THE GROTHENDIECK-RIEMANN-ROCH THEOREM

ANDREW BURKE

ABSTRACT. In this paper, we introduce the Chow ring, Chern classes, and the
K-theory of an algebraic scheme with an eye towards stating and proving the
Grothendieck-Riemann-Roch Theorem.
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1. INTRODUCTION

The Grothendieck-Riemann-Roch theorem is a deep result in algebraic geometry
which relates the Euler characteristic of vector bundles to characteristic classes. It
is a generalization to the relative setting of the Hirzebruch-Riemann-Roch theorem,
which is itself a generalization of the Riemann-Roch theorem.

Theorem 1.1 (Riemann-Roch). Let X be a complete nonsingular curve of genus
g. For any divisor D on X,

RO(D) —h°(K —D)=degD+1—g

where K is a canonical divisor and where h°(D), for example, denotes the dimension
of HY(D) over the base field.

The inequality h°(D) > deg D + 1 — g, known as Riemann’s inequality, was orig-
inally proved by Riemann in 1857; the correct error term h®(K — D) was provided
by his student Gustav Roch in 1865. This result can be extended to surfaces.

First we fix notation. For a scheme X over a base field k& with vector bundle F,
set h'(E) = dimy H'(E). The Euler characteristic x(E) is the value >_(—1)'h*(E).

Theorem 1.2 (Riemann-Roch for Surfaces). Let X be a complete nonsingular
surface. For any divisor D on X,
1
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X(D) = x(6x) + 3 (D* ~ D K).

The value D - K is, intuitively, the number of points in the intersection of the
Weil divisors D and K; it will be rigorously defined in what follows.

The goal of generalizing the Riemann-Roch theorem and placing it into the
proper context has stimulated much development in algebraic geometry and in in-
tersection theory in particular. The concepts of sheaf cohomology, Chow rings, and
K-theory are all needed to even state the result. In 1954, Hirzebruch simultane-
ously generalized Riemann-Roch in two separate directions: he considered varieties
of arbitrary dimension instead of curves or surfaces and he worked with vector
bundles instead of line bundles and divisors.

Theorem 1.3 (Hirzebruch-Riemann-Roch). Let X be a complete nonsingular va-
riety. For any vector bundle E on X,

X(X,F) = / ch(E) - td(Tx).
X

The symbol ch(—) denotes the Chern character and td(—) the Todd class; their
meaning will be explained in the present paper. Hirzebruch stated and proved this
result over compact complex manifolds and holomorphic vector bundles; we have
translated it from complex analysis into the language of algebraic geometry.

Finally, in 1958, Grothendieck, in accordance with his general mathematical phi-
losophy, understood Riemann-Roch as a relative statement. Instead of a statement
about a single scheme X, it ought to be seen as a property of a morphism f: X — Y
of schemes.

Theorem 1.4 (Grothendieck-Riemann-Roch). Let f : X — Y be a proper mor-
phism of nonsingular varieties with X quasi-projective. Then, for any o € K(X),

ch(fea) - td(Ty) = fu(ch(a) - td(Tx)).

The special case of Y = Spec(k) is the Hirzebruch-Riemann-Roch theorem.

In this paper, we will develop the necessary machinery to understand the state-
ment of and to prove this result. In section 2, we discuss the Chow ring: each
nonsingular variety X is assigned a graded ring A*(X). The association is a con-
travariant functor under flat morphism and a covariant functor under proper mor-
phism. In section 3, we discuss the Chern classes of a vector bundle E over X,
a sequence of elements ¢1(F),...,c,(E) € A*(X) where n = rank E which carry
information about the vector bundle. These classes are subsequently used to define
Chern characters ch(F) and Todd classes td(E) of vector bundles.

In section 4, we discuss the K-theory of a nonsingular variety X: this is again
a ring K (X)) which is a contravariant functor under flat morphism and a covariant
functor under proper morphism. The rings A*(X) and K (X) share many formal
properties. There is, in particular, a ring homomorphism

ch: K(X) — A(X)qg
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where A(X)g = A(X) ® Q constructed from the Chern character. In the case
of flat morphisms, this map is natural. It is not, in general, natural for proper
morphisms. The substance of the Grothendieck-Riemann-Roch theorem is that,
instead, the map

7x = ch(=) - td(Tx) : K(X) = A(X)g

is natural under proper pushforward. After introducing a technical tool in section
5, we will prove the theorem as a result of four special cases in section 6. Finally,
in section 7, we consider applications, and in, section 8, we discuss a generalization
of the theorem to arbitrary algebraic schemes.

