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Abstract. As the title suggests, this paper serves as an introduction to a

topic lying at the intersection of combinatorial group theory and computability
theory: the word problem. We assume only a basic familiarity with group
theory and some exposure to computation. The paper proceeds to introduce

free groups, group presentations, Turing machines, a special class of automaton
called modular machines, then culiminates with the Aanderaa-Cohen proof of
the general unsolvability of the word problem.
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1. Words and Free Groups

The topic of this paper is the word problem, so it should come as no surprise that
we begin with a discussion of words. Recall that if G is a group and X a generating
set of G, then any group element g ∈ G can be expressed as a product of generators
xi ∈ X and their inverses. This expression will take the form of something like
g = x−1

1 x2x1x
−1
3 x2. It is not much of a stretch to liken X to an alphabet of letters

while some product of these letters, written as a string, is a word written in the
alphabet—I’m guessing this is where the following terminology comes from. We will
abstract away from generating sets in the following definitions, but keep in mind
that these definitions emerge quite naturally from the rules governing products of
generators.

Definition 1.1. Let S be a set and let S−1 be a set disjoint from S with the same
cardinality. It follows that there exists a bijection S → S−1 defined by x 7→ x−1.
We define a word in S as a finite sequence consisting of symbols from S ∪S−1, and
use the following notation to represent words:

w = xǫ11 x
ǫ2
2 ...x

ǫr
r ,
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where xi ∈ S, ǫi = ±1, and r ≥ 0. The length of a word is r. When r = 0, we call
w the empty word and denote it by 1. Two words are equal if they consist of the
same symbols in the same order—if they are the same sequence.

Example 1.2. The finite sequence abb−1a−1bba is a word in {a, b} with length 7.

Definition 1.3. The product of two words w = xǫ11 x
ǫ2
2 ...x

ǫr
r and v = yη1

1 y
η2

2 ...y
ηr
r is

the word formed by concatenation, meaning

wv = xǫ11 x
ǫ2
2 ...x

ǫr
r y

η1

1 y
η2

2 ...y
ηr
r .

Note that concatenating the empty word to any other word has no effect, so w1 =
1w = w.

Definition 1.4. The inverse of a word w = xǫ11 x
ǫ2
2 ...x

ǫr
r is formed by inverting each

symbol as well as inverting the order; thus,

w−1 = x−ǫr
r ...x−ǫ2

2 x−ǫ1
1 .

Definition 1.5. A word w = xǫ11 x
ǫ2
2 ...x

ǫr
r is reduced if it is the empty word or if

no symbol xǫii is ever adjacent to its inverse x−ǫi
i . That is, we never see xix

−1
i or

x−1
i xi.
If w is not reduced, then it can be turned into a reduced word by deleting all

instances of adjacent inverse symbols. We will denote the resulting reduced word
as w, and it can be checked using induction that the order of deletions does not
affect w.

Example 1.6. Let w = abb−1aaba−1ab be a word in {a, b}. In order to turn w
into a reduced word, we can first remove bb−1 to obtain aaaba−1ab, then remove
a−1a to get the reduced word w = aaabb.

Definition 1.7. We define the reduced product of two words w and v as wv.

Proposition 1.8. Let FS be the set of reduced words in S. Then FS equipped with
the reduced product forms a group.

Proof. Our goal here is to verify that FS satisfies the group axioms. Let w, v, u ∈
FS .

As we already hinted at in Definition 1.3, the empty word 1 ∈ FS serves as the
identity. Because w is already reduced, then w = w; thus, we have

w1 = 1w = w = w.

The inverse of the reduced word w = xǫ11 x
ǫ2
2 ...x

ǫr
r in FS is the inverse w−1 =

x−ǫr
r ...x−ǫ2

2 x−ǫ1
1 as described in Defintion 1.4. Note that when we take the reduced

product

ww−1 = xǫ11 x
ǫ2
2 ...x

ǫr
r x

−ǫr
r ...x−ǫ2

2 x−ǫ1
1 ,

the reduction process deletes each pair of adjacent symbols, starting from the center
with xǫrr x

−ǫr
r , ending with xǫ11 x

−ǫ1
1 . We are left with the empty word, so ww−1 = 1.

To verify that the reduced product is associative, we show wvu = wvu. If
we started with the (potentially) unreduced word wvu, then both wvu and wvu
represent different orders of deletions we could take in order to obtain wvu. Recall
that the order of deletions does not affect the resulting reduced word, which means

wvu = wvu = wvu.

Finally, notice that it follows from the definition of a generating set that S generates
FS . �
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Remark 1.9. An alternate approach to considering the group of reduced words is
to instead construct a group of equivalence classes, where two words w and v are
said to be equivalent if w = v. For further explanation, see Section 2.1 of Robinson
[2].

We now take a brief aside from words to posit a special type of group called
a free group. There is a sense in which free groups have minimal structure—the
only relations between elements of the group are direct consequences of the group
axioms. This property will make them useful for describing other groups, which we
will return to when discussing group presentations.

We start by defining the universal property of free groups, then show that the
group of reduced words satisfies this property. Finally, we conclude this section by
presenting some other, more concrete properties of free groups.

Definition 1.10. (Universal Property of Free Groups) Let F be a group with
generating set S ⊆ F . Then F is a free group with basis S if, for every group G
and every map f : S → G, there exists a unique homomorphism φ : F → G such
that φ = f on S and the following diagram commutes:

S F

G.

f
φ

Theorem 1.11. There exists a free group FS with basis S.

Proof. Let FS be the group of reduced words in S. We now show that FS satisfies
the universal property of free groups.

Let G be a group and consider some map f : S → G. Recall that w ∈ FS is a
reduced word xǫ11 x

ǫ2
2 ...x

ǫr
r . We define φ : FS → G by

φ(w) = φ(xǫ11 x
ǫ2
2 ...x

ǫr
r ) = f(x1)

ǫ1f(x2)
ǫ2 ...f(xr)

ǫr .

