
STRUCTURAL STABILITY OF ANOSOV DIFFEOMORPHISMS

BEN COOPER

Abstract. We prove that Anosov diffeomorphisms of compact smooth man-

ifolds M are C1-structurally stable, using the shadowing property and expan-

siveness. Along the way, we prove that the space of Anosov diffeomorphisms is
an open subset of Diff1(M). We also discuss the example of the Anosov toral

automorphism.
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1. Introduction

In dynamics, we study the behavior of a system under iteration. Our concern
here is with systems determined by the action of a diffeomorphism on a smooth
manifold.

Given a dynamical system determined by a diffeomorphism f , we can ask how
the behavior of the system changes when f is perturbed. Are the dynamics of
the perturbed system qualitatively “the same as” the original? Are the dynamics
qualitatively different? These questions arise, for example, when the dynamics of
f are intended to model some real-world phenomenon. In particular, if f can be
modified slightly to obtain a simpler model, then one asks, Is the simplified model
equivalent to the original? There are certain choices of f for which, whenever the
modification to f is sufficiently small, the answer is yes. In this case, f is said to
be structurally stable.

An important type of structurally stable dynamical system is called a hyperbolic
dynamical system. Roughly speaking, a dynamical system determined by a dif-
feomorphism f of a smooth manifold M is hyperbolic if there is a subset of M on
which, at every point, f is locally expanding in one direction and locally contracting
in another. Such a subset is called a hyperbolic set for f . The notion of hyperbolic
set was introduced by Stephen Smale in the 1960s (see [7]).

Date: August 28, 2021.

1
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A special case of hyperbolic dynamics is when the entire manifold M is a hyper-
bolic set for f . In this case, f is said to be an Anosov diffeomorphism. One family of
Anosov diffeomorphisms consists of toral maps called Anosov toral automorphisms.
The dynamics of Anosov toral automorphisms are quintessentially hyperbolic; in
fact, Smale’s definition of hyperbolic set was partly motivated by these examples.
We discuss a particular Anosov toral automorphism, called Arnold’s cat map, in
detail below.

The goal of this paper is to prove that Anosov diffeomorphisms of compact
smooth manifolds are C1-structurally stable. First, in §2, we define structural sta-
bility and the hyperbolic set. We also define the stable and unstable manifolds,
and state the local stable manifold theorem. The rest of the paper is devoted to
proving structural stability of Anosov diffeomorphisms. The approach will be to
establish characteristic properties of Anosov diffeomorphisms and then show that
these properties persist in a C1 neighborhood of these diffeomorphisms. We take
the first step in §3, when we show that C1 perturbations of Anosov diffeomorphisms
are Anosov. Then, in §4, we introduce the two key properties of Anosov diffeomor-
phisms used in the proof of structural stability—expansiveness and shadowing—and
show that these properties persist in a sense analogous to §3. Finally, in §5, we
prove structural stability of Anosov diffeomorphisms.

2. Basic Definitions

Given a manifold M and a function f : M → M , we would like to study the
trajectory of each point x ∈ M under repeated application of f . That is, for each
x ∈M , we study the sequence {fn(x)}n∈Z, where

fn := f ◦ f ◦ · · · ◦ f (n times)

denotes n-fold composition. This sequence is called the orbit of x under f and is
denoted O(x, f).

In this paper, M will be a compact, connected C∞ Riemannian manifold without
boundary, and f will be a diffeomorphism of M .

We can now define more precisely what we mean when we say two dynamical
systems are qualitatively “the same.” Two diffeomorphisms f and g of M are said
to be topologically conjugate if there exists a homeomorphism h : M → M such
that f ◦ h = h ◦ g. Intuitively, this means f and g differ by a continuous change
of coordinates. The homeomorphism h is called a topological conjugacy between
f and g. Notice that h is also a topological conjugacy between fn and gn for all
n ∈ Z. This implies that orbits are preserved under topological conjugacy in the
sense that O(h(x), f) = h(O(x, g)). Thus a topological conjugacy is a continuous
way of mapping each orbit under g onto an orbit under f .

With this precise notion of the qualitative equivalence of two dynamical systems,
we can give a precise definition of structural stability. Let Diff1(M) be the space
of C1 diffeomorphisms of M , equipped with the C1 topology. We say f is C1-
structurally stable if there is a C1 neighborhood N of f in Diff1(M) such that
every g ∈ N is topologically conjugate to f . Informally, this means that every
diffeomorphism sufficiently close to f has the same dynamical behavior as f .

As we will see below, structural stability is closely related to hyperbolicity. In
fact, in §3 we will see that hyperbolicity is, in some sense, a “stable,” or persis-
tent, property. The persistence of hyperbolicity will be a recurring theme of this
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Figure 1. The definition of hyperbolic set.

paper. For example, it will allow us to show in §4 that the shadowing and expan-
siveness properties of Anosov diffeomorphisms—which are direct consequences of
hyperbolicity—are persistent in the same way that hyperbolicity is.

Before giving the definition of hyperbolic set, we review basic facts about Rie-
mannian metrics. Recall that a Riemannian metric 〈〈·, ·〉〉 of M is a collection of
inner products 〈〈·, ·〉〉x defined on the tangent spaces TxM for each x ∈ M . We
will assume 〈〈·, ·〉〉 is C0, meaning that for any smooth vector fields∗ u and v on
M , the map x 7→ 〈〈u(x), v(x)〉〉x is continuous. Each inner product 〈〈·, ·〉〉x induces
a norm ‖ · ‖x on TxM . The collection of these norms is called the norm induced
by 〈〈·, ·〉〉 and is denoted ‖ · ‖. A norm that is induced by a Riemannian metric is
called a Riemannian norm. We will suppress the subscript “x” denoting the base
point when we evaluate a Riemannian metric or Riemannian norm on a particular
tangent space. Now we give the definition of hyperbolic set.

Definition 2.1. Let f : M → M be a diffeomorphism. A subset Λ ⊂ M is called
a hyperbolic set for f if f(Λ) = Λ and there is a Riemannian norm ‖ · ‖ together
with constants C > 0 and 0 < λ < 1 such that, for each x ∈ Λ, the tangent space
of M at x can be expressed as a direct sum TxM = Es(x)⊕ Eu(x) satisfying

(Df)x(Es(x)) = Es(f(x)),

(Df)x(Eu(x)) = Eu(f(x)),

and

‖(Dfn)xv‖ ≤ Cλn‖v‖ for all n ∈ N, v ∈ Es(x),

‖(Df−n)xv‖ ≤ Cλn‖v‖ for all n ∈ N, v ∈ Eu(x).

The subbundles Es =
⋃
x∈ΛE

s(x) and Eu =
⋃
x∈ΛE

u(x) of TΛM are called the
stable and unstable subbundles, respectively. The diffeomorphism f is called Anosov
if Λ = M .

Intuitively, Λ ⊂M is a hyperbolic set for f if, at each x ∈ Λ, the tangent space
of M at x can be decomposed into a direction on which Df is contracting and a
direction on which Df is expanding. See Figure 1. The fact that Df is expanding
on Eu is equivalent to the fact that Df−1 is contracting on Eu. Hence if Λ is a
hyperbolic set for f , then it is also a hyperbolic set for f−1, with the stable and
unstable subbundles reversed.

∗A map v : M → TM is called a vector field if v(x) belongs to TxM for all x ∈ M .
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Remark 2.2. (1) In Definition 2.1, the condition (Df)x(Es(x)) = Es(f(x)) (like-
wise for Eu) is called Df -invariance of the stable subbundle Es. In particular, it
ensures Df(Es) = Es.

(2) It follows from Definition 2.1 that the stable subbundle Es is a continuous,
or C0, subbundle of TΛM (likewise for Eu). This means that, for each x ∈ Λ, there
is a neighborhood U of x in Λ and linearly independent continuous vector fields
v1, . . . , vn such that {vi(y)}ni=1 spans Es(y) for each y ∈ U . In particular, we have
dimEs(y) = n for each y ∈ U . See [8].

To get a better sense of Definition 2.1, we expand upon the case when Λ consists
of a single point p. In this case, p is called a hyperbolic fixed point for f . Indeed,
the condition f(Λ) = Λ becomes f(p) = p, here. Moreover, the hyperbolic splitting
for TΛM is simply a splitting of TpM into a direct sum Es(p)⊕ Eu(p). Since p is
fixed by f , the condition of Df -invariance is now greatly simplified: it becomes

(Df)p(E
s(p)) = Es(f(p)) = Es(p)

(Df)p(E
u(p)) = Eu(f(p)) = Eu(p).

Thus, in the case of a hyperbolic fixed point, the Df -invariant subbundles of TΛM
become (Df)p-invariant subspaces of TpM .

Notation 2.3. When evaluating the differential Df at vectors in the tangent bun-
dle, we will often omit base points from the notation. That is, for v ∈ TxM we
write Df(v) = (Df)xv. This notation is unambiguous because for each v ∈ TM ,
there is unique x ∈ M such that v belongs to TxM . With base points dropped,
complex relations such as

(Dfn+m)xv = (Dfn)fm(x) ◦ (Dfm)xv = (Dfm)fn(x) ◦ (Dfn)xv

can be written simply as

Dfn+mv = Dfn(Dfmv) = Dfm(Dfnv).

Now we give a simple example of an Anosov diffeomorphism on the torus. This
example is particularly easy to understand because it is induced by a linear isomor-
phism on R2. The contracting and expanding subbundles on the torus will come
directly from contracting and expanding eigenspaces of the linear isomorphism.

Example 2.4 (Anosov Toral Automorphism). Consider the linear transformation

A : R2 → R2 represented by the matrix

(
2 1
1 1

)
with respect to the standard

basis. Then A has determinant 1 and eigenvalues λ± = 3±
√

5
2 . The corresponding

eigenspaces are E+ = span
{( 1

1−
√

5
2

)}
and E− = span

{(√5−1
2
1

)}
, which are

perpendicular lines in R2 that meet at the origin. See Figure 2. Note that the
slopes of these lines are irrational numbers and that λ− = λ−1

+ . From now on, we
write λ := λ−.

For each x ∈ R2 we have TxR2 = R2 = E+⊕E− and DA(x) = A. Since E+ and
E− are eigenspaces of A, they are A-invariant and thus DA-invariant. Moreover,
the subspaces E+ and E− satisfy

‖DAn(x)v‖ = λn‖v‖ for all n ≥ 0, v ∈ E−,

‖DA−n(x)v‖ = λ−n‖v‖ for all n ≥ 0, v ∈ E+,
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Figure 2. The contracting and expanding eigendirections of the
Anosov automorphism A defined in Example 2.4.

for each x ∈ R2. This implies all of R2 is a hyperbolic set for A with hyperbolic
splitting TR2 = E+⊕E−. The linear transformation A is an example of an Anosov
automorphism. In general, a 2 × 2 matrix B is called an Anosov automorphism if
all its entries are integers, all its eigenvalues have magnitude not equal to one, and
it has |detB| = 1. Note that if B is an Anosov automorphism, then so is B−1.

Now we show that A induces a map from the torus to itself. We identify the torus
with R2/Z2, which we in turn identify with [0, 1)×[0, 1). Let π : R2 → R2/Z2 be the
projection of R2 onto R2/Z2, which maps (x1, x2) ∈ R2 to (x1 − bx1c, x2 − bx2c) ∈
[0, 1)× [0, 1). Since the matrix representation of A has integer coefficients, A maps
Z2 into itself. Thus, if u, v ∈ R2 satisfy u−v ∈ Z2, then A(u)−A(v) = A(u−v) ∈ Z2.
It follows that A descends to a map f : R2/Z2 → R2/Z2 defined by

f(πx) = πAx for all x ∈ R2,

R2 A //

π

��

R2

π

��
R2/Z2

f
// R2/Z2.

