Since
electrons in a metal are typically regularly spaced, we may model their locations
with an integer lattice. At every vertex of a subset of the integer lattice sits a
free electron that is either spin-up or spin-down (+1 or —1). We then suppose
that nearby electrons have interactions based on their relative spins. Furthermore,
we suppose that electrons in non-adjacent sites interact very weakly and may be
ignored because the quantum level interactions at play are extremely short range.
With these rules in place, we may apply standard statistical physics formulas to
factor in entropy and find the probabilities of given sets of configurations.

INote, we are only dealing with energy from electricity and magnetism; entropy will make some
of these states less stable. For those interested in why adjacent particles of the same spin have
lower energy, I suggest reading physics text on this model. A brief explanation is that electrons
must be anti-symmetric under exchange, thus they must be either anti-symmetric in their spin or
spatial functions. If they are anti-symmetric in their spatial functions (and thus the same spin) the
electrons will, on average, be farther apart (since anti-symmetric functions vanish at the origin)
reducing the Coulomb interaction which is much stronger than the magnetic interaction.
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The formulas are straightforward when we consider finite subsets of the lattice,
but they require more sophisticated mathematics when we consider the infinite
lattice. We will also see that the nature of the problem changes greatly with the
number of dimensions we consider. Ising, whom the model is named after, rejected
the model as trivial after observing a lack of ferromagnets in the 1 dimensional
infinite lattice. He failed to realize that there is a ferromagnetic phase transition
in higher dimensions, and the problem for the three dimensional lattice is hardly
trivial since an exact mathematical solution is still unknown.

Since the dimension has such a strong effect on the outcome of the model, this
paper will explore what will be referred to as “stacked lattices” or a finite number
of infinite integer lattices stacked on top of each other where electrons interact with
those adjacent in their own lattice as well as those ‘just above’ and ‘just below’. The
motivation for the stacked lattice is two-fold. First, in real life, not every compound
produces a lattice that is infinitely long in every direction. A common example is
the non-magnet graphite whose lattice structure is that of a small stack of layers
which extend greatly in two directions. This type of structure is better modeled by
a stack of 2 dimensional lattices than a 3 dimensional lattice. Second, the stacked
lattice can be thought of as an intermediate step between two dimensions. Since
the nature of this model changes greatly with the number of dimensions it may be
helpful to investigate such an intermediate step. With this intuition, we begin our
investigation of the magnetic phase transition of stacked lattices.

2. NOTATION AND DEFINITIONS

We consider the space €2 = SZ* where S is the possible states at a point on the
lattice, classically & = {+1} indicating the spin of a free electron, but when we
have a stacked lattice S can become more complicated. For an element o € €2, we
represent the spin at a particular site of the lattice I = (i1, ..., 44) with a subscript:
o1 € S. Finite subsets of the lattice are written as A C Z%, and we let .%#x denote
the o-algebra generated by cylinder sets of the form A = {oc € ;1 € A,o; = 51}
where sy € S for all I € A. We then let .# denote the Borel o-algebra with respect
to the product topology on 2. We write energy functions based on the interactions
of a particular subset A as Uy (o) where ¥, is a %, measurable function; if o, 7 €
agree on A, then WUy (o) = Uu (7). We define the shift map for Gg, where if w € Q,
then (Hg(w))(khm,kj’ coka)) = W(ky,.okj+i,....ka))> We can think of this as moving the
origin by ¢ in the jth coordinate.

Definition 2.1 (Absolutely summable shift-invariant potential). ¥ = {¥x : A C
7% is finite, U, : Q@ — R} is an absolutely summable shift-invariant potential if for
all i € Z% and finite A C Z? the following hold:

(1) Wp is Za-measurable

(2) Uppy =Tpo00;

(3) ¥ =224 0en jaj<oc [Walloe < 00, With ||¥allec = sup,eq [Pa(0)]

Recall that the physics behind this model suggests that only adjacent electrons
should interact, thus only the relative position of electrons should affect the energy.
Shift-invariant potentials can be thought of as this type of energy function; they
only depend on the relative position of spins. In our case, we will want U, to be
non-zero when A is the set of two adjacent particles (and so define their quantum
interaction) or when A is a single particle (and so define the internal energy, or
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interaction of a state with itself and with the ambient magnetic field h). Shift
invariant potentials will be the building-blocks of many of our %, measurable
functions. In our work, we will want to move between different o-algebras and the
measurable functions on them, one method of doing so is with something called a
Markov Kernel.

Definition 2.2 (Markov (or Stochastic) Kernel). Given two measurable spaces
(X, Z2) and (), %), a Markov kernel from (X, 2") to (Y, % )isamapm: X X ¥ —
[0, 1] where

(1) For each z € X, w(z,-) : ¥ — [0, 1] is a probability measure.

(2) Givenaset Y € #, n(-,Y) : X — [0,1] is an 2 -measurable function.

It is not uncommon to write 7(x, -) as 7, (-). We can view these as a generalization
of transition probabilities applied to measure spaces. Like transition probabilities
these kernels are particularly useful for changing the domains of measures and
functions. In particular, we will use these kernels to relate potentials on one subset
of the lattice to larger subsets. There are many Markov kernels between subsets of
the lattice, but we want some sort of definition for a collection of them which work
together nicely (we will end up calling these nice sets specifications). One such
nice property will relate to composition, so we first need to define how to compose
Markov kernels. Let f be a bounded real-valued % -measurable function, p be a
finite measure on 2", and 7 be a stochastic kernel from (X, .2") to (), %), then we
can define the following compositions,

rf(w) = /y F(y)m(a, dy)
pr(A) = [ wla Apaa).

