
STOCHASTIC CALCULUS AND APPLICATIONS TO
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Abstract. This paper introduces Brownian motion, one of the most impor-

tant stochastic processes, and discusses the integral and differential with re-
spect to stochastic processes. At the same time, this paper explains why

Brownian motion is an ideal approximation of the movement of an asset price.

In the end, this paper briefly discusses how stochastic calculus can be applied
to financial models.
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1. Introduction

This paper assumes that the audience have some knowledge of probability theory.
The scope of probability theory involved in this paper is the first two chapters of [1].
Before formally defining Brownian motion, this paper first introduces symmetric
random walk, which can be viewed as a discrete version of Brownian motion. Then,
this paper formally defines Brownian motion and discusses its properties. In the
next two sections, this paper introduces how to define integral of a stochastic process
with respect to a Brownian motion and how to quickly get the differential of a
function with a stochastic variable. In the end, this paper briefly introduces two
financial models and uses Itô-Doeblin formula to verify their solutions.

2. Symmetric Random Walk

First of all, we introduce symmetric random walk to give some intuition of Brow-
nian motion. Let’s consider an infinite, independent coin-toss space (Ω,F ,P) de-
fined as Example 1.1.4 of [1] and let p = 1

2 . In brief, Ω is the set of all possible
outcomes. In this example, Ω is the set of infinite sequences of Hs(Heads) and
Ts(Tails). A generic element of Ω will be denoted as ω = ω1ω2ω3... in which wn is
the result of the nth toss. F is a σ-algebra of subsets of Ω, as defined in Definition

1
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1.1.1 of [1]. P is a probability measure, which assigns a number in [0, 1] to every
set in F .

Definition 2.1. Let ω = ω1ω2ω3... be an element of an infinite, independent coin-
toss space (Ω,F ,P) with p = 1

2 . Let

Xn =

{
1 if ωn = H,

−1 if ωn = T.

A symmetric random walk is the process

Mk =

0 if k = 0,
k∑

n=1
Xn if k = 1, 2, 3, ....

Definition 2.2. Let k0, k1, k2, ..., km be nonnegative integers such that 0 = k0 <
k1 < k2 < ... < km. Then the random variables

Mki+1
−Mki =

ki+1∑
n=ki+1

Xn

are called increments of the random walk. A random walk has independent incre-
ments when the random variables (Mk1 −Mk0), (Mk2 −Mk1), ..., (Mkm −Mkm−1)
are independent.

Property 2.3. Let (Mk)k∈N∪{0} be a symmetric random walk and k0, k1, k2, ..., km
be nonnegative integers such that 0 = k0 < k1 < k2 < ... < km. Then,

(i) A symmetric random walk has independent increments.
(ii) E[Mki+1 −Mki ] = 0;

(iii) V ar(Mki+1 −Mki) = ki+1 − ki.
Proof. (i) Let’s consider two increments of a symmetric random walk (Mm −

Mn) and Mh −Ml in which n < m ≤ l < h. By definition,

(Mm −Mn) =

m∑
j=n+1

Xj and Mh −Ml =

h∑
j=l+1

Xj .

Thus, two increments have no overlapping Xj . Since Xj ’s are independent,
two sums of non-overlapping Xj ’s are also independent.

(ii)

E[Mki+1
−Mki ] =E[

ki+1∑
n=ki+1

Xn] =

ki+1∑
n=ki+1

E[Xn]

=

ki+1∑
n=ki+1

(
1

2
× 1 +

1

2
× (−1)) = 0.

(iii) V ar(Xj) = E[X2
j ]−E[Xj ]

2 = (
1

2
× 1 +

1

2
× 1) = 1. Since Xn’s are indepen-

dent, then

V ar(Mki+1
−Mki) = V ar(

ki+1∑
n=ki+1

Xn) =

ki+1∑
n=ki+1

V ar(Xn) = ki+1 − ki.

�
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Theorem 2.4. The symmetric random walk is a martingale.

Proof. Let {Mj} be a symmetric random walk and m,n be two integers such that
0 < n < m. Consider a filtration Fn defined as Definition 2.1.1 of [1]. In brief, at
time t, Fn tells us what happened before t and what are some impossible situations
in the future. Then,

E[Mm|Fn] =E[(Mm −Mn) +Mn|Fn]

=E[Mm −Mn|Fn] + E[Mn|Fn]

=E[Mm −Mn|Fn] +Mn

=E[Mm −Mn] +Mn since increments are independent

=Mn.

