QUADRATIC RECIPROCITY, QUADRATIC FORMS, AND PRIMES
OF THE FORM X2 + NY?

CAMERON CHANG

ABSTRACT. We discuss the problem of finding primes of the form x? + ny?.
While we do not completely solve it, we solve special cases, introducing both
quadratic reciprocity and quadratic forms along the way.
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1. INTRODUCTION

In 1640, French mathematician Pierre de Fermat wrote about an intriguing prob-
lem, one that would motivate a revolutionary series of developments in number
theory. Fermat was considering which primes could be expressed as 22 + y2, the
sum of two squares. While Fermat did not give proofs, he claimed to have proven
that all primes one greater than a multiple of four could be written as such a sum.
Proof of his claim eluded mathematicians until Euler proved it in 1749, more than
one hundred years later. Consideration of the more general question, which primes
could be expressed as 2% 4+ ny?, where n is an integer, proved far harder.

Assuming some familiarity with number theory but not much else, this pa-
per seeks to introduce some important techniques in number theory by examining
primes of the form 22 +ny?. We first introduce Fermat’s Little Theorem, then move
to proving quadratic reciprocity and other results involving quadratic residues. We
then prove Fermat’s Theorem on the Sum of Two Squares, and discuss how one
could extend the method to primes of the form z2? + 2y?. Finally, we conclude
by examining the theory of quadratic forms, and use them to find necessary and
sufficient conditions for primes of the form x? + 7y2.

2. BACKGROUND NUMBER THEORY

We begin with some relevant theorems and definitions about quadratic residues
and modular congruence.
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Definition 2.1. Let p be an integer, and let S and T be two sets of integers. We
say two sets S and T are equivalent mod p, if there exists a bijection ¢ : S — T
such that for all x € S,

x=¢(z) mod p.

Fermat’s Little Theorem. Let p be a prime. If a € Z is coprime to p, then
a*”'=1 mod p.
Proof. Consider the set of all non-zero positive residues mod p,
S:={1,2,...,p—1}
Then, consider the set of every element of S multiplied by a,
aS :={a,2a,...a(p—1)}.

We claim that S and aS are equivalent mod p.
Note that since for all z € S, ged(x,p) = 1, and ged(a,p) = 1, we have p 1 az.
Thus, for all az € aS, we must have

ar #0 mod p.
Furthermore, note that if we have azx,ay € aS such that az = ay mod p, then
since ged(a,p) = 1,

xr =y mod p,
and thus x = y. Therefore, all elements of aS are distinct mod p. Then, since aS
has p — 1 elements, none of which are divisible by p, aS must contain all nonzero
residues mod p.

Since S also contains all nonzero residues mod p, and |S| = |aS|, we conclude

that S and a5 must be equivalent mod p. Thus, the product of all elements of a.S
must be equivalent to the product of the elements of S mod p. Therefore, we have

(a)(2a)(3a)...((p—1)a) =1(2)(3)...(p—1) mod p.
Note this is equivalent to
a?*p—-1D!'=(p-1) modp.

Since all numbers from 1 to p — 1 are coprime to p, we know (p — 1)! is coprime
to p, and thus (p — 1)!~! exists. Thus, we can multiply both sides by (p — 1)!71,
which gives a?~! =1 mod p, as desired. O

Now, we define quadratic residues.

Definition 2.2. An integer a, coprime to n, is a quadratic residue mod n if there
exists an integer b such that
a=b*> mod n.

Note that for n > 3, not every integer is a quadratic residue mod n.
Example 2.3. Find the quadratic residues mod 3.
Solution. We have 02,12,22 are equivalent to 0, 1,1 respectively mod 3. Since

every integer is equivalent to 0,1,2 mod 3, and 0 is not coprime to 3, we have that
1 is the only quadratic residue mod 3.

The Legendre symbol gives us a shorthand for writing conditions involving qua-
dratic residues.
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Definition 2.4. Define the Legendre symbol for some a € Z and some odd prime
p to be

a 0 gla
(> = 1 a is a quadratic residue mod g
q —1 a is not a quadratic residue mod ¢

We will use the previous two definitions extensively throughout the paper. The
next result, involving the Legendre symbol, is due to Euler.

