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Abstract. This paper serves as an introduction to two fixed point extensions
of first order logic. Our primary aim is to track how such fixed points affect

what the formal system they are implemented into can express: to this end,

we will utilize descriptive complexity theory. First, we will characterize the
expressive power of first order logic. Then, we will consider two fixed point

logics: first order logic with inflationary fixed point operators and first order
logic with least fixed point operators. We will prove that these fixed point

logics are of equivalent expressive power, and that they are equivalent to the

complexity class P on ordered structures.
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1. Introduction

Computers are physical, and thus finite things. As such, when we try to describe
the different aspects of computation in logic, we model them on finite logical struc-
tures. This is a problematic revelation for the logician: on such finite models, the
classical results of model theory break down. Staggering notions of completeness
and compactness on arbitrary structures are for nought; finite models are decidedly
poorly-behaved. This does, however, make the exercise of characterizing what sort
of things a logic can express on finite structures a particularly interesting exercise.

Descriptive complexity is one such means of characterization; in this paper, we
explicate one particular facet of descriptive complexity––the relationship between
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fixed point logics and the complexity class P––primarily through graph-theoretic
examples. We aim to show how powerful the implementation of fixed points into
first order logic are, as a means of introducing a certain amount of self-reference
into an otherwise weak formal system.

2. Preliminaries

We begin with the notions that we need from model theory. A vocabulary σ
is a tuple of constants (c1, . . . , cr), relational symbols (R1, . . . , Rs), and functions
(f1, . . . , ft). We will be working exclusively with relational vocabularies––that is
to say, vocabularies with only constants and relations. Each relational symbol has
some arity k, and each constant symbol has an arity of 0.

Definition 2.1. We define a σ-structure, or model, by the following tuple:

A = 〈|A|, c1, · · · , cr, R1, · · · , Rs〉,

We call the set |A| the universe of A, where we interpret each constant symbol ci
from σ as an element cAi ∈ |A|, and each k-ary relational symbol Ri from σ as a
k-ary relation on |A|.
A is a finite structure if |A| is a finite set. We use STRUCT[σ] to denote the

class of all finite σ-structures.

On a basic level, first order logic (shortened to FO from hereon out) provides us
with rules and symbols to construct well-formed formulae about σ-structures, in σ.

Definition 2.2. Consider the set of FO formulas constructed using the following:
σ, an equality symbol =, logical connectives (∧,∨,→,↔), quantifiers (∃,∀), and a
set of variables (x1, x2, . . . ). This is the FO language of σ, L(σ), for which formulae
are defined inductively as follows:

• Each constant ci is a term.
• Each variable xi is a term.
• For terms t1, t2, t1 = t2 is a formula.
• For terms t1, . . . , tn, R(t1, . . . , tn) is a formula.
• For formulae ϕ1, ϕ2, ϕ1 ∧ ϕ2, ϕ1 ∨ ϕ2, and ¬ϕ1 are formulae.
• For formula ϕ1, ∃xϕ1 and ∀xϕ1 are formulae.

We are concerned whether a formula is true for a model or not––whether some A
has the property which some ϕ describes. With this semantic notion of truth as our
primary interest, we will avoid inductive definitions, using the following notation:
for a FO formula ϕ ∈ L(σ), and A = 〈|A|, σ〉, A |= ϕ is to say that ϕ is true on A.

Broadly, a property or structure is definable in L(σ) if there is a formula ϕ in
L(σ) if and only if ϕ is true for said object. We will be developing more formal
definitions of definibility, based on what it is we are trying to define.

Definition 2.3. For two vocabularies σ and τ , a query I is a mapping defined
from STRUCT [σ] to STRUCT [τ ]. Additionally, a boolean query is a mapping
I : STRUCT [ϕ]→ {1, 0}.

Boolean queries are an analogue to A |= ϕ––with 1 and 0 corresponding to true
and false, respectively––as both serve to check whether a structure satisfies some
property. It is a subset of STRUCT [σ], including all σ-structures A for which
I(A) = 1.
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Definition 2.4. A boolean query I : STRUCT [ϕ]→ {1, 0} is FO-definable if there
exists a formula ϕ ∈ L(σ) such that I(A) = 1 ⇐⇒ A |= ϕ.

The focus of this paper is on FO and the two logics we develop out of it, rather
than the complexity classes we equate them to. This still requires us to define some
complexity classes. But, we will try to define them in more colloquial terms, in an
effort to avoid a bloated paper.

To begin, consider a Turing machine, a mathematical model of computation
(model, actually, taken as we have defined it here; we will, however, not be expli-
cating the precise model). It operates on an infinite string (or, ”tape”) of cells,
which contain symbols. The Turing machine exists on one of these cells at any
given time, which it can both read and write upon. Based on what the the machine
reads in the cell, and the machine’s state in an algorithm, the machine writes a
symbol in the cell, moves one cell left or right, then based on the observed symbol
and the machine’s state in the algorithm either proceeds in the algorithm or halts
the computation. At the point the computation halts, the computation is complete.

Complexity classes are problems grouped by how much memory or the number
of steps required for the algorithms which express them to halt. We will be defining
two such classes.

Definition 2.5. P is the class of boolean queries which can be solved in a polyno-
mial time by a Deterministic Turing machine (DTM). A DTM has only one action
prescribed to it based on the symbol it reads and its state in the algorithm. The
number the number of steps taken by the Deterministic Turing machine is bounded
by a polynomial expression contingent on the size of the input.

