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ABSTRACT. Consider the Hopf ring of an Fo ring spectrum. This article
constructs certain generalized multiplicative Dyer-Lashof operations by calcu-
lating the ¥a-equivariant cell structures of some Stiefel manifolds.
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1. INTRODUCTION

An FE., space is a certain generalization of a topological abelian monoid where
the product is commutative up to all homotopy coherences. This can be made
precise by the language of E, algebras which are algebras over an FE,, operad. An
F algebra in the category of spectra is an F, ring spectrum. What is interesting
is that the zeroth space of an F, ring spectrum is an F, ring space, which is a
space equipped with two E, structures with certain distributivity. These concepts
were first brought up by Peter May in 1972. There are many examples of E
ring spectra, such as the Eilenberg-Maclane spectra, the topological and algebraic
K-theory spectra, and the cobordism spectra.

The action of an F,, operad gives a multiplicative structure on the homology
groups of a spectrum F, and an additional structure called the Dyer-Lashof op-
erations. Since the zeroth space of an E, ring spectrum has two E., structures,
there are two different kinds of Dyer-Lashof operations acting on its homology, one
additive and one multiplicative. May has studied how they interact with each other
in [3].

The Dyer-Lashof operations on the homology of an F, ring spectrum correspond
to the multiplicative Dyer-Lashof operations on the homology of its zeroth space.
However, in the work of May, the multiplicative Dyer-Lashof operations are only
studied on the zeroth space, which cannot recover the Dyer-Lashof operations on
the spectrum level. In the unpublished work of my REU mentor Weinan Lin, the
multiplicative Dyer-Lashof operators can be defined on the homology of the n-th
space of an F., ring spectrum, which can recover the Dyer-Lashof operations on
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the spectrum level. In this paper, we will explore his definition and define more
multiplicative operations, which only exist on the space level and become trivial on
the spectrum level.

2. E,, RING SPACES AND F_, RING SPECTRA

We start with the definition of operads. Intuitively, the operads are spaces that
parametrize different choices of products on an object such as a space or a spectrum.

Definition 2.1. An operad € consists of the topological spaces € (j) for j > 0
and continuous maps

v C(k) x () x - x C(jk) = €L+ + )

which are called composition maps. The space %(j) is equipped with a right
action of the j-th symmetric group X; and the space ¢'(0) is the one point space
{*}. The composition maps satisfy the following properties:

(1) There is an identity element 1 € %'(1) such that
Vel 1) =c
for c € €' (k) and v(1,¢) = c.
(2) Associativity holds, that is, for ¢ € € (k), d; € €(j;) and j = Y js, we have
W(V(Cadla adk)7ela"' 7ej) = ’Y(C;flf" 7f/€)
where
fi= ’Y(di; €j1+-+ji1+1 7ej1+"'+jz‘)'
(3) The maps «y are compatible with the actions of the symmetric groups, that
is, for 0 € ¥y, d; € €(ji), i € ¥j, and ¢ € €(k), we have
fY(CU; dla e 7dk) = ’Y(Ca do'*l(l)a e 7d0'*1(k))
and
(e dity, -+ dgTi) = (e dy, - di) (1 @ - @ Ty)
where 7 @ --- @ 7, is an element in ¥; 1..;, by the evident inclusion of
2j1 X oo X ij in Ejl"l‘"'jk'
A morphism [ between operads € and Z is a sequence of maps fi : € (k) — 2(k)

for k£ > 0 that commute with the composition maps and the action of the symmetric
groups, and that f; sends the identity element to the identity element.

Definition 2.2. Let ¢ be an operad. A ¥-space (X, ), is a pointed topological
space with maps
w:Ek) xxg, X" - X
where X* is the Cartesian product of k copies of X on which X, acts by permutation
such that
,LL(C, (xlv L1, K L1, 7xk))

:,u('y(c; 1.1, Ta 1 1)7 (1’1, L1, L1yttt axk))
and u(l,z) =z for z € X. Also, we require that
,U'(Cv (:U'(dlv (xlla T ’xl,]d))v T 7U(dka (:Ekl? T vzk,jk))))

:/L(’Y(C,dl, )dk)v(xlla"' yCljiy " s Thly """ ,Cl’jk))
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for c € €(k) and d; € €(j;) . Here X} acts on €'(k) x X* diagonally and €' (k) xx,
X% is the orbit space (€ (k) x X¥)/%,. We let €(0) x X° be the one point space
and p should map the point to the basepoint of X.