Since R2 is a hyperbolic set for A, the whole torus R2/Z2 is a hyperbolic set for
f . The map f is sometimes called Arnold’s cat map, and it is an example of an
Anosov toral automorphism. In general, an Anosov toral automorphism is the toral
map induced by an Anosov automorphism.

Note that the definition of hyperbolicity has everything to do with the dynamics
of Df on the tangent bundle TM , rather than with the dynamics of f on the
manifold M itself. To study the dynamics of f , we look at analogues of the stable
and unstable subbundles of TM , which are “stable” and “unstable” submanifolds
of M . Recall that a Riemannian metric of M determines a Riemannian distance
function d : M ×M → R on M that endows each connected component of M with
the structure of a metric space.

Definition 2.5. Let f : M → M be a diffeomorphism and Λ ⊂ M a hyperbolic
set for f (with respect to a Riemannian metric 〈〈·, ·〉〉). Let d be the Riemannian
distance function determined by 〈〈·, ·〉〉. For each x ∈ Λ, define the global stable
and unstable manifolds of x to be

W s(x, f) = W s(x) = {y ∈M : d(fn(x), fn(y))→ 0 as n→∞},

Wu(x, f) = Wu(x) = {y ∈M : d(f−n(x), f−n(y))→ 0 as n→∞}.
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For r > 0, define the local stable and unstable manifolds of x of size r by

W s
r (x, f)

= {y ∈M : d(fn(x), fn(y)) ≤ r for all n ≥ 0, and lim
n→∞

d(fn(x), fn(y)) = 0},

Wu
r (x, f)

= {y ∈M : d(f−n(x), f−n(y)) ≤ r for all n ≥ 0, and lim
n→∞

d(f−n(x), f−n(y)) = 0}.

Roughly speaking, the stable manifold of x is the set of points whose orbits
approach the orbit of x under forward iteration, and the unstable manifold of x is
the set of points whose orbits approach the orbit of x under backward iteration. Of
course, backward iteration of f is just forward iteration of f−1. Thus the unstable
manifold of x with respect to f is exactly the stable manifold of x with respect to
f−1.

The stable and unstable manifolds are easiest to visualize in the case of a hyper-
bolic fixed point p. Since we have fn(p) = p for all n ∈ Z, the stable manifold of p
is the set of points y such that fn(y) → p as n → ∞. That is, W s(p, f) is the set
of points whose forward orbits converge to p. Similarly, the unstable manifold of p,
Wu(p, f), is the set of points whose backward orbits converge to p.

Now, despite the fact that we have called them manifolds, it is not easy to prove
that the local stable and unstable manifolds of x are actually submanifolds of M ,
or that they are as smooth as f is. This result is called the local stable manifold
theorem, and we state it now. See [8] for the proof.

Theorem 2.6 (Local stable manifold theorem). Let f : M → M be a Ck diffeo-
morphism, k ≥ 1, and Λ ⊂M a hyperbolic set for f with splitting TΛM = Es⊕Eu.
For r > 0 sufficiently small, the following holds for each x ∈ Λ:

(1) The local stable manifold W s
r (x) is a Ck embedded submanifold of M of

dimension dim(Es(x)), and TxW
s
r (x) = Es(x).

(2) W s
r (x) depends continuously on x ∈ Λ with respect to the Ck topology.

(3) The local stable manifold of x is characterized by

W s
r (x) = {y ∈M : d(fn(x), fn(y)) ≤ min{Cλnd(x, y), r} for all n ≥ 0}

= {y ∈M : d(fn(x), fn(y)) ≤ r for all n ≥ 0}.

Though the local stable manifold theorem, as its name suggests, only concerns
W s
r (x, f), we deduce that (1), (2), (3) also hold for Wu

r (x, f) by applying Theorem
2.6 to f−1 instead of f .

The local stable manifold theorem gives us a way of relating hyperbolicity of f—
that is, the behavior of Df on TΛM—directly to the behavior of f . In particular,
item (3) implies that f contracts on W s

r (x) at the same rate as Df contracts
on Es(x), and item (1) implies that the geometry of W s

r (x) and Wu
r (x) near x

resembles the geometry of Es(x) and Eu(x) near 0x ∈ TxM . We use these facts
many times in §4.

This connection between the nonlinear behavior of f and the linear behavior of
Df is exemplified in the case of Anosov toral automorphisms.

Example 2.7. Recall the Anosov toral automorphism f : R2/Z2 → R2/Z2 defined
in Example 2.4. We now determine the stable and unstable manifolds for A, the
lift of f to R2. Then we project them down to the torus to obtain the stable and
unstable manifolds for f . See Figure 3.
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(a) (b)

Figure 3. (A) shows the stable manifold (blue) and unstable
manifold (red) of a point in R2 with respect to the Anosov auto-
morphism A. (B) shows the stable manifold (blue) and unstable
manifold (red) of the corresponding point on the torus with respect
to the Anosov toral automorphism f . Solid lines are local stable
and unstable manifolds; dotted lines are global stable and unstable
manifolds. The global stable and unstable manifolds for f wrap
densely around the torus. See Examples 2.4 and 2.7.

Let us begin with the stable manifolds for A. We first show that for each a ∈ R2,
the global stable manifold of a is simply a translation of the stable subspace E−;
namely, W s(a,A) = a+ E−. Indeed, for all b = a+ v in a+ E−, we have

‖Anb−Ana‖ = ‖An(b− a)‖ = ‖An(v)‖ = λn‖v‖.

Thus ‖Anb−Ana‖ → 0 as n→∞ since 0 < λ < 1, and so b ∈W s(a,A). Conversely,
if b does not belong to a+ E−, then b is of the form a+ v− + v+, where v+ ∈ E+

is nonzero and v− belongs to E−. Then,

‖Anb−Ana‖ = ‖An(v−) +An(v+)‖ ≥ λ−n‖v+‖ − λn‖v−‖.

Since 0 < λ < 1, the distance ‖Anb−Ana‖ diverges as n→∞. Thus b 6∈W s(a,A).
We conclude W s(a,A) = a+ E−.

Now we show W s
r (a,A) = W s(a,A) ∩ Br(a) for all r > 0. We see immediately

from the definitions that W s
r (a,A) ⊆ W s(a,A) ∩ Br(a). Conversely, suppose b ∈

W s(a,A) ∩ Br(a). To show that b belongs to W s
r (a,A), it suffices to show that

‖Anb − Ana‖ ≤ r for all n ≥ 0. Indeed, since ‖b − a‖ ≤ r, and since W s(a,A) =
a+E−, where E− is the eigenspace of A associated with the eigenvalue 0 < λ < 1,
we see that

‖Anb−Ana‖ = λn‖b− a‖ ≤ r for all n ≥ 0.

Thus b ∈W s
r (a,A). We conclude W s

r (a,A) = W s(a,A) ∩Br(a).
Similar arguments show that Wu(a,A) = a + E+ and Wu

r (a,A) = Wu(a,A) ∩
Br(a) for all r > 0.

We obtain the local stable manifolds for f by “wrapping” the local stable man-
ifolds for A, which are line segments in the plane, around the torus. See Figure 3.
More precisely, for all sufficiently small r > 0, we can showW s

r (x, f) = π(W s
r (a,A)),

for any a ∈ R2 with πa = x. Before proving this, note that for all a, b ∈ R2 with
‖b − a‖ < 1/2, we have ‖b − a‖ = d(πa, πb). Conversely, for x, y ∈ R2/Z2 with
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d(x, y) < 1/2 and a ∈ R2 with πa = x, there is unique b ∈ R2 such that πb = y and
‖b− a‖ = d(πa, πb).

Now fix x ∈ R2/Z2 and a ∈ R2 such that x = πa. First we show

π(W s
r (a,A)) ⊆W s

r (x, f) for all r > 0.

Suppose b ∈ W s
r (a,A). Pick N ∈ N such that ‖Ana − Anb‖ < 1/2 for all n ≥ N .

Then for all n ≥ N we have

d(fn(πb), fn(x)) = d(fn(πb), fn(πa)) = d(πAna, πAnb) = ‖Ana−Anb‖.
Since ‖Ana−Anb‖ → 0 as n→∞ and ‖Ana−Anb‖ ≤ r for all n ≥ 0, we conclude
πb ∈W s(x, f). Thus π(W s

r (a,A)) ⊆W s(x, f).
Now we show that the opposite inclusion holds when r is sufficiently small.

Choose 0 < δ < 1/2 such that ‖b − a‖ < δ implies ‖Ab − Aa‖ < 1/2. Suppose
0 < r < δ and y ∈ W s

r (x, f). We show y ∈ π(W s
r (a,A)). Since r < 1/2, there is

unique b ∈ R2 such that πb = y and ‖b− a‖ = d(x, y). We prove by induction that

‖Anb−Ana‖ = d(fn(y), fn(x)) for all n ≥ 0.

We have already proved the base case. Now suppose there is k ≥ 0 such that
‖Akb−Aka‖ = d(fk(y), fk(x)). Since y belongs to W s

r (x, f), we have

d(fk(y), fk(x)) = ‖Akb−Aka‖ ≤ r < δ.

Our choice of δ implies ‖Ak+1b−Ak+1a‖ < 1/2. Hence,

‖Ak+1b−Ak+1a‖ = d(πAk+1b, πAk+1a) = d(fk+1(y), fk+1(x)).

This proves ‖Anb − Ana‖ = d(fn(y), fn(x)) for all n ≥ 0. Thus, since we have
d(fn(y), fn(x)) ≤ r for all n ≥ 0, and since d(fn(y), fn(x)) → 0 as n → ∞, we
conclude that b belongs to W s

r (a,A), and hence that y = πb belongs to π(W s
r (a,A)).

This proves the inclusion π(W s
r (a,A)) ⊆W s(x, f) for all 0 < r < δ. Hence

W s
r (x, f) = π(W s

r (a,A)) for all 0 < r < δ.

The same argument shows Wu
r (x, f) = π(Wu

r (a,A)) for all 0 < r < δ′, where δ′

is chosen so that ‖b− a‖ < δ′ implies ‖A−1b−A−1a‖ < 1/2.
Note that, unlike the local stable manifolds for A, it is not true that W s

r (x, f) =
W s(x, f)∩Br(x). In fact, W s(x, f) is a dense subset of R2/Z2, so W s(x, f)∩Br(x)
is not an embedded submanifold.

The way we obtained the local stable manifolds for f in this example is similar
to the way they are obtained in the proof of the local stable manifold theorem
(Theorem 2.6) in [8]. In particular, we obtained the local stable manifold of x ∈
R2/Z2 with respect to the toral map f by passing to a lift A of f to R2 and then
projecting the local stable manifold with respect to A from R2 down to the torus.
Similarly, in the proof of the local stable manifold theorem in [8], the local stable
manifold of x ∈M with respect to some diffeomorphism f : M →M is obtained by
lifting f to TM , and then projecting the local stable manifold of 0x ∈ TxM with
respect to the lift from TxM back down to M .

3. Persistence of Hyperbolicity

In this section, we take a first step towards proving the structural stability of
Anosov diffeomorphisms: we show that C1-perturbations of an Anosov diffeomor-
phism are also Anosov. In other words, we show that the space of Anosov diffeo-
morphisms of M is open in Diff1(M). This result, also known as persistence of
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hyperbolicity, tells us that hyperbolicity varies continuously in the C1 sense, and
thus that dynamical properties of Anosov diffeomorphisms ought to vary continu-
ously. In §4, we use persistence of hyperbolicity to show that the shadowing and
expansiveness properties vary continuously.