Therefore, the symmetric random walk is a martingale. �

Definition 2.5. Let {Mj} be a symmetric random walk. The quadratic variation
up to time k is defined to be

[M,M ]k =

k∑
j=1

(Mj −Mj−1)2.

Since (Mj −Mj−1) = Xj , which is either −1 or 1, we have [M,M ]k =
k∑
j=1

1 = k.

Definition 2.6. Let {Mj} be a symmetric random walk. Fix n ∈ N. The scaled
symmetric random walk is

W (n)(t) =
1√
n
Mnt

when nt is an integer. If nt is not an integer, we first find the largest s and smallest
u such that s < t < u and ns and nu are integers. Then, we define W (n)(t) by
linear interpolation between s and u.

Property 2.7. Let W (n)(t) be a scaled symmetric random walk and t0, t1, t2, ..., tm
be such that 0 = t0 < t1 < t2 < ... < tm and each nti is an integer. Then,

(i) E[W (n)(ti+1)−W (n)(ti)] = 0;
(ii) V ar(W (n)(ti+1)−W (n)(ti)) = ti+1 − ti;

(iii) The scaled symmetric random walk has independent increments;
(iv) The scaled symmetric random walk is a martingale;
(v) The quadratic variation of the scaled random walk up to time t is t;

i.e.[W (n),W (n)] = t.

The proof of Property 2.7 is similar to the proof of Property 2.3. For detailed
proof, see Section 3.2.5 [1].

Let’s fix t > 0 and n ∈ N such that nt is an integer. Then Mnt can take any of
the values

−nt,−nt+ 2,−nt+ 4, ..., nt− 4, nt− 2, nt

and the scaled symmetric random walk W (n)(t) can take

−nt√
n
,
−nt+ 2√

n
,
−nt+ 4√

n
, ...,

nt− 4√
n

,
nt− 2√

n
,
nt√
n
.
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Then, we can calculate the probability of W (n)(t) taking any of these values and
we will get the distribution of the scaled random walk evaluated at time t.

Theorem 2.8. Fix t > 0. As n → ∞, the distribution of the scaled random walk
W (n)(t) evaluated at time t converges to the normal distribution with mean zero
and variance t.

Proof. See Theorem 3.2.1 of [1]. �

3. Brownian Motion

If we follow the definition of scaled symmetric random walk and let n→∞, we
will get a Brownian motion. As a result, Brownian motion inherits some important
properties of symmetric random walk. Here, we give a formal definition of Brownian
motion.

Definition 3.1. Let (ω,F ,P) be a probability space. For each ω ∈ Ω, suppose
there exists a continuous function B(t) which depends on ω. B(t) is a called a
Brownian motion if

(i) B(0) = 0;
(ii) For 0 = t0 < t1 < t2 < ... < tm, the increments (B(t1) − B(t0)), (B(t2) −

B(t1)), ..., (B(tm)−B(tm−1)) are independent;
(iii) Each of the increments is normally distributed with E[B(ti+1)−B(ti)] = 0

and V ar[B(ti+1)−B(ti)] = ti+1 − ti.

To better understand the Definition 3.1, we use our infinite, independent coin-
toss example again. Suppose (ω,F ,P) is an infinite, independent coin-toss space.
Then, each ω ∈ Ω is a sequence of the outcomes of coin tosses, but the coin is
tossed infinitely fast. When we get the result of coin tossing, we will get the path of
the Brownian motion by some rule of transformation, which must satisfy the three
conditions listed above.

Definition 3.2. Let (Ω,F ,P) be a probability space and B(t) be a Brownian
motion defined on it. A filtration for the Brownian motion is a collection of σ-
algebras F (t),t ≥ 0, such that

(i) (Information accumulates) For 0 ≤ n < m, every set in F(n) is also in
F(m). In other words, as time goes, our information only grows or stays
the same.

(ii) (Adaptivity) The Brownian motion B(t) is F(t)-measurable at each t ≥ 0.
In other words, our information at time t is sufficient to evaluate B(t).

(iii) (Independence of future increments) For 0 ≤ n < m, the increment B(m)−
B(n) is independent of F(t). In other words, we cannot predict the future
movement of B(t) based on current information.