Example 2.3. The endomorphism operad &x is a good example for under-
standing the concept of operads. Here &x (k) is the mapping space Map(X*, X)
and the composition maps are the composition of continuous maps between spaces.
It is an operad and acts on X by

'Y(f7x1;"' ,xk):f(xh"' 7~75k)

for f € &x(k) = Map(X*, X), and an action of an operad € on X is the same as
a morphism of operads € — &x.

We define a special class of operads.

Definition 2.4. An operad ¢ is said to be an E., operad if each € (k) is con-
tractible and X acts freely on it.

A space may have two F., operads acting on it. These two actions may satisfy
certain distributive rule. Then the space will be called an E., ring space. The
following is the more precise definition.

Let ¢ be an E., operad with composition maps v. We define the augmented
operad ¥ by letting ¥, (k) = ¢ (k) [[{+}, that is, adding a basepoint. The new
composition maps 4 are given by

Y+l l) =51, -+ 1) if none of 1,14, ..., 1 is a basepoint
Ve (lsly, - lg) = = if any of [,1y,...,l; is a basepoint.

As a convention, we require a ¢, -space (X, *) with action maps & to satisfy

5(17 (:Ch o axk)) =

if any of z; or [ is a basepoint. We can think of the basepoint of X as zero in the
multiplication. By restricting to ¢ C ¥, , we still get a (¢, ¢)-action on X with
zero, i,e, (1, (x1, -+ ,x)) = * if any of x; is the zero point *. Conversely, a ¢-space
with a zero point can be made into a ¢, -space. When k = 0, the action map &
becomes

4, (0)x X°=9,(0) =S — X.
The image of the extra point in ¢4, (0) is the basepoint of X while the image of the
singleton ¢(0) serves as the identity in the multiplication.

Definition 2.5. Let ¥ and ¢ be two operads. A (¢,%,)-space is a pointed
topological space X with (¢, u) and (44, £) acting on it and there is an action 1 of
% on € given by

n: (k) x C(r) x - xC(jk) = €1+ Jr)
such that the distributive law

I pgy XX gy

G (k) x €(j1) x X9 x -+ x C(ji) x XI* G (k) x X*

Hjy--dg

GG o) x X X
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holds. Here the map & on the left is given by
g(g;cl,l'l, o 7ck7xk) = (77(9, (017 to ack))71_‘[£(g7z[))

1

where ¢; € C(ji), ©; = (@1, ,xi ;) € X7%, I is the index set
{(, i) <dp < gy e 1< < G}
and 27 = (T1,4y, s Thyiy)-

If € and ¢4 are both E., operads, then X is said to be an E., ring space.

As a consequence, the basepoints of ¥, and %'(0) correspond to the same base-
point of X. This is the same as the case of a ring, where unit of the addition and the
zero of the multiplication are the same. The two actions give mo(X) the additive
and multiplicative structures. However, the addition has no inverse, so that m(X)
is a semiring.

In this paper we are going to use the coordinate free Lewis-May spectra as the
model for spectra.

Definition 2.6. Let U be the countably infinite dimensional vector space R*°
with the standard inner product. Let a be a set of finite dimensional subspaces
of U which is filtered under the inclusion relation. For V € a, we let SV be the
one point compactification of V' with oo as the basepoint. For a pointed space
X, let QVX = Map,(SY,X). A prespectrum P with respect to a consists of
pointed spaces Py for each V' € «, and structure maps between pointed spaces
Py — QY=Y Py for V.C W where W — V is the orthogonal complement of V.

If E is a prespectrum such that the structure maps Fy — QW ~V Ey are all
homeomorphisms, then F is called a spectrum.