Note that φ clearly extends f , because if x ∈ S, then φ(x) = f(x). If we can
show that φ is a homomorphism, then the uniqueness property will follow—this is
because if some other homomorphism φ′ : FS → G also extends f , then φ and φ′

are equal on the generating set S, which implies φ = φ′.
All that’s left is to show φ is indeed a homomorphism. Let w, v ∈ FS . We divide

into two cases:
First, suppose that wv is already reduced, so wv = wv. Letting w = xǫ11 x

ǫ2
2 ...x

ǫr
r

and v = yη1

1 y
η2

2 ...y
ηr
r , we have

wv = wv = xǫ11 x
ǫ2
2 ...x

ǫr
r y

η1

1 y
η2

2 ...y
ηr
r ,

so it follows that

φ(wv) = f(x1)
ǫ1 ...f(xr)

ǫrf(y1)
η1 ...f(yr)

ηr = φ(w)φ(v).

Second, we consider when wv is not reduced. If this is the case, then there is
some word u such that, with w = w′u and v = u−1v′, we know w′v′ is reduced. To
that end, wv = w′v′, so we obtain

φ(wv) = φ(w′v′) = φ(w′v′) = φ(w′)φ(v′)
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by the first case. We also know that both w′u and u−1v′ are reduced because
they’re elements of FS , so the first case also gives us

φ(w) = φ(w′u) = φ(w′u) = φ(w′)φ(u) and

φ(v) = φ(u−1v′) = φ(u−1v′) = φ(u−1)φ(v′) = φ(u)−1φ(v′).

Multiplying these equalities, we get

φ(w)φ(v) = φ(w′)φ(u)φ(u)−1φ(v′) = φ(w′)φ(v′),

so φ(wv) = φ(w′)φ(v′) = φ(w)φ(v). Thus, φ is a homomorphism, and FS satisfies
the universal property of free groups. �

We now list, without proof, a few consequences of the universal property. Hope-
fully, these provide a better sense of the behavior of free groups.

Proposition 1.12. The following statements are true of the free group F .

(i) If F has bases S and T , then |S| = |T |.
(ii) All x ∈ F where x 6= 1 have infinite order.
(iii) For all x, y ∈ F , we have xy 6= yx unless x = uk and y = uq where u ∈ F ,

k, q ∈ Z

(iv) Every subgroup H ≤ F is a free group.

2. Group Presentations

In this section, I loosely follow the approach to introducing group presentations
given by Clay and Margalit [4].

We start with a simple question: what is the best way to describe a group?
There is, of course, the brute-force method—explicitly listing the products of any
two elements in the group organized in a multiplication table. While this method is
effective for small finite groups, it becomes tedious when dealing with larger, more
complicated groups.

Much of the information of a group is effectively captured by an often smaller
generating set, so it seems like a promising place to start. Right away, however,
we run into a problem: different groups can have equivalent generating sets. To
provide an example, consider the integers Z and the cyclic group Cn, both of which
are generated by a single element, yet they clearly behave differently (one is finite
and the other is infinite). Perhaps by defining constraints on the generators, we
can recapture the differences. Let Cn be generated by a, then the equation an = 1
describes the cyclic, ”wrapping-around” nature of the group.

We have now landed on the central idea of a group presentation: a group can
be described by its generators and a set of equalities describing how the generators
behave, which we term relations. To illustrate this notion, we say Cn has the
presentation

〈a | an = 1〉,

because the generating set is a and the only relation is an = 1. I encourage the
reader to justify for themselves why S3 has the presentation

〈a, b | a3 = 1, b2 = 1, ba = a2b〉.

Note that we could’ve just as easily written this last presentation as

〈a, b | a3, b2, bab−1a−2〉,
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where each relation is instead now a product of generators equal to the identity (so
we can omit the explicit equation). Written this way, the specified trivial products
are called relators. To be consistent, we will write a presentation as 〈S | R〉, where
S is a generating set and R is a set of relators in the generators. Now we proceed to
formalize the notion of a group presentation, utilizing the features of free groups.

Definition 2.1. Let G be a group and R ⊆ G. The normal closure of R is the
smallest normal subgroup N(R) E G such that R ⊆ N(R). Equivalently, we can
characterize the normal closure as

N(R) =
⋂

R⊆NEG

N.

Definition 2.2. A group G has presentation 〈S | R〉 if G is isomorphic to FS/
N(R).

Here’s how we think about this definition. Recall that FS is the set of all reduced
words w in S. In the quotient FS/N(R), a word w is equivalent if we add or remove
any r ∈ R. Thinking of these words as products in G, this is exactly the behavior
we want—given that we defined each r to be trivial. When some word w in S
(viewed as a product in G) is equal to some group element g ∈ G, then we write
w =G g. Finally, we show that every group admits a presentation.

Theorem 2.3. Every group G is a quotient of a free group.

Proof. Let S be a generating set for G, and construct the free group FS with basis
S. There exists a unique homomorphism φ : FS → G extending the inclusion
f : S → G by the universal property of free groups. Because the image φ(FS) ≤ G
contains the generating set S, it must be equal to the entire group G. Thus, φ is a
surjective homomorphism, so by the first isomorphism theorem, G ∼= FS/ kerφ. �

Corollary 2.4. Every group G admits a presentation.

Proof. Once again, let S be a generating set for G. If we define the same φ from
above, then G ∼= FS/ kerφ. Let R = kerφ. Then R is a normal subgroup, so R =
N(R). Therefore, we have G ∼= FS/N(R), so G has the presentation 〈S | R〉. �

Definition 2.5. Denote any presentation as 〈S | R〉. We say that a group G is

− finitely generated if it admits a presentation with finite S.
− finitely related if it admits a presentation with finite R.
− finitely presented if it admits a presentation with both finite S and R.