Throughout, we assume that the reader is acquainted with the language of
schemes and of sheaf cohomology. We state without proof a few results regarding
A*(X) and K(X) which are necessary to prove the Grothendieck-Riemann-Roch
theorem.

By a scheme or an algebraic scheme, we will always mean a separated scheme of
finite type over a base field k. A variety is an integral scheme. A variety is said to
be nonsingular/complete if it is flat/proper over the base field.

2. THE CHOW RING

In fact, for any scheme X, there exist both Chow groups A, (X), playing a role in
intersection theory analogous to that of the homology groups of a space in algebraic
topology, and the Chow ring A*(X), playing the role of the cohomology ring.

In case X is a nonsingular variety, there is a Poincare duality theorem: A,(X) =
A""P(X) for all p where n = dim X. Since this is the case we are interested in for
the Grothendieck-Riemann-Roch theorem, we will only define Chow groups A, (X)
and then discuss their multiplicative structure in case X is nonsingular.

Recall first that if Y is a variety containing a subvariety Z of codimension one,
there is a well-defined homomorphism

ordz(—): R(Y)" = Z

where R(Y") is the fraction field of Y. If we write r = s/t with s,t € A= 0z y, the
local ring of Z in Y, it is defined by ordy (1) = £a(A/(s)) —€a(A/(t)) where £4(—)
denotes the length of an A-module. This notion captures the order of vanishing of
the function r along Z C Y.

Now let X be an arbitrary algebraic scheme. The group Z;(X) of k-cycles is the
free abelian group generated by isomorphism classes of k-dimensional subvarieties
V C X. This group is far too large to work with: we will define Ax(X) to be the
quotient of Z;(X) by a subgroup Raty(X) of boundaries.

Explicitly, for any (k + 1)-dimensional subvariety W C X and for any rational
function r € R(W)*, let

[div(r)] = ) ordy (r)[V],

Vcw

the sum being over all k-dimensional subvarieties V' C W of X. This is a finite sum
and hence an element of Z;(X). Note also that [div(rs)] = [div(r)] 4 [div(s)] and
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[div(r—1)] = —[div(r)] Denote by Raty(X) the group generated by the elements
[div(r)] as we range over such W C X and r € R(W)*. Finally, set

Thus A.(X) = P} _o Ar(X) where n = dim X is a graded abelian group, called
the Chow group of X.

There is an alternative construction of Raty(X) which turns out to be equivalent
to the above. Consider the product X x P!. For any (k+ 1)-dimensional subvariety
V C X x P! which maps dominantly onto P! via the second projection map f, the
scheme-theoretic fibers f~}(P) C X x {P} = X over points P € P! rational over
the ground field determine k-cycles [f~!(P)] of X. Then Raty X is the subgroup
of Z;(X) generated by cycles of the form [f~1(0)] — [f~!(c0)] for such V C X x P

A few properties of Chow groups are immediate from the construction.

Proposition 2.1.
(1) If X is n-dimensional, then A, (X) = Z,(X) is the free abelian group on
the n-dimensional irreducible components of X
(2) If X is a variety, A,—1(X) is the Weil divisor class group of X.
(8) Chow groups do not see reduced structure. In particular, A«(X) = Ax(Xreq)-

We will now briefly discuss the functorial properties of this construction. Let
f + X — Y be a flat morphism of relative dimension n Define f* : Z,(Y) —
Zken(X) by f*[Z] = [f7'Z] for Z C Y. This map can be shown to pass to
rational equivalence, meaning that it maps Raty(Y") to Ratg4,(X). Hence there is
an induced homomorphism

This construction makes A,(—) a contraviant functor for flat morphisms.
Similarly, if f : X — Y is a proper morphism, there are induced homomorphisms

f* : AkX — AkY.

Given a subvariety V' of X, the image W = f(V) is a subvariety of Y. There is a
corresponding field extension R(W) C R(V') which is finite if dim W = dim V. Let
deg(V/W) be this degree if it is finite and zero otherwise. Then we define

felV] = deg(V/W) - [W].

This map can be shown to pass to rational equivalence. It makes A, a covariant
functor for proper morphisms.

We now specialize to the case where X is a nonsingular variety of dimension n.
Set A*¥(X) = A,_x(X). This is a formal Poincaré duality isomorphism. We will
define a product on A*(X) = @p_,A*(X) so that it has the structure of a graded
associative commutative ring. The product of two subvarieties which intersect
nicely will be their intersection, considered as a subvariety.