A morphism between (pre)spectra P and @ consists of maps fy : Py — Qv
for each V' € a commuting with the structure maps.

The forgetful functor U from the category of spectra to the category of prespectra
has a left adjoint functor L which commutes with colimits.

For V. C W, we have Py — QW =V Py, and its adjunction Py A SW Y — Py
Taking the smash product with X gives

XAPy ASYY 5 X A Py.

With this we can define a prespectrum X A P with the space indexed by V being
X APy, called the smash product of X with P. For a spectrum E, we also denote
the spectrum L(X AU(E)) by X A E. A simple categorical argument [8, 1.3] shows
that

L(XANP)=XANL(P).

Next we define the action of an operad on a spectrum. First, we need the
construction of the twisted half smash product. Here we follow the definition from
8, VI]. Let £ (k) = Isom(U*, U) be the linear isometries operad. The permutations
of U* give an action of ¥, on .Z(k). It turns out that . is an E, operad [5, 1.1.3].

Suppose x is a Yp-map from a Xg-space X to £ (k). The map y is said to be
compact if for any finite dimensional subspace V in U, there is a finite dimensional
subspace W in U such that x(X)(V) C W. In particular, if X is compact, then x
is also compact, since the image of the compact set X x SV is compact and every
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compact set in S is contained in a finite dimensional sphere. Let x be compact.
We consider the morphism
XXV XxW

between vector bundles on X given by (z,v) — (z, x(x)(v)). It is an isometry on
each fiber, so we can take the complement vector bundle of the image bundle in
X xW. Let n(x, V, W) be the sphere bundle obtained by taking one point compacti-
fication on each fiber of the complement vector bundle. The Thom space, denoted
by T(x,V, W), is derived by identification of all co in each fiber of n(x, V, W). We
let the identified point be the basepoint. By the definition, we have the canonical
homeomorphism (See[8, VI.2.2])

T, V,W)ASY =X, ASY

given by (z,u,v) — (z,u + v).

Let {V;} be a filtered index set of finite dimensional subspaces of U. Then {V}*}
is a filtered index set of finite dimensional subspaces of U*. Fix a compact map
X : X — Z(k). We choose {W;} such that x(X)(V;¥) C W; and that it is a filtered
index set of finite dimensional subspaces of U. For (pre)spectra Ei,...,Ey, we
define a prespectrum x X (E1 A--- A Eg) by

(X X (By A+ NE)w, = T ViE, Wi) A (Er)v, A+ A (B,
with the structure maps given by

T(x, V;k, W) A (E)v, A+ A (Er)v, A SWis1—W;

|

T(X7 V;’j,-h Wi+1) A (El)Vi ASVirr=Vi pe A (Ek)Vi A SV =Vi

L

T(x, Vililﬁ Wig1) A (El)‘/i+1 ARRERA (Ek)VHl'

If F is a spectrum, we will apply the functor L to the twisted half smash product
to get a spectrum, which is also denoted by x x (E1 A---A Ey). If x is not compact,
we define x x (Eq A --- A E}) to be

colim aw X (Ey A--- A Ey)

(0%
where the colimit is taken over restrictions « of x to a subset such that « is compact.
Definition 2.7. The spectrum x X (E1A---AE}) is called the twisted half smash

product of x with F1,..., Ey. We also denote it by X x (E1 A--- A Ey) if the map
X is clear.

The twisted half smash product is somewhat a generalization of the smash prod-
uct. This can be exhibited by the following properties:

Proposition 2.8 ([8, VI.2.18]). The twisted half smash product commutes with the
functor L.

Proposition 2.9 ([8, VI.1.5]). For a pointed space Y and a map x : X — Z£(1),
we have the canonical isomorphism

X X 5°V 2 N%(X, AY).
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Now we can define the E. ring spectra. We consider the identity map x :
Z(k) = Z(k) and form the twisted half smash product Z (k) x (E1 A -+ A Ey).
The Thom space T(x,V,W) is abbreviated as T(V,W). We use E"* to denote
AFE.