To show that the space of Anosov diffeomorphisms is open in Diff1(M), we must
do the following: given an Anosov diffeomorphism f : M → M with hyperbolic
splitting TM = Es⊕Eu, we must show that for every diffeomorphism g sufficiently
C1-close to f , there is another decomposition TM = Esg ⊕Eug that is a hyperbolic
splitting for g. By definition of hyperbolic set, the subbundles Esg and Eug must have
two properties: (1) They must be Dg-invariant, and (2) Dg must be contracting on
Esg and expanding on Eug—that is, there must be constants C > 0 and 0 < λ < 1

such that ‖Dgn(v)‖ ≤ Cλn‖v‖ for all v ∈ Esg and ‖Dg−n(v)‖ ≤ Cλn‖v‖ for all
v ∈ Eug .

Note that these estimates are much easier to prove when C = 1. In this case,
we only need to show ‖Dg(v)‖ ≤ λ‖v‖ for all v ∈ Esg and ‖Dg−1(v)‖ ≤ λ‖v‖
for all v ∈ Eug , since by the chain rule and the Dg-invariance of the stable and
unstable subbundles, these bounds imply ‖Dgnv‖ ≤ λn‖v‖ for all v ∈ Esg and

‖Dg−nv‖ ≤ λn‖v‖ for all v ∈ Eug , for all n ≥ 0. The next theorem says that we
can always find a Riemannian metric such that C = 1.

Theorem 3.1. Let f : M → M be a diffeomorphism and Λ ⊂ M a hyperbolic set
for f with splitting TΛM = Es ⊕ Eu. There is a Riemannian metric 〈〈·, ·〉〉∗ (with
induced norm ‖ · ‖∗) and constant 0 < τ0 < 1 such that, for each x ∈ Λ, we have

‖Df(v)‖∗ ≤ τ0‖v‖∗ for all v ∈ Es,

‖Df−1(v)‖∗ ≤ τ0‖v‖∗ for all v ∈ Eu.

Proof. Let C > 0 and 0 < λ < 1 be hyperbolic constants for f with respect to a
Riemannian metric 〈〈·, ·〉〉. We may assume without loss of generality that C > 1;
otherwise, the result follows immediately by taking τ0 = λ. Choose N ∈ N large
enough so that CλN < 1. Define a new Riemannian metric 〈〈·, ·〉〉∗ by

〈〈u, v〉〉∗ =

N−1∑
n=0

〈〈(Dfn)xu, (Df
n)xv〉〉 for u, v ∈ TxM.

Thus ‖v‖2∗ =
∑N−1
n=0 ‖Dfnv‖2 for all v ∈ TM . We can think of this as “averaging”

the original Riemannian norm.
To prove the inequalities stated above, we must find estimates for ‖Df(v)‖∗

and ‖Df−1(v)‖∗ in terms of ‖v‖∗. Observe that the expressions for ‖Df(v)‖2∗ and
‖Df−1(v)‖2∗ are the same as the expression for ‖v‖2∗ except that the index of the
sum is shifted by one. Thus, we write

‖Df(v)‖2∗ = ‖v‖2∗ − ‖v‖2 + ‖DfN (v)‖2,

‖Df−1(v)‖2∗ = ‖v‖2∗ − ‖DfN−1(v)‖2 + ‖Df−1(v)‖2.
Now we can use the contracting and expanding inequalities for Df with respect

to ‖·‖ to estimate ‖v‖∗ in terms of ‖v‖ and ‖DfN−1v‖. Defining a =
∑N−1
n=0 C

2λ2n,
we have

‖v‖2∗ =

N−1∑
n=0

‖Dfnv‖2 ≤
N−1∑
n=0

C2λ2n‖v‖2 = a‖v‖2 for v ∈ Es.



10 BEN COOPER

Similarly, by invariance of Eu,

‖v‖2∗ =

N−1∑
n=0

‖Df−n(DfN−1v)‖2 ≤
N−1∑
n=0

C2λ2n‖DfN−1v‖2 = a‖DfN−1v‖2 for v ∈ Eu.

Putting both steps together, and again using the contracting and expanding
inequalities for Df with respect to for ‖ · ‖, we find

‖Df(v)‖2∗ ≤ ‖v‖2∗ − ‖v‖2(1− C2λ2N ) ≤ (1− a−1(1− C2λ2N ))‖v‖2∗
for all v ∈ Es. Similarly, using the invariance of Eu and the fact that Df−1(v) =
Df−N (DfN−1v), we have

‖Df−1v‖2∗ ≤ ‖v‖∗−‖DfN−1v‖2+C2λ2N‖DfN−1(x)v‖2 ≤ (1−a−1(1−C2λ2))‖v‖2∗
for all v ∈ Eu. Taking the square root of both sides gives

‖Df(v)‖∗ ≤ τ0‖v‖∗ for v ∈ Es,
‖Df−1(v)‖∗ ≤ τ0‖v‖∗ for v ∈ Eu,

where we define τ0 :=
√

1− a−1(1− C2λ2N ). By choice of N , we have C2λ2N < 1,
and since C > 1, we have a > 1. Thus 0 < τ0 < 1. This completes the proof. �

A Riemannian metric whose induced norm satisfies the inequalities of Theorem
3.1 is called adapted to f on Λ. (The induced norm is also called adapted.) Notice
that even after switching to an adapted metric, Λ is still a hyperbolic set for f with
the same hyperbolic splitting TΛM = Es ⊕ Eu. Indeed, changing the Riemannian
metric does not change the fact that Es and Eu are Df -invariant, and Theorem 3.1
tells us that Df is still contracting on Es and expanding on Eu. In fact, the fact
that Λ is a hyperbolic set for f does not depend at all on the choice of Riemannian
metric. This follows from the fact that, on a compact Riemannian manifold, all C0

Riemannian norms are equivalent. The hyperbolic constants C and λ, however, do
depend on the choice of Riemannian metric, as is clear from Theorem 3.1.

As we noted before, using an adapted metric is helpful because it greatly simpli-
fies the expanding/contracting condition in the definition of hyperbolicity. More-
over, since the hyperbolic constant C is fixed to one, using an adapted metric allows
us to quantify hyperbolicity with a single number, rather than two. We call the
quantity

τ(f,Λ) = sup
x∈Λ
{‖(Df)|Es(x)‖∗, ‖(Df−1)|Eu(x)‖∗}

the skewness of f on Λ with respect to ‖ · ‖∗. Theorem 3.1 implies that the set

{‖(Df)|Es(x)‖∗, ‖(Df−1)|Eu(x)‖∗ : x ∈ Λ}
of positive real numbers is bounded above by τ0. Thus τ(f,Λ) exists. Note that
the skewness of f on Λ is equal to the skewness of f−1 on Λ. By keeping track of
the skewness of diffeomorphisms C1-near f , we will be able to see quantitatively
that hyperbolicity varies continuously in a C1 neighborhood of f .

It will be useful for us to modify an adapted norm in the following way: if a
Riemannian norm ‖ · ‖ is adapted to f on Λ, consider a new norm | · | defined by
|v| = max{‖vs‖, ‖vu‖}, where vs and vu are the components of v in Es and Eu,
respectively, for each v ∈ TΛM . This norm | · | is called the box-adjusted norm of
‖·‖. Note that the skewness of f with respect to | · | is the same as the skewness of f
with respect to ‖ · ‖. This follows from the fact that | · | and ‖ · ‖ coincide on Es and
on Eu. By passing to the box-adjusted norm, we isolate the expanding/contracting
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behavior of Df on Es and Eu. The box-adjusted norm of ‖ · ‖ is an example of a
norm of box type. In general, a norm | · | is said to be of box type with respect to
a splitting TUM = E1 ⊕ E2 if we have |v| = max{|v1|, |v2|} for all v ∈ TUM . Note
that a norm of box type is not in general induced by a Riemannian metric.

Let us return to the problem of persistent hyperbolicity. Our task is this: For dif-
feomorphisms g which are C1-near enough to f , we must find a hyperbolic splitting
TM = Esg⊕Eug for g. First, consider the problem of finding the unstable subbundle

Eug . (We can find the stable bundle by replacing g with g−1.) We are looking for a
family of linear subspaces Eug (x) of TxM such that Dg(Eug (x)) = Eug (g(x)) and Dg
is expanding on Eug (x). For each x ∈M , we intuitively expect the subspaces Eug (x)

to vary continuously with g in a C1 neighborhood of f , since the splitting depends
continuously on Dg. In particular, we expect Eug (x) to have the same dimension

as Eu(x) if g is C1-near enough to f . Our approach to finding Eug will therefore
assume that Eug (x) has the same dimension as Eu(x) for each x ∈M , since we can

always achieve this by restricting the C1 neighborhood of f .
The key observation is this: if E is a finite-dimensional vector space with direct

sum E = E1 ⊕ E2, then G ⊂ E is a linear subspace of dimension dimE1 if and
only if there is a linear map P : E1 → E2 such that G is the graph of P . Thus, if
each subspace Eug (x) has the same dimension as Eu(x), then finding the unstable
subbundle Eug is the same as finding, for each x ∈ M , a linear map Px : Eu(x) →
Es(x) such that Dg(gr(Px)) = gr(Pg(x)) and Dg is expanding on gr(Px).

The collection of linear maps Px is called a C0 bundle homomorphism over id,
and we denote it by P . (Recall that if E1 and E2 are two C0 subbundles of TM ,
then a continuous map F : E1 → E2 is called a C0 bundle homomorphism over
id if F |E1(x) is a linear map from E1(x) to E2(x) for all x ∈ M . We abbreviate
F |E1(x) := Fx.) We define the graph of P : Eu → Es to be gr(P ) =

⋃
x∈M gr(Px).

The graph of P is a subbundle of TM . Thus, finding the unstable subbundle Eug
for g is the same as finding a C0 bundle homomorphism P over id such that gr(P )
is Dg-invariant and Dg is expanding on gr(P ).

In Lemma 3.3 below, we show that P is the unique fixed point of a contraction
mapping on the space of C0 bundle homomorphisms over id. This will define a fam-
ily of contraction mappings parametrized by g ∈ Diff1(M). To show that P varies
continuously with g, and hence that the unstable subbundle Eug = gr(P ) varies
continuously with g, we will need the following elementary result about families of
contraction mappings and their fixed points.

Theorem 3.2. Let S and X be metric spaces, with X complete. Let F : S×X → X
be a map. Suppose there is 0 < K < 1 such that, for all s ∈ S and x, y ∈ X, we
have

d(F (s, x), F (s, y)) ≤ K · d(x, y).

By the Contraction Mapping Principle, each mapping F (s, ·) : X → X has a unique
fixed point. Let p(s) denote the unique fixed point of F (s, ·). If F (·, x) is continuous
for each x ∈ X, then p : S → X is continuous.

Proof. Fix s ∈ S. We show p is continuous at s. Indeed,

d(p(s), p(t)) = d
(
F (s, p(s)), F (t, p(t))

)
≤ d
(
F (s, p(s)), F (t, p(s))

)
+ d
(
F (t, p(s)), F (t, p(t))

)
≤ d
(
F (s, p(s)), F (t, p(s))

)
+K · d(p(s), p(t)).
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Subtracting K · d(p(s), p(t)) from both sides and dividing by 1−K gives

d(p(s), p(t)) ≤ 1

1−K
d(F (s, p(s)), F (t, p(s))).