Euler’s Criterion. If p is an odd prime and a is coprime to p, then

<a) =a¢"T mod p.
p

Proof. We split into cases based on the value of (%)

Case 1: (%) =1

By the definition of the Legendre symbol, a is a quadratic residue mod p. Thus,
there exists an = such that « = 22 mod p. Note that, by Fermat’s Little Theorem,
we have zP~! =1 mod p.

= 2)1%1 =2P"'=1 mod p.

Thus, (9) =a"7.

a
P
Case 2: (9) =-1
P
—1
Define y := a”z . By Fermat’s Little Theorem, a?~* =1 mod p, so
y> —1=0 mod p.

Then, note that since y2 — 1 has degree 2, the only solutions are y = 1,—1 mod p.
Thus, it suffices to prove that if (%) = —1, then y %1 mod p.

To accomplish this, we prove the contrapositive: if a7 =1 mod p, then (%) =
1. Let g be a primitive root mod p. Then, we have
a=g¢" modp

for some k. Note that N
gk'pT =1 mod p.

Since the order of g is p — 1, we must have that

p—1
p—1|k< 5 )

This implies that k& must be even, so k = 2n for some n € Z. Then,

a=g¢?" mod p,

so a is a quadratic residue. Therefore, (%) =1, as desired.

j— a

Since y # 1 mod p, we must have y = —1 mod p. Then, a7 = (5) mod p.

In both cases, we've proved that

a7 = (a) mod p.
p
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Remark 2.5. For any odd prime p, and a,b coprime to p, one can verify, using

Euler S Crlterlon, t hal

3. QUADRATIC RECIPROCITY

Quadratic reciprocity allows us to relate the Legendre symbol (g) to (%) for

distinct odd primes p,q. This is extremely useful. If we are attempting to find
primes p such that 3 is a quadratic residue mod p, this is a difficult task. However,
finding quadratic residues mod 3 is much easier. Quadratic reciprocity has a large
number of proofs using a variety of methods, however the following elementary one
is due to Eisenstein. First, we prove the following lemma.

Eisenstein’s Lemma. Let p,q be distinct odd primes, and

U={0<z<plreN and z is even.}.

9\ _ (o Tueo ]
= — _1 uweUl p J |
()=

Then

Proof. First, let r(u) be the least positive residue of qu mod p (Note this is essen-
tially the remainder when qu is divided by p). Consider the set
S ={(=1)"Wr(u) | u e U}.
Suppose we have uq,us € U such that
(=) () = (=1)"“2)r(uy)  mod p.
Then,
(1) “quy = (=1)"“*)qus  mod p,
and since p and ¢ are coprime, we have
(=1) gy = (=1)"®2)yy  mod p.

Thus, u1 = tus mod p. If u; = —us mod p, then u; + us = 0 mod p. Since
ui, Uy € U, we have 0 < uy + ug < 2p. Thus, u; + us = p. However, uq,us are
even, but p is odd. Thus, we must have

u1 = up mod p.

Since ui,us € U, we have u; = ug. Therefore, all elements of S are distinct mod
p. Then, since each element of S corresponds to an element of U, we have that
S| = |U].
Now, we claim that S and U are equivalent mod p. If r(u) is odd, then

(=) r(u) = —r(u).
Since p is odd, p — r(u) is even, and as 0 < p — r(u) < p, we have p — r(u) € U. If
r(u) is even,

(=1)"r(u) = r(u).
Since 0 < r(u) < p, we have that r(u) € U. Therefore, all elements of S are

equivalent mod p to an element in U. Furthermore, since |S| = |U|, and elements
of S are distinct mod p, we have that S and U are equivalent mod p.
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Thus, the product of the elements of S is equivalent to the product of the ele-
ments of U mod p:

(1) 2q) - ()" W (g) ... (1) " ((p~1)g) =2-4...(p— 1) mod p.
Dividing both sides by 2-4...(p — 1) yields

p—1

(_1)T(2)+T(4)+~~+r(p—1)qT =1 mod p.
Multiplying both sides by qu;l gives
(_1)7‘(2)+T’(4)+"'+7"(p—1)qp—1 = qu71 mod D,
and by Fermat’s Little Theorem,
(1) (1)@ @ttre=1) = 23 od p,
Note by definition of the floor function and r(u), we have that for all u € U,
-2
p
Multiplying both sides by p gives
D {un +7(u) = qu.
p