Definition 2.10. A spectrum FE is said to be an E,, ring spectrum if there is
an action of .Z on E given by a system of morphisms

¢: L k) x BN - B,
which is equivariant, unital, and associative.

May has proved the following theorem about the zeroth space of an E., ring
spectrum.

Theorem 2.11 (May, [5]). The zeroth space of an E, ring spectrum is an FE
ring Space.

3. THE DYER-LASHOF OPERATIONS

Let FE be an E, ring spectrum. Consider the space S with the antipodal map.
It is equivariantly homotopy equivalent to -Z(2) since S is a Yo-free contractible
space. The action of .Z on E gives

S xy, BN — E.
We want to discuss this map in the context of CW spectra.

Definition 3.1. A spectrum F is a cell spectrum if there is a filtration {E,,}
of F such that Ey = * and for each n there is a morphism f, : J, — FE, where
Jn is a wedge sum of sphere spectra S?, and F,, ;1 is the mapping cone Cf,. A
cell subspectrum A of E is a subspectrum of F, which is a cell spectrum with a
filtration A,, such that A, is a subspectrum of E,, and the composition of each
attaching map to A, with the inclusion A,, — FE, is a restriction of f, : J, — E,
to some wedge summands of J,,.

A cell spectrum E is a CW spectrum if for each n, the attaching morphisms
fn : 81— E, factor through a cell subspectrum whose cells are of dimension less
or equal to g, that is, the attaching morphisms in this subspectrum are from sphere
spectra of dimension less than q. The n-skeleton E™ of E is the union of all cells
of dimension less or equal to n, that is, an attaching map in F is in E™ if and only
if its domain is a wedge sum of spheres S9 for g < n.

A morphism of CW spectra f : D — F is called cellular if f(D") C E™ and is
called bicellular if we further assume that f(D,) C E,.

In fact, the cellular approzimation, the Whitehead theorem, the Brown’s repre-
sentability theorem [8, 1.5] and the CW approxzimation[l, 1.5] can be derived in the
case of CW spectra. Therefore, it is reasonable to assume that the spectra we are
talking about are CW spectra.

For a CW spectrum F, we can define a chain complex C,(FE) such that C,,(E) =
7)2 @ m,(E™/E™ 1) and the boundary maps are induced by the attaching maps.
Cellular morphisms induce morphisms of chain complexes. We have the natural
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identification of H,(FE) with H,(C.(F)). We also have the canonical natural iso-
morphisms

Ci(D)®C.(E) — Cy(DAE)
C.(W) @ Cu(By) @ -+ ® Cu(Ep) = Co(W x (By A+ A E,))
Ci(W) @x (Cu(E1) ®"'®C*(Ep)) = Cu(W % (Br A= N Ep))

where D, Fi,...,E, and E are CW spectra, W is a m-equivariant CW complex
with a m-morphism W — £ (p) [8, VIII]. In particular, if we have a morphism

S*® Ky, BN — E,
we can obtain a homomorphism
C.(S*) @3, (Cu(B) ® Cu(E)) = C.(E)

for 0 < k < oo by taking a cellular approximation. We consider the Ys-chain
complex W* = C,(S*) given by

Wk — {Z/2[T]ei if0<i<k
' 0 otherwise
with 72 = 1. Here
ei = {(x1,-+ ,wps1) € S¥|zip1 > 0 and z; = 0 for j > i+ 1}
and Te; = —e;. As a convention, we let e, = 0 if we have i < 0 or ¢ > k. The

boundary maps d are T-equivariant and defined by d(e;) = Te;—1 + e;—1. (Since
we are working in characteristic 2, the sign does not matter.)
By the above discussion, we now study the homomorphism

Wkes, (K@ K) = K

for a chain complex K and T acts on K ® K by a ® b — b ® a. We denote the
tensor product K @ K by K2.
Now we define the Dyer-Lashof operations. We follow the framework in May [4].
For z € H,(K), there is a cycle a € K, representing x. Then we have
d(e; ®5, (e ® a))

=(Tei—1 +ei—1) ®x, (a®a)

=e;i_1®x, (a®a+a®a)

=0.
By this, we see that e; ®x, (a® a) is a cycle of W* @5, (K ® K). We need to show

that it is independent of the choice of a. For a complex C, we define C[n] to be the
shift of C' by Cln]; = C[i + nl.