Examples 2.6. The following are examples of presentations for some familiar
groups.

(i) Fn = 〈a1, a2, ..., an | 〉
(ii) Z

2 = 〈a, b | aba−1b−1〉
(iii) C2 × C2 = 〈a, b | a2, b2, aba−1b−1〉
(iv) D2n = 〈a, b | an, b2, abab−1〉
(v) Q8 = 〈i, j | i4, j2i−2, ijij−1〉

3. Solvable Word Problems

We settled on the idea of a presentation as an efficient way to describe groups.
It’s natural to ask what information we can gather from a group just by looking at
its presentation. Most of the time, the answer will turn out to be: not much.
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Historically, there are three main questions we ask about presentations, first
posed together by Max Dehn in 1911 [5].

(1) The Word Problem: Let G be a finitely presented group given by the pre-
sentation 〈S | R〉. Can we decide whether a given word in S is trivial in
G?

(2) The Conjugacy Problem: Let G be a finitely presented group given by the
presentation 〈S | R〉. Can we decide whether two words in S are conjugate
in G?

(3) The Isomorphism Problem: Let G and G′ be finitely presented groups given
by the presentations 〈S | R〉 and 〈S′ | R′〉, respectively. Can we decide
whether G and G′ are isomorphic based on their presentations?

These problems are examples of what we call decision problems—essentially a
yes/no question that can be decided by an algorithm. For now, what we mean
by an algorithm is some well-defined, terminating procedure. We’ll provide a far
more rigorous treatment in the next section. Out of the three problems, our focus
will of course be on the word problem.

Definition 3.1. Let G = 〈S | R〉 be a finitely presented group. We say that G has
a solvable word problem if there exists some algorithm that, given any word w in
S, can we determine whether w =G 1.

Remark 3.2. A different statement of the word problem is to ask: given two words
w, v in S, can we determine whether w =G v in the group G? This formulation is
equivalent to the one above, for it is the same as asking whether the word wv−1 =G

1.

Note that the word problem of a group is independent of the presentation and
only depends on the group itself. This comes from the fact that there is an isomor-
phism between any two presentations of the same group.

We now sketch algorithms for solving the word problems of certain important
classes of groups.

Example 3.3. The word problem for finitely presented free groups is solvable.

Proof. Recall that a free group FS has presentation 〈S | ∅〉. Let w be a word in S.
The procedure for determining whether w =S 1 is not very involved: reduce w

to w; if w is the empty word, then w =S 1, otherwise w 6=S 1. We can be sure that
the process of reducing w to w terminates in a finite number of steps because the
original word w is finite.

The intuition behind this procedure is that 〈S | ∅〉 has no relators, so the only
obviously trivial word is the empty word. Two words that are reduced to the same
word are equivalent when thought of as a product—it follows that all nonempty
words are trivial if and only if they can be reduced to the empty word. �

Definition 3.4. A group G is residually finite if, for all g ∈ G such that g 6= 1, there
exists a normal subgroup N ⊳G such that g /∈ N and G/N is finite. Equivalently,
we could characterize this property by saying that for all g ∈ G such that g 6= 1,
there exists a finite group F and a homomorphism θ : G → F such that θ(g) 6= 1
in F .

Remark 3.5. Several classes of important groups turn out to be residually finite,
including finite groups and finitely generated abelian groups. In fact, free groups
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are residually finite, too, so the earlier procedure was somewhat irrelevant given
that the following procedure is more general.

The following algorithm is given in Section 2.2 of Robinson [2].

Example 3.6. The word problem for finitely presented residually finite groups is
solvable.

Proof. Let the residually finite group G have presentation 〈S | R〉, and let w be
a word in S. Now we create two enumerable lists: one which will allow us to
determine w =S 1 and the other to determine w 6=S 1.

First, we list all possible products of conjugates of relators: words of the form

(s−1
1 rǫ1i1 s1)(s

−1
2 rǫ2i2 s2)...(s

−1
j r

ǫj
ij
sj)

for ri ∈ R, si ∈ S, and ǫi = ±1. This list L1 will contain all words equal to the
identity in G.

Second, we list all finite groups F by explicitly writing all possible multiplication
tables. For each F , we then construct all maps from the generators S to the elements
of F , which we can extend to homomorphisms θi : G → F by specifying that all
relators r ∈ R map to 1 ∈ F . The result is a list L2 of homomorphisms from G to
finite groups.

With these two lists, the procedure is simple. We alternate between L1 and L2,
checking w against the items in each list. If w is equal to some word in L1, then we
know w =S 1. If instead, for some homomorphism θi in L2, we find that θi(w) 6= 1
in F , then we know w 6=S 1. This process—though it could take a while—is
guaranteed to terminate at some point, telling us whether w is trivial. �

Lastly, we make note of which operations on groups preserve solvability of the
word problem.

Proposition 3.7. If G and H are finitely presented groups with solvable word
problems, then their free product G ∗ H and direct product G × H have solvable
word problems as well.

4. Turing Machines and Decidability

We turn, now, to the task of formalizing the notion of an algorithm. We want to
think of an algorithm as being some set of instructions that can run on a computer.
However, in order for this to make any sense, we need to create a standard, ideal
computer, free from any physical constraints or special circumstances. This is where
the Turing machine enters, invented by Alan Turing in 1936 [6].

Definition 4.1. (Turing Machine) A Turing machine essentially consists of a tape
head that can move along the cells of an infinitely long roll of tape (we will consider
the tape as extending infinitely only to the right). The tape is initially blank, except
for a finite number of cells filled in starting at the left end. At any given point,
the tape head can read and write information on the cell it is currently over, then
move one cell left or right.