Since wu is even, gqu = 0 mod 2. In addition, p is odd, so p {%J = {%J mod 2.
Thus,

p p

{un +7(u) =0 mod 2.
p
Note this implies

VUJ =r(u) mod 2.
p
Therefore,

Z Lun =r2)+r@)+---+r(p—1) mod 2,
uelU p
and it follows that

(71)2,“6&%] _ (71)r(2)+r(4)+'“+7"(p71).
So by (1), we have

—1

(_1)ZUEUI_%J = qu mod D,

and by Euler’s Criterion,
(—1)Zu€U 5] = (q) mod p.
p

Since (—1)Eu€UL%J and (%) are both equal to 1 or —1, we have that (%) =
(—=1)Zwevl %) a5 desired. O
Quadratic reciprocity follows nicely from a counting argument.

Quadratic Reciprocity. Let p,q be odd primes. Then,

B))-cr
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FIGURE 1. Rectangle ABC'D with associated points. (Sourced

from [4])
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Proof. As before, let U be the set
{0 <z <p|xreNandziseven}.

We consider the rectangle ABCD with vertices at (0,0), (p,0), (p,q), and (0,q)
respectively. Furthermore, let W, XY, Z be the midpoints of AD, AB, AC' and
CD respectively (see Figure 1). Note that the sum
>[5
uelU p
counts the number of lattice points strictly inside ABC'D under the diagonal AC
with even x-coordinates. Each column of lattice points strictly inside ABCD has
q — 1 points. Since ¢ is an odd prime, each column has an even number of lattice
points. Thus, there is an even number of lattice points with even x-coordinates in
the rectangle X BC'Z. Then, since any two numbers that add to an even number are
equivalent mod 2, the number of lattice points with even x-coordinates in X BCY
is equivalent to the number of lattice points with even x-coordinates in C'YZ mod
2.

Now, consider the reflection from CY Z to AXY mapping C to A and Z to X.
Note that the number of lattice points with even x-coordinates strictly in CY Z
is equal to the number of lattice points with odd x-coordinates strictly in AXY'.
Thus, the number of lattice points with even x-coordinates in X BCY is equivalent
to the number of lattice points with odd x-coordinates strictly in AXY mod 2.

Now, note that the number of lattice points with even x-coordinates strictly in ABC'
is equal to the number of lattice points with even x-coordinates strictly in AXY and
X BCY. But since the number of lattice points with even x-coordinates in X BCY
is equivalent to the number of lattice points with odd x-coordinates strictly in AXY
mod 2, the number of lattice points with even x-coordinates strictly in ABC'is just
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equivalent to the number of lattice points strictly in AXY mod 2. Thus,
Z Lun = # of lattice points strictly in AXY mod 2.
uelU
Therefore,
(~p>eerlF) = (-1,
where « is the number of lattice points strictly in AXY".
Applying Eisenstein’s Lemma,

By a symmetric argument,

()-cr

where ( is the number of lattice points strictly in AYW. Multiplying the two

equations yields
q p
1 Z) = (=1 Oé+/3.
() ()=

Since p, g are coprime, and any points on the diagonal AC are on the line y = %,
there are no lattice points on AY. Thus, a + § is equal to the number of lattice
points strictly in AXYW. Note this is simply ”2;1 . "2;1. Therefore, we have

<Z) (Z) = (-1,

as desired. O

Remark 3.2. Using Euler’s Criterion, one can compute

(pl) _ (—1)e-vre,

By quadratic reciprocity, one can also derive the identity

<]2)) (<),

We conclude the section by finding conditions for when (%) = 1, which will

prove useful in determining which primes can be written as 22 + 7y2.

Example 3.3. Find conditions for when (%) =1.

2)-G)6- ()

We have two cases, p =1 mod 4 and p = 3 mod 4. If p = 1 mod 4, then

5)-(G)

Now, by quadratic reciprocity, we have

()

Proof. Note that
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Since p =1 mod 4, we have W =0 mod 2, so

06~

So, (%) =1 if and only if (%) = 1. One can easily check the quadratic residues
mod 7 are 1,2,4. Thus, if p = 1 mod 4, then (g) — 1if and only if p = 1,2,4
mod 7. Since p =1 mod 4, we must have

p=1,9,25 mod 28.