Theorem 3.3. Brownian motion is a martingale.
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Proof. Let B(t) be a Brownian motion with respect to a filtration F(t) and m,n be
two integers such that 0 < n < m. Then,

E[B(m)|F(n)] =E[(B(m)−B(n)) +B(n)|F(n)]

=E[B(m)−B(n)|F(n)] + E[B(n)|F(n)]

=E[B(m)−B(n)|F(n)] +B(n)

=E[B(m)−B(n)] +B(n)

=B(n).

Therefore, B(t) is a martingale. �

Theorem 3.4. A Brownian motion is nowhere differentiable almost surely.

Proof. See Theorem 2.6.1 of [2]. �

Definition 3.5. Let f(t) be a function defined for 0 ≤ t ≤ T and let Π =
{t0, t1, ..., tn} such that 0 = t0 < t1 < ... < tn = T . The quadratic variation of
f up to time T is

[f, f ](T ) = lim
‖Π‖→0

n−1∑
j=0

[f(tj+1)− f(tj)]
2,

in which ‖Π‖ = maxj=0,...,n−1(tj+1 − tj).

Theorem 3.6. Let B be a Brownian motion. Then [B,B](T ) = T for all T ≥ 0
almost surely.

Proof. In this proof, we need to use a lemma that the fourth moment of a normal
random variable with zero mean is three times its variance squared. For the proof
of this lemma, see Exercise 3.3 of [1].

Let Π = {t0, t1, t3, ..., tn} be a partition on [0, T ]. Define

QΠ =

n−1∑
j=0

[B(tj+1)−B(tj)]
2.

We want to show that QΠ converges to T as ‖Π‖ → 0.
First, we want to show that E[QΠ] = T . Since

E[(B(tj+1)−B(tj))
2] = V ar[B(tj+1)−B(tj)] = tj+1 − tj ,

then

E[QΠ] =E[

n−1∑
j=0

(B(tj+1)−B(tj))
2] =

n−1∑
j=0

E[(B(tj+1)−B(tj))
2]

=

n−1∑
j=0

tj+1 − tj = tn = T.
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Next, we want to show that lim
‖Π‖→0

V ar(QΠ) = 0. By definition,

V ar[(B(tj+1)−B(tj))
2] = E

[(
(B(tj+1)−B(tj))

2 − (tj+1 − tj)
)2]

=E[(B(tj+1)−B(tj))
4]− 2(tj+1 − tj)E[(B(tj+1)−B(tj))

2]

+ (tj+1 − tj)2

=3(tj+1 − tj)2 − 2(tj+1 − tj)2 + (tj+1 − tj)2

=2(tj+1 − tj)2.

The last equation follows from the lemma we mentioned at the beginning of the
proof.

Since the increments of a Brownian motion are independent,

V ar(QΠ) =V ar[

n−1∑
j=0

(B(tj+1)−B(tj))
2]

=

n−1∑
j=0

V ar[(B(tj+1)−B(tj))
2] =

n−1∑
j=0

2(tj+1 − tj)2

≤
n−1∑
j=0

2‖Π‖(tj+1 − tj) = 2‖Π‖T.

Therefore, lim
‖Π‖→0

V ar(QΠ) = 0 and we can conclude that QΠ converges to T as

‖Π‖ → 0.
�

By almost surely, we mean that there can be some paths of the Brownian motion
such that [B,B](T ) 6= T . However, if we let the set that contains all these paths
be A, then P(A) = 0.

4. Stochastic Calculus

In this section, we want to figure out how to evaluate the integral∫ T

0

a(t)dS(t)

in which T is a fixed number, a(t) is an adapted stochastic process and S(t) is a
Brownian motion with respect to a filtration {F}, t ≥ 0. We can consider a(t) as
the position we take in an asset and S(t) as the asset price at time t. Thus, we
want a(t) to have some properties that an asset position has and this is achieved
by the adaptivity.

Since a(t) is adapted, a(t) is F(t)-measurable, which implies that the informa-
tion available at time t is sufficient to determine a(t). In addition, F(t)-measurable
implies that a(t) is independent of future Brownian increments.
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If S(t) is differentiable, we can easily define the integral as∫ T

0

a(t)dS(t) =

∫ T

0

a(t)S′(t)dt

and the right hand side is a Lebsgue integral. However, we know that a Brownian
motion is nowhere differentiable. Thus, we need a new way of integral – Itô’s inte-
gral.