If we think of a Markov kernel as both a bounded measurable function and a
measure, then we can combine these two definitions to compose Markov kernels.
Let m be a Markov kernel from (X, Z") to (J,#') and p be a Markov kernel from
Y, %) to (Z,%2), then we define their composition as a Markov kernel from (X, 2")
to (Z£,%) where,

mple, Z) = /y 7z, dy)ply, 7).

With composition of Markov Kernels defined, we can define set Markov kernels
which compose in a convenient way, which we will call specifications. One of the
major conveniences that we desire is an analogue of the tower property of con-
ditional expectation (the third property in our definition). In fact, most of the
specifications we will work with can be viewed as conditional expectations because
conditional expectations have these three properties ‘baked in’.

Definition 2.3 (Specification). A specification is a family of Markov Kernels II =
{ma]A C Z¢ finite} where

(1) ma is a Markov kernel from (€2, Zxc) to (Q,.%).

(2) mp is Fpe-proper: if B € Fpe, then wp(o, B) = 15(0) for all o € Q.

(3) If A C A C Z% are finite, then mpAmA = Tx

Remark 2.4. In our particular problem, we will want specifications which come from
absolutely summable shift invariant potentials. These specifications are sometimes
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called Gibbs specifications in other areas of literature. Since we are working toward
a similarly named and more important definition, Gibbs measure, we will avoid
calling these Gibbs specifications so as not to confuse the reader.

There is a fairly standard method in physics to create a specification from a
potential using a Hamiltonian. Hamiltonian functions output the total energy of a
state o C S™ for a given boundary condition. By a boundary condition we mean a
fixed w € SZ°. Given a boundary condition we can extend a finite state of o to all
of Z%: 0% € Q where for a € A and b € A¢ we have that (0), = 0, and (0%) = wp.
We can then write the Hamiltonian as a function HY : S* — R where

Hi(o) =D . (0)+ > T, (a%).

TCA ANTAD,AeNT#D

The first summation is the energy of the state and the second summation is the
interaction energy between the state and the boundary. We can see that this is
really the total contribution to the potential energy by the electrons in the finite
state o, so the concept of the Hamiltonian as an energy function is well founded.
From this construction we can define a specification Ilg in terms of ¥ and the
Hamiltonian it induces:

Seae )

ZTESA eiﬂ’HX(T) .

In the realm of physics, g is the inverse temperature, for our purposes it acts as a
variable that determines how uniform the individual measures are.

It is a simple application of the definitions to check that this is indeed a spec-
ification. At this point, we have mostly introduced notations and equations from
physics. All these equations can be directly computed and have no phase transi-
tions, but more interesting behavior happens in the thermodynamic limit. Thus,
we look at the limit as the size of our finite lattice approaches infinity. It is this
move from finite to infinite lattices where the more mathematical notation comes
in.

As we transition to infinite lattices, the definitions based on ratios of energies
will be dropped since the sums in the numerator and denominator will both di-
verge. Instead, we will consider measures and their limits. We want some sort of
infinite measure that complies with physics on finite subsets. In effect, we want this
measure to ‘project down’ to the regular physics equations (these physics equations
are compiled in our specification). In probability, conditional expectations are con-
sidered projections, and so this is how we want the infinite measure to comply with
our specification. We can see that the definition of Gibbs measure formalizes this
understanding.

A (w, A) =

Definition 2.5 (Set of Gibbs Measures). Given a specification II, we define the set
of Gibbs measures of this specification, 4™, to be the set of probability measures on
(9, .7), where for all bounded .# measurable functions f and finite subsets A C Z¢
we have that E#{ f|.Zpc} = mp f for p € 9.

We will focus our attention to Gibbs measures of specifications which are gener-
ated by our absolutely summable shift invariant potential ¥ which is derived from
magnetic interactions. As such, from now on, we will assume that a Gibbs measure
is with reference to this specification.
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The set of Gibbs measures has physical significance because its size is directly
linked to parramagnet to ferromagnet phase transitions. Consider that a ferromag-
net may be given a permanent magnetic field, but also might not be magnetized
(for example not every piece of iron you find is a magnet, but some are). We can
imagine that if a piece of iron has zero average magnetic charge, then - on average
- free electrons are going to be spin up exactly one half of the time. On the other
hand, if a piece of iron is magnetized to have some positive average charge and if we
blindly choose a free electron, then it is more likely to be spin up than spin down.
In this light, we can see that the same piece of iron can have two distinct probability
measures on the spin states. We can imagine that each Gibbs measure is such a
probability measure. Thus, ferromagnets should have a set of Gibbs measures with
more than one element?. On the other hand, we can see that this is not the case
with parramagnets. Since every parramagnet cannot maintain a magnetic field, we
can understand that any isolated parramagnet has zero overall magnetic charge.
Therefore, the probability of any given free electron to be spin up is always one
half. Thus, there is always only one probability measure on the states of the free
electrons of a parramagnet, as such we can realize that the set of Gibbs measures
of a parramagnet is a singleton set.

With this understanding, we now have a goal which is to show when certain
stacked lattices and shift invariant potentials create a singleton set of Gibbs mea-
sures or create a larger set of Gibbs measures. You may protest, asking what if the
set of Gibbs measures is empty, as it turns out the sets of shift invariant potentials
we work with always admit at least one Gibbs measure as is shown in [1]. We will
begin with the one dimensional case of stacked lattices which relies heavily on a
lemma from linear algebra.

3. THE ONE-DIMENSIONAL REGULAR AND STACKED LATTICES

We will be able to reduce the one-dimensional Ising model to a problem in linear
algebra. Luckily, the types of matrices that arise are in a fairly restrictive class:
positive, real, symmetric matrices. This allows us to obtain a result with some
fairly basic linear algebra facts.