Definition 2.2. Let A, B C X be subvarieties of codimensions a and b respectively.
The intersection A N B has codimension at most a + b by Krull’s principal ideal
theorem. We say that A and B are dimensionally transverse if every irreducible
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component C of AN B has the maximal codimension a + b. We say that A and B
are generically transverse if they satisfy the stronger condition that

codim(TpANTpB)=a+b

for a general point P of each component C of AN B. Cycles o = Y . A; and
B = >;Bj in A,(X) are dimensionally transverse/generically transverse if the
corresponding property holds pairwise for the A; and B;.

For example, {y = 0} and {y = 22 — 1} are generically transverse, whereas
{y = 0} and {y = 2%} are only dimensionally transverse in A%. In the latter case,
the two subvarieties do not seem to intersect in the right number of points unless
one counts multiplicities.

Definition 2.3. There is a unique product structure on A*(X) such that

[A]-[B] = [AN B]

whenever A and B are generically transverse. This structure makes A*(X) =
@D;._, A*(X) an associative, commutative ring with unit [X], graded by codimen-
sion, called the Chow ring of X.

Historically, this result was based on the moving lemma.

Theorem 2.4 (Moving Lemma). Let X be a smooth quasi-projective variety. For
any two cycles o and f of X, there exist rationally equivalent cycles o/ = Y Al
and B’ =5 B;- which intersect generically transversally. Moreover, the class

[’ NB = [N Bj)
4,J
18 independent of the choice of o' and f3'.

While plausible, the second part of this statement was not rigorously proven
until Fulton [3]. Fulton directly constructs the product on A*(X) without the
quasi-projective hypothesis or use of the moving lemma.

The intersection product makes the pullback f*: A*(Y) — A*(X) a ring homo-
morphism for any flat morphism f : X — Y. If f is, additionally, proper, there is
a push-pull formula

f(f7B-a) =B f(a)
for classes o € A*(X) and 8 € A*(Y).

We now calculate a few explicit examples of Chow rings to give the reader a
better feel for the formalism.

Example 2.5. A,(A") =Z-[A"]

Proof. Let Y C A™ be a proper subvariety. It suffices to show [Y] =0 in A,(A"™).
For this, choose coordinates x1, ..., x, so that the origin is not contained in Y. Set

W ={(t,tz) CA'\ {0} x A" : z € Y}
=V{(f(z/t) : f € I(Y)},
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and let W be the closure of W in P! x A"; it is a subvariety dominant over P! with
fiber Y over 0. By our alternative construction, it suffices to verify that its fiber
over oo is empty. Intuitively, as t — oo, the fiber tY is pushed off to infinity.
More precisely, since the origin O ¢ Y, there exists some g € I(Y') with nonzero
constant term ¢. The function G(t, 2) = g(z/t) on A1\ {0} x A" extends to a regular
function H € I(W) on P*\ {0} x A™ with constant nonzero value ¢ on the fiber
over co. Thus, no point in the closure W of W is contained in that fiber.
O

If X is a complete variety, it is proper over Spec(k). The graded group A, (Spec k)
is free abelian with generator in dimension zero the class of the unique point. Thus,
the structure map induces a proper pushforward f, : A.(X) — A.(Speck) = Z.
For o € Ag(X), we denote by [, a the degree of f.(a); this is the number of
points in the cycle, counted with multiplicity. We extend this notation to a group
homomorphism [ « + Ax(X) — Z by setting / @ = 0if a is positive-dimensional.

To compute A*(P™), we will apply the above, as well as the below excision
theorem.

Proposition 2.6. If Y C X is a closed subscheme with complement U, then the
proper inclusion Y — X and flat inclusion U — X fit into a right exact sequence

A(Y) = Au(X) = A(U) =0
Proof. See Fulton [3], Proposition 1.8. O
Example 2.7. A*(P") = Z[¢£] /€™ where ¢ is the class of a hyperplane.

Proof. We argue by induction on n. The case n = 0 is already known.
Using excision, there is a right exact sequence

A (PP = AL (P) — AL (A™) =0

where we identify P \ P"~! with affine space A”. Induction shows that the Chow
ring A*(P") is generated by the classes ¥ of (n —k)-dimensional hyperplanes where
0 < k < n. Clearly also £ - &/ = 7. We just need to show that none of these
classes are zero. For this, it suffices to note that

/ (€M)= | =140
P pn

3. CHERN CLASSES

Let X be a scheme. Chern classes associate to each vector bundle £ on X a
collection of classes ci(E) € A¥(X) which reflect the geometry of E. We will store
this information more compactly in the sum ¢(E) =1+ ¢;(E) + .... These Chern
classes are closely related to the Chern classes of a complex vector bundle over a
topological space.