We first introduce a case when the integrand is simple and then extend the
definition to more general cases.

Definition 4.1. A process a(t) is called a simple process when there exists a
partition Π = {t0, t1, t2, ..., tn} of [0, T ] such that a(t) is constant in each interval
[tj , tj+1).

If we consider a(t) as our position we take in an asset, then a simple process
a(t) means that there are finitely pre-determined times at which we can change our
position. For example, we can only change our position in the stock market at 8:00
am everyday. In this case, the position we take is a simple process.

Then, our gain by trading is as following:

I(t) = a(t0)[S(t)− S(t0)] = a(0)S(t) if 0 ≤ t ≤ t1,
I(t) = a(0)S(t) + a(t1)[S(t)− S(t1)] if t1 ≤ t ≤ t2,

I(t) = a(0)S(t) + a(t1)[S(t2)− S(t1)] + a(t2)[S(t)− S(t2)] if t2 ≤ t ≤ t3,
...

This leads to our definition of the Itô integral of a simple process.

Definition 4.2. Let a(t) be a simple process with a partition Π = {t0, t1, t2, ..., tn}
of [0, T ] and S(t) be a Brownian motion with respect to a filtration {F}, t ≥ 0.
The Itô integral of the simple process a(t) is defined as the process

I(t) =

∫ T

0

a(t)dS(t) =

n−1∑
j=0

a(tj)[S(tj+1)− S(tj)].

Property 4.3. Let a(t), b(t) be a simple processes and S(t) be a Brownian motion
with respect to a filtration {F}, t ≥ 0.

(i) (Linearity) Let m,n be constants. ma(t) + nb(t) is also a simple process
and∫ T

0

ma(t) + nb(t)dS(t) = m

∫ T

0

a(t)dS(t) + n

∫ T

0

b(t)dS(t).

Moreover, for some r such that 0 < r < T ,∫ T

0

a(t)dS(t) =

∫ r

0

a(t)dS(t) +

∫ T

r

a(t)dS(t).

(ii) (Martingale) The process

I(t) =

∫ t

0

a(u)dS(u)

is a martingale.
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(iii) (Quadratic variation)

[I, I](t) =

∫ t

0

a2(u)du.

(iv) (Continuity) The paths of I(t) are continuous.

Proof. (i) The linearity follows immediately from the definition.
(ii) Let’s suppose the partition on which that simple process is defined is Π =
{t0, t1, t2, ..., tn}. Let s, t be given such that 0 ≤ s ≤ t ≤ T and s, t are
in different subintervals. Suppose s ∈ [tl, tl+1) and t ∈ [tk, tk+1) in which
n < m. Then,

I(t) =

n−1∑
j=0

a(tj)[S(tj+1)− S(tj)]

=

l−1∑
j=0

a(tj)[S(tj+1)− S(tj)] + a(tl)[S(tl+1)− S(tl)]

+

k−1∑
j=l+1

a(tj)[S(tj+1)− S(tj)] + a(tk)[S(tk+1)− S(tk)].

Next, we will discuss the expected value of each term on the right-hand
side conditioning on F(s).
For the first term, since all random variables in the first term are F(s)-
measurable,

E

 l−1∑
j=0

a(tj)[S(tj+1)− S(tj)]

∣∣∣∣∣F(s)

 =

l−1∑
j=0

a(tj)[S(tj+1)− S(tj)].

For the second term, since S is a martingale,

E[a(tl)(S(tl+1)− S(tl))|F(s)] = a(tl)E[S(tl+1)− S(tl)|F(s)]

= a(tl)(E[S(tl+1)|F(s)]− S(tl)) = a(tl)[S(s)− S(tl)].

For the third and the fourth terms, we use the iterated conditioning prop-
erty of expectation:

E
{
a(tj)(S(tj+1)− S(tj))

∣∣∣F(s)
}

=E
{
a(tj)E[(S(tj+1)− S(tj))|F(tj)]

∣∣∣F(s)
}

=E
{
a(tj)(E[S(tj+1)|F(tj)]− S(tj))

∣∣∣F(s)
}

=E
{
a(tj)(S(tj)− S(tj))

∣∣∣F(s)
}

=0.