Lemma 3.2. Let V be a Z/2[T]-free complex bounded below and I be a complex

with
Z/2{co,c1) ifi=0
I =4 2/2(c) ifi=1
0 ifi#0,1

and d(c) = ¢o — ¢1. Then there is a Z/2[T|-homomorphism
h:I-2q)@V =V ® I[—q]?
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such that h(co @ v) = v ® ¢ and hic; @ v) = v ® 3, where T acts on I[—q]* by
intertwining a ® b — b ® a and acts trivially on 1[—2q].

Proof. We have an augmentation map ¢ : I — Z/2 and
2 =ec®e: 1>~ (2/2)* =7)2.

Let J be Ker(¢?). Then we have a homomorphism k : V[-2q] — V ® J[—2¢] by
k(v) = v ® (2 — ¢&). We will construct an equivariant homotopy s from & to the
zero map. The homotopy maps s; will be zero for trivial (V[—2¢]);. Assume that
we have constructed s; for j < 7 — 1. Then we have d;s;_1 + s;j_a2d;i—1 = Kk;_1.
Composing with d; we get

disi—1d; + si—od;_1d; = dis;—1d; = ki_q1d; = dik;.

Then d;(k;(z) — s;—1d;(x)) is zero for € (V[—2¢]);. By spectral sequences, we can
get that the homomorphism &2 is a quasi-isomorphism, so J and V @ J[—2q] are
acyclic. Therefore, for a Z/2[T]-basis {z,} of V;, there are y,, € (V ® J[—2q¢])i11
for each n such that d;1+1(yn) = ki(xn) — si—1d;(xy,). Since V is Z/2[T|-free, we can
let s;(xy) be y, to get an equivariant s;. Then we have d;15; = k; — s,-1d; and
get the homotopy s by induction.
By letting h(c ® v) = s(v), we get a Z/2[T]-homomorphism between complexes
I[-2q) @V = V & I[—q]*.
(Il
Proposition 3.3. For x € H,(K) represented by a cycle a € K, the homology
class of e; ®@x, a* for e; € WF is independent of choice of a.

Proof. If cycles ag,a1 € K, represent the same homological class, then there is
b € K 41 such that d(b) = ag — a1. We can define f : I[—q] — K by

flco) =ao
flcr) =am
fle) =b.

Then the map
fP=fof: Pl > KoK
is T-equivariant and we get an equivariant homomorphism of complexes
~ i 2
FowrteI-¢?"Y wre (K 9 K).
Composing with
h:I[-2q) @ W* — Wk I[—q)?
and
T WFe(K®K) = Wres, (K®K),
we get
g:I[—2¢] @ WF = W* @5, K?
such that g(co @ e;) = €; @, a3, g(c1 @ e;) = €; @y, af and g(c®e;) = 7fh(cDe;).
Then we have
d(g(c®e;)) = mf(h(d(c®e;))) = €; @, af — €; D, af.

Therefore, we see that e; ®x, a% and e; ®sx, a% are homologous. O
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For x € H,(K) represented by a cycle a € K,, we denote the homology class
of e; ®x, a® by e; ®x, x2. Now for  : W* @y, (K ® K) — K, we can define the
Dyer-Lashof operations.

Definition 3.4. The i-th Dyer-Lashof operation Q; for § : W* ®@x, (K @ K) — K
is defined by
Qi(x) = 0u(e; @, 2°) € Hapyi(K)
forzx € Hy(K) and 0 < i < k.
Proposition 3.5. For 0 < i < k, the Dyer-Lashof operations are homomorphisms.
Proof. This is shown by the equation
e; Qs (a + b)2 —e; Py, (l2 —e1 Ox, b2

=¢; ®x, (a®@b—->b®a)

=(Te; + €;) @5, (a®b)

=d(ei+1 @z, (a ®D)).