Throughout, let E and F be vector bundles on X and set r = rank(FE).

Theorem 3.1. There exist Chern classes ¢(E) € A*(X) for each vector bundle on
X which satisfy and are uniquely determined by the following properties:
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(Vanishing) If k > r, then
Ck(E) =0.

(Commutativity) For all i, 3],
¢i(E) - (¢;(F)-a) = c;(F) - (ci(E) - a)
(Projection Formula) Let f : X' — X be a proper morphism. Then
feler(fTE) - a) = c(E) - fu()
(Pull-back) Let f : X' — X be a flat morphism. Then
k(fTE) - [fa= f"(ck(E) - @)
(Whitney Sum) For any exact sequence

0-EFE—F—G-—Q0,

we have

In other words,

c(F)= Y a(B)-¢(G)

i+j=k
o (Normalization) If D is a Weil divisor on X, then
c1(0(D)) = [D].

Generalizing normalization, we have the following computational tool.

Proposition 3.2. Let 1y,...,7—k be global sections of E. If the vanishing set D of
the section ToA. . .AT._y of A""*T1E has codimension k, then c,.(E) = [D] € AY(X).

Proof. See Eisenbud-Harris [2], Theorem 5.3. O

Suppose that E admits a complete filtration

EFE=FE.DFE._1D...O0FEF,DEy=0

of subbundles so that rank Fx, = k. Set Ly = Ey/Fy_1 for 1 < k < r. Then, by
the Whitney sum formula,

T T
c(F) = H c(Ly) = H(l + o).
k=1 k=1
where ay = c¢1(Ly). We call these ay the Chern roots of E. The below result
says that we may as well always assume such a splitting is possible. More formally,
any formula involving Chern classes that holds under the assumption that a vector
bundle admits a filtration must hold universally.

Proposition 3.3. (Splitting Principle) Given a finite collection 7 of vector bun-
dles on a scheme X, there is a flat morphism [ : X' — X such that
o f*:AX — AX' is injective
e For each E € o, f*E admits a filtration by subbundles
ffE=FE.DFE.1D>...0F DEy=0.
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For example, if £ and F' are vector bundles admitting filtrations with quotients
L; and Kj, the tensor £ ® F' admits an obvious filtration with quotients L; ® K},
from which it follows that

(E®F) =[]0+ a+8)).

where o; and 8; are the Chern roots of E and F' respectively. One can use this
identity to derive formulas for the Chern classes of the tensor in terms of those of
the factors.

Similarly, with the above notation,

o(BY) =]t - ay),

hence

ee(EY) = (~1)rer(B).

We also arrive at the identity

cAWE) = J[ U+ (i +...+a)).
i< <ip
In particular, ¢1 (A"E) = ¢1(E).

We now consider two polynomials ch(—) and td(—) in Chern classes which are
crucial for the statement of the Grothendieck-Riemann-Roch theorem. Though the
definitions will look mysterious, they turn out to be exactly what is needed to make
the theorem work.

Throughout, denote by a4, ..., a, the Chern roots of a vector bundle £ over X
of rank r. The Chern character ch(E) of E is, by definition,

ch(E) =) exp(ay).
k=1

This expression is symmetric in the ay, so if we regard the Chern classes as the
elementary symmetric polynomials in the «y, this defines a polynomial in the Chern
classes. Writing out the first couple terms of this expression, one sees

1 1
ch(E)=r+c + 5(0? —2c9) + é(cll3 —3cicatc3)+ ...

For an exact sequence

0O—-FE—-F—-G—=0

of vector bundles, the Whitney sum formula shows that the Chern roots of F' are
the union of those of E and of GG, hence

ch(F) = ch(E) + ch(G).

Using the Chern roots of a tensor product as described above, we see that
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ch(E®@ F) = exp(a; + ;)

.3

— Z exp(a;) - exp(53;)

.3
(St ) (Sewisy)
i J
=ch(E) - ch(F).
Next, define the Todd class td(E) of E to be the class
td(E) = [T @(e)
i=1

where

. x 1 — k1 Be o

here By, is the kth Bernoulli number. One may compute

1 1 1
td(E) =1+ 0 + E(cf +co) + ﬂ(clcg) +....

Note that td(—) is a product of terms, whereas ch(—) is a sum. This manifests
itself in that, for an exact sequence

0>F—>F—>G—Q0,

we get

td(F) = td(E) - td(G),

in contrast to the identity ch(F') = ch(E) + ch(G). The following lemma is one
of the defining properties of the Todd class and will be needed later. Note that
any element of a Chow ring with component 1 in dimension zero is a unit and
consequently has a well-defined multiplicative inverse.