Let us begin to mathematicize these notions, presenting one one of many equiv-
alent formalizations. A Turing machine T consists of three major components:

(1) The alphabet Γ is a finite set of characters {s0, s1, s2, ..., sn} which can be
written on the tape, where s0 is a special ”blank” character.
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(2) Q is a finite set of internal states {q0, q1, q2, ..., qm}, where q0 is the specified
”start-state”. We may think of a state as providing the tape head with
information independent of the cell it’s currently over.

(3) The nonempty set of transitions T contains quintuples of the form
(q, a, q′, a′, D), where q, q′ ∈ Q, a, a′ ∈ Γ, and D ∈ {L,R}. We will omit
the parentheses and commas to abbreviate a transition as a string qaq′a′D.
Transitions are instructions for the machine; we interpret the quintuple
qaq′a′D ∈ T as saying: if the tape head is in state q at a cell that reads
character a, then switch to state q′ and write a′ on the cell, and finally move
one cell in direction D (L for left and R for right). In addition, we require
that a transition quintuple is uniquely determined by the first two letters
so that the tape head has a single well-defined action. We express this by
stating that if qaq1a1D1 ∈ T and qaq2a2D2 ∈ T , then q1a1D1 = q2a2D2.

To encapsulate the current information on the tape and state, we specify a
machine configuration

C = aik ...ai1qabi1 ...bil ,

where ai1 , ..., aik ∈ Γ are the characters starting at the left end of the tape up until
the tape head, q ∈ Q is the current state, a ∈ Γ is the character under the tape
head, and bi1 , ..., bil ∈ Γ are the characters starting at the head with bil being the
right-most non-blank character.

Let C be a machine configuration. If there is some transition that takes C to a
new configuration C ′, then we write C → C ′. For example, let

C = aik ...ai1qabi1 ...bil and qaq
′a′R ∈ T.

Then C → C ′, where

C ′ = aik ...ai1a
′q′bi1 ...bil .

We call C a terminal configuration if there does not exist a transition to take C
to a new configuration. Equivalently, there does not exist a C ′ such that C → C ′.
With this, we now define a computation of T as a finite sequence of configurations
such that

C = C1 → C2 → ...→ Ct = C,

where C is a terminal configuration. We write such a sequence as C
T
−→ C. In this

computation, the input is C and the output is C, except that we remove the state
symbol from both strings.

Definition 4.2. Utilizing one of many equivalent formulations of the Church-
Turing Thesis, we define a function f to be computable if it can be computed by a
Turing machine T ; that is to say, every input-output pair of f is the input-output
pair of some computation on T .

Definition 4.3. Let T be a Turing machine with alphabet Γ and S be the set of
all strings in Γ (or words in Γ that don’t contain any symbols from Γ−1). For some
s ∈ S, we write that T (s) halts if there exists some computation on T with input
s. We may equivalently state that when T computes on a configuration C = q0s
(where q0 is the start-state), then there exists some terminal configuration C such

that C
T
−→ C.
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Definition 4.4. Let A ⊆ X. The characteristic function of A, denoted as 1A :
X → {0, 1}, is defined by

1A(x) =

{

1, x ∈ A

0, x /∈ A
.

Definition 4.5. A subset S of a countable set X is decidable if its characteristic
function 1S is computable. For some input x ∈ X, we write that T (x) accepts if
T (x) halts and outputs x ∈ S, and T (x) rejects if T (x) halts and outputs x /∈ S.
So an equivalent formulation of what it means for S to be decidable is that

T (x) =

{

accepts, x ∈ S

rejects, x ∈ X \ S
.

Definition 4.6. A subset S of a countable set X is semi-decidable if its charac-
teristic function 1S is only guaranteed to be computable on the domain S. This
means that there exists a T such that T (x) accepts for inputs x ∈ S, but for inputs
x ∈ X \ S, the behavior of T is unpredictable: it’s possible that T (x) rejects or it
might not halt at all. To summarize,

T (x) =

{

accepts, x ∈ S

rejects or does not halt, x ∈ X \ S
.

Note that every decidable set is semi-decidable, but not every semi-decidable set
is decidable. In addition, a set S is decidable if and only if both S and X \ S are
semi-decidable.

Remark 4.7. Most of the referenced textbooks and resources use the terms recursive
and recursively enumerable in place of decidable and semi-decidable, respectively.
I’ve opted to use the latter terms because I find them to be more suggestive of the
concepts—in this context, at least.

We now state one of the landmark results in early computability theory, again
courtesy of Alan Turing [6].

Theorem 4.8. (Halting Problem) There exists a Turing machine U such that the
set HT = {x ∈ X | U(x) halts} is undecidable.

Briefly and informally, we will describe a relevant piece of notation. Let O be
some mathematical object (a graph or set, for example) then 〈O〉 is a numeri-
cal coding of O that acts as a valid input for a Turing machine—what machine
this is will be context dependent. If we have multiple objects O1, O2, ..., On, then
〈O1, O2, ..., On〉 is a valid encoding as well.

We only present a sketch of the proof here—as instructing a Turing machine to
not halt is slightly suspect. Much of what is presented comes from Sipser [7]; for
a rigorous treatment, which includes a diagonalization argument, I recommend the
reader go straight to the source: Sections 4.2 and 5.1.

Proof. Let T denote an arbitrary Turing machine and s some input for T . Suppose
that AT = {〈T, s〉 | T (s)halts} is decidable. Then there exists some Turing machine
H that accepts a machine/input encoding 〈T, s〉 such that

H(〈T, s〉) =

{

accepts, T (s) halts

rejects, T (s) does not halt
.
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Now we construct a new Turing machine D that tests what happens when T is
run on the encoding of itself 〈T 〉 inside H. We define

D(〈T 〉) =

{

halt, H(〈T, 〈T 〉〉) rejects

does not halt, H(〈T, 〈T 〉〉) accepts
,

and combining this with the explicit definition of H gives a more clear-cut definition
for D:

D(〈T 〉) =

{

halt, T (〈T 〉) does not halt

does not halt, T (〈T 〉) halts
.