By assumption, F (·, p(s)) is continuous. Thus, as t approaches s, the quantity
d
(
F (s, p(s)), F (t, p(s))

)
approaches zero. Hence p(t) approaches p(s) as t ap-

proaches s. This completes the proof. �

Theorem 3.2 says that the fixed points of a continuous family of contractions
vary continuously. We will use this theorem to show that the unstable bundles Eug
depend continuously on g, since the C0 bundle homomorphisms P : Eu → Es over
id, for which Eug = gr(P ), are the fixed points of a continuous family of contraction
mappings parametrized by g.

We construct this continuous family of contractions and use them to find the
unstable bundles Eug in the following lemma.

Lemma 3.3. Choose constants 0 < λ < 1 and ε > 0 such that λ + ε < 1. Let
g : M → M be a diffeomorphism and let Dg := B be its derivative. Suppose B is
represented by

B =

(
B11 B12

B21 B22

)
with respect to a direct sum TM = E1 ⊕ E2, where Bij = πi ◦ B|Ej

and πi is the

projection of TM onto Ei. If there is a C0 norm | · | of TM of box type with respect
to E1 ⊕ E2 such that

max{|B−1
11 |, |B22|} < λ

max{|B12|, |B21|} < ε,

then there is a unique C0 bundle homomorphism P = PB : E1 → E2 over id, with
|P | ≤ 1, such that, for all x ∈M , the restriction (Bx)|gr(Px) is (λ−1− ε)-expanding
and Bx(gr(Px)) = gr(Pg(x)). Moreover, P , and thus gr(P ), varies continuously
with B.

Before giving the proof of Lemma 3.3, we briefly describe how the lemma will
be used to prove persistence of hyperbolicity, in the hopes of clarifying its contents.
We will apply Lemma 3.3 by taking E1 = Eu and E2 = Es, where TM = Eu ⊕Es
is a hyperbolic splitting for an Anosov diffeomorphism f ; we will take | · | to be
the box-adjusted norm of a Riemannian norm adapted to f . We will see that the
bounds on the norms |Bij | are satisfied whenever g is sufficiently C1-close to f .
Thus, we can interpret Lemma 3.3 as saying that diffeomorphisms g close enough
to an Anosov diffeomorphism f have an unstable subbundle Eug , which is given by

the graph of a C0 bundle homomorphism over id from Eu to Es.

Proof of Lemma 3.3. Let L(E1, E2; id) be the space of bounded C0 bundle ho-
momorphisms over id from E1 to E2. Recall that a bundle homomorphism F :
E1 → E2 over id, where TM = E1 ⊕ E2, is said to be bounded if the quantity
‖F‖ := supx∈M{‖Fx‖} is finite. Further, since M is compact, being bounded does
not depend on the norm chosen for TM . Thus, we can choose to work with the
given box-type norm |·|. Let L(E1, E2; id)(1) be the closed unit ball in L(E1, E2; id)
with respect to | · |. Since L(E1, E2; id) is a Banach space, so is L(E1, E2; id)(1).

We will construct a map T = TB : L(E1, E2; id)(1) → L(E1, E2; id)(1) such
that P is a fixed point of T if and only if the graph of P is B-invariant. Then we
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verify that T is a contraction mapping and deduce from the Contraction Mapping
Principle that T has unique fixed point P , whose graph is invariant under B.

We now construct T . Suppose P belongs to L(E1, E2; id)(1) and its graph is
B-invariant. We express vectors v ∈ TxM as ordered pairs (v1, v2), where vi is the
component of v in Ei(x), i = 1, 2. The B-invariance of gr(P ) means Bx(gr(Px)) =
gr(Pg(x)) for all x ∈M . Since Bx is a linear isomorphism and gr(Px) and gr(Pg(x))
are linear subspaces of the same dimension, we have Bx(gr(Px)) = gr(Pg(x)) if and
only if Bx(gr(Px)) ⊂ gr(Pg(x)). For each x ∈M and v ∈ E1(x), we compute

Bx(v, Pxv) =
(
(B11)xv + (B12)xPxv, (B21)xv + (B22)xPxv

)
.

Using this expression for Bx, we see that the inclusion Bx(gr(Px)) ⊂ gr(Pg(x)) holds
if and only if

Pg(x)

(
(B11)xv + (B12)xPxv

)
= (B21)xv + (B22)xPxv for all v ∈ E1(x).

Equivalently,

Pg(x)

(
(B11)x + (B12)xPx

)
= (B21)x + (B22)xPx.

Now, since |B−1
11 |−1 > λ−1, |P | ≤ 1, and |B12| ≤ ε, we have

|(B11)xv + (B12)xPxv| ≥ |(B11)xv| − |(B12)xPxv| ≥
(
λ−1 − ε

)
|v|.

Since λ−1 − ε > 1 > 0, this implies the linear map (B11)x + (B12)xPx from E1(x)
to E1(g(x)) has trivial kernel and thus is invertible. (This computation also shows
|(B11 + B12P )−1| ≤ (λ−1 − ε)−1.) Hence we have Bx(gr(Px)) ⊂ gr(Pg(x)) if and
only if

Pg(x) =
(
(B21)x + (B22)xPx

)(
(B11)xv + (B12)xPx

)−1
.

In other words, gr(P ) is B-invariant if and only if P is a fixed point of the mapping
T : L(E1, E2; id)→ L(E1, E2; id) given by

T (P ) = TB(P ) =
(
B21 +B22P

)(
B11 +B12P

)−1
.

This mapping is called the graph transform induced by B = Dg. Note that TB
depends continuously on B (in the C0 sense) and thus depends continuously on g
(in the C1 sense).

Now we show that T maps L(E1, E2; id)(1) into itself and is a contraction. In-
deed, if |P | ≤ 1, then

|T (P )| ≤ |B21 +B22P | · |(B11 +B12P )−1| ≤ λ+ ε

λ−1 − ε
< 1.

So T maps L(E1, E2; id)(1) into itself.
To prove that T is a contraction, we must find 0 < K < 1 such that |T (P ) −

T (P ′)| ≤ K|P − P ′| for all P, P ′ ∈ L(E1, E2; id)(1). Indeed, one can show

|T (P )− T (P ′)| ≤ λ+ ε

λ−1 − ε
|P − P ′| for all P, P ′ ∈ L(E1, E2; id)(1).

See [8]. Since L(E1, E2; id)(1) is Banach, the Contraction Mapping Principle implies
T has a unique fixed point P . We showed above that the graph of P is B-invariant.

Now we verify that, for each x ∈M , the restriction of Bx to gr(Px) is (λ−1− ε)-
expanding with respect to the box norm | · |. Suppose z = (v, Pxv) ∈ gr(Px). Then
since Bx(gr(Px)) ⊂ gr(Pg(x)), we have Bx(z) = (π1Bx(z), Pg(x)π1Bx(z)). Since
|P | ≤ 1 and | · | is of box type with respect to E1 ⊕ E2, we have |z| = |v| and

|Bx(z)| = |π1Bx(z)| = |(B11)xv + (B12)xPxv| ≥ (λ−1 − ε)|z|.
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Since λ−1 − ε > 1, this implies Bx|gr(Px) is (λ−1 − ε)-expanding.
Finally, to show that P varies continuously with g, we use Theorem 3.2. Take

S to be the space of diffeomorphisms g : M → M such that Dg satisfies the
estimates in the statement of Lemma 3.3 for the given constants λ and ε. Take
X = L(E1, E2; id)(1). Define F : S×X → X by F (g, P ) = TDg(P ). We saw above
that F satisfies the hypotheses of Theorem 3.2 for the choiceK = (λ+ε)·(λ−1−ε)−1,
and that TDg(P ) varies continuously with g (in the C1 sense). Thus, by Theorem
3.2, the fixed points P of TDg, and hence their graphs gr(P ), vary continuously
with g (in the C1 sense). The proof is complete. �

Lemma 3.3 is a major stepping stone to persistence of hyperbolicity: it gives us a
sufficient condition for a diffeomorphism g to have an unstable subbundle. To prove
persistence of hyperbolicity, we first show that this condition is satisfied whenever
g is near an Anosov diffeomorphism. Then, by applying the same argument to g−1

instead of g, we show that every diffeomorphism close to an Anosov diffeomorphism
has a stable subbundle as well.

This is the approach we will take in Theorem 3.5 below to show that every dif-
feomorphism sufficiently C1-close to an Anosov diffeomorphism f is also an Anosov
diffeomorphism. We will show moreover that if ‖ · ‖ is adapted to f , then ‖ · ‖ is
adapted to g C1-close to f , and that, as g C1-approaches f , the skewness of g can be
bounded above by a constant arbitrarily close to the skewness of f . This stronger
version of persistence of hyperbolicity will be essential to the results of the next
section, §4, in which we use bounds on the skewness of diffeomorphisms close to f
to show the persistence of other dynamical properties of Anosov diffeomorphisms.

To prove this strong version of persistence of hyperbolicity, we will need to pass
from a box-type norm | · |, as we used in Lemma 3.3, back to a Riemannian norm
‖ · ‖ adapted to f . In particular, we must ensure that if a diffeomorphism g close
to f is a contraction (or expansion) with respect to | · |, then g is still a contraction
(or expansion) with respect to ‖ ·‖. Thus we must ensure that the relative constant
between | · | and ‖ · ‖ is close to one.

The next lemma tells us that, if ‖ · ‖ is a norm of a Euclidean space E and | · | is
the box-adjusted norm of ‖ · ‖ with respect to a direct sum E = E1 ⊕E2, then the
relative constant between ‖·‖ and | · | approaches one on smaller and smaller conical
neighborhoods of E1. We will use this result to pass to from the box-adjusted norm
of an adapted Riemannian norm back to the adapted Riemannian norm.

Lemma 3.4. Let (E, ‖ · ‖) be a normed Euclidean space and E1, E2 ⊂ E two linear
subspaces such that E = E1 ⊕ E2. Let d = dim(E1). For γ > 0, define the γ-cone
about E1 to be

Cγ(E1) = {v ∈ E : ‖v2‖ ≤ γ‖v1‖},
where v1 and v2 are the components of v in E1 and E2, respectively, with respect
to the direct sum E1 ⊕ E2. For all 1 > δ > 0, there is γ > 0 such that, if G is a
d-dimensional linear subspace of E with G ⊂ Cγ(E1), then

(1− δ)‖v1‖ ≤ ‖v‖ ≤ (1− δ)−1‖v1‖ for all v ∈ G.

Proof. Let 0 < δ < 1 be arbitrary. Suppose G ⊂ Cδ(E1). Then for all v = v1 +v2 ∈
G, we have

(1− δ)‖v1‖ ≤ ‖v1‖ − ‖v2‖ ≤ ‖v‖ ≤ ‖v1‖+ ‖v2‖ ≤ (1 + δ)‖v1‖ ≤ (1− δ)−1‖v1‖,
where in the last inequality we have used (1− δ)−1 = 1 + δ + δ2 + · · · . �
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Now we are ready to prove persistence of hyperbolicity for Anosov diffeomor-
phisms.

Theorem 3.5 (Persistence of hyperbolicity). Suppose f : M → M is an Anosov
diffeomorphism. There is a C1 neighborhood N of f such that every g ∈ N is an
Anosov diffeomorphism. More specifically, if 〈〈·, ·〉〉 is a Riemannian metric of M
adapted to f , and 0 < τ(f) < 1 is the skewness of f with respect to the induced
norm || · ||, then for all ε̄ > 0, there is a C1 neighborhood N of f such that every
g ∈ N is Anosov and has skewness τ(g) ≤ τ(f) + ε̄ with respect to || · ||.