Lemma 3.4. Let E be a vector bundle of rank v on X. Then

T
D (—1)Pch(APEY) = ¢, (E) - td(E) ™.
p=0
Proof. Let ag,...,a, be the Chern roots of E. Then the left side of the equality
takes the form
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T

Z(—l)p Z exp(—ay, — ... — ;)

p=0 11 <. <ip

1 - cap(-a)

d
—ay-...-ar H((l —exp(—a;))/ai),

which equals the right side.

4. K-THEORY

We now study the K-theory of a scheme. This is a ring K(X) which, it turns
out, will satisfy formal properties similar to those of A*(X). As before, there is a
group K, (X), analogous to homology, and a ring K°(X), analogous to cohomology
and, when X is a nonsingular variety, these are isomorphic and will be denoted
K(X). We will need both definitions, however, in order to make sense of both
proper pushforward and arbitrary pullback.

Let X be a scheme. Denote by K°(X) the Grothendieck group of vector bundles
on X. This is the free group on the isomorphism classes of vector bundles over X
modulo the relation [F] = [E] + [G] for every short exact sequence

0O0—-F—F—G-—O0.

of vector bundles.

Define a product operation on K°(X) by [E] - [F] = [E ® F]; that this is well-
defined on equivalence classes follows from the fact that tensoring by a locally free
sheaf preserves exactness. This tensor product operation endows K°(X) with the
structure of an associative, commutative ring with unit the structure sheaf. If X
is connected, the rank map induces a ring homomorphism K°(X) — Z. Moreover,
any morphism f : X — Y of schemes induces a ring homomorphism f*: K°(Y) —
K°(X) by pullback of the vector bundle. This makes K°(—) a contravariant functor
from schemes to commutative rings.

Denote by Ko(X) the Grothendieck group of coherent sheaves on X. It is the
free group on the isomorphism classes of coherent sheaves on X modulo relations
[#] = [€] + [¥] for short exact sequences

0=-&—F =9 —0.

of coherent sheaves. The tensor product [E] - [#] = [E ® %] gives K,(X) the
structure of a K°(X)-module. However, K,(X) is not a ring because tensoring by
a coherent sheaf need not be exact. For any proper morphism f : X — Y, there is
a direct image homomorphism f, : Ko X — K.Y defined by

£(7) =Y (DM R 7).

k>0
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Here RFf,.7 is the sheaf on Y associated to the presheaf

V= HE(f7H(V), j|f—1(v))-

The pushforward £, is well-defined because the R* f, are the right derived func-
tors for the pushforward of sheaves. We need here the assumption that f is proper
in order to guarantee that R* f,.% is coherent. That this association is functorial
can be seen via the spectral sequence for composite morphisms.

For any scheme X, there is a duality homomorphism

K°(X) = Ko(X)

which takes a vector bundle to itself, considered as a coherent sheaf. This is not
an isomorphism in general, but is if X is nonsingular. The main point here is that
finitely generated modules over a regular local ring admit a finite free resolution.
One shows that a coherent sheaf .# has a finite resolution by locally free sheaves
of the form

0—-FE,—...~E —-FEy— % —=0.

The inverse morphism is of the form

(7] = > (1B,
i=0

which turns out to be independent of the particular resolution. When X is nonsin-
gular, we will use this isomorphism to identify K°X with K,X; we call this ring
K(X).

We now relate K (X) to A*(X). Setting A(X)g = A(X) ® Q, define a map

ch: K(X) — A(X)qg

by the Chern character [E] — [ch(E)]. That this is a well-defined homomorphism
follows from the fact that Chern character is additive on short exact sequences. It
is, furthermore, a ring homomorphism because ch(E ® F') = ch(E) - ch(F).

Since Chern classes commute with flat pullback, it is immediate that ch com-
mutes with f*. Hence ch defines a natural transformation between the contravariant
functors K(—) and A(—)g from schemes to rings. It does not, however, commute
with proper pushforward. If we define

x : K(X) = A(X)q,

by 7x (a)) = ch(a)-td(Tx), the content of the Grothendieck-Riemann-Roch theorem
is that 7 commutes with proper pushforward. In other words, the Grothendieck-
Riemann-Roch theorem states precisely that 7 is a natural transformation between
the covariant functors K(—) and A(—)g from schemes to graded abelian groups
under proper pushforward.