Thus, the fourth term is zero. By the linearity of expectation, the third
term is also zero.
Therefore,

E[I(t)|F(s)] =

l−1∑
j=0

a(tj)[S(tj+1)− S(tj)] + a(tl)[S(s)− S(tl)] = I(s).
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(iii) Let’s consider one subinterval [tj , tj+1] in which a(t) is constant. Let P =
{s0, s1, s2, ..., sm} be a partition of [tj , tj+1]. Now, consider,

m−1∑
i=0

[I(si+1)− I(si)]
2 =

m−1∑
i=0

[a(tj)(S(si+1)− S(si))]
2

= a2(tj)

m−1∑
i=0

(S(si+1)− S(si))
2.

As ‖P‖ → 0,
∑m−1
i=0 (S(si+1)−S(si))

2 approaches [S, S](tj+1)− [S, S](tj) =
tj+1 − tj . Thus,

lim
‖P‖→0

a2(tj)

m−1∑
i=0

(S(si+1)− S(si))
2 = a2(tj)(tj+1 − tj)

=

∫ tj+1

tj

a2(u)du , since a(u) is constant in [tj , tj+1].

If we apply this trick on all subintervals and sum the results up, we get

[I, I](t) = lim
‖Π‖→0

n−1∑
j=0

[I(tj+1)− I(tj)]
2

=

n−1∑
j=0

∫ tj+1

tj

a2(u)du =

∫ t

0

a2(u)du.

(iv) The continuity of the Itô integral follows from the continuity of Brownian
motion.

�

Ater defining the Itô integral when the integrands are simple processes, now
we want to extend the definition to continuously varying integrands. Let a(t) be
a adapted stochastic process with respect to a filtration {F}, t ≥ 0 and a(t) is
bounded.

In order to define the integral, we are going to use simple process to approximate
a(t). Suppose a partition Π = {t0, t1, t2, ..., tn} on [0, T ]. Let the simple process
an(t) be defined in the following way:

an(t) = a(tj) when t ∈ [tj , tj+1).

Then, as ‖Π‖ goes to 0, the approximation gets better and better. In this way, we
get the definition of the Itô integral for a continuously varying integrand.

Definition 4.4. Let a(t) be a bounded adapted stochastic process with continuous
pathes and S(t) be a Brownian motion with respect to a filtration {F}, t ≥ 0. Then,
we may find a sequence of simple processes an(t) such that

lim
n→∞

E
∫ T

0

|an(t)− a(t)|2 = 0.

We define the Itô integral for a continuously varying integrand as following:∫ t

0

a(u)dS(u) = lim
n→∞

∫ t

0

an(u)dS(u) for 0 ≤ t ≤ T .
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By saying a(t) is bounded, we means that there exists some C ∈ R such that
|a(t)| < C for all t almost surely.

Because of the way we define the Itô integral for a continuously varying inte-
grand, it inherits all the properties we discussed in Property 4.3 when the integrand
is a simple process.

The existence of the sequence an(t) will be shown in the next theorem.

Theorem 4.5. Let a(t) be a bounded adapted stochastic process with continuous
paths and S(t) be a Brownian motion with respect to a filtration {F}, t ≥ 0. Then,
there exists a sequence of simple processes an(t) such that

lim
n→∞

E
∫ T

0

|an(t)− a(t)|2 = 0.

Proof. See Lemma 3.2.2 of [2]. �

5. Ito-Doeblin Formula

Theorem 5.1. (Itô-Doeblin formula for Brownian motions) Let f(t, s) be a C2

function, which implies that ft(t, s), fx(t, s) and fxx(t, s) exist and are continuous.
Then,

f(T, S(T )) = f(0, S(0))+

∫ T

0

ft(t, S(t))dt+

∫ T

0

fx(t, S(t))dS(t)+
1

2

∫ T

0

fxx(t, S(t))dt

in which S(t) is a Brownian motion and T ≥ 0.

Itô-Doeblin formula is often written in its differential form:

df(t, S(t)) = ft(t, S(t))dt+ fx(t, S(t))dS(t) +
1

2
fxx(t, S(t))dt. (5.2)

Proof. Let Π = {t0, t1, t2, ..., tn} be a partition on [0, T ]. By Taylor’s Theorem,

f(tj+1,S(tj+1))− f(tj , S(tj))

= ft(tj , S(tj))(tj+1 − tj) + fx(tj , S(tj))(S(tj+1)− S(tj))

+
1

2
fxx(tj , S(tj))(S(tj+1)− S(tj))