Definition 2.6. NL is the class of boolean queries which can be solved using a
logarithmic amount of space by a nondeterministic Turing machine (NTM). The
NTM can choose an action at a given state, choosing the best action to reach the
halting state. Hence the name: the NTM’s computational path is not determined
by its state and the symbol it reads. All boolean queries in NL are also in P ;
NL ⊂ P .

Definitions for complexity classes are ubiquitous, and are generally better written
and more thorough than what you see here (see [5]). But, this is as much as we
will need for this paper.

3. Motivations: Reachability and the Expressive Shortcomings of FO

So then, our first order of business is to characterize the expressive power of FO.
We will accomplish this through a canonical graph-theoretic problem: reachability
in directed graphs, denoted by REACH-D.

A directed graph A, or digraph, A = 〈N,E〉 is composed of nodes N and edges
E. An edge is a binary relation of an ordered pair of nodes; thus, the vocabulary
of directed graphs is σ = (E). We define the boolean query REACH-D as follows:

Definition 3.1. For a digraph A = (N,E) and s, t ∈ N , t is reachable from s if
and only if there exists nodes s = n1, n2, ..., nk = t such that (ni−1, ni) ∈ E for all
2 ≤ i ≤ k.

This leads to our first question regarding the expressive power of FO: is REACH-
D FO-definable? Our eventual aim is to prove that there is no FO formula ϕ which
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defines REACH-D. We will go about this using notions of the locality of a language
on finite structures, which we will develop in the next subsection.

3.1. Gaifman Graphs.

Definition 3.2. Consider a σ-structure A. We define the Gaifman graph of A,
denoted by G(A), as follows. The nodes of G(A) consist of |A|, and (a1, a2) is an
edge of G(A) if and only if a1 = a2 or there is a relation R ∈ σ such that for some
tuple t ∈ R, a1, a2 ∈ t.

As an example, G(A) of a digraph A is the same graph with undirected edges,
and loops on every node. Let’s denote distance on a Gaifman Graph by d(x, y), the
length of the shortest path from x to y in G(A).

Definition 3.3. Take a σ-structure A, and some tuple a = (a1, ..., an) where
a ∈ |A|n. For a and some c ∈ |A|, we define

d(a, c) := min
1≤i≤n

dA(ai, c).

We define the sphere of radius r around a

Sr(a) := {c ∈ A | dA(a, c) ≤ r}.

Thus, the notion of spheres on Gaifman graphs formalizes the concept of a for-
mula only ”seeing” distance r from the free variables. Running with the analogy
of sight then, locality is like an eye test for a query’s nearsightedness. And, to take
the analogy too far, FO formulae suffer from a most debilitating myopia.

Definition 3.4. ϕ(a) is r-local around a if all quantification of ϕ(a) is bounded
over Sr(a), either of the form ∀x ∈ Sr(a) or ∃x ∈ Sr(a).

Now, we would like to prove that r-local formulae are FO-definable. In order to
show this, we first need a this preliminary result.

Theorem 3.5. Gaifman Graphs are FO-definable.

Proof. Take a relational vocabulary σ, and a σ-structure A. Let R be the relational
symbol in σ with the greatest arity, and let m denote that arity. Then, an formula
FO formula γ(x, y), with m − 2 nested quantifiers, defines the edge relation for
G(A), over the nodes in |A|. In particular, γ(x, y) is the disjunction of (x = y) and
m− 2 existential quantifiers outside of a disjunction of all permutations of R with
regard to the input. Here’s such a γ for a binary relation R:

γ(x, y) = (x = y) ∨ (R(x, y) ∨R(y, x)).

With the edge relation of G(A) FO-definable, and with the constants of |A| sim-
ilarly being FO-definable, we have shown that Gaifman Graphs are FO-definable.

�

Now we can prove the following.

Theorem 3.6. Bounded quantification over neighborhoods is FO-definable.

Proof. As Gaifman graphs are definable in FO, so too is Sr for some tuple x. Denote
such a formula as d≤r(x, y), which holds if and only if d(x, y) ≤ r. From this point,
the theorem follows directly:

• ∀x ∈ Sr(y)ϕ ≡ ∀x ∈ (d≤r(x, y) ∧ ϕ)
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• ∃x ∈ Sr(y)ϕ ≡ ∃x ∈ (d≤r(x, y)→ ϕ)

�

Thus, r-local formulas are FO-definable. We denote sentences of the following
form

(3.7) ∃x1, . . . , xs(

s∧
i=1

αr(xi) ∧
∧

1≤i<j≤s

d(xi, xj) > 2r)

as basic r-local, where αr is an r-local formula around x. This allows us to interpret
the following result from Gaifman[1].

Theorem 3.8. (Gaifman). On a relational vocabulary σ, every FO formula ϕ(y)
on σ is equivalent to a boolean combination of t-local and basic r-local formulae.
Let qr(ϕ) denote the depth that quantifiers nest in ϕ. Then, r ≤ 7qr(ϕ)−1 and
t ≤ 7qr(ϕ)−1/2.

This formalizes our sense that FO formulae are suited only for local exploration
on Gaifman graphs: they can only express local properties. This allows us to prove
the following.