Theorem 3.5 can be rephrased as follows: Suppose f : M → M is a diffeomor-
phism such that M is a hyperbolic set for f . There is a C1 neighborhood N of f
such that, if g ∈ N , then M is also a hyperbolic set for g. Hence, the hyperbolicity
of M “persists” in a C1 neighborhood of f .

Proof. Our strategy is first to pass to the box-adjusted norm of ‖ · ‖ and to show
that the hypotheses of Lemma 3.3 are satisfied by a diffeomorphism g (and its
inverse) whenever g is sufficiently C1-close to f . Hence, by applying Lemma 3.3,
we deduce that every g sufficiently C1-close to f is Anosov. Then we use Lemma
3.4 to pass back to ‖ · ‖. By restricting our original C1 neighborhood of f , we can
ensure that ‖ · ‖ is adapted to g and that the skewness of g with respect to ‖ · ‖ is
no more than τ(f) + ε̄.

Let TM = Eu ⊕ Es be a hyperbolic splitting for f . With respect to this direct
sum, Df is represented by

Df =

(
(Df)uu 0

0 (Df)ss

)
,

since the subbundles Es and Eu are Df -invariant.
The hyperbolicity of M does not depend on the Riemannian metric, so we may

choose to work with a metric 〈〈·, ·〉〉 adapted to f . Let ‖ · ‖ be the Riemannian
norm induced by 〈〈·, ·〉〉, and let | · | be the box-adjusted norm of ‖ · ‖ with respect
to Eu ⊕ Es. Let τ = τ(f) be the skewness of f (and f−1) with respect to || · ||.
Recall that τ is also the skewness of f with respect to | · |.

Let 0 < ε̄ < 1−τ be arbitrary. Choose λ, ε > 0 such that τ < λ < 1 and λ+ε < 1.
Take ε small enough and λ close enough to τ such that (λ−1 − ε)−1 < τ + ε̄. Then
there is K > 1 such that (λ−1 − ε)−1 < K−1(τ + ε̄). By definition of Eu and Es,
we have |(Df)−1

uu | ≤ τ and |(Df)ss| ≤ τ , and |(Df)us| = |(Df)su| = 0. Thus, there
is a C1 neighborhood N of f such that, for all g ∈ N , we have

max{|(Dg)−1
uu |, |(Dg)ss|} < λ,

max{|(Dg)us|, |(Dg)su|} < ε.

By Lemma 3.3, there is a Dg-invariant C0 subbundle Eug of TM (given by the

graph of a C0 bundle homomorphism over id from Eu to Es) such that (Dg)x is
(λ−1− ε)-expanding on Eug (x) with respect to | · | for all x ∈M . Hence every g ∈ N
has an unstable subbundle. We now make a similar argument using f−1 instead of
f to show that, possibly after shrinking N , each g ∈ N also has a stable subbundle.

Notice that Df−1 is represented by

Df−1 =

(
(Df−1)ss 0

0 (Df−1)uu

)
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with respect to Es ⊕ Eu, and that

|(Df−1)uu| = |(Df)−1
uu | ≤ τ,

|(Df−1)−1
ss | = |(Df)ss| ≤ τ,

|(Df−1)us| = |(Df−1)su| = 0.

Hence, by shrinking N if necessary, we can ensure

max{|(Dg−1)−1
ss |, |(Dg−1)uu|} < λ,

max{|(Dg−1)su|, |(Dg−1)us|} < ε,

for each g ∈ N . By Lemma 3.3, there is a Dg−1-invariant C0 subbundle Esg of TM

(given by the graph of a C0 bundle homomorphism over id from Es to Eu) such
that (Dg−1)x is (λ−1 − ε)-expanding on Esg(x) with respect to | · | for all x ∈ M .

Equivalently, Esg is Dg-invariant and (Dg)x is (λ−1 − ε)−1-contracting on Esg with
respect to | · | for all x ∈M .

To conclude M is a hyperbolic set for g, we must show TM = Esg ⊕ Eug and
then pass back to the Riemannian norm || · ||. First, since (Dg)x is contracting
on Esg(x) and expanding on Eug (x), we must have Esg(x) ∩ Eug (x) = 0x for all
x ∈M . Moreover, since dim(Esg(x)) = dim(Es(x)) and dim(Eug (x)) = dim(Eu(x)),
it follows that

dim(Esg(x)) + dim(Eug (x)) = dim(Es(x)) + dim(Eu(x)) = dim(TxM).

Thus TxM = Esg(x)⊕ Eug (x) for all x ∈M . Hence, TM = Esg ⊕ Eug .
Now we pass back to the induced norm || · || and restrict N so that the skewness

of g ∈ N with respect to ‖ · ‖ is at most τ + ε̄. First, using Lemma 3.4, we find
conical neighborhoods of Es and Eu so that the relative constant between ‖ · ‖ and
| · | is close to one. Since the subbundles Esg and Eug depend continuously on g,

these conical neighborhoods determine a C1 neighborhood Nε̄ of f such that ‖ · ‖
is adapted to each g ∈ Nε̄ and the skewness of g is at most τ + ε̄.

We now find the conical neighborhoods of Es and Eu. By Lemma 3.4, for
each x ∈ M , there is γ′x > 0 such that, if G(x) is a linear subspace of TxM with
G(x) ⊂ Cγ′

x
(Es(x)), then

K−1/2‖vs‖ ≤ ‖v‖ ≤ K1/2‖vs‖,(3.6)

‖vs‖ ≥ ‖vu‖(3.7)

for all v ∈ G(x) (recall K > 1). For each x ∈ M , let γ(x) be the supremum of all
such γ′x. Since Es is a C0 subbundle and ‖ ·‖ is a C0 norm, x 7→ γ(x) is continuous.
Thus, since M is compact and γ(x) is strictly positive on M , the mapping x 7→ γ(x)
attains a minimum value γs > 0. This minimum value γs satisfies the following:
for all x ∈M , if G(x) ⊂ Cγs(Es(x)), then (3.6) and (3.7) hold for every v ∈ G(x).
Moreover, since | · | is the box-adjusted norm of ‖ · ‖, the inequality ‖vs‖ ≥ ‖vu‖
implies ‖vs‖ = |v| and thus K−1/2|v| ≤ ‖v‖ ≤ K1/2|v|.

By this same procedure, we can find a number γu > 0 such that, for all x ∈M ,
if G(x) ⊂ Cγu(Eu(x)), then K−1/2|v| ≤ ‖v‖ ≤ K1/2|v| for all v ∈ G(x).

Finally, we use the conical neighborhoods of Es and Eu to find a C1 neighbor-
hood of f on which τ(g) ≤ τ(f) + ε̄. According to Lemma 3.3, the stable and
unstable bundles Esg and Eug vary continuously with g. Thus we can shrink N so



STRUCTURAL STABILITY OF ANOSOV DIFFEOMORPHISMS 17

that Esg(x) ⊂ Cγs(Es(x)) and Eug (x) ⊂ Cγu(Eu(x)) for all x ∈M . Hence, for each
g ∈ N , we have

‖(Dg)xv‖ ≤ K1/2|(Dg)xv| ≤ K1/2(λ−1 − ε)−1|v| ≤ K(λ−1 − ε)−1‖v‖,

for all v ∈ Esg(x), and similarly

‖(Dg−1)xv‖ ≤ K(λ−1 − ε)−1‖v‖ for all v ∈ Eug (x).

Since we chose K(λ−1 − ε)−1 < τ + ε̄ < 1, this shows that M is a hyperbolic set
for g, that the Riemannian norm ‖ · ‖ is adapted to g, and that g has skewness
τ(g) ≤ K(λ−1− ε)−1 < τ(f) + ε̄ with respect to ‖ · ‖. This completes the proof. �

We have shown that if M is a hyperbolic set for a diffeomorphism f , then M
is a hyperbolic set for every diffeomorphism sufficiently C1-close to f . However, it
is not true more generally that if f has a hyperbolic set Λ, then Λ is a hyperbolic
set for maps C1-near f . Indeed, Λ will not even be invariant. What we can say
is the following: if f has a hyperbolic set Λ, then there are constants δ0, a0 > 0
such that if g is C1-δ0-close to f and g has an invariant set ∆ contained in the
ball B(Λ, a0) about Λ, then ∆ is a hyperbolic set for g (see [8]). Thus we must
assume, in addition to C1-closeness of g to f , that g has an invariant set close
to the hyperbolic set for f . In the case of Anosov diffeomorphisms, however, this
condition is satisfied automatically, since every diffeomorphism of M has M as an
invariant set, and M is contained in every neighborhood of M .

4. Expansiveness and the Shadowing Property

In this section, we introduce two key properties of Anosov diffeomorphisms:
expansiveness and shadowing. Our goal is to show that these properties persist
in a C1 neighborhood of these diffeomorphisms. In the next section, we will see
moreover that shadowing and expansiveness characterize the dynamics of Anosov
diffeomorphisms. The structural stability of Anosov diffeomorphisms is a conse-
quence of the fact that shadowing and expansiveness together are both persistent
and characteristic.

In contrast to the previous section, in which we worked entirely with the stable
and unstable subbundles of Anosov diffeomorphisms, we work in this section pri-
marily with their local stable and unstable manifolds. The role of the local stable
and unstable manifolds here will nonetheless be similar to the role of the stable
and unstable subbundles in §3: just as we used the fact that Esg and Eug depend
continuously on g to show persistence of hyperbolicity, we will use (without proof)
the fact that W s

r (x, g) and Wu
r (x, g) depend continuously on g to show persistence

of the expansiveness and shadowing properties. This fact relies implicitly on an-
other important fact, namely that if f is an Anosov diffeomorphism, then there is
r0 > 0 and a C1 neighborhood N of f such that each g ∈ N satisfies items (1),
(2), and (3) of the local stable manifold theorem (Theorem 2.6) for r = r0. Both
of these facts follow from the proof of the local stable manifold theorem, which can
be found in [8].

Intuitively, the local stable manifold W s
r (x, g) depends continuously on g for the

same reason that each stable subspace Esg(x) depends continuously on g. As we
noted in Example 2.7, a diffeomorphism g : M → M can be lifted to a map Fg :
TM → TM . In [8], Wen shows that W s

r (x, g) is obtained by smoothly projecting
the local stable manifold W s

r (0x, Fg) ⊂ TxM back down to M . It turns out that



18 BEN COOPER

the same method used in Lemma 3.3 to find the unstable subspace Eug (x) can be
used to find W s

r (0x, Fg). In particular, Wen shows that W s
r (0x, Fg) is the graph of

a Lipschitz map from Esg(x) to Eug (x), and that this Lipschitz map is the unique
fixed point of a contraction mapping called the graph transform of g. The graph
transform of g depends continuously on g. Thus, Theorem 3.2 implies W s

r (x, g)
depends continuously on g. This fact is crucial for persistence of shadowing, as
the shadowing property depends entirely on the geometry of the local stable and
unstable manifolds.

Throughout this section, we use a Riemannian metric adapted to f and let
0 < τ < 1 denote the skewness of f with respect to it. Using this adapted metric, the
characterization of W s

r (x, f) given in item (3) of the local stable manifold theorem
becomes

W s
r (x, f) = {y ∈M : d(fn(x), fn(y)) ≤ min{τnd(x, y), r} for all n ≥ 0}

= {y ∈M : d(fn(x), fn(y)) ≤ r for all n ≥ 0}.
Now we introduce the first key property of Anosov diffeomorphisms: expansive-

ness.

Definition 4.1. We say a diffeomorphism f : M →M is expansive if there is r > 0
such that, for all x, y ∈M , if we have

d(fn(x), fn(y)) ≤ r for all n ∈ Z,
then x = y. In this case, r is called an expansive constant for f , and f is said to
be r-expansive.