3.1. The Eigenvalue Gap of Positive, Real, Symmetric Matrices.

Proposition 3.1. Let M be a real symmetric n X n matriz, where n > 2, with
entries M; ; such that, for all1 <i,5 <n, M;; > 0. Let \y > Xy > --- > A, be
the eigenvalues of M. Then, for alln > j > 1, Ay > |\;].

Let ey, ..., e, denote the standard basis of R™, hence Me; = Y ' | M; je;. By the
spectral theorem, there exists an orthonormal eigenbasis uq,...,u, for M where
Niw; = Mu;. Let up = Z:‘L:l xr;e;. Our method of proof uses that u; has all
positive (or negative) entries, but we will first show something more general about
eigenvectors of M with positive and negative entries. For this proof we will use the

2Tt is easy to check that the set of Gibbs measures is convex, so the existence of two distinct
Gibbs measures is equivalent to the existence of uncountably many distinct Gibbs measures.

3Upon giving a presentation on my work, it was pointed out to me that this is the Peron-
Forbenius theorem with an added supposition that our matrix M is symmetric. Symmetry appears
naturally in our problem making the facts equally useful in this paper and I am biased toward my
own proof believing it to be simpler and more intuitive than those of the full theorem.
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following notation: if v = Y"1, y;e;, then v:= Y7 | |y;|e;. Note that this preserves

the norm of v: i.e.,
191> = zjlyzl2 Zy = |lvll*.

Lemma 3.2. Let M be as in Proposztzon 5’.1. If u is a unit eigenvector of M
with both positive and negative entries and X\ is the corresponding eigenvalue, then
al Ma > |\

Proof. Write u = >_"" | y;e;. We know that if u has both positive and negative
entries then for all ay,...a, > 0 that | >0 ayi| < >oi ) a;|yil-

Now consider the action of M on the vector @ M@ = Y31, (377, Mijly;])es,
and since M;; > 0, we know that Y77 | M;;ly;| > |3°7_, My y;|. Pick 1 <
k < n such that |ygx| > 0 (such a k exists since u is not the zero vector). Since
Di1 Mijlysl > [ 255-1 Mijy;|, we know that

uTMu=i(iMi,j|yj|)|yi|
= > (3 Mgl + (ZM,JL% I

i#k  g=1
> Z (ZMZ]|yj|)|yl| + (ZM’J%)
itk j=1 Jj=1

ZZ (ZMi,jyj)yi > Z(Z ,g%) = |u” Mul.
=1 j=1 =1 =1

If we put these inequalities together we get that
al M > |ut Mu| = |)|.

Proof of Proposition 3.1. Recall Rayleigh’s Principal:
max  w! Muw.
[lw]|=1,weER™
The entries of u; are either all non-negative or all non-positive, since otherwise
Lemma 3.2 implies A < @1t Mug < MAaX||y|[=1,weR wl Mw = .

Without loss of generality, let the entries of u; be non-negative. We claim that
they are all positive. Observe that the first eigenvalue is positive since, by Rayleigh’s
Principal, A\ > e{Mel = M1 > 0. Then, letting u; = Z?Zl Trek, there exists
some 1 < k < n where x; > 0. Hence, for every 1 <i < n,

= Z?:1 M; jx; _ Z?:l,j;ék M; jx; n M; .y, S M; oy, > 0.
A A AT A

Thus, u; has all positive entries. Now, let ¢ > 1. Eigenvectors are orthonormal,
u1 -u; = 0, so u; must have both positive and negative entries. Applying Rayleigh’s
Principal and Lemma 3.2, we conclude that

A > Mg > |\l
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3.2. Proof that the One-Dimensional Stacked Lattice Represents a Para-
magnet. Consider instead of a state space S = {£1}, we viewed an n-tuple of
plus and minus ones which represent multiple lattices stacked on top of each other:
S ={x1}" ={(x1,...,2n);z; € {£1}}. We will still preserve the nearest neighbor
interaction, as such the ith element of each n-tuple will interact with the ¢ + 1 and
1 — 1 elements of the same tuple as well as with the ith elements of the adjacent
tuples. Though this may initially seem complicated the only information about this
interaction that will be important for our investigation is that only adjacent tuples
will interact.

For two adjacent points of the lattice a ~ b € Z%, with spins ¢, = (0‘((11)7 e ,a(gd))
and o, = (0151), ceey algd)), the standard shift invariant potential of their interaction

is \I/{J;;Lb} (o) = >, —Jafli)algi), the internal potentials are given by \I/{Ja}; (o) =
S (—he) + S (=0 6lt), and WM = 0if A =0, |A] > 2, or A = {a, b}
where a % b. Given a fixed boundary condition, w €  we can then write the

Hamiltonian as a function H¢ : S* — R where

H{(0) =D Ur(o)+ D Tpapy(o®).

TCA a€,bedA
This can be an intimidating expression when written generically, for our investiga-
tion this is simply the nearest neighbor interactions within and across the boundary.
Sometimes it is convenient to alter this definition somewhat and define the Hamil-
tonian as a function on €. First, consider the projection ¢, : Q — S*, where
for all @ € A we have that pp(0), = 0. We can then define Hy : 2 — R so
that 7, (0) = H% (oA (0)). One reason this is nice, is that H is a .#, measurable
function.

When working with Gibbs measures on all of Z, it is important to note what are
our measurable sets. When working with the Borel o-algebra, we often consider a
basis of the topology which for the product topology is the collection of cylinder
sets. Cylinder sets contain all the elements with certain spin states on a finite
subset of the lattice. Formally, C' C 2% of the form {0 € Q;0, = w,Vz € A} for a
finite A and fixed w € S* (note, 2 is the power set of Q). These sets generate .7
and so a Gibbs measure p is determined by the measure of cylinder sets.