Theorem 3.9. REACH-D is not FO-definable.

Proof. Assume, to the contrary, that REACH-D is FO-definable, for some ϕ(x, y).
Calculate r = 7qr(ϕ)−1 and t = 7qr(ϕ)−1/2, from Gaifman’s Theorem. Now, consider
nodes s and t, for which d(s, t) > 2r. In a sense, the ”sight” of ϕ is two disjoint
Sr, localized around s and t. Suppose that t is reachable by s. By our assumption
ϕ(s, t) is true, but then so too must ϕ(t, s) be true: the two disjoint Sr are then
isomorphic in both cases. This is a contradiction: on digraphs, REACH-D is not
”commutative,” so to speak. �

This is a really fascinating conclusion: it’s as if, in order to capture the whole
Gaifman graph––to be able to characterize REACH-D properly––FO would need
to be able to iterate on itself somehow.

3.2. Further Characterization of FO Through REACH-D.
Now, as we have shown, REACH-D is not FO-definable. In addition to this local-
quality which we have now shown for FO, let’s describe REACH-D in the language
of complexity theory, which should allow us to further describe FO.

Theorem 3.10. REACH-D is in P.

Proof. Given a nondeterministic Turing Machine (NTM), the NTM can choose
precisely those edges from each node which lie on the path from s to t, if the path
exists. If not, then once the NTM reaches a path of length equal to the number
of the nodes on the finite graph, then the process terminates. Thus, REACH-D
is decidable for an NTM, and only records how many nodes it has visited and
the node it is currently considering, which is well within logarithmic space. Thus,
REACH-D is accordingly in Nondeterministic Logarithmic-space (NL). NL ⊂ P ,
and consequently REACH-D is in P . �

This leads us to our final conclusion about FO: FO 6= P . This may seem like
a rather weak statement (as in, why not determine the complexity class that FO
is equal to?). But it is a practical one, in the discussion of fixed-point operators,
which we will extend FO exactly to P.
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4. Fixed Point Theory

This section intends to provide a brief introduction to the idea of fixed points
on finite structures. We will be discussing them in an order-theoretic setting: par-
ticularly, on finite complete partially ordered sets. The vocabulary and properties
that we develop regarding operators will generalize to FO. Much of the exposition
for these concepts have been adapted from Libkin[2] for this paper.

Definition 4.1. A set S with a reflexive binary relation ⊆ which indicates an
ordering of pairs of elements in S, but for which every pair of elements need not be
comparable, is partially ordered. S is complete if every subset of S has a supremum
and infimum.

Let’s use S to denote such an arbitrary finite complete partially ordered set
(Although, as an exercise left to the reader, prove this is a tautology by showing
that every finite partially ordered set is complete). Let’s also use f to represent an
operator on S; namely, a map f : P(S)→P(S), where P(S) denotes the power
set of S. Every subset of S is an element in P(S).

4.1. Monotonic Operators and Least Fixed Points.
Now, in preparation of defining types of fixed points on operators, we will introduce
an intuitive category and property of f (intuitive in the sense that they have com-
plementary notions in areas other than order theory). An operator f is monotonic
if its preserves the partial order of S, or:

∀x, y ∈P(S) x ⊆ y =⇒ f(x) ⊆ f(y)

A fixed point of f is an x in P(S) such that x = f(x). With these definitions in
mind, let’s define a particular type of fixed point, the least fixed point.

Definition 4.2. For a fixed point y of f , if y ⊆ x for all fixed points x of f , y is a
least fixed point of f , denoted as lfp(f). Or,

lfp(f) =
⋂
{x ∈P(S) | f(x) = x}

Immediately, the order-preserving quality of a monotonic f , and the least fixed
point of f , as the ordered minimum of fixed points on f , appear strongly related.
A sound evaluation, that is! In fact:

Theorem 4.3. (Tarski-Knaster) Let S be a complete partially ordered set, with a
operator f : P(S)→P(S). If f is monotone, then it has a least fixed point.

Proof. Let P = {x ∈ P(S) | f(x) ⊆ x}. P ⊆ P(S), and includes all fixed points
of f . Additionally, P is not empty, as for arbitrary f(x) ∈ P(S) we know that
f(x) ⊆ S, and thus for x = S, f(x) ⊆ x. Now, consider y =

⋂
x∈P x, which is an

element of P(S). We will show y = f(y) by double containment.
We need to do the backward case, f(y) ⊆ y, first: for all x ∈ P we have y ⊆ x,

and by monotonicity this implies that f(y) ⊆ f(x) ⊆ x. Thus, f(y) is in the
intersection of all x, which is precisely

⋂
P = y. The forward case, y ⊆ f(y) is

as follows: by monotonicity, the backward case implies that f(f(y)) ⊆ f(y), which
implies f(y) ∈ P . And thus,

⋂
P ⊆ f(y), proving that y = f(y)

Now, take P ′ = {x ∈ P(S)|f(x) = x}, and y′ =
⋂
P ′ which was precisely our

definition of lfp. By double containment again, we will show that y = y′, finally
proving that lfp(f)= y.
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First, the forward case: P ′ ⊆ P , and as such the containment relation on inter-
sections is the reverse, y ⊆ y′. Conversely, y is a fixed point and accordingly in⋂
{x ∈ P(S)|f(x) = x}. Thus, y′ ⊆ y, and y = y′. This demonstrates that an

monotonic operator f has a least fixed point. �

Having explicated this relationship between least fixed points and monotonicity
of an operator, let’s begin detailing another property of operators: inductivity.