Intuitively, f is r-expansive if every two distinct points, no matter how close,
are eventually mapped a distance r apart under iteration of f or f−1. The next
theorem says that a diffeomorphism is always expansive on a hyperbolic set.

Theorem 4.2 (Expansiveness). Let f : M →M be a diffeomorphism and Λ ⊂M
a hyperbolic set for f . Then the restriction f |Λ of f to Λ is expansive.

Proof. Take r > 0 as in the local stable manifold theorem (Theorem 2.6) for Λ. In
particular, for each x ∈ Λ, the local stable and unstable manifolds of x of size r are
given by the characterization in item (3) of that theorem.

To show f is r-expansive, suppose x, y ∈ Λ satisfy d(fn(x), fn(y)) ≤ r for all
n ∈ Z. By item (3) of the local stable manifold theorem, this implies y ∈ W s

r (x)
and f(y) ∈Wu

r (f(x)). Thus,

d(x, y) = d
(
f−1(f(x)), f−1(f(y))

)
≤ τ · d

(
f(x), f(y)

)
≤ τ2 · d(x, y).

Since 0 < τ < 1, this implies d(x, y) = 0, or x = y. �

By taking Λ = M , Theorem 4.2 implies that all Anosov diffeomorphisms are
expansive. We now use persistence of hyperbolicity from the previous section to
show that expansiveness persists in a C1 neighborhood of Anosov diffeomorphisms.

Theorem 4.3. Let f : M →M be an Anosov diffeomorphism. There is r > 0 and
a C1 neighborhood N of f such that each g ∈ N is r-expansive.

Proof. The proof of Theorem 4.2 implies that if g is an Anosov diffeomorphism
and r > 0 is as in the local stable manifold theorem (Theorem 2.6), then g is r-
expansive. Thus we now find a C1 neighborhood N of f and r > 0 such that each
g ∈ N is Anosov and r is as in the local stable manifold theorem for each g. By
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Theorem 3.5, there is a neighborhood N0 of f such that M is a hyperbolic set for
each g ∈ N0 and such that the Riemannian norm adapted to f is also adapted to
g. Moreover, as we noted at the beginning of this section, there is r > 0 and a
neighborhood N ⊂ N0 of f such that r satisfies items (1), (2), and (3) of the local
stable manifold theorem for each g ∈ N . Expansiveness of each g ∈ N now follows
by repeating the proof of Theorem 4.2, substituting g for f and M for Λ. �

Now that we have shown the persistence of expansiveness, we turn our attention
to the second key property of Anosov diffeomorphisms, the shadowing property.
The shadowing property concerns collections of points called pseudo-orbits—which,
roughly speaking, are orbits with rounding errors—and the ability of these pseudo-
orbits to approximate true orbits, that is, sequences {fn(x)}n∈Z for x ∈ M . We
now give the precise definition of pseudo-orbit and define what it means for a
pseudo-orbit to approximate a true orbit.

Definition 4.4. Let f : M → M be an Anosov diffeomorphism. A sequence
{xn}bn=a ⊂ M (where a = −∞ and b = ∞ are allowed) is called a δ-pseudo-orbit
for f if we have

d(f(xn), xn+1) < δ for all n = a, a+ 1, . . . , b.

We say the δ-pseudo-orbit {xn}bn=a for f is ε-shadowed by a point x′ ∈M under f
if

d(fn(x′), xn) ≤ ε for all n = a, a+ 1, . . . , b.

See Figure 4 for an example of a δ-pseudo-orbit for f being ε-shadowed under f .

Figure 4. A δ-pseudo-orbit {xi}2i=0 for f is ε-shadowed by a
point x′ under f .

The next theorem, whose proof will follow from the proof of Theorem 4.7 below,
formally introduces the shadowing property.

Theorem 4.5 (The Shadowing Property). Let f : M → M be an Anosov diffeo-
morphism. There is ε0 > 0 such that the following holds: for all 0 < ε < ε0, there
is δ > 0 such that every δ-pseudo-orbit {xi}bi=a for f is ε-shadowed by a point in
M under f .

Remark 4.6. Though we have stated Theorem 4.5 only for the case of Anosov
diffeomorphisms, a more general statement is true: If f : M → M is a diffeomor-
phism with hyperbolic set Λ, then for all ε > 0 sufficiently small there is δ > 0 such
that every δ-pseudo-orbit for f in Λ is ε-shadowed by a point in Λ under f [8].
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Figure 5. Transverse intersections of local stable and unstable
manifolds, as in Proposition 4.8.

As with expansiveness, we wish to prove that the shadowing property persists
in a C1 neighborhood of f , with uniform dependence of δ on ε. More precisely, we
wish to show

Theorem 4.7. Let f : M →M be an Anosov diffeomorphism. There is ε0 > 0 such
that the following holds: for all 0 < ε < ε0, there is δ > 0 and a C1 neighborhood
N of f such that for all g ∈ N , every δ-pseudo-orbit {xn}bn=a for g is ε-shadowed
by a point x′ ∈M under g.

The proof of Theorem 4.7 is postponed until the end of this section. We first
study geometrical properties of the local stable and unstable manifolds, which will
be crucial to the proof of Theorem 4.7. In particular, we will need the following
fact about intersections of local stable and unstable manifolds, which is illustrated
in Figure 5.

Proposition 4.8. Let f : M →M be an Anosov diffeomorphism. There is r0 > 0
such that for each 0 < r < r0, there is κ > 0 such that if x, y ∈M have d(x, y) ≤ κ,
then W s

r (x) ∩Wu
r (y) is nonempty and the intersection is transverse.

Proof. Let TM = Es ⊕ Eu be the hyperbolic splitting of M for f . Choose r0 > 0
as in the local stable manifold theorem (Theorem 2.6) for f . Let 0 < r < r0

be arbitrary and fix x ∈ M . Since we have TxM = Es(x) ⊕ Eu(x), the angle
between Es(x) and Eu(x) is nonzero. Equivalently, Es(x) and Eu(x) intersect
transversally at 0x ∈ TxM . Thus, since the tangent space of W s

r (x) at x is Es(x)
and the tangent space of Wu

r (x) at x is Eu(x), it follows that W s
r (x) and Wu

r (x)
intersect transversally at x. By item (2) of the local stable manifold theorem, W s

r (x)
depends continuously on x. Hence there is κ′ > 0 such that Wu

r (y) intersects W s
r (x)

transversally for every y ∈ Bκ′(x). Let κ(x) denote the supremum of all such κ′.
(This supremum exists because M is bounded.) The map x 7→ κ(x) is continuous
because W s

r (x) depends continuously on x. Moreover, we have κ(x) > 0 for all
x ∈ M . Thus, by compactness of M , the function κ(x) attains a minimum value
κ > 0. Hence, for all x, y ∈ M , if d(x, y) < κ, then Wu

r (y) intersects W s
r (x)

transversally. �

Proposition 4.8 says that if two points are close enough together, then the local
stable manifold of one point must intersect the local unstable manifold of the other.
To see how this intersection property relates to shadowing, suppose κ and r are as
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in Proposition 4.8, and choose x, y ∈ M such that d(x, y) ≤ κ. Consider the κ-
pseudo-orbit {. . . , f−2(y), f−1(y), x, f(x), f2(x), . . .} for f . By Proposition 4.8, the
intersection W s

r (x) ∩ Wu
r (y) is nonempty and thus has an element x′. Since x′

belongs to W s
r (x), we have d(fn(x′), fn(x)) ≤ r for all n ≥ 0. And since x′ belongs

to Wu
r (x), we have d(f−n(x′), f−n(y)) ≤ r for all n ≥ 0. This shows that the

κ-pseudo-orbit {. . . , f−2(y), f−1(y), x, f(x), f2(x), . . .} is r-shadowed by x′. Thus
we see that belonging to W s

r (x) is the same as r-shadowing the forward orbit of x,
and that belonging to Wu

r (y) is the same as r-shadowing the backward orbit of y.
Moreover, given the pseudo-orbit {fn(x)}∞n=0 shadowed by x and the pseudo-orbit
{fn(y)}0n=−∞ shadowed by y, we found a point x′ that shadows both pseudo-orbits.

Note that to find the shadowing point x′, we did not use the transversality of
the intersection of W s

r (x) and Wu
r (y). Transversality instead helps us extend the

intersection property of Proposition 4.8 to a C1 neighborhood of f . The helpful
fact is that transverse intersections are stable; that is, if two Ck submanifolds M1

and M2 intersect transversally, then a Ck submanifold M ′1 near M1 intersects M2

transversally. Hence, if a Ck submanifold M ′2 is near M2, then M ′2 intersects M ′1
transversally. We make a similar argument in the proof of Theorem 4.9 below, in
which local stable and unstable manifolds for f take the place of M1 and M2, and
local stable and unstable manifolds for a diffeomorphism g close to f take the place
of M ′1 and M ′2.

Theorem 4.9. Let f : M → M be an Anosov diffeomorphism. There is a C1

neighborhood N of f and r0 > 0 such that the following holds: for each 0 < r < r0,
there is κ > 0 such that if g ∈ N and x, y ∈ M with d(x, y) ≤ κ, then W s

r (x, g)
intersects Wu

r (y, g) transversally.

Proof. Our approach, broadly, is to use the stability of transverse intersections, as
well as the fact that W s

r (x, g) and Wu
r (x, g) depend continuously on g, to prove

that if f has the transverse intersection property of Proposition 4.8, then so do
diffeomorphisms C1-near f . To be able to use the fact that W s

r (x, g) and Wu
r (x, g)

depend continuously on g, take r0 > 0 and a preliminary C1 neighborhood N1 of
f such that, for every g ∈ N1 and x ∈ M , the local stable and unstable manifolds
W s
r0(x, g) and Wu

r0(x, g) are Ck embedded submanifolds of M . Let 0 < r < r0 be
arbitrary and κ > 0 be as in Proposition 4.8 for f .

To extend the transverse intersection property to a C1 neighborhood of f , we
first find a C1 neighborhood N0 of f such that, for each g ∈ N0 and x, y ∈ M ,
if d(x, y) ≤ κ/2, then W s

r (x, g) intersects Wu
r (y, f) transversally. Then, we find

a smaller C1 neighborhood N ⊂ N0 such that, for each g ∈ N and x, y ∈ M , if
d(x, y) ≤ κ/2, then W s

r (x, g) intersects Wu
r (y, g) transversally.

We now find the preliminary neighborhood N0. Fix x ∈ M . By choice of r
and κ, the unstable manifold Wu

r (y, f) intersects W s
r (x, f) transversally for ev-

ery y ∈ Bκ(x). Since transverse intersections are stable and W s
r (x, g) depends

continuously on g ∈ N1, there is ρ′ > 0 such that if g is C1-ρ′-close to f , then
W s
r (x, g) intersects Wu

r (y, f) transversally for all y ∈ Bκ/2(x). Let ρ(x) denote
the supremum of all such ρ′, which exists because M is bounded. Since the local
stable manifolds W s

r (x, f) vary continuously with x in the Ck topology, the map
x 7→ ρ(x) is continuous. Thus, since M is compact and ρ(x) > 0 for all x ∈ M ,
it follows that x 7→ ρ(x) attains a minimum value ρ > 0. Hence, if g is C1-ρ-close
to f , then W s

r (x, g) intersects Wu
r (y, f) transversally for all y ∈ Bκ/2(x), for all
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(a)
(b)

Figure 6. Transverse intersections of stable (red) and unstable
(blue) manifolds for (A) the Anosov automorphism A and (B) the
Anosov toral automorphism f . See Examples 2.4, 2.7, and 4.10.
Dotted lines indicate global stable and unstable manifolds; solid
lines indicate local stable and unstable manifolds. For clarity, the
global stable and unstable manifolds on the torus are not depicted
as dense subsets.

x ∈M . Let N0 be the intersection of N1 with the open ρ-ball about f (with respect
to C1-distance).