By Tychonoff’s theorem we know that the product of compact spaces is compact.
S has only finitely many states it is clearly compact. Thus, we know that Q = S
is compact. Compactness is used in [1] to show that set of Gibbs measures is
non-empty. Our goal is to prove ¢ is unique for one-dimensional stacked lattices.
When it is unique, we say that the system represents a paramagnet. If there are
multiple Gibbs measures, we say that the system represents a ferromagnet. We
can understand the physics behind these definitions by noting that a paramagnet
can hold no permanent magnetic field, so all stable (low energy) systems have no
magnetic field and are the same under the “zoomed out” view of the infinite lattice.
Whereas, we know that ferromagnets can hold permanent magnetic fields of various
strengths which relate to the different measures on the lattice.

Theorem 3.3. For all 3,J > 0, h € R, and n € N, we have there is a unique
Gibbs measure on Q = ({£1}")%.

Proof. Let p € 4 be a Gibbs measure, we wish to show that for all Borel measurable
sets A that p(A) has a unique value. We can note that cylinder sets generate the
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Borel o-algebra, so it suffices to show this for cylinder sets A. In fact, without
loss of generality, we can further restrict A to be the cylinder set where [—m,m] is
given. Fix one such value of m and the set A = {0 € Q;0;, = «; for |i] < m}, for
some o € SI=™™ Our goal is to show that p(A) is unique.

Consider the following collection of measurable functions Yi = E°{14[.F [, _p },
for k < 0. We can note that these form a reverse (or backwards) martingale with
respect to the filtration .#* = Pk, —k)e (for k < —1). To show this is a reverse
martingale we need E°{Y; 1|.#*} = Yi. Unpacking the definition of Y, we note
that EP{Yyy1|FF} = EP{EP{14|.ZFH1}|.ZF}. Since F* € FFF1) we may use the
tower property of conditional expectation to show that

EP{EP{1A|FF T} .FFY = BP{14]|.7") = Vi,

So, indeed, Yy is a reverse martingale. By the reverse martingale convergence
theorem, we know that the Y} converges almost surely and is in L'. What we will
show next is that this limit is a constant independent of the boundary conditions.

Notice that Y}, is a random variable and the only elements of [k, —k]° that interact
with [k, —k] are those on the boundary. As such, we can view Y} as a function on
the boundary of [k, —k] which is simply an element of S where the first entry is the
state on the left boundary and the second entry is the sate on the right boundary.
So, consider w € S? we want can think of this as the leftmost and rightmost edges of
the boundary of [k, —k]. Formally, we can allow a transformation T}, : S? — SF—#°

w1 1>0
Telw)i = {wQ i <0

to provide a formal way of recognizing the boundary term as only an element of
S?. We can then consider Y (w) = Y3 (Tk(w)). We will want to show that for
every sequence of boundaries {0 € S[k’*k]c}, the limit limg_, o Yi(og) is the
same value. Equivalently we can show that regardless of the sequence {pw € S?}
the limit limy,_, o Y% (rw) remains the same value. We will do this by writing out
the expression for Y. Note that this expression is trivial when |k| < m and does
not affect the limit, so without loss of generality, we will consider when |k| > m.
We will be summing on both sides of the interval [—m, m], to simplify notation if
7 e Skm o e Sl=m™ and p € ST H, then we will let 7 x a x p € SF—H
where
w4 € [k,—m)
(Txaxpi=<a i€[-m,m].
Pi i€ (mv *k]
so we will In this case we can write
Ty (w
o S st m Zpes[mv’k] e—BH[kIf(,;](Terxp)
Yk(w) = T (w)
—BH ()

k,—k]

ZTgs[k,—kl €

This formula, as is, does not appear very illuminating, but there is a trick to

deal with sums of these exponentials using matrices. Consider the component of

the quantum interaction between two adjacent points on the lattice, @ : S xS — R
where

n—1 n

Q((a;)y, (b)) = exp (_5(2 —Jaibi+Y_ —J/2aiaig1+bibi1)+ D —h/2(ai+bi)).

i=1 i=1 i=1
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With this notation we can write e #H-##1(7) a5 a product,

—k
e—ﬁHﬁcﬁk](U) — eg(cb(k—l}(w)"l‘q){l—k}(w)) H Q(Ufﬂoﬁkl)'
i=k—1

The exponential term out front simply cancels the extra internal energies that are
included in the product. Since this is just a constant factor and is only dependent on
the boundaries it will float around in our computation for a bit before canceling out.
Until then, for the sake of more concise notation, let Z¢ = ef/2(® (k-1 (@) +2p-13 (@)

Note that @ is symmetric in its indices, Q(z,y) = Q(y, ). Furthermore, that
Q(z,y) outputs the exponential of a real number, so the image of @ is the (strictly)
positive reals. We can use this notation to create a 2™ x 2™ matrix of the possible
outputs of Q(a,b). For ease of notation, create a bijection f[1,2"] — S (you may
think of this a binary notation, but the exact bijection is irrelevant), then we can

define a matrix Q = (Q(f(l),f(]))) . The beauty of this notation, is that for

)

1<jeEZL

J
Z e_BH[i,j](a) = Zw Z H Q(O’;’J7J;d+1) = Zw(Q]_l+2)f—1(wi,1),f—1(Wj+1)'

oeSli,j) oe8li,j] l=i—1

We have now pushed through the more cumbersome notation of sums of Hamil-
tonians to get the power of a matrix Q. Observe the nature of this matrix, Q.
The function @ is symmetric in its indices, thus we know that the matrix Q is
symmetric. Next, since the function @ has its image on the positive reals, Q has
positive real entries. Proposition 3.1 proves that Q has an eigenvalue gap. Order
the eigenvalues of Q, as A = A1 > Aa--+ > Aan. We will want to consider Q/A
and (Q/))%, the latter has eigenvalues of 1 and ()‘—/\J)Z the second type is shirking
geometrically with respect to 1.