Definition 4.4. Let x0 denote an empty set, and let xi+1 := f(xi). An operator
f on S is inductive if xi ⊆ xi+1.

In other words, the sequence formed by the repeated application of an inductive
operator f to the empty set is increasing. We use x∞ to denote set resulting from
f applied infinitely to the empty set. This set, x∞, is equivalent to

⋃
n∈N x

n.
Immediately, we can prove a pair of interesting results about inductive operators.

Theorem 4.5. (Assorted Properties of Inductive Operators)
a) Every monotone operator is inductive.
b) On finite models, x∞ = xn for some n ∈ N.

Proof. a) This is proven by induction (somehow unsurprisingly). Take the base
case, x0 ⊆ x1; this holds, as x0 is the empty set, and thus is contained in any set.
Let the inductive hypothesis be that xi ⊆ xi+1. Then, by the monotonicity of f ,
we have f(xi) ⊆ f(xi+1), which is equivalent to xi+1 ⊆ xi+2.

b) This is pretty much trivial: since there is an upper bound on xn (which is
S, where S is finite), and xn is increasing (not strictly), the inductive sequence
necessarily stabilizes at some point. �

The latter fact is particularly important in defining our second type of fixed
point.

4.2. Inflationary Fixed Points.
Let us consider inflationary operators––or, an operator f for which x ⊆ f(x). It
follows directly that such an inflationary operator is inductive. Well, based on the
second result from Theorem 3.5, a type of fixed point for inflationary operators is
then evident. However, since least fixed points exist only for monotone f , we would
like a fixed point that exists for all non-monotone operators, not just inflationary
non-monotone.

To that end, let’s associate a secondary operator with every f : finfl(x) = x∪f(x),
which is necessarily inflationary (and, if f is already inflationary, then finfl = f).
Using this second operator, we can define a secondary type of fixed point for all f .

Definition 4.6. Consider an arbitrary operator f and its associated inflationary
operator finfl. The inflationary fixed point of f is x∞ of finfl, denoted by ifp(f).

This fixed point is also occasionally called the inductive fixed point, as when f
is already inductive, then finfl = f , and the fixed point is x∞ of f .

With these two types of fixed points––lfp and ifp––in mind, let’s prove a state-
ment which makes for a curious analogue to a final result in this paper.

Theorem 4.7. If f is monotone, then lfp(f)=ifp(f).

Proof. Let’s first determine ifp(f). Because f is monotone, f is inductive. As
such, we already know ifp(f): it is x∞, as defined by the inductive sequence of f .
So, if we can show lfp(f) = x∞, then we have our result.
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Note that by 4.5b, the stabilization of the inductive sequence, we have that for
some n ∈ N xn = xn+1 = · · · = x∞. As xn = xn+1 = f(xn), xn is a fixed point.
If we can show that xn = ∩{y|f(y) = y}, or equivalently that xi ⊆ y for y such
that y = f(y) and i ∈ N, then lfp(f)= xn = x∞. The latter formulation of the
statement will be proven, with induction.

Take the base case, i = 0: x0 = ∅, so x0 ⊆ y, for all y. Assume the induction
hypothesis, that xi ⊆ y for all y. Now let’s show that the i+ 1 case holds: by the
monotonicity of f , f(xi) ⊆ f(y), and xi+1 = f(xi). Thus, xi+1 ⊆ y, and xi ⊆ y is
proven in general, and accordingly lfp(f)= xn = x∞ =ifp(f).

�

5. Extending FO with Fixed-Point Operators

Now, let us return to our standard setting, which is to say an arbitrary finite
model A = 〈|A|, σ〉. Consider a FO formula ϕ(R, x), where R is a relation symbol
that isn’t in σ; the arity of R is equal to |x|. fϕ : P(|A|k)→P(|A|k) is an operator
corresponding to ϕ for every σ-structure A.

(5.1) fϕ(R) = {a|A |= ϕ(R, a)}.

This should be reminiscent of the operator discussed in the previous section. In
much the same way, fϕ can be applied iteratively, and when fϕ(R) = R, R is called
a fixed point of fϕ.

In fact, reminiscent seems a bit of an understatement. Consider |A|, necessarily
a finite collection of relational symbols and constants. We can construct a partially
ordered set out of P(|A|), with a similar ⊆ relational symbol. As previously, this
⊆ indicates an ordering of elements, on the basis of whether an element of P(|A|)
is a subset of another element.

Hence, all the results on the previous section hold for operators on FO. Moreover,
there is no need to rework definitions we developed in the previous section, with
one exception: monotonicity. This is because monotonicity is not an FO-definable
property [2]. Thus, we need a different criterion to tell whether or not to assume
least fixed points for an operator. To that end, we use a syntactical restriction: the
positivity of ϕ in R.

Definition 5.2. A relational symbol R in FO formula ϕ is positive if it is negated
an even number of times. If all occurrences of R in ϕ are positive, ϕ is said to be
positive in R.

If ϕ is positive inR, fϕ––corresponding to ϕ(R, x)––is monotone.Now, let’s define
our two fixed point logics, considering how we defined fixed points in the previous
section.