2 +
1

2
ftt(tj , S(tj))(tj+1 − tj)2

+ftx(tj , S(tj))(tj+1 − tj)(S(tj+1)− S(tj)) + higher-order terms.
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Then,

f(T,S(T ))− f(0, S(0))

=

n−1∑
j=0

[f(tj+1, S(tj+1))− f(tj , S(tj))]

=

n−1∑
j=0

ft(tj , S(tj))(tj+1 − tj) +

n−1∑
j=0

fx(tj , S(tj))(S(tj+1)− S(tj))

+
1

2

n−1∑
j=0

fxx(tj , S(tj))(S(tj+1)− S(tj))
2 +

1

2

n−1∑
j=0

ftt(tj , S(tj))(tj+1 − tj)2

+

n−1∑
j=0

ftx(tj , S(tj))(tj+1 − tj)(S(tj+1)− S(tj)) + higher-order terms.

Let’s take the limits as ‖Π‖ → 0 on both sides. The left-hand side is unchanged.
For the right-hand side, let’s discuss it term by term.
The first term:

lim
‖Π‖→0

n−1∑
j=0

ft(tj , S(tj))(tj+1 − tj) =

∫ T

0

ft(t, S(t))dt,

which is a Lebesgue integral.
The second term:

lim
‖Π‖→0

n−1∑
j=0

fx(tj , S(tj))(S(tj+1)− S(tj)) =

∫ T

0

fx(t, S(t))dS(t),

which is an Itô integral.
The third term: As ‖Π‖ → 0, we can substitute (S(tj+1) − S(tj))

2 by (tj+1 − tj)
(See Remark 3.4.4 of [1] for the proof). Thus,

lim
‖Π‖→0

1

2

n−1∑
j=0

fxx(tj , S(tj))(S(tj+1)− S(tj))
2 =

1

2
fxx(t, S(t))dt,

which is a Lebesgue integral.
The fourth, fifth and higher-order terms: As lim‖Π‖→0, these terms goes to 0. We
are going to prove the this using the fourth term as an example.

lim‖Π‖→0

∣∣∣∣∣∣12
n−1∑
j=0

ftt(tj , S(tj))(tj+1 − tj)2

∣∣∣∣∣∣
≤ 1

2
lim
‖Π‖→0

(tj+1 − tj) · lim
‖Π‖→0

n−1∑
j=0

|ftt(tj , S(tj))|(tj+1 − tj)

≤ 1

2
lim
‖Π‖→0

‖Π‖ ·
∫ T

0

|ftt(t, S(t))|dt

= 0.



12 XUEFEI GAO

Therefore,

f(T, S(T ))−f(0, S(0)) =

∫ T

0

ft(t, S(t))dt+

∫ T

0

fx(t, S(t))dS(t)+
1

2

∫ T

0

fxx(t, S(t))dt.

�

In Theorem 5.1, we introduce Itô-Doeblin formula for Brownian motions. In the
following part of this section, we will introduce a more general type of stochastic
process than Brownian motion and extend Itô-Doeblin formula to it.

Definition 5.3. Let S(t) be a Brownian motion with respect to a filtration {F},
t ≥ 0. Let µ(t) and σ(t) be two adapted stochastic processes. An Itô process is a
stochastic process of the form

X(t) = X(0) +

∫ t

0

µ(u)du+

∫ t

0

σ(u)dS(u).

Theorem 5.4. The quardratic variation of the Itô process is

[X,X](t) =

∫ t

0

σ2(u)du.

Proof. Let R(t) =
∫ t

0
µ(u)du and I(t) =

∫ t
0
σ(u)dS(u). R(t) and I(t) have continu-

ous paths. Let Π = {t0, t1, t2, ..., tn} be a partition on [0, t].
Since

[X(tj+1)−X(tj)]
2 = [R(tj+1)−R(tj)]

2 + [I(tj+1)− I(tj)]
2

+2[R(tj+1)−R(tj)][I(tj+1)− I(tj)],

then

n−1∑
j=0

[X(tj+1)−X(tj)]
2 =

n−1∑
j=0

[R(tj+1)−R(tj)]
2 +

n−1∑
j=0

[I(tj+1)− I(tj)]
2

+2

n−1∑
j=0

[R(tj+1)−R(tj)][I(tj+1)− I(tj)].