Now we find N such that if g belongs to N , then W s
r (x, g) intersects Wu

r (y, g)
transversally for all x, y ∈M with d(x, y) ≤ κ/2. Fix x ∈M and y ∈ Bκ/2(x). We
just showed that Wu

r (y, f) intersects W s
r (x, g) transversally. Thus, since transverse

intersections are stable and Wu
r (y, g) depends continuously on g ∈ N0, there is

µ′ > 0 such that if g ∈ N0 is C1-µ′-close to f , then Wu
r (y, g) intersects W s

r (x, g)
transversally. Let µ(y) denote the supremum of all such µ′, which exists because M
is bounded. Since the local stable manifolds Wu

r (y, g) vary continuously with y in
the Ck topology, the map y 7→ µ(y) is continuous. Thus, since Bκ/2(x) is compact

and µ(y) > 0 for all y ∈ Bκ/2(x), it follows that y 7→ µ(y) attains a minimum

value µx > 0 on Bκ/2(x). Thus, if g is C1-µx-close to f , then Wu
r (y, g) intersects

W s
r (x, g) transversally for all y ∈ Bκ/2(x). Let µx be the supremum of all such µx.

The map x 7→ µx is continuous and strictly positive on the compact topological
space M , and therefore attains a positive minimum value µ > 0. Hence, if g is
C1-µ-close to f then W s

r (x, g) intersects Wu
r (y, g) transversally for all x, y ∈ M

with d(x, y) ≤ κ/2. Take N to be the intersection of N1 with the open µ-ball about
f (with respect to C1-distance). This completes the proof. �

Before moving on to the proof of uniform shadowing, we discuss transverse in-
tersections of local stable and unstable manifolds in the context of the Anosov toral
automorphism defined in Examples 2.4 and 2.7. See Figure 6.

Example 4.10. Recall the Anosov toral automorphism f : R2/Z2 → R2/Z2 and
the lift A : R2 → R2 discussed in Examples 2.4 and 2.7. We saw that for each
a, b ∈ R2, the local stable manifold W s

r (a,A) of a is a line-segment of length 2r

and slope m = (
√

5 − 1)/2 with midpoint a, and Wu
r (b, A) is an orthogonal line-

segment of length 2r with midpoint b. Thus, for any κ < r, if ‖a − b‖ ≤ κ,
then W s

r (a,A) intersects Wu
r (b, A) transversally at a single point. In Example
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2.7, we found r0 > 0 such that if 0 < r < r0, then W s
r (πa, f) = π(W s

r (a,A))
and Wu

r (πb, f) = π(Wu
r (b, A)). Thus for all 0 < r < r0 and 0 < κ < r, the

intersection W s
r (πa, f) ∩ Wu

r (πb, f) is nonempty if ‖a − b‖ ≤ κ. Now, for each
x, y ∈ R2/Z2 with d(x, y) ≤ κ, we can choose a, b ∈ R2 such that x = πa, y = πb,
and d(x, y) = ‖b − a‖ ≤ κ, assuming κ < 1/2. Thus W s

r (x, f) intersects Wu
r (y, f)

transversally whenever d(x, y) ≤ κ.
Note that, even though the proof of transverse intersections in Proposition 4.8

relies heavily on the compactness of M , we have just proved transverse intersections
for an Anosov automorphism A defined on all of R2, which certainly is not compact.
We were able to achieve this because the stable manifolds for A are simply transla-
tions of one another. Compactness therefore is not needed to ensure regularity in
the geometry of the local stable and unstable manifolds for A.

We are now equipped to prove Theorem 4.7. Our proof largely follows Bowen’s
proof of Theorem 4.5 in [1]. We now sketch Bowen’s argument. First, observe
that if we only consider δ-pseudo-orbits of length N , where N is fixed, then the
shadowing property follows from uniform continuity. In particular, uniform con-
tinuity of f, f2, . . . , fN implies that for all ε > 0, there is δ > 0 such that every
δ-pseudo-orbit {xi}Ni=0 is ε-shadowed by x0. The trick now is to choose N large
enough and δ small enough so that shadowing for arbitrary pseudo-orbits follows
from shadowing for pseudo-orbits of length N . After choosing N and δ, we build
up to arbitrary pseudo-orbits by first considering pseudo-orbits of length kN , for
k ∈ N, and treating them as k pseudo-orbits of length N that are “stitched to-
gether.” This stitching procedure is where we employ the intersection properties of
the local stable and unstable manifolds. Then, we obtain shadowing for arbitrary
finite pseudo-orbits by extending them to pseudo-orbits of length kN for some k.
Finally, the case of infinite pseudo-orbits is proved by treating them as the limit of
a sequence of finite pseudo-orbits.

To prove Theorem 4.7, we follow this argument exactly, except that we first
choose a suitable neighborhood N of f so that f can be replaced by any g ∈ N . In
particular, we must choose N so that each g ∈ N is Anosov and has the intersection
property of Theorem 4.9 for its local stable and unstable manifolds.

Proof of Theorem 4.7. In the sketch we just gave, the key facts we used about
Anosov diffeomorphisms were the intersection property from Proposition 4.8 and
uniform continuity. To prove Theorem 4.7, we first choose a preliminary C1 neigh-
borhood N0 of f so that each g ∈ N0 is Anosov and has this intersection property.
Then we choose N, δ > 0 and a smaller neighborhood N ⊂ N0 such that every
δ-pseudo-orbit {xi}Ni=0 for every g ∈ N is shadowed by x0 under g. We choose
N so that shadowing for pseudo-orbits of length kN can be proved by stitching
together pseudo-orbits of length N . Then, we build up to shadowing for arbitrary
finite pseudo-orbits and finally to shadowing for infinite pseudo-orbits.

First we construct the preliminary neighborhood N0. Let 0 < τ0 < 1 be the
skewness of f . By Theorem 3.5, there is a C1 neighborhood N1 of f and τ0 < τ < 1
such that the skewness of g is at most τ for all g ∈ N1. By Theorem 4.9, there
is a C1 neighborhood N2 of f and r0 > 0 such that, for all 0 < r < r0, there is
κ > 0 so that, if g ∈ N2 and d(x, y) ≤ κ, then the intersection W s

r (x, g) ∩Wu
r (y, g)

is nonempty. Define N0 = N1 ∩N2.
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Let 0 < ε < r0 be arbitrary. We now choose a neighborhood N ⊂ N0 of f and
N, δ > 0 such that every δ-pseudo-orbit {xi}Ni=0 for every g ∈ N is shadowed by x0

under g. It will follow that every δ-pseudo-orbit for g ∈ N is ε-shadowed by a point
in M under g. Let K > 1 be a constant depending on τ to be determined later.
By choice of N2, there are 0 < r < ε/K and 0 < κ < r such that, for all g ∈ N ,
the intersection W s

r (x, g) ∩Wu
r (y, g) is nonempty whenever d(x, y) ≤ κ. Choose

N ∈ N such that r · τN < κ/2. By uniform continuity of f i for all 1 ≤ i ≤ N ,
there is 0 < δ < κ/4N such that d(x, y) ≤ δ implies d(f i(x), f i(y)) ≤ κ/4N for all
1 ≤ i ≤ N . Take a C0 neighborhood N3 of f such that d(f i(x), gi(x)) < κ/8N for
all x ∈ M , i = 1, . . . , N , g ∈ N3. By the triangle inequality, for each g ∈ N3 we
have

d(gi(x), gi(y)) ≤ κ/4N + d(f i(x), f i(y))

for all x, y ∈M and all 1 ≤ i ≤ N . Define N = N0 ∩N3.
Suppose g ∈ N . We show that every δ-pseudo-orbit for g is ε-shadowed by a

point in M under g. For the remainder of the proof, we write W s
r (x, g) = W s

r (x)
and Wu

r (x, g) = Wu
r (x). Further, “pseudo-orbit” will always mean pseudo-orbit for

g, and “ε-shadowed” will always mean ε-shadowed under g.
Our choice of δ has the following property: if {yi}Ni=0 is a δ-pseudo-orbit for g,

then {yi}Ni=0 is κ/2-shadowed by y0. Indeed, by choice of N3, for each 1 ≤ i ≤ N
we have

d(gi(y0), yi) ≤
i∑

j=1

d
(
gi−j(gyj−1), gi−j(yj)

)
≤

i∑
j=1

(
κ/4N + d

(
f i−j(gyj−1), f i−j(yj)

))

≤
i∑

j=1

κ/2N ≤ κ/2.

The first step in obtaining shadowing for larger pseudo-orbits is to consider
pseudo-orbits of length kN , for k ∈ N, and to decompose them into k pseudo-orbits
of length N . Let {xi}kNi=1 be a δ-pseudo-orbit for g. By our choice of δ, the point
x`N κ/2-shadows the δ-pseudo-orbit {x`N+i}Ni=0, for each 0 ≤ ` ≤ N − 1. We will
use this to define a sequence of points x′`N , for ` = 0, . . . , k, such that g−`N (x′`N )
ε-shadows {xi}`Ni=0. Thus g−kN (x′kN ) will ε-shadow the entire pseudo-orbit {xi}kNi=0.

Define x′0 = x0. For each ` ≥ 1, recursively define x′`N to be an element of the
intersection

Wu
r (gN (x′(`−1)N )) ∩W s

r (x`N ).

We verify by induction that each of these intersections is nonempty. First we prove
that the intersection Wu

r (gN (x′0)) ∩W s
r (xN ) is nonempty. Since the pseudo-orbit

{xi}Ni=0 is κ/2-shadowed, and hence κ-shadowed, by x′0, we have d(gN (x′0), xN ) ≤ κ.
Thus, by choice of N2, the intersection W s

r (xN ) ∩Wu
r (gN (x′0)) is nonempty. This

proves the base case.
Now suppose, for some 1 ≤ ` < k, that the intersection Wu

r (gN (x′(`−1)N )) ∩
W s
r (x`N ) is nonempty and hence contains an element x′`N . We must show that the

intersection Wu
r (gN (x′`N )) ∩ W s

r (x(`+1)N ) is nonempty. By item (3) of the local
stable manifold theorem (Theorem 2.6) and the choice of τ , the membership of x′`N
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in W s
r (x`N ) implies

d(gN (x′`N ), gN (x`N )) ≤ τN · d(x′`N , x`N ) ≤ r · τN < κ/2.

By choice of δ, the point x`N κ/2-shadows {x`N+i}Ni=0, and in particular, we have
d(gN (x`N ), x(`+1)N ) ≤ κ/2. Thus the triangle inequality implies

d(gN (x′`N ), x(`+1)N ) < κ.

By choice of N2, this implies the intersection Wu
r (gN (x′`N )) ∩ W s

r (x(`+1)N ) is
nonempty and thus contains an element x′(`+1)N . This completes the inductive

step and proves that a point x′`N ∈ Wu
r (gN (x′(`−1)N )) ∩W s

r (x`N ) exists for each

0 ≤ ` ≤ k.
Denote x′ := g−kN (x′kN ). We claim x′ ε-shadows {xi}kNi=0. Fix 0 ≤ i ≤ kN .