Definition 5.3. Least Fixed Point Logic––FO(LFP)––is FO with the following
formula-building rule: for ϕ(R, x), a formula positive in R, where the arity of
R = |x| = |t|, [lfpR,xϕ(R, x)](t) is a formula. For this formula,

A |= [lfpR,xϕ(R, x)](a) ⇐⇒ a ∈ lfp(fϕ)

Our second fixed point logic is not restricted to monotonic operators, so we need
not concern ourselves with its positivity.
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Definition 5.4. Inflationary Fixed Point Logic––FO(IFP)––is FO with the follow-
ing formula-building rule: for ϕ(R, x), a formula where the arity of R = |x| = |t|,
[ifpR,xϕ(R, x)](t) is a formula. For this formula,

A |= [ifpR,xϕ(R, x)](a) ⇐⇒ a ∈ ifp(fϕ)

With what we have already proven in the previous section, what can we imme-
diately say about the expressive powers of the two logics? Theorem 3.7 tells us
that ifp(fϕ) = lfp(fϕ) on monotone fϕ. Of course, we only define FO(LFP) for
monotonic fϕ, so FO(IFP) is at least as expressive as FO(LFP). But for now, let’s
return to the problem of REACH-D to build some familiarity with these new logics.

We again find ourselves on finite directed graphs. That is, finite structures of
relational vocabulary σ = {E}. Consider:

(5.5) ϕ(R, x, y) = E(x, y) ∨ ∃z(E(x, z) ∧R(z, y))

Let’s then define φ(a, b) = [ifpR,xϕ(R, x, y)](a, b). The choice of ifp is arbitrary:
ϕ is positive in R and thus fϕ is monotone, so lfp would achieve the same thing.
Take the operator as fϕ(R) = E∪(E◦R). That composition refers to the following:

E ◦R = {(a, b)|(a, c) ∈ E, (c, b) ∈ R, for some c}

. We proceed with inflationary fixed points for fϕ(R): as a reminder, R0 = ∅ and
Ri+1 = fϕ(Ri). R1 = E, R2 = E ∪ E2 and so forth. In general, Rn =

⋃n
i=0E

i.
Each Ri essentially corresponds to the statement ”b is reachable by a in i or less

edges”. The inflationary fixed point, R∞, describes b is reachable from a in general.
Thus, this initial φ(x, y), a FO(IFP) formula, expresses REACH-D.

These new operators are clearly very powerful: FO has a newfound capacity
for recursion, and in this capacity a previously inexpressible problem––a problem
in P––has become expressible. Still, we would like to be more precise than ”very
powerful”: exactly how expressive are our newly-minted logics?

6. Comparing Fixed Point Logics

The primary goal of this section is to prove the following:

Proposition 6.1. On finite structures, every formula in FO(IFP) has an equivalent
in FO(LFP).

While this can be proven for general structures, we will continue to restrict
ourselves to the finite setting. This result is a very convenient one, in the way of
halving our work in proving future expressibility results. Much as in the previous
section, we will be considering a formula ϕ(R, x) on a σ-structure A = (|A|, σ).

To calculate the fixed point of ϕ, we define the inductive sequence R0 = ∅ and
Ri+1 = fϕ(Ri), where R∞ is the fixed point. We say that each Ri corresponds to
the i-th stage, denoted by ϕi, in the stages of induction on ϕ.

Definition 6.2. For a formula ϕ(R, x) and a tuple a ∈ |A|, the rank |a|ϕ denotes
the least α where a ∈ ϕα. |ϕ| denotes the least n for which Rn = R∞. There are
two stage comparison relations which we will define: ≺ϕ and ≤ϕ.

a ≺ϕ b := |a|ϕ < |b|ϕ
a ≤ϕ b := |a|ϕ ≤ |b|ϕ ∧ |a|ϕ ≤ |ϕ|
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As a matter of syntactic clarity, we are going to develop simultaneous fixed points,
which allows us to calculate fixed points of more than one formula at a time. We
define them as we have our previous fixed points, except now we are calculating
fixed points of a set of formulae. This will be very useful for our first result in the
road to proving equivalence.

Let σ be a relational vocabulary, with n additional relation symbols. For each
new relational symbol Ri, the arity of Ri is denoted by ki. The length of a tuple
xi is ki. Consider the following system of formulae,

φ :=


ϕ1(R1, ..., Rn, x1)
...

ϕn(R1, ..., Rn, xn)

which is positive in all relational symbols Ri. fϕi
is an operator corresponding to

ϕi for every σ-structure A, where

fϕi
: P(|A|k1)× · · · ×P(|A|kn)→P(|A|ki)

fϕi
(R1, . . . , Rn) = {a ∈ Aki |(R1, . . . , Rn, A) |= ϕi(a)}

These fϕi can be combined into a final operator, denoted by fϕ, defined as follows:

fϕ : P(|A|k1)× · · · ×P(|A|kn)→P(|A|k1)× · · · ×P(|A|kn)

fϕ(R1, . . . , Rn) = (fϕ1
(R1, . . . , Rn), . . . , fϕn

(R1, . . . , Rn))

We can define a fixed point of fϕ similarly as we have previously: the sequence of

sets R = (R1, . . . , Rn) that are equal to fϕ(R). Consider the operator fϕ. We can

define the stages of induction on the system φ using this operator, φi corresponding

to the i-th stage. Let R
0

= (∅, ..., ∅), and R
i+1

= fϕ(R
i
).