O

In particular, for £ = oo, all the Dyer-Lashof operations are homomorphisms.

Since the Yp-equivariant map S — #£(2) is unique up to ¥s-homotopy and
Ys-action and we have Te; ®x, 22 = ¢; ®yx, ¥2, the image of this class under 0,
is independent of the choice of the map S — £(2). Therefore, the Dyer-Lashof
operations can be defined on an E, ring spectrum.

Definition 3.6. The i-th Dyer-Lashof operation @Q; for a F., ring spectrum FE is
defined by

Qi(x) = O.(e; ®x, 2°) € Haypyi(E)
for x € Hy(F) and ¢ > 0.

4. THE GENERALIZED DYER-LASHOF OPERATIONS.

Let E be an F., ring spectrum. Let V(2,n) be the Stiefel manifold, that is,
the space of pairs of orthogonal unit vectors in R™. The group X5 acts on it by
T(v1,v2) = (v2,v1). We have a natural equivariant inclusion

on:V(2,n) = V(2,n+1).

The colimit is denoted by V'(2, 00).
Each point on V(2,7) can be regarded as a linear isometry from R? to R™. Recall
that we denote R by U. Let {¢;} be a basis of U such that

& = (Oa 703]7307"')'
We identify R? as a subspace of U @& U by (1,0) ~ (1,0) and (0,1) — (0,&1),
and R™ as a subspace of R® = U. Every linear isometry F : R? — R” is determined

by its image F; of (¢1,0) and its image Fy of (0,¢1) in U. Then we have a Y-
equivariant map f : Z(2) = V(2,00) by

f(1) = (I(e1,0),1(0,€1)).

Proposition 4.1. The map f is a Serre fibration with a %s-equivariant section.
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Proof. Let C(2,n) be the subbundle of V(2,n) x U such that the fiber on F €

V(2,n) is the orthogonal complement space of (Fy, Fy). For each F' € V(2,n),

there is a neighborhood F' € W such that there is a local trivialization, that is, a

morphism of vector bundle which is an isometric isomorphism in each fiber
t:C(2,n)|lw—W xU.

Let h be the composition of ¢t with the projection W x U — U. When restricting
ftoW
flw = f7H W) = W,
we can construct a homeomorphism
ke fTHW) = W x Z(2)
by

where [’ is given by
Ueivej) = h(f (1), 1(Eit1,€41))-
This is a local trivialization exhibiting f|w : f~(W) — W as a fiber bundle with
contractible fibers .Z(2). Therefore, f|w is a Serre fibration. Since each map from
a compact space to V (2, 0o) factors through some V(2,n), the map f is also a Serre
fibration. By passing to quotient spaces, we get
f/ : 3(2)/22 — V(2, OO)/EQ

Since the action of X5 is free, the space Z(2) (resp. V(2,00)) is a covering space of
ZL(2)/%s (resp. V(2,00)/33). Therefore, the map f’ is also a Serre fibration with
contractible fibers. Since every Serre fibration on a CW complex with contractible
fibers admits a section [9, 5.3], we get a section s’ of f/, which can be lifted to a
Yo-equivariant section s : V(2,00) — Z(2). O

We now construct our generalization of the Dyer-Lashof operations. We de-
note the restriction of s to V(2,n) by s,. By the definition of twisted half smash
products, we have a morphism of prespectra

& sy Xy, (EANE) — E.
For each = € V(2,n), we have the inclusion
sp(2)(R' @ RY) CR™
and a morphism of vector bundles
sl V(2,n) x (R'@RY) — V(2,n) x R™.

Let 7(2,n) be the orthogonal complement bundle of the image of s, in V(2,n) x R™,
and T'(2,n) be its Thom space.

For our convenience, we write Ej, for Err. By carefully choosing the index for
the twisted half smash product, we have a map

& (spXsy, (EANE)), =T(2,n) As, (E1 A E1) — E,.