The twist, however, is that we run D on itself, which yields the following:

D(〈D〉) =

{

halt, D(〈D〉) does not halt

does not halt, D(〈D〉) halts
.

The obvious contradiction here is that D is told to output the opposite of whatever
it outputs. Therefore, AT = {〈T, s〉 | T (s) halts} is undecidable.

Finally, we construct U , the universal Turing machine. The way U operates is
that it takes in a machine/input encoding 〈T, s〉 and outputs whatever T outputs
on the input s, so U(〈T, s〉) halts if and only if T (s) halts. We let X be the set of
all machine/input encodings {〈T, s〉}. Then it follows directly from the fact that
AT is undecidable that HT = {x ∈ X | U(x) halts} is undecidable. �

5. Modular Machines

Given the definition of the Turing machine, we can gain some intuition as to why
and how it can perform useful computation. The following automata, the modular
machine, does not share this trait. It is not useful on an intuitive level; rather, it
will act as a useful tool for certain group theoretic proofs. We can think of modular
machines as merely wrapping around or encoding a Turing machine, providing a
new numerical form to describe computation. We prove, in this section, that any
Turing machine can be simulated/encoded by a modular machine.

Definition 5.1. (Modular Machine) A modular machine M consists of an integer
m > 1 along with a finite set of quadruples of the form (a, b, c,D) where a, b, c ∈ Z

such that 0 ≤ a, b < m and 0 ≤ c ≤ m2, and D is either L or R. Each quadruple is
uniquely defined by a and b, so if (a, b, c,D) and (a, b, c′, D′) are both in M , then
it must be the case that c = c′ and D = D′.

Now we turn to howM computes. A configuration ofM is a pair of nonnegative
integers (α, β) ∈ (N ∪ {0})2. To decide what configuration (α, β) updates to, we
assign values to the letters u, v, a, b in the following way: let um + a = α and
vm + b = β where 0 ≤ a, b < m, perhaps better thought of as a = α mod m and
b = β mod m. If there is a quadruple (a, b, c,D) ∈M whose first two numbers are
a and b, then we calculate the new configuration (α′, β′) as follows:

(1) If D = R, then let α′ = um2 + c and β′ = v.
(2) If D = L, then let α′ = u and β′ = vm2 + c.

We denote this transition to a new configuration as (α, β) → (α′, β′). If, on the
other hand, there does not exists a quadruple beginning with a and b, then we say
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that (α, β) is a terminal configuration. Similar to Turing machines, a computation
on M is a finite sequence of configurations such that

(α, β) = (α1, β1) → (α2, β2) → ...→ (αt, βt) = (α, β),

where (α, β) is a terminal configuration. We write such a sequence as (α, β)
M
−→

(α, β).

Example 5.2. Let M be the modular machine with m = 6 and quadruples

{(3, 2, 7, L), (2, 1, 3, R), (0, 5, 2, R)}.

We will run M on the configuration (8, 13). First, we let

8 = um+ a = 1(6) + 2 and 13 = vm+ b = 2(6) + 1,

which leaves us with u = 1, v = 2, a = 2, and b = 1. These values of a and b
correspond to the quadruple (2, 1, 3, R), so we get c = 3 and D = R. Because
D = R, we let

α2 = um2 + c = 1(62) + 3 = 39 and β2 = v = 2,

giving us the first transition (8, 13) → (39, 2). I encourage the reader to follow the
same process and complete the computation, which will yield the sequence

(8, 13) → (39, 2) → (6, 11) → (38, 1) → (219, 0).

Note that the configuration (219, 0) is terminal because it results in a = 3 and
b = 0, for which there is no corresponding quadruple.

Theorem 5.3. Given any Turing machine T , there exists a modular machine M
that simulates T , by which we mean any computation on T corresponds to an equiv-
alent computation on M .

Proof. We provide a proof by explicit construction of the modular machine M . Let
T be a Turing machine with alphabet Γ and states Q. We let m of the modular
machine be equal to the cardinality of Γ∪Q, and we may safely assert without loss
of generality that Γ = {1, ..., n} and Q = {n+ 1, ...m}.

Next, we describe how to associate (mm) configurations of M with (tm) config-
urations of T . Let C = aik ...ai1qabi1 ...bil be a configuration of T . There are essen-
tially four pieces of information we need to capture: the left characters aik ...ai1 ,
the right characters bi1 ...bil , the current character a, and the state q. We assign the
left and right characters to symbols u and v, respectively, through summations:

u =

k
∑

j=1

aijm
j−1 and v =

l
∑

j=1

bijm
j−1.

We create two mm configurations (um+q, vm+a) and (um+a, vm+q) to associate
with C. If an mm configuration (α, β) is associated with a tm configuration C, then
we write (α, β) ∼ C.

Finally, we assign (mm) transition quadruples of M with (tm) transitions quin-
tuple of T . Let qaq′a′D ∈ T be a tm transition, then we associate it with two mm
transitions (q, a, a′m+ q′, D), (q, a, a′m+ q′, D) ∈M .

Having made the necessary associations, we prove M does in fact simulate T by
showing two facts. Let (α, β) be an mm configuration and C,C ′ be tm configura-
tions such that (α, β) ∼ C.
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(1) If C → C ′, then (α, β) → (α′, β′) where (α′, β′) is an mm configuration
such that (α′, β′) ∼ C ′.

(2) C is terminal if and only if (α, β) is terminal.