We must show d(gi(x′), xi) ≤ ε (see Figure 7). First, pick 0 ≤ ` ≤ k such that
i ∈ [`N, (` + 1)N). Then xi belongs to the δ-pseudo-orbit {x`N+j}Nj=0, which is
κ/2-shadowed by x`N . In particular,

d(gi(x`N ), xi) ≤ κ/2.
By construction, the point x′`N belongs to W s

r (x`N ). Hence,

d(gi−`N (x′`N ), gi−`N (x`N )) ≤ r.
Finally, using the fact that x′mN belongs to Wu

r (gN (x′(m−1)N )) for each m, we have

d
(
gi(x′), gi−`N (x′`N )

)
= d
(
gi−kN (x′kN ), gi−`N (x′`N )

)
≤

k∑
m=`+1

d
(
gi−mN (x′mN ), gi−mN+N (x′(m−1)N )

)
≤

k∑
m=`+1

r · τmN−i ≤ r · τ

1− τ
.

By the triangle inequality, we obtain

d(gi(x′), xi) ≤
κ

2
+ r + r · τ

1− τ
≤ r

(
3

2
+

τ

1− τ

)
.

Setting K = 3
2 + τ

1−τ , we conclude d(gi(x′), xi) ≤ ε. This proves x′ ε-shadows

{xi}kNi=0 and completes the case of finite pseudo-orbits of length kN , for any k ∈ N.
We can now prove shadowing for arbitrary finite pseudo-orbits by extending them

to pseudo-orbits of length kN , for some k ∈ N. First consider a δ-pseudo-orbit of
the form {xi}ni=0, where n = `N +m for some natural numbers ` and 0 < m < N .

We can extend this δ-pseudo-orbit to a longer δ-pseudo-orbit {xi}(`+1)N
i=1 by setting

xn+i = f i(xn) for 1 ≤ i ≤ N −m. Thus, by applying the case of pseudo-orbits of

length kN , k ∈ N, there is a point x′ that ε-shadows {xi}(`+1)N
i=1 and therefore that

ε-shadows the original δ-pseudo-orbit {xi}ni=0. Now, the most general finite pseudo-
orbit is of the form {xi}bi=a. By what we just showed, the translated pseudo-orbit

{xa+i}b−ai=0 is shadowed by a point x′, and so the original pseudo-orbit {xi}bi=a is
shadowed by g−a(x′). This proves the case of finite pseudo-orbits.

We conclude with the case of infinite δ-pseudo-orbits {xi}∞i=−∞. (If the pseudo-
orbit is only infinite in one direction, it can be extended to a pseudo-orbit that
is infinite in both directions.) For each n ∈ N, let x′n be a point that ε-shadows
the finite δ-pseudo-orbit {xi}ni=−n. By definition of being ε-shadowed, this means
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d(gi(x′n), xi) ≤ ε for all i ∈ [−n, n]. By passing to a subsequence if necessary, we
may assume x′n → x′ ∈M , since M is compact. For all i ∈ Z and n ≥ |i|, we have

d(gi(x′), xi) ≤ d(gi(x′), gi(x′n)) + d(gi(x′n), xi) ≤ d(gi(x′), gi(x′n)) + ε.

Taking n→∞ and using continuity of gi, we conclude

d(gi(x′), xi) ≤ ε for all i ∈ Z.
Hence {xi}∞i=−∞ is ε-shadowed by x′. This completes the proof. �

Figure 7. Proof of the Theorem 4.7. The point x`N shadows
{xj+`N}Nj=0. Thus gi−`N (x`N ) is close to xi. The point x′`N be-

longs to the stable manifold (red) of x`N . Thus gi−`N (x′`N ) is close
to gi−`N (x′`N ). The point x′kN belongs to the unstable manifold of

g(k−`)N (x′`N ). Thus gi−kN (x′kN ) = gi(x′) is close to gi−`N (x′`N ).
By the triangle inequality, gi(x) is close to xi.

The following corollary of Theorem 4.7 says that by taking ε0 sufficiently small,
infinite pseudo-orbits of the form {xn}n∈Z are shadowed by a single point.

Corollary 4.11. Let f : M → M be an Anosov diffeomorphism. There is ε0 > 0
such that the following holds: for all 0 < ε < ε0, there is δ > 0 and a C1 neigh-
borhood N of f such that for all g ∈ N , every δ-pseudo-orbit {xn}∞n=−∞ for g is
ε-shadowed by a single point x′ ∈M under g.

Proof. Take ε0 > 0 as in Theorem 4.7. By Theorem 4.3, there is 0 < r0 < ε0 and
a C1 neighborhood N0 of f such that each g ∈ N0 is r0-expansive. By choice of
ε0, for each 0 < ε < r0/2, there is a C1 neighborhood N ⊂ N0 of f and δ > 0
such that every δ-pseudo-orbit {xn}∞n=−∞ of every g ∈ N is ε-shadowed by a point
x′ ∈M under g. We now show that x′ is the only point that ε-shadows {xn}∞n=−∞.
Indeed, if there is another point y′ that ε-shadows {xn}∞n=−∞, then the triangle
inequality implies d(gn(x′), gn(y′)) ≤ 2ε < r0 for all n ∈ Z. Since g is r0-expansive,
we conclude x′ = y′. �

5. Structural Stability of Anosov Diffeomorphisms

In this last section, we prove that Anosov diffeomorphisms are C1-structurally
stable. Recall that a diffeomorphism f : M → M is said to be C1-structurally
stable if there is a C1 neighborhood N of f such that every g ∈ N is topologically
conjugate to f—that is, for every g ∈ N there is a homeomorphism h = hg of M
such that f ◦ h = h ◦ g.



STRUCTURAL STABILITY OF ANOSOV DIFFEOMORPHISMS 27

Theorem 5.1. Anosov diffeomorphisms are C1-structurally stable.

The proof of structural stability relies heavily on expansiveness and the shad-
owing property. In fact, the proof amounts to showing that if two mappings are
both r0-expansive, for some r0 > 0, and both have the shadowing property with the
same ε-δ dependence (as in the conclusion of Theorem 4.7), then these mappings
are topologically conjugate. The structural stability of Anosov diffeomorphisms
then follows from persistence of expanisveness and persistence of the shadowing
property, which we proved in Theorems 4.3 and 4.7, respectively.

Our proof of Theorem 5.1 is sketched by Bowen in [2]. The general idea is
this: if f and g are Anosov diffeomorphisms that are C0-δ-close, then every g-orbit
{gn(x)}n∈Z is a δ-pseudo-orbit for f . The shadowing property thus gives us a way of
associating each orbit under g with an orbit under f ; namely, we map each g-orbit
to the f -orbit of a point that shadows it under f . Expansiveness implies, moreover,
that this association is unique (recall Corollary 4.11), which, as we will see, implies
the mapping is a homeomorphism. Thus we obtain a topological conjugacy between
f and g. We follow Bowen’s construction of the conjugacy in the proof of structural
stability that follows.

Proof of Theorem 5.1. Let f : M → M be an Anosov diffeomorphism. By Corol-
lary 4.11, there are numbers ε, δ > 0 and a C1 neighborhood N0 of f such that
every δ-pseudo-orbit {xn}n∈Z for every g ∈ N0 is ε-shadowed by a single point in
M under g. Define N := {g ∈ N0 : d(f(x), g(x)) < δ for all x ∈M}.

Suppose g ∈ N . We now construct a topological conjugacy between f and g.
First, note that since f and g are C0-δ-close, we have

d(f(gn(x)), gn+1(x)) < δ for all n ∈ Z, x ∈M.

Thus, every g-orbit {gn(x)}n∈Z is a δ-pseudo-orbit for f . By choice of N0, there is a
unique point in M that ε-shadows {gn(x)}n∈Z under f . Thus we define a conjugacy
h = hg : M → M as follows: for each x ∈ M , define h(x) to be the unique point
that ε-shadows {gn(x)}n∈Z under f .

First, we verify f ◦ h = h ◦ g. Let x ∈ M . Since the point h(x) ε-shadows
{gn(x)}n∈Z under f , it follows that f(h(x)) ε-shadows {gn+1(x)}n∈Z under f . But,
by definition, h(g(x)) is the unique point that ε-shadows {gn+1(x)}n∈Z under f .
Thus f(h(x)) = g(h(x)). Since x ∈M is arbitrary, we conclude f ◦ h = h ◦ g.

Now we show h is continuous. Indeed, suppose otherwise. Then there is a point
x ∈ M , numbers γ,N > 0, and a sequence {xn} ⊂ M converging to x such that
d(h(x), h(xn)) ≥ γ for all n ≥ N . By compactness of M and continuity of the
iterates gi, we may choose a subsequence {xnk

} such that {h(xnk
)} converges to

some y ∈ M and such that d(gi(xnk
), gi(x)) ≤ 1/k for all i ∈ [−k, k]. For each

i ∈ Z and k ≥ |i|, we have

d
(
f i(h(xnk

)), gi(x)
)
≤ d
(
f i(h(xnk

)), gi(xnk
)
)

+ d
(
gi(xnk

), gi(x)
)
≤ ε+ 1/k,

where, to obtain the second inequality, we used the fact that h(xnk
) ε-shadows

{gi(xnk
)}i∈Z under f . By continuity of f , taking k →∞ gives

d(f i(y), gi(x)) ≤ ε for all i ∈ Z.

Thus y ε-shadows {gi(x)}i∈Z under f—but so does h(x). By uniqueness we con-
clude y = h(x). Thus, since {h(xnk

)} converges to y, there is K ∈ N such that
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d(h(xnK
), h(x)) < γ/2. This contradicts the assumption that d(h(x), h(xn)) ≥ γ

for all n ∈ N. Thus h is continuous.
We show h is a homeomorphism by constructing a continuous inverse mapping.

Since f and g are C0-δ-close, every f -orbit {fn(x)}n∈Z is a δ-pseudo-orbit for g.
Thus, by reversing the roles of f and g in the definition of h above, we obtain a
mapping p : M →M such that p(x) is the unique point that ε-shadows {fn(x)}n∈Z
under g. The same argument we used before for h shows that p is continuous and
satisfies g ◦p = p◦f . It remains to show that p is the inverse of h. For each x ∈M ,
the point p(h(x)) is the unique point that ε-shadows {fn(h(x))}n∈Z under g. But
by definition of h, we have

d(fn(h(x)), gn(x)) ≤ ε for all n ∈ Z,
which is precisely the statement that the point x ε-shadows {fn(h(x))}n∈Z under
g. Thus p(h(x)) = x. A similar argument, with the roles of h and p reversed,
shows h(p(x)) = x. Thus h is invertible with h−1 = p. This shows that h is a
homeomorphism and hence that f and g are topologically conjugate. Since g ∈ N
is arbitrary, we conclude f is structurally stable. �

It was important for the proof of Theorem 5.1 that we worked with Anosov
diffeomorphisms, for which the whole manifold is hyperbolic, and not with more
general hyperbolic sets. Indeed, in the more general setting, f and g have different
hyperbolic sets—say, Λ and ∆, respectively. In this case, f has the shadowing
property on Λ and g has the shadowing property on ∆. Notice, however, that
even though {fn(x)} is a pseudo-orbit for g for any x ∈ Λ, it is not necessarily a
pseudo-orbit for g in ∆. Indeed, if x 6∈ ∆ then fn(x) 6∈ ∆ for all n ∈ Z. Thus the
shadowing property for g cannot guarantee the existence of a point x′ in ∆ that
shadows {fn(x)} under g. When working with Anosov diffeomorphisms, on the
other hand, there is only one hyperbolic set to keep track of—the entire manifold
M—and so the shadowing property guarantees that every f -orbit is shadowed by
a point under g.
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