With this analysis done, we can start computing the limits and finding limy,_, _oo Y.
We will start with returning to the earlier sum and expressing it with matrices:

Y Zwes[kvfm] Zpeslm,w e PHk, w1 (mp)
k(W) S e e~ PR

2PN e T Qlen 0 ) QPR
Z9Q5 "

Notice that the factor of Z“ cancels on top and bottom meaning the only bound-
ary terms left are in the entry of the matrix Q. We will now show this is small by
replacing Q with Q/A. To keep the notation concise, let C' = H;’:_lm Q(a;, aiy1)
since we will be treating it as a constant from here on. Also, let {u;}?", be the
unit eigenvector basis of Q with corresponding eigenvalue \ for u;. Let {e;} be the
standard basis of Q, so e?Qei = Q, ;- With this done, the previous fraction can
be rewritten as

2—k—m 2—k—m
(e?fl(wk,fl)Q ef‘l(afm))(eifpfl(am)q €f-1(wik))

=Cox "
2—2k
e?’l(wk—l)Q Ef=t(wik)

(€f1(wp_r) ~u1)(€f—1(wr_p) - u)(€f-1(a_,) - u1)(€f-1(a,,) - u1) + o(1)
(Ef—l(wkil) . Ul)(@f—l(wlik) ~u1) +o(1)

— C)\—Qm,
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Where in the numerator the
on
o(1) = 3 /N> (e g1y i) (€1 wr ) 1) (€51 () i) (€1 (a) ~ i)
i=2
and in the denominator
on
0(1) = Z()‘i/A)Qi%(ef*l(wkfl) ’ ui)(effl(wlfk) ’ ul)

=2

—k
w> which goes to

both of which are bounded by a constant times (

zero as k approaches negative infinity. Thus, we can see that
im V() = CAT2 (eg-1(a_ ) - t) (€42 () - 01) = Cpn(A)

which is a constant that only depends on h,S and the set A, importantly it is
independent of the sequence of boundaries {xw}.

We have now shown that the limit of the inverse martingale Y} is depends only on
A, h, and 3, but we next need to show that this shows that the p(A) is likewise only
dependent on A, h and 8. Using dominated convergence, we can use the following
string of equivalences,

p(A) = EP{14} = EP{E/{14|F"}} = kErPOOEP{]EP{]LMﬁ’“}}
=E{ lim EP{14|.7*}} = E{Cu,n(A)} = Cun(A).

We have shown that p(A) is dependent on 8, h and A. Thus, for a fixed S, h,
and A there is a unique value of p(A), and so we have shown that a fixed value of
£ and h that p is unique, so ¥ is a singleton set. |

This proof is an extension of that described in [1]. The move to stacked lattices
has little effect on the method of proof and requires only a more general linear
algebra argument. Unfortunately, the proof method for the 2 dimensional lattice
will not extend as nicely to the stacked lattice and will require some non-trivial
reframing of the problem. This is not too surprising when we realize that the
point of phase transition is still open for the three dimensional lattice. With the
current method of stacking we can, in the limit, approach the lattice of one higher
dimension but only with more limited boundary constraints. A cylinder set in a
2m+1 stacked lattices where ([—m, m]™)€ is given is similar to the cylinder set of the
higher dimension where ([—m,m]"*1)¢ is given, but it is neutral for the boundary
terms in the n + 1 direction. If there was a phase transition for all stacked lattices
of dimension n for a 8 and h, then there would also be a phase transition in the
lattice of one higher dimension. This is because reducing boundary constraints
can only increase the number of possible Gibbs measures (i.e., a positive boundary
in all n + 1 directions should have a greater affinity toward positive spins than a
boundary where n dimensions are positive but the n + 1st is neutral). In this way,
if a stacked 2 dimensional lattice represents a ferromagnet for a S and h then so
should the 3 dimension lattice for the same  and h. Thus, the stacked lattice
can find a lower bound on the critical 3 for the higher dimensional lattice*. Tt is

4We can imagine that this lower bound improves as we increase the number of stacks, possibly
to the true value
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therefore not surprising that as we move to stacked two dimensional lattices, the
[ of a phase transition inherits some of the difficulty of the 3 dimensional phase
transition problem.

4. Two-DIMENSIONAL PHASE TRANSITION IN A STANDARD LATTICE

We will start our analysis of the two dimensional stacked lattice with the standard
two dimensional lattice. We will see that the standard techniques do not generalize
as well as they did in the one dimensional model, and we will reconcile the techniques
by reworking the problem.

We will use the idea that there is a symmetry between positive and negative
spins. The equations are identical after flipping every spin of a lattice (including
the boundary terms). This is inherit in the shift invariant potential which, when
h = 0, is only dependent on relative spins o;0;. We will use this symmetry to
analyze our space.

We will need this new technique since the trick used in the one dimensional
case proved the uniqueness of a Gibbs measure. Whereas we are now proving the
existence of multiple Gibbs measures. Our method will be to produce two Gibbs
measures and to show that they are distinct for large enough g by showing that
they given two different probabilities to the same event.

Theorem 4.1. For all § > % the single lattice 2 dimensional Ising model with

no external magnetic field, h = 0, represents a Ferromagnet.

Remark 4.2. Notice that the 8 for which the model represents a ferromagnet de-
pends on J, this comes from physics where the value of J is fixed by the materials
of the magnet and the value of 3 can be changed®.