Definition 6.3. We define the simultaneous fixed point as R
∞

. We can thus
”enrich” our fixed point logics with the following formula-building rule. For a
system of formulae φ, and a tuple t with terms of length ki, sfpRi,φ(t) is a formula
for which

A |= sfpRi,φ(a) ⇐⇒ a is in the i-th element of R
∞

Enrich was put in quotations due to the following result[2]:

Theorem 6.4. FO(LFP) with simultaneous fixed points is of equivalent expres-
sive power to FO(LFP). Similarly, FO(IFP) with simultaneous fixed points is of
equivalent expressive power to FO(IFP).

Simultaneous fixed points introduce no new expressibility to our fixed point log-
ics––they are more of an organizational tool. Now, having developed the language
surrounding induction on multiple formulae, we can prove a result which is quite
interesting in its own right[4].

Theorem 6.5. Let ϕ(R, x) be a formula in FO(IFP). Then, ≺ϕ and ≤ϕ are both
definable in IFP.

Proof. W.l.o.g. we can assume that any formula ϕ is of the form Rx∨ϕ′. Consider
the following system of formulae:

φ :=

{
≤ (x, y) := ϕ(x,Ru/u ≺ y) ∧ ϕ(y,Ru/u ≺ y)

≺ (x, y) := ϕ(x,Ru/u ≺ y) ∧ ¬ϕ(y,Ru/u ≺ x)
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Ru/u ≺ y means to replace the tuple Ru with u ≺ y. We will prove that ≤ϕ and
≺ϕ are the simultaneous fixed points of φ.

Let ≤α and ≺α correspond to their relations at the α-th stage of induction on
φ. Similarly,

≤<α:=
⋃
β<α

≤β and ≺<α:=
⋃
β<α

≺β

If we can show that for all α, and for any arbitrary pair of tuples (a, b):

(1) (a, b) ∈≤α ⇐⇒ (|b|ϕ ≤ α) ∧ (|a|ϕ ≤ |b|ϕ)

(2) (a, b) ∈≺α ⇐⇒ (|a|ϕ ≤ α) ∧ (|a|ϕ < |b|ϕ)

then we have the theorem. Then, to define simultaneous fixed point of φ would be
to designate α as infinite, and these two statements as precisely our definitions for
the stage comparison tests. We prove this by induction over α, for both ≤ and ≺.

Let’s consider the base cases, where α = 0, first. For ≤, this is to say that (a, b)
is a pair of empty sets, as |a|ϕ ≤ |b|ϕ ≤ 0. Thus, (a, b) ∈≤0. For ≺, a is the empty

set, while b is nonempty. Considering the negation ahead of the second ϕ for ≺,
(a, b) ∈≺0 follows directly.

Now we assume the inductive hypothesis: for β < α, the two statements have
been proven. We will prove the α case for the first statement. Let |b|ϕ ≤ α.

Then {u|u ≺<α b} is the set of elements with a rank less than that of b. As such,
ϕ(b, Ru/u ≺ b) holds, and ϕ(a,Ru/u ≺ b) holds if and only if |a|ϕ ≤ |b|ϕ. If

|b|ϕ > α is the case, then {u|u ≺<α b} is all elements of rank less than α, and thus

ϕ(b, Ru/u ≺ b) no longer holds. Thus, we have proven the first statement.
Let us also prove the α case for the second statement. Let |a|ϕ ≤ α. Then

{u|u ≺<α a} is the set of elements with a rank less than that of a. As such,
ϕ(a,Ru/u ≺ a) holds, and ¬ϕ(b, Ru/u ≺ a) holds if and only if |a|ϕ < |b|ϕ. If
|a|ϕ > α is the case, then {u|u ≺<α a} is all elements of rank less than α, and thus
ϕ(a,Ru/u ≺ a) no longer holds. Thus, we have proven the second statement.

Thus, with these two statements proven, we arrive at the following two formulae:
sfpR1,φ(x, y) and sfpR2,φ(x, y), corresponding to ≤α and ≺α respectively. Then,
by Theorem 6.3, the stage comparison relations are FO(IFP)-expressible.

�

Now, let us consider a formula ϕ(R, x) in FO(LFP). Using the previous result,
we look to prove the following:

Theorem 6.6. Let ϕ(R, x) be a formula in FO(LFP). Then, ≺ϕ and ≤ϕ are both
definable in LFP.

Proof. This theorem is identical to the previous, except that it is in regards to least
fixed points. But, as with the previous proof, we make no assumptions in regards
to whether ϕ is positive in R or not. However, positivity is a necessary condi-
tion for calculating least fixed points––which is where the additional complexity is
introduced as compared to the previous theorem.

So then, our task is to come up with an equivalent system of equations to φ,
which we’ll denote by φ′, for which all instances of ≺ and ≤ are positive. The way
in which we’ll do this is defining ¬R as a formula positive in ≺ and ≤.

Consider the inductive sequence induced by ϕ on A, with each stage correspond-
ing to an Rα. As we have shown, there is some finite stage n for which Rn = R∞.
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For each Rα, 0 < α ≤ n, there is v such that v ∈ Rα − Rα−1. For this v,
{u|u ≤ϕ v} = Rα and {u|v ≺ϕ u} = ¬Rα.