If p = 3 m()d 4, n()te that
.

We have W =1 mod 2, so

and (j) (1,7’) B

Then, (;7) =1 if and only if (%) = 1. Thus, if p =3 mod 4, we must again have
P
p=1,2,4 mod 7. This is true if
p=11,15,17 mod 28.

Combining our two cases, (_77) =1 if and only if

p=1,9,11,15,17,25 mod 28.

4. PRIMES OF THE FOrRM z2 + 32

We now present a few lemmas, and finish the section with Fermat’s Theorem on
the Sum of Two Squares, which is as follows.

Fermat’s Theorem on the Sum of Two Squares. Let p be an odd prime. Then
p can be written as the sum of two squares if and only if p =1 mod 4.

It turns out that proving that if p =1 mod 4, then p can be written as the sum
of two squares is far more involved than the other direction. Our general proof
outline will follow [1], and will consist of first proving that if p =1 mod 4, then p
divides an integer N, where N can be written as the sum of two squares. Then, we
will prove that if p| N, where N can be written as the sum of two squares, then p can
be written as the sum of two squares. While we do not use quadratic reciprocity
to prove this, quadratic reciprocity can be used to find conditions for when an odd
prime can be represented as 2+ 2y? and =2 + 3y2. We will not show this here, but
the generalization can be found as an exercise on pages 19 and 20 of [1].

First, we present a couple of lemmas that will be useful.
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Lemma 4.1. Let g be an odd prime such that q|N where q and N can both be
written as x> + y%. Then, N/q can be written in the form x? + y2.

Proof. The proof is long and mostly algebraic manipulations, so we will not present
it here. It can be found on page 10 of [1]. O

Lemma 4.2. Let p be an odd prime. Then, there exist x,y € Z, with ged(x,y) =1
such that p | 2% + ny? if and only if (%’) =1.

Proof. We first prove that if there exist such x and y then (‘Tf’) = 1. Note that

z2+ny =0 mod p.

Thus, if p | y, then p | x. However, this contradicts ged(z,y) = 1, so pty. Thus, y
is coprime to p, so the modular inverse of ¥ mod p exists. We have that

z2+ny =0 mod p,

and multiplying both sides by (y~!)? gives
(zy™)?+n=0 mod p.

Rearranging yields
—n=(zy~1)? mod p,

so —n is a quadratic residue mod p, and thus (‘Tfl) =1 as desired.

Next, we prove that if (%’) = 1, then there exist such x and y. Note that since
—n is quadratic residue mod p, there exists an x such that
2

= -n mod p.
Then,
2+ n(12) =0 mod p,
so p | 22+ n(1?). Since ged(z,1) = 1 for all x, there exist such z and y. O

Now, we can prove our result.

Fermat’s Theorem on the Sum of Two Squares.

p=1 mod4 <= p can be written in the form z* + y>.

Proof. Suppose p can be written in the form z? 4+ 2. Then, note that the only
squares mod 4 are 0 and 1. Thus, either

p=0,1,2 mod 4.

Since p is odd, clearly we must have p =1 mod 4.

Now, we prove that if p = 1 mod 4, then p can be written in the form z2? +
y2. This is considerably more involved, and to accomplish this, we will prove two
statements. We first prove that if p =1 mod 4, then there exists an IV such that
p|N and N can be written as a? + b? where ged(a,b) = 1. Then, we prove that the
existence of such an N implies that p is the sum of two squares.

We begin by proving that there exists such an N. By Euler’s Criterion,
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If p=1 mod 4, then
p—1=0 mod 4,

SO 1’2;1 is even. Thus, (_?1) = 1, and by Lemma 4.2, we thus have p|a® + b2 for

some a,b € Z with ged(a,b) = 1. Therefore, such an N exists.

Now, we prove that p can be written as 22 + y2. If p | a, then we must also
have p | b which would contradict ged(a,b) = 1. Thus, we must have p { a, and by
a similar argument, p 1 b. Note that by adding and subtracting multiples of p, we
can find @/, b’ such that

a=d modp
and

b=b mod p,
where o', 0’ € Z and |a/|, |b'| < §. Furthermore, since p { a,b, we have p { a’,b’, so
a’,b' # 0. Note that (a')? + (b')? = a® +b*> mod p, so p | N’ = (a’)? + (v')%. Then,
since |a'|, |b'| < &, we have N < &-.