To push the analogy between K(—) and A*(—) further, it is worth noting that,
in fact, the Chern character defines an isomorphism
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ch: K(X)®Q = AX)®Q

of rings up to torsion if X is smooth and projective. Furthermore, there is a right-
exact sequence

K(Y) = K(X) > K(U) =0

if Y € X is closed and U = X \ Y. In fact, this sequence can be extended to a long
exact sequence of higher K-groups.

For what follows, however, we will only require two further facts. First, K(P™)
is generated as a group by the classes [&'(n)] for 0 < n < m. Second, for any scheme
X, the natural map

K(X)® K(P™) - K(X @ P™)

given by pullback along the projections is surjective. These facts may be found in
Borel-Serre [1], sections 8 and 9.

5. DEFORMATION TO THE NORMAL CONE

Deformation to the normal cone is an important general construction. It allows
us to deform any closed embedding into the far simpler embedding of a scheme into
its normal cone via the zero section. We will prove the Grothendieck-Riemann-Roch
theorem in the latter case and then use this construction to deduce it for arbitrary
closed embeddings.

Let X C Y be a closed embedding with ideal sheaf I and let C = CxY =
Spec(®,>01™/I" 1) be the normal cone to X in Y. Let M be the blow-up of
Y x P! along the subscheme X x {oo}. To identify the structure of M, consider
the sequence of embeddings

X =X x{o0} = X xP! Y x P!

This identifies the blow-up of X x P! along X x {cc} as a subscheme of M. But
X x {oo} is a divisor on X x P!, hence this blow-up is itself isomorphic to X x P*.
We therefore have a commutative diagram

XxPl— > M

N

Since Y x P! — P! if flat, the map p : M — P! can be shown to be flat as well.
Over P! — {co} = Al, we see p~1(A!) = Y x A! with the embedding the trivial
embedding

X x At 5 Y x AL

Over oo, consider now the sequence

X x {0} =Y x {00} = Y x PL.
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This realizes the blow-up Y of Y along X as a closed subscheme of M. Additionally,
since the normal cone to X x {oo} in Y x P! is C @ 1, the exceptional divisor is
P(C@1). It can then be shown directly via the construction of a blow-up that the
divisor My, = p~1(00) is the sum of two effective divisors

My =P(C®1)+Y.
The embedding of X = X Xx {oo} in M, is the zero section embedding of X
in C followed by the canonical open embedding of C' in P(C @ 1). The divisors
P(C®1) and Y intersect in the scheme P(C), which is embedded as the hyperplane
at infinity in P(C' @ 1) and as the exceptional divisor in Y.
In particular, the image of X in M. is disjoint from Y. Letting M° = MY be
the complement of Y in M, one has a family of embeddings of X:

XxPl— s M°

A

which deforms the given embedding of X in Y to the zero section embedding of X
in CXy.

6. GROTHENDIECK-RIEMANN-ROCH
We finally have the necessary background to prove our main result.

Theorem 6.1 (Grothendieck-Riemann-Roch). Let f : X — Y be a proper mor-
phism of nonsingular varieties with X quasi-projective. Then, for all a € K(X),

ch(fea) - td(Ty) = fe(ch(a) - td(Tx))

We will prove four special cases; this is sufficient to deduce the general result, as
we presently show.

e (Case 6.2) f:P}» — Spec(k)

e (Case 6.3) f:Y xP™ — Y is the projection and Y is a nonsingular variety

e (Case 6.4) f : X — P(N @ 1) where X is a nonsingular variety, N is a
vector bundle over X, and f is the composite of the zero section X — N
with the open embedding N — P(N @ 1)

o (Case 6.5) f : X — Y is a closed immersion with X and Y nonsingular
varieties

Proof of Theorem 6.1. Let i : X — P™ be a locally closed embedding of X into
projective space and consider the factorization

x Yy pn 2ty
of f where p is projection onto the first factor. By considering its composition
with projections, we see that (f,4) is both locally closed and proper, hence a closed
embedding. Since the theorem holds for both closed embedding and for projections
of the above type, it holds for f also. O
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We now prove the four special cases.
Case 6.2. f: P} — Spec(k)

It suffices to assume that o = [€(n)] for some 0 < n < m. The sheaf R¥f,0(n)
is the sheafification of H*(P™, ¢(n)). Thus

eh(S.00) - W Tepe) = (DA 4E™ o)) 1= (")

m

because the only nonzero summand is h°(P™, &(n)). On the other hand, the proper
pushforward of a cycle to Spec(k) is the degree of its dimension zero component.
With « the generator for A*(P™) and with [—],, denoting the dimension m com-
ponent of an expression,

£ ([ ()] - td(Tom)) = [ (1 + z)m“)]

enzmerl
[(1 - e%)ﬂ%ﬂ}m
e"dr
(l—em)m“} :

m

=Res {

We divide by ™" to reduce the calculation to finding a residue Res(—). Substi-
tuting y = 1 — e~ ", this becomes

dy

Rex o] =[0 -7
(—n—1)(—n—2)-... (—n—m)

(")

Case 6.3. f:Y xP™ — Y is the projection and Y is a nonsingular variety.