We begin our proof by constructing ‘positive’ and ‘negative’ Gibbs measures, p
and v. Our goal is to show they are distinct for large enough 3. Consider that we
can define a Gibbs measures as the weak limit of the measures on finite subsets of
the lattice. Let P € Q where P; = 41 for all 4, and @ € 2 where Q; = —1 for all
i. We can then define for any cylinder set A C .# that p(A) = lim,_,o 7, (P, A)
and v = lim, 00 5, (Q,A) where B, = {(i,j) € Z%|i| + |j| < n}. We can
think of these as the limit of positive boundary conditions and negative boundary
conditions. We can imagine that these are the two extreme Gibbs measures and
are as positive preferring and negative preferring as possible.

Our goal is to show that p # v. Consider the event A € % where A = {0 €
00,0y = 1}. We will show that p(A) # v(A). We can imagine that p is positive
preferring and want to show that p(4) > 1 by bounding p(A¢). We will follow [1]
which uses a trick with contours. Contours are objects in the dual lattice. The dual
lattice is simply the dual graph of the standard lattice; the edges of the original
lattice are the vertices of the dual, we connect two vertices of the dual if they
represent edges that are incident on the same vertex. Readers looking for a more
precise work can look into any book on graph theory for the concepts of a dual
graph. With this definition we can define a contour.

5Some mathematics texts (such as [1]) bundle these two values together caring more about the
different behaviors than the physical interpretation.
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Definition 4.3 (contour). For a finite subset of the lattice A C Z? with boundary
w, a closed simple walk, v, on the dual lattice is a contour in o € {£1}* if every
vertex v; represents an edge between two points a;, b; where oy, o7 = —1.

Colloquially we can view this as a path that separates spin up locations and spin
down locations. Notice that the contour can include edges between a point in A
and a point on the boundary. Since this is a closed path in 2 dimensions there is a
good notion of inside and outside the contour (the finite subset of the plane and the
infinite subset). We can make this notion rigorous by saying a vertex is enclosed
by the contour if every infinite simple walk starting at a vertex contains two points
which are connected by an edge which is an element of the contour.

Now note that for n > 1 that for o € {:1}5" where 099y = —1 then there exists
a contour 7 on o enclosing (0,0) (here it is crucial that we allow elements of the
contour to represent edges between a subset and its boundary). The benefit of this
is that we can count the number of contours instead of the number of states (this
will over-count somewhat since a single state can have multiple contours containing
the origin). We want to have an upper-bound on the number of contours so as to
have an upper-bound on the number of states where the origin has the opposite spin
as the boundary. For simplicity of notation let I'y, denote the set of closed simple
walks of length k on the dual two-dimensional lattice which enclose the origin and
I' = UgenT'k be the set of closed simple walks enclosing the origin. The following
lemma will put a bound on the size of these sets.

Lemma 4.4. For all k > 1, we have that |T| < 4k - 3¥—2

Proof. Since we know that for every v € T';, that one of the edges {(0,4), (0,4 + 1)}
for 4+ > 0 must be in ~ since v encloses the origin. Furthermore we know that
since v must also contain one of the edges {(0,7), (0,7 — 1)} for ¢ < 0 and must
be a connected path, it cannot contain a point more than a distance & from these
vertices, thus one of {(0,i), (0,4 + 1)} for i € [0,k — 1] must be in 7. We can say
that there are then k choices for one of the vertices of v € T'.

Next, if we can note that there are only 4 adjacent vertices to this initial point,
and since the path is simple after the second point there are at most 3 adjacent
vertices which can be a valid next step in the simple walk. We can put these
numbers together to see that assuming k > 2 that |T'y| < 4k - 3¥72. We can also
note that there is no closed walk for k < 2, so |[T'| = 0 < 4k - 382 for k = 1,2.
Thus, the bound holds for all & > 1.

O

Our proof will revolve around the nature of spin flips. Given a subset of our usual
finite subset of the lattice A ¢ A C Z2?, we can define a spin flip transformation
FR{ : {£1}* — {£1}* which flips the spin in A;

—0; 1€ A
Fﬁ(a)i - {Oﬂ i€ A

This is clearly a one-to-one transformation on S*. For a contour v will consider
subsets A, = {i € A;1 is enclosed by v} and the transformations F é\w to compare
the likely-hood of having a negative spin at the origin to having a positive spin
and so show that p(A) > 1/2. Since our only definition of p(A) must deal with
projections down to finite subsets let "A := {o € SB";O'(()’O) = 1} which is the
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projection of A onto SP».With these definitions we are ready to preform the major
computation for Theorem 4.1.

Lemma 4.5. For § > %, we have that p(A) > 1/2.

Proof. We will work in reverse to show that p(A¢) < 1/2 since p is a probability
measure this will imply desired statement.

We start by simply unpacking our notation, remember for this problem h = 0
and we will be using the positive boundary condition P.

e MG, (@)
(A7) = Tim 7, (P A7) = Tim, S —BHE, (1)
ZTESB" € B
We want to more closely look at this summation in the numerator. Consider that
for every o € ("A)° we know that there is a contour, ~, enclosing the origin. Fix a
closed walk v on the dual lattice consider the subset of (" A)¢ where 7 is a contour

for the positive boundary condition: ("A)S := {0 € ("A);~ is a contour in ¢*}.
Since every o € ("A)° has a contour, we can say that ("A)¢ = U,er("A)5, note

that these sets are not necessarily disjoint (their overlap is small enough to allow
the bound we desire). With this notation we can bound the sums in the limit,