If N’ has a prime factor ¢ > p, then note

2

pq>p2>%>N’.

However, pq | N, so pg < N’. We have a contradiction, and thus p is the greatest
prime factor of N’. Similarly, we must have p? { N’. Now, assume, for the sake
of contradiction, that p cannot be written as the sum of two squares. If N’ = p,
then clearly p can be written as (a’)? + (b')2. If N’ # p, then there exist other
prime factors of N’. If all of the other prime factors can be written in the form
22+ y2, then by repeatedly applying Lemma 4.1, it follows that p can be written in
the form z? + 32, contradicting our assumption. Thus, there exists another prime
factor r of N’, that cannot be written in the form z? + y2.

Since p is the unique greatest prime factor of N’, r < p. Now, applying the same
reasoning as before, we can find a new integer N” such that N” can be written as
the sum of two squares, | N”/, and N” < % Then, there must exist a smaller prime
factor of N” that also cannot be represented as the sum of two squares. However,
continually repeating this process generates an infinitely decreasing sequence of
primes, a clear contradiction. Thus, we must have that p can be written as the sum
of two squares.

Since we have proved both directions, we have that p can be written as the sum
of two squares if and only if p=1 mod 4. ([

While we can extend this method to 2% 4 2y? and 22 4 3y?, it breaks down for
n > 3. To solve more cases, we must turn to the theory of quadratic forms.

5. QUADRATIC FORMS
We begin with a few definitions.
Definition 5.1. An integral quadratic form in two variables is a polynomial
az? + bxy + cy® with a,b,c € Z.
A quadratic form is primitive if ged(a, b, ¢) = 1.

Definition 5.2. An integer m is represented by a quadratic form f if f(z,y) =m
for some z,y € Z. If ged(z,y) = 1, then we say m is properly represented by f.
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Most notably, 22 +ngy? is a primitive quadratic form. Thus, finding primes of the
form z? + ny? is equivalent to finding primes that can be represented by z2 + ny?.

Definition 5.3. We say two quadratic forms f and g are equivalent if there exist
p,q,7,s € Z such that
f(px + qy,rz + sy) = g(z,y),
with
ps —qr = £1.
If
ps—qr =1,

then we say the two forms are properly equivalent.

¢ )

is an invertible integer matrix if and only if ps — gr = +1, one can verify that both
equivalence and proper equivalence are equivalence relations using matrix algebra.

Remark 5.4. By noting that

Definition 5.5. We define the discriminant of a quadratic form az? + bxy + cy?
to be
D =b* — 4ac.

Definition 5.6. A positive definite form is a quadratic form with discriminant
D < 0anda>0.

Remark 5.7. Note for a form f(z,y) = ax?® + bxy + cy?, we have
daf(z,y) = (2az + by)* — Dy*.

Thus, if D < 0, then f(z,y) either represents solely non-positive or non-negative
numbers. For positive definite forms, a > 0, so they solely represent non-negative
numbers.

Throughout this section, we assume all the quadratic forms we are dealing with
to be primitive and positive definite. We now prove some fundamental results.

Lemma 5.8. A form f(x,y) properly represents m € Z if and only if f(x,y) is
properly equivalent to ma? + Bxy + Cy?, for some B,C € Z.

Proof. We first prove that if f(x,y) properly represents m, then f(z,y) is properly
equivalent to ma? + Bxy + Cy?. Let p,r be relatively prime integers such that
f(p,r) = m. Then, we can find ¢,s € Z such that pg — rs = 1. Note if f(z,y) =
ax? 4 by + cy?, then

f(pz + qy,rz + sy) = (ap® + bpr + er®)z® + Bay + Cy?

for some B,C € Z. But f(p,r) = m, so f(pr + qy,rx + sy) = ma? + Bxy + Cy>.
Since ps — qr = 1, mx? + Bxy + Cy? and f(z,y) are properly equivalent.