We will now use these definitions ofRα and ¬Rα to develop an inductive sequence
positive in ≺ and ≤, which will give us our ≺ϕ and ≤ϕ as the least fixed point.

Let’s implement our newly-defined ¬Rα and Rα into ϕ:

ϕ(y,Ru/u ≤ v,¬Ru/v ≺ u)

is ϕ for which Ru has been replaced with u ≤ v, and ¬Ru has been replaced with
v ≺ u. Given an inductive stage β ≥ 1, we will define two formulae, corresponding
to ≤ and ≺ respectively, which define the β ≥ 1 inductive stage for the two stage
comparison relations.

Suppose ≺ and ≤ are only defined up to some stage β. Then, the formula

(6.7)
τ≤(x, y) = ∃v(v ≺ y ∧ ϕ(x,Ru/u ≤ v,¬Ru/v ≺ u)∧

ϕ(y,Ru/u ≤ v,¬Ru/v ≺ u))

holds for (x, y) where 1 ≤ |y|ϕ ≤ β+1 and |x|ϕ ≤ |y|ϕ. To the end of demonstrating
this, consider that for all y, there is v of rank |y|−1 such that y satisfies ϕ(y,Ru/u ≤
v,¬Ru/v ≺ u). As such, we can say that this formula is similarly satisfied by tuples
x for |x|ϕ ≤ |y|ϕ. In the ≺ case,

(6.8)
τ≺(x, y) = ∃v(v ≤ v ∧ ϕ(x,Ru/u ≤ v,¬Ru/v ≺ u)∧

¬ϕ(y,Ru/¬v ≺ u,¬Ru/¬u ≤ v))

holds for (x, y) where |x|ϕ ≤ β+ 1 and |x|ϕ < |y|ϕ. Like with the previous formula,
consider a z such that z ≤ z holds. Let |z|ϕ = γ; we know that γ ≤ β. Consider
our definition of the stages of induction and v: u ≤ v = Rγ and and v ≺ u = ¬Rγ .
As such, ϕ(x,Ru/u ≤ v,¬Ru/v ≺ u) holds for x where |x|ϕ ≤ γ + 1. Moreover,
¬ϕ(y,Ru/¬v ≺ u,¬Ru/¬u ≤ v) holds for y where |y|ϕ > γ + 1.

With the induction step done, let us prove the base case: namely, to establish
FO formulae which define the stage comparison relation, at the first stage. For
≺, this means a pair (x, y) for which |x| = 0. This can be defined by the formula
ϕ(x, F ) ∧ ¬ϕ(y, F ), where F is any false formula. For ≤, the base case entails a
pair (x, y) for which |x| = |y| = 0. The corresponding formula is ϕ(x, F )∧ϕ(y, F ),
where F is any false formula.

So φ′, our modified φ, can be defined as:

φ′ :=

{
x ≤ y := (ϕ(x, F ) ∧ ¬ϕ(y, F )) ∨ τ≺(x, y)

x ≺ y := (ϕ(x, F ) ∧ ϕ(y, F )) ∨ τ≤(x, y)

Thus, by Theorem 6.5, we can define the stage comparison relations in FO(LFP)+sfp
by taking the simultaneous fixed points of φ′. And, by Theorem 6.4, the stage com-
parison relations are FO(LFP)-definable. �

Consider the following intuitively appealing fact about stage comparisons: a ∈
ϕ∞ is equivalent to the statement a ≤ϕ a for any ϕ. In other words, we can codify
ifpR,xϕ(R, x) in any system which can define the stage comparison test. As we have
just proven, FO(LFP) is one such formal system. As such, FO(IFP) ⊆ FO(LFP),
and given the FO(LFP) ⊆ FO(IFP) result from the previous section, we have our
initial proposition. Namely, that FO(LFP)=FO(IFP).
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7. Fixed Point Logics as a Complexity Class

We have now shown that REACH-D, a problem in P , is definable in FO(IFP)
and FO(LFP), by the previous section. Now, we would like to show that these fixed
point logics actually capture the complexity class of P . Throughout the section,
we will be using FO(IFP) and FO(LFP) by their expressive equivalence.

Proposition 7.1. On finite, ordered structures, formulae expressible in FO(LFP)
and FO(IFP) are exactly those queries which are computable in polynomial time.

We say a structure A is ordered if there is a binary relational symbol <∈ σ. This
essentially puts all items in |A| in a linear order: if one considers that a Turing
machine takes in a string of linear values––the tape––the importance of structures
having a linear order when equating logics to a complexity class becomes clear.

The forward containment of our proposition is quite straightforward, and as such
will be done without any further delay.

Theorem 7.2. Formulae in FO(IFP) can be evaluated in polynomial time.

Proof. Recall that in Section 3, we showed that FO ⊆ P . Then, the potential
failure for a FO(IFP)-formula, comes from ifpR,xϕ. Denote the size of |A|, the
universe of ϕ, by n. Let the arity of x= k. Recall that evaluating ifpR,xϕ consists
of repeatedly evaluating the FO operator fϕ some finitely many times on the empty
set; equivalently, ifp is evaluated in polynomial time multiplied by a constant, which
is also polynomial. �

The backward containment isn’t nearly so straightforward. As fascinating a
notion as encoding Turing Machines into FO is, it is a rather hackneyed exercise
in proving our proposition(see [2]). Instead, we will approach this proposition
inversely as how we attempted to describe FO in the first section; we will use a
second reachability problem to prove P ⊆ FO(LFP). To accomplish this, we must
first develop the language of first order reductions.