Let’s discuss the limits of terms on the right-hand side as ‖Π‖ → 0.
The first term is

n−1∑
j=0

[R(tj+1)−R(tj)]
2 ≤ max

i=0,1,2,...,n−1
|R(ti+1)−R(ti)| ·

n−1∑
j=0

|R(tj+1)−R(tj)|

= max
i=0,1,2,...,n−1

|R(ti+1)−R(ti)| ·
n−1∑
j=0

∣∣∣∣∣
∫ tj+1

tj

µ(u)du

∣∣∣∣∣
≤ max
i=0,1,2,...,n−1

|R(ti+1)−R(ti)| ·
∫ t

0

|µ(u)|du.

Since R(t) is continuous, as ‖Π‖ → 0, maxi=0,1,2,...,n−1 |R(ti+1)−R(ij)| → 0. Thus,

lim‖Π‖→0

∑n−1
j=0 [R(tj+1)−R(tj)]

2 = 0
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The second term is

lim
‖Π‖→0

n−1∑
j=0

[I(tj+1)− I(tj)]
2 = [I, I](t) =

∫ t

0

σ2(u)du.

The third term is

2

n−1∑
j=0

[R(tj+1)−R(tj)][I(tj+1)− I(tj)]

≤ 2 max
i=0,1,2,...,n−1

|I(tj+1)− I(tj)|
n−1∑
j=0

[R(tj+1)−R(tj)]

≤ 2 max
i=0,1,2,...,n−1

|I(tj+1)− I(tj)|
∫ t

0

|µ(u)|du.

Since I(t) is continuous, as ‖Π‖ → 0, maxi=0,1,2,...,n−1 |I(ti+1)− I(ij)| → 0. Thus,

lim‖Π‖→0 2
∑n−1
j=0 [R(tj+1)−R(tj)][I(tj+1)− I(tj)] = 0.

Therefore, [X,X](t) = 0 + [I, I](t) + 0 =
∫ t

0
σ2(u)du. �

Definition 5.5. Let a(t) be an adapted process. We define the integral with respect
to an Itô process X(t) as following:∫ T

0

a(t)X(t) =

∫ T

0

a(t)µ(t)dt+

∫ T

0

a(t)σ(t)dS(t).

Theorem 5.6. (Itô-Doeblin formula for an Itô process) Let X(t) be an Itô process
and f(t, s) be a C2 function. Then

f(T,X(T )) = f(0, X(0)) +

∫ T

0

ft(t,X(t))dt+

∫ T

0

fx(t,X(t))dX(t)

+
1

2

∫ T

0

fxx(t,X(t))d[X,X]t

= f(0, X(0)) +

∫ T

0

ft(t,X(t))dt+

∫ T

0

fx(t,X(t))dX(t)

+

∫ T

0

fx(t,X(t))µ(t)dt+
1

2

∫ T

0

fxx(t,X(t))σ2(t)dt

for each T ≥ 0.

The differential form is

df(t,X(t)) =ft(t,X(t))dt+ fx(t,X(t))dX(t) +
1

2
fxx(t,X(t))dX(t)dX(t)

=ft(t,X(t))dt+ fx(t,X(t))dX(t)

+fx(t,X(t))µ(t)dt+
1

2
fxx(t,X(t))σ2(t)dt.

(5.7)

The proof of a more general version of Itô-Doeblin formula is similar to the proof
of Theorem 5.1 despite the Brownian motion S(t) is replaced by an Itô process X(t).
Section 4.4.2 of [1] gives a scratch of the proof.
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6. Financial Models

This section will briefly introduce some financial models and illustrate how Itô-
Doeblin formula plays its role.

Example 6.1. (Geometric Brownian Motion) Let B(t) be a Brownian motion.
Then a process S(t) is called a geometric Brownian motion if it satisfies the following
form:

dS(t) = µS(t)dt+ σS(t)dB(t) (6.2)

in which µ and σ are constants. This is an example of a stochastic differential
equation. We often call µ drift and σ volatility. If we consider S(t) as stock price,
we consider µ as the expected annual rate of return and σ as the variance of the
annual rate of return.

Geometric Brownian motion is more ideal for modeling stock price since stock
price is never negative. Let’s rewrite (6.2)

dS(t)

S(t)
= µdt+ σdB(t).

Let S(t) be the stock price. Then,
dS(t)

S(t)
is the rate of stock price change, which

could be either positive or negative.