—BHE (o 0o —Bﬂpn(o)
p(A°) = lim Zae(nA)ce BHE,, (o) < lim Zkzl Zverk Ege(nA)%e B |

n— 00 ETEan e*ﬁHﬁn (1) — nooo ZTGSB” e*ﬂ’*—lﬁn ()
Now we are ready to apply the spin flip, fix a contour of length k, v, and
o € ("A)S. We want to compare Hp (o) with HE (Ff: (0)). We can unpack
the Hamiltonian into internal energies, interactions not along an edge of -, and
interactions along an edge in v. With A = 0 the internal energies are zero so the
spin flip does not change the value. The interactions are always based on ¢;0;, so
if i,j € A, then FR"(0)iFx"(0); = (=03)(=05) = oi0y, if i,j & A, then it is

simply Ff: (a)iFf: (0); = 0;04. Now, the third case were the edge connecting i

and j is an element of 7y so i € Ay and j & A, then F\" (cr)iFf: (0); = —(040j) =
—(—1) =1 =0;0;+2. Now, we know that if a contour is of length k then there are

exactly k such interactions which change and the rest are unaffected by the spin
flip: HE; (Fa"(0)) = Hp, () +2Jk. We can use this to bound p(A°),

_ P
PO Zverk Zae("A); e M5, ()

C < .
pA%) < Tim, S g € P (D)
—BHE (FR™ (0)—28kJ
= 1 Zzozl Z’YGFk ZO‘G("A),‘; € Bn WAy (9
= nl—)rr;o Z csB e—,B’Hgn (1)

~BHE,, (FA (0))

= X:UE("A)C €
3y e Eeee
n—oo —BHE (7
It veTy ZTeSBn e M5, (7)
Recall that Ff: is a bijection from {41} to itself, so we know that the multi-
set FE:(("A)E/) is a regular set {Ff: (0);0 € ("A)S} € 8O This implies that

01t is important to track where our over-counting is. We can note that sets defined by separate
contours may have overlap, but the set defined by a single contour has each state at most once.
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-k (¥R (o)
Yoemage

the fraction is less than or equal to 1. Using this, we can

-BHE (7)
ZTeSBn € Bn

continue our computation that

p(Ac) < nlggoi Z e—QﬂkJ(l)

k=1~€ly
and by Lemma 4.4 this is less than or equal to

lim Z4k3k 2 72[‘3’(}] Z4k3k 2 72Bk2]

n—o00
k=1

Finally, we may apply the supposition that 8 > %,

> 4 e
k=2 ,—k(In(3)+1) (In(3)—In(3 -k _ %
SI; 4k3 Zke Zke =T
O

Note that this bound on the critical 8 is by no means tight, the real critical
temperature is 5. = w [1]. Yet, in this paper, we are more interested in
showing that there is interesting behavior over precisely determining the conditions

for this behavior. Speaking of which, we still need to finish off the theorem.

Proof. We know that p(A) > % by Lemma 4.5. Furthermore, we know that if
h = 0 there is a global spin symmetry: the Hamiltonian only depends on relative
spins. As such, we know that for any finite subset, A C Z?, and spin state on said
subset, ¢ € S* we know that HE (o) = Hf\?(F/\xa) Furthermore, it is true that
Fg:’ ("A) = ("A)° and Fg: (8Bn) = 8B, Thus, we know that

ZUG“AHQ ( ) ZUE HP ( )
v(A lim ———————2—— = lim
4) = nTe0 Y eshn HB (r) e ZTGSB" Hp. (1)

= p(A%) < 5 < p(A)

Thus, we know that v(A) < p(A), so these are two distinct Gibbs measures
and so ¢ is not a singleton set, thus by definition the Ising model represents a
Ferromagnet. ([l

5. EXTENSION TO THE TwWO-DIMENSIONAL STACKED LATTICE

Unfortunately, the method shown in section 4 does not translate well to the
stacked Lattice. We can see this by understanding that the concept behind the
spin flip no longer holds. The first hurtle comes with defining a contour; the same
trick would require a higher dimensional analogue of a contour. One option would
be to invent a new object to fill this role in higher dimensions. If, instead, we wish
to continue to use one-dimensional contours we can only look at them on one layer
of the lattice. This brings its own issues since it is not clear which spins to flip
given a contour. There are two a priori choices: flip only the spins within the layer

The over-counting happens in the summation outside of the fraction, not the summation within
the fraction.

<

1
2
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of the lattice which has the contour or flip these spins as well as flip the spins of
the layers above and below them.

The first option of only flipping the spins in a single layer of the lattice has the
issue that there is no consistent reduction in energy as there was before. For the
standard lattice, the energy after the flip dropped by e=287% here there could also
be increases in energy from the flip coming from the vertical interactions. Notice
that the number of vertical interactions grows with the area within the contour
which can grow at a rate much faster than the length of the contour. Regardless
of the relative strength between lattices, so long as it is non-zero, the vertical
interaction will dominate in the limit and make for inconsistent changes in energy
after a spin flip.

The second option is to flip inside the contour as well as all the sites above
and below the contour. This eliminates the issues caused by vertical interactions,
but creates a new issue. The interactions on other layers of the lattice could cause
increases in energy after the spin flip. Luckily, the size of this increase is bounded by
the length of the contour. If the lattice with the contour has stronger interactions
than the lattices above or below it, then this method can work. Physically, we can
imagine this as two layers of different materials with different J constants such as
iron and aluminum.