7.1. First Order Reductions.
Recall our definition of a query from the preliminaries section.

Definition 7.3. Let a ⊆ STRUCT[σ] and b ⊆STRUCT[τ ] be boolean queries.
If there is a FO query k-ary I:STRUCT[σ] → STRUCT[τ ], such that for A ∈
STRUCT[σ], A ∈ a if and only if I(A) ∈ b, then a is first-order reducible to b. This
will be denoted as a ≤FO b.

This leads us into a definition which we will use to characterize our fixed point
logics.

Definition 7.4. We call a set of boolean queries S closed under first order re-
ductions if for b ∈ S, a ≤FO b implies that a ∈ S. If such an S encompasses all
definable boolean queries in a language, then that language too is closed under first
order reductions.

To prove closure under FO reductions, we consider the following definition:

Definition 7.5. Consider the k-ary query I :STRUCT[σ]→STRUCT[τ ]. The dual

of I, Î, maps a formula in L(σ) to a formula in L(τ). Let τ be an arbitrary rela-

tional vocabulary τ = 〈Ra11 , . . . , Rarr , c1, . . . , cs〉. For ϕ ∈ τ , Î(ϕ) is formulated by
replacing each variable with a corresponding k-tuple of variables, and by replacing
symbols in ϕ by their definition in I.
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A fact which follows immediately from this definition is that for all formulae
σ ∈ τ and σ-structures A,

(7.6) A |= Î(ϕ) ⇐⇒ I(A) |= ϕ

This is the additional background we need to show that:

Theorem 7.7. FO(LFP) is closed under FO reduction.

Proof. For two queries a and b, let a ≤FO b, and let b be expressible as ϕb in
LFP+FO. Denote the FO reduction query corresponding to a ≤FO b as Iab. For
structures A, A ∈ a ⇐⇒ Iab(A) ∈ b. Thus, by Theorem 7.5, A ∈ a ⇐⇒
S |= Îab(ϕb). As such, if Îab(ϕb) is in FO(LFP), then FO(LFP) is closed under FO
reduction.

Consider our definition of Îab(ϕb). Since we are just substituting variables and
relational symbols on ϕ, the only potential part of ϕ that isn’t necessarily FO
and thus expressible in FO(LFP), are the potential (lfp) formulae. Consider such
a formula, with a relational symbol of arity a: lfpR,xϕ(R, x). Writing out the

tuple x, then, we see that Îab(lfpR,x1,...,xa
ϕ) = lfpRak,x1,...,xa

Îab(ϕ). This second
formula is also in FO(LFP). Thus, we can say that FO(LFP) is closed under FO
reduction. �

7.2. A Second Reachability Problem.
Our original reachability problem was effective in its purpose. That is, to show how
inexpressive FO is: how not only could FO not capture P , but it could not capture
NL. However, it is not so useful in characterizing how powerful a language is. To
this end, we utilize a second, more complex, reachability problem for alternating
graphs [5].

Definition 7.8. We will denote this problem by REACH-A. Consider a digraph, as
with our first reachability problem, but with the nodes labeled as either universal
or existential. For such a graph G = (N,E,A), where A ⊂ N , let A be the set of
universal nodes. A is a unary relation. Let Path(x, y) be the smallest relation on
the nodes of G, which holds:

(1) where x = y.
(2) where x is existential and there is z where Path(z, y) and E(x, z) hold.
(3) where x is universal and for all z where E(x, z) holds, then Path(z, y) holds.

This problem has a particularly interesting property[5].

Theorem 7.9. REACH-A is P -Complete by FO Reductions.

REACH-A is a boolean query in P. Since REACH-A is P-complete by FO re-
ductions, for every other boolean query b ∈P, b ≤FOREACH-A. Since we have
shown that FO(LFP) is closed under FO reductions, if REACH-A is expressible
in FO(LFP), then so is every other P query. Thus, we would have the backwards
containment of Prop 7.1, that P ⊆ FO(LFP).

So then the question becomes, is reachability on alternating graphs expressible
in FO(LFP)? With each condition for Path(x, y) laid out so nicely for us, let’s see
if we can translate them into FO+Path. In this case Path will be the relation that
we will eventually do the induction over, so let’s denote it as we have previously,
with R.

(1) x = y
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(2) ∃z(E(x, z) ∧R(z, y))
(3) (A(x))⇒ (∀z)(E(x, z)⇒ R(z, y))

At this point the inductive definition of REACH-A with a well-placed disjunction.
In particular:

ϕ(R, x, y) := x = y ∨ [(∃z)(E(x, z) ∧R(z, y)) ∧ (A(x))⇒ (∀z)(E(x, z)⇒ R(z, y))

REACH-A is then expressible in FO(LFP): [lfpR,x,yϕ(x, y)](s, t) tests to see if
t is reachable from s on an alternating graph. As such, backward containment is
shown.

Thus, we have proven our initial proposition: on finite ordered structures,

FO(LFP ) = FO(IFP ) = P.
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