To prove the first claim, let C = aik ...ai1qabi1 ...bil and C ′ = aik ...ai1a
′q′bi1 ...bil ,

which implies the existence of a tm transition quintuple qaq′a′R ∈ T . There must
be an associated pair of mm transition quadruples, (q, a, a′m + q′, D), (q, a, a′m +
q′, D) ∈ M . Because (α, β) ∼ C, we know (α, β) is equal to (um + q, vm + a) or
(um+ a, vm+ q). Either way, by the computation rules of M , we get that

(α, β) → (um2 + a′m+ a′, v).

Let us check that (um2 + a′m + a′, v) ∼ C ′ as we expect. We construct the mm
configurations associated with C ′ by first calculating

u′ =
k

∑

j=1

aijm
j + a′m0 = m

k
∑

j=1

aijm
j−1 + a′ = um+ a′,

and

v′ =

l
∑

j=2

bijm
j−2 = m−1





l
∑

j=1

bijm
j−1 − bi1



 = m−1(v − bi1).

We plug these values into one of the mm configuration formulas (u′m+q′, v′m+bi1)
to get

((um+ a′)m+ q′,m−1(v − bi1)m+ bi1) = (um2 + a′m+ q′, v),

which is indeed the same configuration implied by the computation of M , thereby
proving the first claim. Note that an analogous procedure can be followed if the
tm transition instead specified a move D = L to the left.

We turn our attention to the second claim. Once again, let C = aik ...ai1qabi1 ...bil .
Then because (α, β) ∼ C, it must be the case that (α, β) is equal to (um+q, vm+a)
or (um+ a, vm+ q). In order for C to be terminal, there must not exist a tm tran-
sition quintuple qaq′a′R ∈ T , which is true if and only if there do not exist mm
transition quadruples (q, a, a′m + q′, D), (q, a, a′m + q′, D) ∈ M . Thus, (α, β) is
terminal as well, proving our second claim.

From these two facts, it follows that any computation on T is associated with
an equivalent computation on M .

�

Note that we can apply an analogous definition of halting for modular machines
as for Turing machines: for an input (α, β), we write M(α, β) halts if there exists
some (α, β) such that (α, β) → (α, β). Now we obtain the following corollary as a
direct consequence of the Halting Problem and the fact that modular machines can
simulate Turing machines.

Corollary 5.4. There exists a modular machine M such that the set HM =

{(α, β) | (α, β)
M
−→ (0, 0)} is undecidable.

Proof. Let T be a Turing machine for which the set HT is undecidable. Now
we construct a modular machine M that simulates T . Because there is a perfect
correspondence between computations on T and computations onM , for associated
input configurations q0s ∼ (α, β), we know T (s) halts if and only if M(α, β) halts.
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WheneverM(α, β)halts, thenM has reached some terminal configuration (α, β).
We modify M in the following way: add a finite number of new transitions
(ai, bi, ci, D) ∈M for 0 < i ≤ n such that

(α, β) = (α1, β1) → ...→ (αn, βn) = (0, 0).

Note that any M which simulates a T will never contain a transition (0, 0, c,D) ∈
M , so (0, 0) will always be terminal. The upshot is that M(α, β) halts is now

equivalent to (α, β)
M
−→ (0, 0), so T (s) halts if and only if (α, β)

M
−→ (0, 0). Thus,

the fact that HT = {s ∈ S | T (s) halts} is undecidable immediately implies HM =

{(α, β) | (α, β)
M
−→ (0, 0)} is undecidable as well. �

6. HNN Extensions and Britton’s Lemma

The final tools we will need to prove the general unsolvability of the word
problem are HNN extensions and Britton’s Lemma. We will view them as just
that—tools—and nothing more. To that end, we provide the following statements
with little motivation or proof, as additional knowledge of free groups and free prod-
ucts is necessary. If the reader seeks to gain a deeper understanding, I recommend
them to Section 2.3 of Simpson [11], where these definitions are taken from.

Theorem 6.1. (Higman/Neumann/Neumann) Let G be a group. Let H,K be
subgroups of G which are isomorphic to each other, and let φ : H → K be a
particular isomorphism of H onto K. Then there exists a group G′ ⊇ G and a group
element p ∈ G′ such that p−1hp = φ(h) for all h ∈ H.

Definition 6.2. (HNN Extension). Let G be any group, and let φi : Hi
∼= Ki,

i ∈ I, be a family of isomorphisms between subgroups of G. Then the group

G′ = 〈G, pi, i ∈ I | p−1
i hpi = φi(h), h ∈ Hi, i ∈ I〉

is called an HNN extension of G with stable letters pi and associated subgroups
Hi,Ki for i ∈ I.

For the remaining definitions and results in this section, we will assume that we
are working with G′, an HNN extension of G with stable letters pi and associated
subgroups Hi,Ki for i ∈ I, as defined above in Definition 6.2.

Definition 6.3. A pinch is a word of the form p−1
i vpi or pivp

−1
i where pi is a

stable letter and v is a word in G lying in Hi or Ki, respectively.

Lemma 6.4. (Britton’s Lemma) Let w be a word in G ∪ {pi} containing some
stable letter pi or its inverse p−1

i . If w =G′ 1, then w contains a pinch.

Proposition 6.5. The results below follow directly from Britton’s Lemma and are
taken from Aanderaa and Cohen [12].

(i) Recall that G′ is an HNN extension of G as given in Definition 6.2. Then G
embeds in G′. That is to say, the canonical homomorphism φ : G → G′ is
injective.

(ii) A good subgroup of G is a subgroup A ≤ G such that φi(A∩Hi) = A∩Ki for
all i ∈ I. Let A′ be the subgroup of G′ generated by A, pi, i ∈ I, i.e., A plus
the stable letters. Then A′ is an HNN extension of A with the same stable
letters, and A′ ∩G = A.

(iii) In the group 〈G, p | p−1hp = φ(h) = h, h ∈ H〉, where the isomorphism φ is
the identity, we have p−1gp = g for g ∈ G only if g ∈ H.
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7. Unsolvability of the Word Problem

We now restate the word problem having built up the formal background of
Turing machines and decidability.