Consider the smash product with S? = S®®R on the two sides of the equation. By
the homeomorphism
SEAT(2,n) 2V (2,n)4 AS",
we get
(4.2) & V(2,n) L AS"A(Ey ANEy) — E, AS2.
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Assume that F; and F,, have homotopy types of CW complexes. We may assume
that they are actually CW complexes. Let H be the reduced CW chain complex
of E,, K be the reduced CW chain complex of Fy, and V" be a Xs-equivariant
CW chain complex of V(2,n). All chain complexes are in coefficients Z/2. Then
by taking cellular approximation, the map (4.2) gives a homomorphism of chain
complexes

(4.3) (€n)s s V™ @5, K?[-n] — H[-2].
We need a suitable CW structure for V(2,n). Under the automorphism
1 1
V(2,n) = V(2,n): (v1,v2) — (ﬁ(vl + v2), E(vl —v2)),

the action of T' € X5 becomes (vy,v3) — (v1, —v2). The sphere bundle Sph(7'S,,—1)
of the tangent bundle 7'S,,_1 of S,,—1 is a model of V(2,n) by the homeomorphism

(z,v) € Sph(T'S,—1) — (z,v) € V(2,n)

since x and v are orthogonal. The group ¥, acts trivial on the base of Sph(7'S,,—1)
and as an antipodal map on each fiber. The base S, _1 has a CW structure by
D" YU {* = (1,0,---)}. The tangent bundle T'S,,_1 becomes trivial when restrict-
ing to the disk D"~!. Hence, we have

Sph(TS™ 1) pn-1 =2 D" x §772

with ¥ acting on S™"~2 by the antipodal map. The sphere S™~2 has an equivariant
cell structure U{e;, Te;|0 < i < n — 2} with

ei ={(z1, - ,2p_1)|xiy1 > 0and z; =0 for j > i+ 1}
Te; ={(z1, - ,xn-1)|Tit1 < 0and z; =0 for j > i+ 1}.

For the CW chain complex we have de; = e; — Te; and dTe; = Te; — e;. (We are
working with the coefficients Z/2, so the sign does not matter.) The sphere bundle
Sph(T'S,—1) can be decomposed into

D"t x 82U {5} x S"2

Together with the equivariant cell structure of S™~2, this gives an equivariant CW
structure of V(2,n). Its Z/2[T]-coefficient CW chain complex V™ is

i

— {Z/Q[T]<ei> if0<i<n-—2
Z)2[T)(€i—(n—1)) ifn—1<i<2n-3.

The boundary maps are

de; =e; —Te; for 1 <i<n—2,

de; =¢e; —Te; forn <i<2n—3.
But there is one unknown boundary map

dp—1(€0) = aep_o + bTen_o.

By [2, 3.D] and the universal coeflicient theorem, the homology group of V(2,n) is
zZ/2 ifi=0n—2n—1,2n—3

0 otherwise.

H;(V(2,n),Z/2) = {
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The kernel of d,,—o is Z/2{e,,—o + Te,,_2), which is of rank 1. But the group H,,_o
is also of rank 1. Therefore, d,,_1(ép) must be zero and
V=W W —n +1].
Therefore, the homomorphism (4.3) becomes
W2 @y, K*[—n]® W% @y, K*[-2n+ 1] — H[-2].

The calculation in the last section gives two operations on the homology groups in
the coefficient Z/2

Qi Hy(E1) = Hy(K) = Hagivn—2(H) = Hagtitn—2(En)
Ti 1 Hy(Er) = Hy(K) — Hagyivon—3(H) = Hagrivan—3(En)
for 0 <1i < n — 2, where the operation Ql is given by
T (§7z)*(ei s, x2)
and T} is given by
z = (En)o(E O, 27).

The operations T; are our generalization of the Dyer-Lashof operations.
Let n tend to infinity, we get a homomorphism

Q; : Hq(El) — H2q+if2(E)'

Proposition 4.4. We have a commutative diagram

Hq(El) - qfl(E)

- J{Qi
Q;
Hygyi—2(E)

where the right vertical map is the usual Dyer-Lashof operation on the homology of
the spectrum E.