Now, we prove that if f(x,y) is properly equivalent to mz? + Bxy + Cy?, then
f(x,y) properly represents m. Since f(z,y) and maz? + Bxy + Cy? are properly
equivalent, there exist p, ¢, 7, s € Z such that ps—q¢r =1, and f(pz+ qy, rx+ sy) =
maz? + Bxy + Cy?. Plugging in (x,y) = (1,0) yields f(p,r) = m. We have that
ged(p,r) | ps — qr, so ged(p,r) | 1. Thus, we must have ged(p, r) = 1. Therefore, f
properly represents m. (I
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Proposition 5.9. FEguivalent forms represent and properly represent the same
numbers.

Proof. Let f and g be equivalent forms. Therefore, exist p,q,7,s € Z such that
flz,y) = glpr + qy,rx + sy) for all z,y € Z. Let m be an integer such that f
represents m. Then, we have f(a,b) = m for some a,b € Z. Note that g(ap +
bg, ar 4+ bs) = m. Thus, g represents all the numbers that f represents. We have

¢ )

is an invertible integer matrix. Thus, there exist ¢, u, v, w € Z such that

(Cu=(1)

By the definition of inverse matrices,

G u)CD6)-0)

Since f(z,y) = g(pr+qy, re+sy), we have f(tx+uy, va+wy) = g(x,y). Applying a
similar argument, f represents all the numbers g does. Therefore, f and g represent
the same numbers.

If m is properly represented by f, then f(a,b) = m, where ged(a,b) = 1. Then,
g(ap + bg,ar + bs) = m. Assume that g does not properly represent m. Let
ged(ap + bg, ar 4+ bs) = x. Then, & > 1. Note that ap 4+ bqg = xy and ar 4+ bs = zz
for some y, z € Z. Multiplying the previous equations by s and g respectively gives

(10) aps + bgs = zys,
and
(11) arq + bgs = xzq.

Subtracting (11) from (10) gives

(ps —rq)a = z(ys — 2q).

We have ps — qr = %1, so a = +x(ys — zq). Thus, z | a. By a similar argument,
multiplying ap + bg = zy and ar + bs = xz by r and p respectively instead, x | b.
However, ged(a,b) = 1, but & > 1. Therefore, we must have that g properly
represents m, and so g properly represents all numbers f properly represents. By
a similar argument as the one for representation, f also represents all numbers g
properly represents. Thus, f and g properly represent the same numbers. ([l

Proposition 5.12. Equivalent forms have the same discriminant.

Proof. Let f(z,y) and g(z,y) be equivalent forms. Then, for some p,q,r,s € Z
such that ps — gr = £1, we have that f(pz + qy,rz + sy) = g(z,y). If

fla,y) = az® + bay + ey,
then
g9(z,y) = alpz + qy)? + b(pr + qy) (rz + sy) + c(rz + sy)?
= (ap? + bpr + cr?)x? + (2apq + bps + brq + 2crs)zy + (ag® + bgs + cs*)y>.
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Then, the discriminant of f(x,y) is
D =b? — 4ac,
and the discriminant of g(x,y) is
D' = (2apq + bps + brq + 2crs)? — 4(ap?® + bpr + cr®)(ag® + bgs + cs?).
One can verify that
D' = (ps — qr)*D.
But note that ps — gr = &1, so D' = D. O

The following lemma relates quadratic residues and proper representation.

Lemma 5.13. Let D = 0,1 mod 4 be an integer and m be an odd integer relatively
prime to D. Then, m is properly represented by a primitive form of discriminant
D if and only if D is a quadratic residue mod m.

Proof. Assume that m is properly represented by a primitive form of discriminant
D, and let f(x,y) be such a form. Then, by Lemma 5.8, f(z,y) is properly equiv-
alent to ma? + Bxy + Cy?. Since equivalent forms have the same discriminant,
D = B? — 4m(C. Thus,

D= B? modm,

and thus D is a quadratic residue mod m.

Now, assume that D is a quadratic residue mod m. Thus, D = b*> mod m. We
assume that b and D have the same parity. If b and D have different parities, since
m is odd, we can add m to b to yield a new b with the same parity as D. Now,
since D and b have the same parity, and D = 0,1 mod 4, we have that

D=1 mod 4.
Thus by Chinese Remainder Theorem,
D=b*> mod 4m,

so D = b%? — 4mc for some ¢ € Z.