Definition 7.1. Let G = 〈S | R〉 be a finitely presented group and W be the set
of all words in S. We say G has a solvable word problem if the the set {w ∈ W |
w =G 1} is decidable.

At last, we have reached the seminal proof of this paper, that the word problem
for finitely presented groups is, in general, unsolvable. The result is usually termed
the Novikov-Boone Theorem as it was proven independently by Pyotr S. Novikov
and William W. Boone in 1955 and 1958, respectively. John L. Britton would later
provide a simpler proof in 1963. All of these proofs in some way rely on the Halting
Problem for Turing machines, and I encourage the reader to turn to Chapter 12 of
Rotman [1] for an excellent treatment of them.

The following proof is due to St̊al Aanderaa and Daniel E. Cohen (1980) [12],
and it utilizes modular machines instead of Turing machines. The presentation we
give below is in large part inspired by a recap of the proof written by Simpson [10].

Theorem 7.2. There exists a finitely presented group with an unsolvable word
problem.

Let M be the modular machine for which the halting set HM = {(α, β) |

(α, β)
M
−→ (0, 0)} is undecidable. To provide a broad overview of the proof, we

will show that if the word problem for a certain carefully constructed finitely pre-
sented group (G′

M )′ is solvable, then the halting set HM is decidable. Because HM

is undecidable, it follows that (G′
M )′ must have an unsolvable word problem.

In order to get to this final step, however, we must first construct a number of
groups. The following diagram provides a sense of how these groups are related
and will hopefully serve as a useful reference:

G G′
M (G′

M )′

T T ′

TM T ′
M

⊂ ⊂

⊂ ⊂

The bulk of the proof will consist of proving the equality

TM = T ′
M ∩G = 〈t〉′ ∩G,

which we accomplish in two steps: first, by showing that TM = T ′
M ∩G and second,

that T ′
M = 〈t〉′.

We will begin to define most of the necessary groups here; the rest will be defined
once they are required in the preliminary proofs. To start, we define

G = 〈t, x, y | xy = yx〉 ∼= Z ∗ Z2.
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We use the notation t(α, β) to represent x−αy−βtxαyβ where α, β ∈ Z. Note that
t = t(0, 0). Next, let

G > T = 〈t(α, β) | α, β ∈ Z〉.

For any a, b,M,N ∈ Z such that 0 ≤ a < M and 0 ≤ b < N , we define the subgroup

G ≥ GMN
ab = 〈t(a, b), xM , yN 〉.

The observant reader might notice that our requirements of a, b,M, and N are
somewhat reminiscent of the requirements placed on the construction of a modular
machine—wherein we have an integer m and require that 0 ≤ a, b < m for all
transition quadruples (a, b, c,D). This is so that the elements GMN

ab can be used
to describe configurations of M . Soon, we will locate functions which can describe
transitions between the configurations.

Label the transition quadruples of M as

{(ai, bi, ci, R) | i ∈ I} ∪ {(aj , bj , cj , L) | j ∈ J}.

For i ∈ I, the subgroups GMM
aibi

, GM21
ci0 have a family of canonical isomorphisms

φi : G
MM
aibi

→ GM21
ci0 defined by t(ai, bi) 7→ t(ci, 0), x

M 7→ xM
2

, yM 7→ y,

and for j ∈ J , the isomorphisms ψj : GMM
ajbj

→ G1M2

0cj are defined in an analogous

manner. Note that φi essentially performs an R transition, and ψj performs an L
transition. Now we can construct the HNN extension G′

M of G with stable letters

ri, i ∈ I and lj , j ∈ J . We require that g 7→ r−1
i gri extends φi and g 7→ l−1

j gkj
extends ψj . To write it explicitly (and slightly byzantine):

G′
M = 〈G, ri, lj | r

−1
i giri = φi(gi), l

−1
j gj lj = ψj(gj), gi ∈ GMM

aibi
, gj ∈ GMM

ajbj
〉.

Finally, we define

TM = 〈t(α, β) | (α, β) ∈ HM 〉,

then proceed to prove two results about it.

Lemma 7.3. TM = T ′
M ∩G

Proof. Note that T ′
M is the subgroup of G′

M generated by t(α, β), ri, lj for i ∈ I, j ∈
J, and α, β ∈ Z (so it’s an HNN extension with stable letters ri, lj). By Proposition
6.5.ii, to prove TM = T ′

M ∩G, it will suffice to show that TM is a good subgroup of
G with respect to G′

M .
We already have

φi(TM ∩GMM
aibi

) = φi(TM ) ∩ φi(G
MM
aibi

) = φi(TM ) ∩GM21
ci0

for all i ∈ I. Now we prove that φi(TM ) = TM . Recall that φi acts on a configura-
tion t(α, β) as an R transition, which can easily be checked by the definition of φi.
We have φi(t(α, β)) = t(α1, β1) implies (α, β) → (α1, β1), so

t(α, β) ∈ TM ⇐⇒ (α, β) ∈ HM ⇐⇒ (α1, β1) ∈ HM ⇐⇒ t(α1, β1) ∈ TM .

Therefore, it follows from φi(t(α, β)) = t(α1, β1) that t(α, β) ∈ TM if and only
if t(α1, β1) ∈ TM ; this proves that φi(TM ) = TM , which then gives us φi(TM ∩

GMM
aibi

) = TM ∩GM21
ci0 . An identical argument proves ψj(TM ∩GMM

ajbj
) = TM ∩G1M2

0cj

for all j ∈ J , so TM is a good subgroup of G. �

Lemma 7.4. T ′
M = 〈t〉′
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Proof. Similar to T ′
M , we define 〈t〉′ as the subgroup of G′

M generated by t, ri, lj
for i ∈ I, j ∈ J, (also an HNN extension with stable letters ri, lj).