Then, we want to show that

S(t) = S(0) exp

{(
µ− σ2

2

)
t+ σB(t)

}
is a solution to the SDE (6.2).

let

f(t, B(t)) = S(t) =S(0) exp

{(
µ− σ2

2

)
t+ σB(t)

}
= exp{ln(S(0))} exp

{(
µ− σ2

2

)
t+ σB(t)

}
= exp

{
ln(S(0)) +

(
µ− σ2

2

)
t+ σB(t)

}
.

Then,

ft(t, B(t)) =

(
µ− σ2

2

)
f(t, B(t)),

fx(t, B(t)) = σf(t, B(t)), and

fxx(t, B(t)) = σ2f(t, B(t)).

By (5.2) Itô-Doeblin formula,

df(t, B(t)) =

(
µ− σ2

2

)
f(t, B(t))dt+ σf(t, B(t))dB(t) +

1

2
σ2f(t, B(t))dt

=µf(t, B(t))dt+ σf(t, B(t))dB(t)

=µS(t)dt+ σS(t)dB(t).
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Therefore, the stock price is

S(t) = S(0) exp

{(
µ− σ2

2

)
t+ σB(t)

}
at time t.

Theorem 6.3. Let S(t) be a Brownian motion and a(t) be a nonrandom function.
Let

I(t) =

∫ t

0

a(u)dS(u).

Then, for each t ≥ 0, I(t) is normally distributed with mean 0 and variance∫ t
0
a2(u)du

Proof. See Theorem 4.4.9 of [1] �

Example 6.4. (Vasicek interest rate model) Let B(t) be a Brownian motion. The
Vasicek model for interest rate R(t) is

dR(t) = a(b−R(t))dt+ σdB(t) (6.5)

in which

(1) a is the speed of reversion to the mean(the speed at which the interest rate
returns to its mean b);

(2) b is the long-term mean level of interest rate;
(3) σ is the volatility(the standard deviation of the interest rate); and
(4) B(t) is the random market risk.

We want to show that

R(t) = e−atR(0) + b(1− e−at) + σe−at
∫ t

0

easdB(s)

is the solution to the SDE (6.5).

Let

f(t,X(t)) = e−atR(0) + b(1− e−at) + σe−atX(t)

in which

X(t) =

∫ t

0

easdB(s)

In order to apply (5.2) Itô Doeblin formula, we first need to calculate the partial
derivatives of f(t,X(t))

ft(t,X(t)) = −ae−atR(0) + abe−at +−aσe−atX(t) = a(b− f(t,X(t)))

fx(t,X(t)) = σe−at

fxx(t,X(t)) = 0

and the differential of X(t)

dX(t) = eatdB(t).
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By (5.2) Itô Doeblin formula,

df(t,X(t)) =ft(t,X(t))dt+ fx(t,X(t))dX(t) +
1

2
fxx(t,X(t))dt

=a(b− f(t,X(t)))dt+ σe−ateatdB(t)

Since f(t,X(t)) satisfy the SDE (6.5) and f(0, X(0)) = R(0), we may conclude
that f(t,X(t)) = R(t).

The Vasicek interest rate model has some interesting properties. Some are desir-
able and some are not. By Theorem 6.3, we know that X(t) is normally distributed

with mean 0 and variance
∫ t

0
e2asds = (e2as−1)

2a . Then, R(t) is normally distributed

with mean e−atR(0) + b(1 − e−at) and variance σ2e−2at (e2as−1)
2a = σ2(1−e−2at)

2a .
Therefore, R(t) could be negative no matter what value a and b take. This is
the main limitation of Vasicek interest rate model since negative interest rate only
appears during extreme financial crisis.

A desirable property that the Vasicek interest rate model has is mean-reverting.
That means in the Vasicek interest rate model, the short-term interest rate has a
tendency to return to the long-term mean level of interest rate.

(1) If R(t) = b, then the dt term is 0.
(2) If R(t) > b, then the dt term is negative since b−R(t) < 0. Then, the drift

term(dt) will push the interest rate back to the long-term mean.
(3) If R(t) < b, then the dt term is positive since b−R(t) > 0. Then, the drift

term(dt) will also push the interest rate back to the long-term mean.

The last property helps verify this property. The last property tells us that R(t) is
normally distributed with mean e−atR(0) + b(1− e−at). Therefore,

lim
t→∞

E[R(t)] = lim
t→∞

[e−atR(0) + b(1− e−at)] = b.
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