Suppose that now the spin states S = {£1}?, were the interaction strength on
the ‘top’ layer (or the first term) is J and the interaction strength between sites on
the bottom layer is J’. Finally, the vertical interaction strength will be V', but in
our more limited technique, the value of V is irrelevant. Formally, we can define the

absolutely summable shift invariant potential @‘{]&Jg’}v’h(a) =—J U((Ll)aél) —J 01(12)0152)
for a ~ b, ‘I){J;l{’v’h(a) = -Volog® —h(at(zl) +J<(12)), and for [A| # 1,2 0r A = {a,b}
for a £ b @X’J,’V’h(a) = 0. Notice that for A = 0 that the internal energy at any

location a only depends on the relative spins 021)01(22). We can also extend are
definition of spin flip to the stacked lattice, for A C A C Z? define FA : S* — S
such that for j € {1,2},

(G2
A G) _ J—oy’ i€A
(FA(O'))i = {UQ) igA

As with the single lattice, notice that F4 is a bijective map from S* to itself. We
can define contours on the lattice with the expanded state-space by simply ignoring
the ‘bottom layer’, in other words a closed simple walk, -, on the dual lattice of
72 is a contour of o € SZ° if for every e € v represents and edge {a,b} where
Uc(ll)aél) = —1. We can then see that if v is a contour of o with A, € A and a
boundary condition w € € then for h = 0, ’HX(FA\w (0)) > 2k(J—J")+H{ (o). Thus,
by following the old proof we can find a sufficient § for ferromagnetic properties
regardless of the vertical interaction strength.

Proposition 5.1. For allV eR, J>J >0, if 5> ;?&?j,l) and h = 0 then the 2

dimensional stacked lattice Ising model represents a ferromagnet.

Proof. This will be a more condensed version of that seen in the proof of Theorem
4.1. Consider that we can still use the bound of |I';| given in Lemma 4.4. As
such, we can define two boundary conditions P, N € Q where P(; jy = {1,1} and
N ;) = {—1,—1}for all i, j € Z. Furthermore, let p(-) be the weak limit of 75, (P, -)
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as n goes to infinity and v(-) be the weak limit of g (N,-) as n goes to infinity.

As before, define the Borel measurable set A = {0 € Q;O’(((l))o) = 1}. There is a

symmetry of spins since h = 0 so p(A) = v(A°) = 1 —v(A). It suffices to show that
p(A) > 1/2.
This is done much the same way as before, define the projection of A onto SP».

We define "A = {0 € SB";UEé)O) =1} C 25" Given a closed simple walk on the

dual lattice, 7 we can define ("A)S = {0 € ("A4)%~ is a contour in oP}. From here
we can repeat the computation done earlier:

P
ZUG("A)C e_ﬂHBn (U)
p(Ac) = lim TB, (P7 AC) = lim
n— oo n—oo Zrean e*ﬁﬂgn ()
_BHE
< lim Yr1 Yery Loe(rays € ()
< h
n—00 Zfean e—ﬂ?—lgn (1)
_ g —BHE (FBno)
: Zzozl Z'YGFk e PMI=TD de(nA)c e Bn it Ay
< lim = (T)W
n— 00 ZTGSB" B E
e (o]
< 1i 7ﬂ2k(v]*J’) . . k—2 7ﬁ2k(]7]l)
<Jm > ) e < lim ) 4k-3*7%
k=1~€ly =1
S 1
< li . ak—2_—k(In3+41) -
< nh_)ngozélk 3" ¢ < 5

k=1
Thus, we have shown that p(A) > 3 > v(A4), thus p # v and there are two
distinct Gibbs measures for the stacked lattice, thus the model represents a ferro-

magnet. 0

This proof is a rather brute force application of the previous techniques to the
stacked lattice. Our method required some non-trivial reworking of the problem to
consider the two different interaction potentials. Nonetheless, what is interesting is
this proof works completely independently from the strength of the vertical interac-
tions, V. These interactions should have some effect because we can imagine that
as V grows the model becomes more like a single lattice with interactions J + J'
and as V drops and the model becomes more like two separate lattices which can
represent ferromagnets separately”. This intuition implies that V should have an
effect, but for suitable J and J’ the model is always a ferromagnet, even for neg-
ative V' when the two lattices act like anti-ferromagnets with each other. In fact,
this also applies to what we did in the one-dimensional stacked lattice, if you look
back at the one-dimensional proof the precise values of analogies to J, J’, and V
do not matter and if we allowed different - even negative - interaction constants
(analogues of J, J and V') the proof would still hold. This implies that while the
vertical interaction may have some effect it can be dominated by the other factors
such as the dimension or the relative strength of different layers of the stacked
lattice.

"This is based on the idea that if V is infinite then the two layers are identical, and if V is
zero the two layers are independent. We can imagine that on a finite subset of the lattice we may
pass through the limit, but it is not trivial to pass through the limit on the entire space.
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6. CONCLUSION

It should be noted that this investigation was done by following two partic-
ular approaches, one using eigenvalue gaps of an interaction matrix for the one
dimensional stacked lattice and another using contours and spin flips for the two
dimensional stacked lattice. Both of these methods are introduced in [1]. These are
not the only methods, for the single lattice there are other techniques which provide
more exact solutions to the critical temperature (such as the more famous result
of Onsager). An investigation of all these disparate techniques and attempts to
extend them was outside the scope of this paper. These other techniques may fair
better or worse than those shown here and could provide more or less satisfactory
descriptions of the phase transition for stacked lattices and could be interesting
topics for further investigation.

One of the goals of this paper was to explore how much stacking lattices mimicked
adding to the dimension. Stacking one dimensional lattices changed very little
about the problem and did not exhibit major aspects of higher dimensional Ising
models since there was no ferromagnetic behavior. As for the two dimensional
stacked lattice there is a lot less to say since our techniques did not extend to
the analogue of the three dimensional model, but instead our methods worked for
a special case when the two layers have different interaction strengths. In some
sense the model did exhibit some of the three dimensional behavior in that it was
more difficult, just as the exact formula for the three dimensional Ising model is
an open problem and not solvable by extensions of well-known tricks. We did find
an interesting set of conditions where the existence of ferromagnetic behavior was
independent of the vertical interactions. In sum, more work is needed to understand
the effects of stacking lattices particularly in the case of two dimensions where we
can hope to approximate the more difficult three dimensional Ising model.
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