First, we show that 〈t〉′ ⊆ T ′
M . We know that (0, 0) ∈ HM (as the case where

M halts immediately on the input), so t(0, 0) = t ∈ TM . Because TM has t as a
generator, then T ′

M does as well, so it follows that 〈t〉′ ⊆ T ′
M .

Next, recall that any (α, β) ∈ HM is the start of a finite sequence of configura-
tions

(α, β) = (α1, β1) → (α2, β2) → ...→ (αn, βn) = (0, 0),

where n is the length of computation on (α, β). We use induction on the length of
computation n to show that t(α, β) ∈ 〈t〉′ for all (α, β) ∈ HM .

For the base case of n = 1, we have the trivial computation (α, β) = (α1, β1) =
(0, 0), where clearly t(0, 0) = t ∈ 〈t〉′.

Now we suppose that t(α, β) ∈ 〈t〉′ for all (α, β) ∈ HM with length of computa-
tion n. Consider the following computation of length n+ 1:

(α, β) = (α1, β1) → (α2, β2) → ...→ (αn+1, βn+1) = (0, 0).

The computation consisting of the subsequence

(α2, β2) → ...→ (αn+1, βn+1) = (0, 0)

has length n, which implies t(α2, β2) ∈ 〈t〉′ by our supposition. All that is left for us
to show is that (α, β) → (α2, β2) means t(α, β) ∈ 〈t〉′ as well. Let us assume without
loss of generality that (α, β) → (α2, β2) by the transition quadruple (ai, bi, ci, R) ∈
M , so by the definition of the modular machine, we have (α, β) = (uM+ai, vM+bi)
and (α2, β2) = (uM2 + ci, v). We can now expand t(α, β) to get

t(α, β) = x−αy−βtxαyβ

= x−uM−aiy−vM−bitxuM+aiyvM+bi

= x−uMy−vMx−aiy−bitxaiybixuMyvM

= x−uMy−vM t(ai, bi)x
uMyvM .

Because 〈t〉′ is an HNN extension with stable letters ri, i ∈ I, we know that
ri〈t〉

′r−1
i = 〈t〉′. So if we can show that t(α, β) and t(α2, β2) ∈ 〈t〉′ are conju-

gate with respect to ri, then it will follow that t(α, β) ∈ 〈t〉′ as well. Recall that

g 7→ r−1
i gri extends the canonical isomorphism GMM

aibi
→ GM21

ci0 ; thus,

r−1
i t(α, β)ri = φi(x

−uMy−vM t(ai, bi)x
uMyvM )

= x−uM2

y−vt(ci, 0)x
uM2

yv

= x−uM2

y−vx−citxcixuM
2

yv

= x−uM2−ciy−vtxuM
2+ciyv

= t(uM2 + ci, v)

= t(α2, β2).

We are left with r−1
i t(α, β)ri = t(α2, β2), which implies t(α, β) = rit(α2, β2)r

−1
i .

Therefore, t(α, β) is in fact conjugate to t(α2, β2), so t(α, β) ∈ 〈t〉′.
By the inductive hypothesis, t(α, β) ∈ 〈t〉′ for all (α, β) ∈ HM , and this is

sufficient to show that T ′
M ⊆ 〈t〉′. Combining this with the earlier result 〈t〉′ ⊆ T ′

M ,
we get the desired end result: T ′

M = 〈t〉′. �
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Everything will now come together as we provide a finitely presented group with
an unsolvable word problem, proving the Novikov-Boone Theorem.

Proof. Consider the HNN extension

(G′
M )′ = 〈G′

M , k | k−1hk = h, h ∈ 〈t〉′〉

Because G′
M and 〈t〉′ are finitely generated, then (G′

M )′ has finitely many generators
and relators, so it is finitely presented. Furthermore, for g ∈ G′

M , Proposition 6.5.iii
tells us g ∈ 〈t〉′ if and only if k−1gk = g. Because T ⊂ G′

M , then specifically all
t(α, β) ∈ 〈t〉′ if and only k−1t(α, β)k = t(α, β).

From the previous lemmas, we have TM = T ′
M ∩ G and T ′

M = 〈t〉′; putting
these equalities together yields 〈t〉′ ∩G = TM . It follows that if t(α, β) ∈ 〈t〉′, then
t(α, β) ∈ TM , which means (α, β) ∈ HM .

To recap the entire chain of logic, we have

k−1t(α, β)k = t(α, β) ⇐⇒ t(α, β) ∈ 〈t〉′ ⇐⇒ t(α, β) ∈ TM ⇐⇒ (α, β) ∈ HM .

If we have a way to determine whether k−1t(α, β)k = t(α, β) is true, then it will
tell us whether M halts on (α, β). To reword that last statement more sugges-
tively, if there is an algorithm to determine if the word t(α, β)−1k−1t(α, β)k is
trivial, then the same algorithm can also solve the Halting Problem for M . We
cannot systematically determine whether (α, β) ∈ HM , so there must be some
words t(α, β)−1k−1t(α, β)k whose triviality we also cannot determine.

As the reader can probably tell, we have essentially finished the proof. Yet let
us briefly rewrite the conclusion more formally:

Suppose, for later contradiction, that the word problem for (G′
M )′ is solvable.

Then, letting W be all words in G′
M ∪ {k}, the set {w ∈ W | w =(G′

M
)′ 1} is

decidable. Define w(α, β) to be any word of the form t(α, β)−1k−1t(α, β)k. The
subset {w(α, β) ∈ W | w(α, β) =(G′

M
)′ 1} must be decidable as well. Because

w(α, β) =(G′

M
)′ 1 if and only if (α, β) ∈ HM , then HM is decidable; this is a clear

contradiction. Therefore, the word problem for (G′
M )′ is unsolvable. �
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