Proof. We have a commutative diagram

gn—2 Lo V(2,n)

)
§% Lo V(2, 00)

where ¢ is given by

Uz1, 22, ) = (e1, (0, 21,22, +))
and the group ¥ acts on V(2,00) by (vi,v2) — (v1, —v2). Note that these maps
are Yg-equivariant. The cell structures of S"~2 and S are given in the previ-
ous section, and the maps above identify the cell e; in S"~2 C S> with the e;
in V(2,n) C V(2,00), so we do not distinguish them. Since twisted half smash
products are defined by colimits, we have a commutative diagram

S7=2 iy, BA? N Y9 ) kg, B2

\Lqﬁxid lWN

5% xy, BN M vi9 o0) xy, BN £ S B
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The operation

Qi+ Hy(E1) — Hagyi-2(E)
is given by
Qi(z) = Eupu(es @5, 2°).
Since the cell ¢; of V(2,n) comes from the cell e; of S"~2, we have
Eups(ei Ox, %) = Epu (L x id) (€ ®1, 27)
=& (e x id)y (¢ X id). (e @5, 22).

In other words, Q;(ac) is given by the action of S"~2 C S§*°. Therefore, we have the
desired commutative diagram. O

To see how T} behaves stably, we need a cellular approximation for

on:V(2,n) = V(2,n+1).
The map ¢,, coincides with the inclusion Sph(7'S™~1) < Sph(7'S™). The inclusion
Sn—1 <3 S factors through

SPh s R = S™\{(0,--+,0,1)}.
Therefore, we can assume
S = {(wy, -, x|t 4+ -+ 22 =1} CR™

We define a homotopy

hy : TS" ' - TR™ C TS"
by

hi(xz,v) = ((1 = t)z +¢(1,0,---,0),0).

It is linear and isometric on each fiber, so the induced homotopy I x Sph(7'S"~ 1) —
Sph(T'S™) is ¥s-equivariant since X5 acts by antipodal maps on fibers. The map
hi maps €; and T'¢; to CW subcomplex of Sph(7T'S™) of dimension less than n and
identifies e; and Te; in V(2,n) with those in V(2,n + 1) Therefore, it is a cellular

map and in the chain complexes, we have (h1).(&) = 0 and (hy).(T€;) = 0 for
1 > 1. We have a diffeomorphism

(L {(1‘1,"' ,.Iin)‘ﬂil = 0} - Snil\{(LOv"' 70)}

given by
2 2
x5+ 422 —1 219 2z
(0,x2,~-,xn)'—>(2 2 . 20 2 20T 2 - 2)
I+xs+-- 423 1+a5+---+ 23 14+a54---+ a7
= (y17"' 7yn)
Applying 8%2 on (y1, - ,Yn) and then normalizing it to be of norm 1, we get
2
Y2 Y2Y3 Y2Yn
1— — - .
(W, L=y’ 1—y’ 1—?/1)

Therefore, the map hy maps €y =2 D"~ in V(2,n) to

n—1

U €; U T@i = Sn_l
=0
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in V(2,n+1) by
Y5 Yys Yaun )
1_y17 1_y17 ) 1_y17
which is of degree one. From this we can conclude that (hy).(e) = ep—1 + Tepn_1.
By the commutative diagram

(yh'" ayn) — (y2517

V(Q, TI,) X3, EA2

l‘PnN
2 f'rl+1
e

V(2,n+1) xy, BN E,

we have
V(2,n)+ AS® AEN? A S o B ASEAS

lapn/\shufﬂe \L(in/\id)oshuﬁ‘ie

V4 1) ASTAEN S B A2

where i, : E, A ST — FE,, 11 is the structure map in the spectrum. This gives

(i) (Ti(2)) =((Ent1)s(h1) (&) @3, 2°

_Jo ifi>0
(£n+1)*((6n—1 + Ten_l) ®22 ZZJ2) = 0 le = 0
We state this as a theorem.

Theorem 4.5. Our generalized Dyer-Lashof operations T; become zero under the
homomorphism

Ho(Ep) 2% Hor(Bo A SY ) H, oy (B
where 1 is the generator of Hy(SY). Therefore, T; is zero stably.
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