Now, consider the quadratic form f(z,y) = ma? + bxy + cy?. Clearly f has
discriminant D. Note that since D = b? = 4mc, we have ged(b,c,m) | D. Thus,
since ged(b, ¢, m) | m by definition, we have that ged(b, e, m) | ged(D,m). Since
D and m are relatively prime, we have ged(D, m) = 1, so ged(b,¢,m) = 1. Thus,
f(x,y) is a primitive form. Furthermore, f(1,0) = m, so f properly represents m.
Thus, m is properly represented by a primitive form of discriminant D. (|

This lemma yields a very useful corollary.

Corollary 5.14. Let n be a positive integer and p be an odd prime such that p t n.
Then, (‘7”) = 1 if and only if p is properly represented by a primitive positive

definite form of discriminant —4n.

Proof. Note that p is properly represented by a primitive form of discriminant —4n
if and only if (%ﬁ") = 1. Note that

5)-GE -G
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Thus, (%’) =1 if and only if (%ﬁ”) = 1. Therefore, (%) =1 if and only if p is
properly represented by a primitive form of discriminant —4n.

If p is properly represented by a primitive form of discriminant —4n < 0, by
Remark 5.7, the form must represent solely non-positive or non-negative integers.

Since the form represents p, a positive integer, the form must be positive definite.
O

Note that 22 4+ ny? is primitive and has discriminant —4n, so this corollary gets
closer to solving our problem! The results we have proved so far will enable us to
find conditions for what integers can be represented by what forms. First, we define
reduced forms and classes.

Definition 5.15. A reduced form is a primitive positive definite quadratic form
ax? + bxy + cy? such that

|| <a<e and b >0 if either b =aora=c

Definition 5.16. A class is a set A of primitive positive definite quadratic forms
such that for all such quadratic forms f,g € A, we have that f is properly equivalent
to g, and for all such quadratic forms h ¢ A, we have that h is not properly
equivalent to f. Note this is an equivalence class with proper equivalence as the
equivalence relation.

We say a class A has discriminant D if a quadratic form f € A has discriminant
D. Note that, since equivalent forms have the same discriminant, this is the same
as all forms in the class having discriminant D.

The following result is extremely useful, however the proof is quite computa-
tional, so we will not present it here. Interested readers can find it on page 25 of

[1].
Theorem 5.17. Fvery primitive positive definite form is properly equivalent to a
unique reduced form.

It turns out there are a finite number of reduced forms with a certain discrim-
inant, as shown in the next result. An important thing to keep in mind is that
2% 4+ ny? is always a primitive positive definite form for positive n.

Theorem 5.18. Let D < 0 be fized. Then, the number h(D) of classes with
discriminant D s finite, and h(D) is equal to the number of reduced forms of
discriminant D.

Proof. First, we prove that the number of reduced forms with discriminant D is
finite. Let ax? + bxy + cy? be a reduced form. Note that b? < a?, and a < ¢, so

dac — b% > 4a® — a.
Since —D = 4ac — b2, we have that

—D > 3d>.

Since |b] < a, we have that a is nonnegative, so a < 1/(—D)/3. Then, |b] < a
implies finite choices for b and a. Since b> — 4ac = D, each choice of b and a
uniquely determines ¢, and thus there are a finite number of reduced forms with
discriminant D.

Next, we prove that the number of reduced forms of discriminant D is equal to
h(D). Let A be a class with discriminant D, and f be a primitive positive definite
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quadratic form in A. Then, since every primitive positive definite form is properly
equivalent to a unique reduced form, f is properly equivalent to a unique reduced
form, r. Thus, r € A. If there exists another reduced form in A, then f is properly
equivalent to two reduced forms, contradicting uniqueness. Thus, every class with
discriminant D contains exactly one reduced form.

In addition, every reduced form is in exactly one class, as if a reduced form 7 is in
two classes A and B, then for all a € A and b € B, we have a is properly equivalent
to r, and b is properly equivalent to r, so by transitivity, a is properly equivalent
to b,s0a € Band b € A. Then, A = B. Therefore, there exists a bijection from
the set of reduced forms of discriminant D and the set of classes with discriminant
D. Thus, h(D) is equal to the number of reduced forms of discriminant D. Since
the number of reduced forms of discriminant D is finite, h(D) is finite. O

This is incredibly useful, as it not only tells us there are a finite number of classes
with each discriminant, but also yields a useful method for finding them.