Using the notation 7x(a) = ch(a) - td(Tx), there is a diagram
K(Y)® KP™) X2 AY)g© AP™)g

K(Y x P™) v AY xP™)g
f*i f*i
K(Y) AY )

The top square commutes: this follows from td(Ty xpm ) = td(Ty) X td(Tpm ), which
holds because Ty wpm is the direct sum of the pullbacks of Ty and Tpm. We need
to show that the bottom square commutes. Writing K (V) = K(Y) ®z K (Spec(k))
and A(Y)g = A(Y)g ®q A(Spec(k))q, it follows from the first case that the outside
square commutes. Using the fact that the map K(Y) @ K(P™) — K(Y x P™) is
surjective, a simple diagram chase shows the bottom square commutes.
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Case 6.4. f: X — P(N®1) where X is a nonsingular variety, N is a vector bundle
over X, and f is the composite of the zero section X — N with the open embedding
N—-P(N®1l)

It suffices to assume « = [E] where E be a vector bundle on X. From the exact
sequence

0—=Tx = f*Tp(nar) & NxP(N&1) =N — 0,

we see

td(Tx) - td(N) = td(f*Tpne1) = [Ftd(Tpve1))-

Therefore, using the push-pull formula,

t(Tpven) - Fo(ch[E] - td Tx) =fo(F* td(Tp(ven) " - td(Tx) - chlE])
— . (td(N) " - ch[E]).

We must show that this is equal to ch(f.[E]). Note R f,E = 0 for k > 0 because
f is a closed immersion, so f.[E] = [f«E]. To compute ch[f.E], we need a locally
free resolution of f.E. Let p: P(N @ 1) — X be the projection. Let Q be the
universal quotient bundle of rank r on P(N @1) where r = rank N so that there is a
natural surjection of vector bundles p*(N @®1) — Q. The section (0,1) of p*(N @ 1)
composed with the above surjection gives us a section s of () with vanishing set X.
Therefore the Koszul complex

0 AQY — ... 5 A’QY = QY — Op(ner) = fOx =0

determined by s provides an explicit resolution of f,Ox. Tensoring by p*E, and
using the projection formula f,0x ® p*E = f.(Ox ® f*p*E) = f.E, we have a
resolution

0-AQ®p'E— ... ANQV®p'E—- Q' ®p'E—>p'E— f.E—0
of f,E. Therefore

r

ch[f. E] = 3 (1) ch(A”Q") - ch(p" E)

p=0
=, (Q) - td(Q)™" - ch(p*E)

by Lemma 3.4. But also, since X is the zero set of the section s of @), Proposition
3.2 implies that ¢,(Q) = [X] in A"(P(N @ 1)), hence

cr(Q) - (td(Q)™" - ch(p*E)) =fu(f*(¢d(Q)™" - ch(p"E))
=f:(td(f* Q)" - ch(f*p"E)) = fu(td(N) ™" - ch(E)).

Putting everything together, we conclude

ch f,[E] = td(Ty) ™" - f.(ch[E] - td Tx)
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as desired.
Case 6.5. f: X — Y is a closed immersion with X and Y nonsingular varieties

We may assume a = [E] where E is a vector bundle on X. Let N = NxY be
the normal bundle to X in Y. Exactly as in the previous case, we have

td(Ty) ™" - fu(ch[E] - td(Tx)) = f.(td(N)~" - ch[E]).

We will now use deformation to the normal bundle to reduce the computation of
ch(f«[E]) to the previous case.
Let M be the blow-up of Y x P! along X x {oo}. There is a diagram

XL o P(N®1)+T = Mo —— {00}

N

X x P! ol M P!

io T) ’ jO T) ! T
X ! Y =My——= {0}
Choose a resolution

0—-G,— ...~ G —Gy— Fyp*E =0

of F,p*E and denote it by G,. Since M is flat over P!, the restriction of the above
resolution to the fibers My and M., remains exact. Therefore j;G, is a resolution
of

JoFwp"E = fiigp*E = fuE

and 5% G, is a resolution of

JsFp™E = fLisp E = f,E.
Let k = jDO\P(N@l) and let £ = jo|y. Since f(X) is disjoint from Y, it follows that

k*G, resolves f,(E) on P(N @ 1) and ¢*G, is acyclic.