Example 5.19. Show that x2 4 732 is the only reduced form with discriminant
—28.

Proof. Let ax?+bzy+cy? be a reduced form with discriminant —28. From Theorem
5.18’s proof, we have that a < 1/28/3. Note that 1/28/3 < 3, so a < 3. Then,
since a > |b|, a > 0. Thus, the possible values of a are a = 0,1, 2.

If @ = 0, then b = 0. But then b? — 4ac = 0, so the form’s discriminant is 0,
which contradicts our assumption. If a = 2, then since b?> — 4ac = —28, we have

b? — 8¢ = —28.

Taking both sides mod 8, we have b> = 4 mod 8. Since |b] < 2, we must have
|b| = 2. Plugging this into our formula for the discriminant, we have 4 — 8¢ = —28,
so ¢ = 4. However, note that ged(a, b, ¢) = 2. This contradicts our assumption that
reduced forms are primitive. Thus, we cannot have a = 0,2, and must have a = 1.
If @ = 1, then note |b| = 0, 1. Note that b? —4c = —28, so taking both sides mod
4 gives
=0 mod 4.

Thus, b = 0. Then, plugging both values into our equation for the discriminant
yields
0—4c=—-28,

so ¢ = 7. Thus, the only reduced form with discriminant —28 is 2 + 7y2. (]

Now, we are close to finding conditions for when a prime is represented by
22 + Ty?. However, first we need to link reduced forms and the representation of
primes.

Proposition 5.20. Let n be a positive integer and p be an odd prime not dividing
n. Then (%) = 1 if and only if p is represented by one of the h(—4n) reduced

forms of discriminant —4n.

-n

Proof. By Corollary 5.14, (T) = 1 if and only if p is properly represented by

a primitive positive definite form, f(z,y) of discriminant —4n. Furthermore, by
Theorem 5.17, f(x,y) is properly equivalent to a reduced form. Since properly



16 CAMERON CHANG

equivalent forms have the same discriminant and properly represent the same num-
bers, (%‘) = 1 if and only if p is properly represented by one of the h(—4n) reduced

forms of discriminant —4n.

Now, we prove that for a prime p, then proper representation and representation
are the same. If p is represented but not properly represented by a form ax? +
bry + cy?, then there exist t,v € Z such that ged(t,v) > 1 and at? + btv + cv? = p.
Note that ged(t,v) | t and ged(t,v) | v, so (ged(t,v))? | p. However, p is prime, so
this is a contradiction. Thus, we must have that p is properly represented if p is
represented. If p is properly represented, then by definition, we must have that p is
represented. Thus, p is represented by a form if and only if p is properly represented
by a form.

Therefore, (_7") = 1 if and only if p is represented by one of the h(—4n) reduced

forms of discriminant —4n. O

6. PRIMES OF THE FORM 22 4 7y? AND CONCLUSION

When 22 4 ngy? is the only reduced form, then we can use the above proposition
to find conditions for when a prime is represented by 2 4+ ny?. This method solves
n = 1,2, 3,4 as before. However, it also solves the n = 7 case rather quickly, which
we will work through below.

From Example 5.19, we have that z2 47y is the only reduced form with discrim-
inant —28. Then, by Proposition 5.20, an odd prime p is represented by x2 + 72 if

and only if (777) = 1. By Example 3.3, (777) =1lifand only if p=1,2,4 mod 7,
or p="7. Thus,

p is represented by z? + 7y?> <= p=0,1,2,4 mod 7.

By examining primes of the form z2 + ny?, we have introduced quadratic reci-
procity and the theory of quadratic forms, both extremely useful tools in number
theory. Using these, we can discover conditions for n = 1,2, 3,4, 7. Unfortunately,
these are the only values of n that our methods work for. Using something called
elementary genus theory, which is only a little more work, but just beyond the scope
of this paper, one can discover conditions for many more values of n. Despite this,
elementary genus theory still doesn’t solve our problem fully. To fully determine
conditions for when a prime can be represented by 2% 4+ ny?, one is led to class field
theory and the theory of complex multiplication, which were two of the greatest
advancements in number theory in the twentieth century.
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