For a complex F, of vector bundles, denote by ch(F,) the sum > (—1)ch(F}).
As before, we use the fact that all higher direct image sheafs are trivial for closed
embeddings. Therefore f.[F] = [f«FE], so that

ch(f«[E]) = gejos ch([f+E]) = gujos ch(jgGe) = gjoxio ch(Ge).

But jo«jg ch(Ge) = jou[Y]-ch(Ge) and, since [My]—[Ms] = [div(p)] = 0in A*(M)g
by the alternative construction of Rat. (M), this equals

¢ (ko [P(N @ )] + £.[Y]) - ch(Go)) =qu(kuk™ ch(Ga) + £.L" ch(GL))
=qy (ki ch(k*G4) + £, ch(€*G,)

=« (s« ch([f. E]) + 0).
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Now, using the previous case, we know that ch([f,E]) = ch(f.[F]) is equal to
f.(td(N)~! - ch[E]). Hence the above equals

¢k T (kd(N) " ch[E]) = £.(td(N) " - ch[E))

because go ko f = f. This proves the result.

7. APPLICATIONS

We finally discuss a few special cases and applications of the Grothendieck-
Riemann-Roch theorem.

Suppose X is a complete nonsingular variety and Y = Spec(k). Then, for a
vector bundle F on X,

eh(f.[E]) = ch (Z(—l)’“fﬁ@) = S )FRH(E) = (X, B)

and

f«(ch[E] -td(Tx)) = / ch([E]) - td(Tx).

X
As stated earlier, we obtain the Hirzebruch-Riemann-Roch theorem

(X, E) = /X h((E]) - td(Ty).

In particular,

(X, Ox) = /X td, (Tx)

with n = dim X. We now apply the above to the case where X is a curve or
a surface. Hirzebruch-Riemann-Roch is, of course, valid in any dimension, but
its utility often decreases as dim X grows because there appear more and more
potentially nonzero terms in x (X, E). We will additonally need the following result.

Proposition 7.1. Let X be a complexr smooth projective variety of dimension n.
Then

Xtop (X) = deg Cn (TX)
where Xiop(X) is the topological Euler characteristic of X in the analytic topology.

This can be proved using Propositon 3.2 and the Poincaré-Hopf theorem, which
states that the sum of the indices of any vector field with isolated zeroes on a
compact manifold is equal to the Euler characteristic of that manifold.

Suppose now that X is a complete nonsingular curve of genus g; then x;op(X) =
2 — 2g. By the Hirzebruch-Riemann-Roch theorem and Proposition 7.1, we see

1
X(X, 0x) = 5 deg(es(Tx)) = 1 g,
hence g = h'(X, Ox). If E is a vector bundle on X,
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1
X(X, E) =(rank E) - 3 deg(c1(Tx)) + deg(ci1(E)) - 1
=(rank F) - (1 — g) + deg(c1(EF)).
In particular, if E = €(D) is a line bundle,

(D) —h°(K — D) =degD +1—g.

Here we used the isomorphism h!'(X, D) = h%(X, K — D) from Serre duality. This
is the original Riemann-Roch theorem.

We can run through a similar analysis for X a complete nonsingular surface. We
get

X(X, ﬁx) :/ tdQ(X) Cl(TX>2+02(TX))-

1
X
If K = —c1(Tx) is a canonical divisor, p, = h?(X, Ox) the geometric genus, and
q = h'(X, Ox) the irregularity, this becomes

1
12

The above equation is known as Noether’s formula. In the case of a divisor D on
X, we finally obtain Riemann-Roch for surfaces:

1—q+py = —(K* + Xtop(X)).

WD) = [ (1 e (T + alTx) + D) ja(lx) + ja(D)P 1)

X
1
=x(X, O0x) + 5(D2 - D-K).

The above applications all assume Y = Speck. In general, if f : X — Y is
a proper morphism, we may think of the points of Y as parameterizing a family
of closed subschemes X, = f~!(y) of X. In this situation, Grauert’s theorem
states that if .7 is a coherent sheaf on X with y — dimy(,) H*(X,,.%#,) a constant
function on Y, then the natural map

ka*(ﬁ) ® k(y) — Hk(Xyagy)

is an isomorphism. Morally speaking, higher direct images store information about
the cohomology of fibers.

The Grothendieck-Riemann-Roch is therefore useful in situations in which we
care about the fibers of the proper morphism f : X — Y, particularly in the
case of a universal family over a moduli space. For instance, one can compute the
canonical class of the moduli space .#, of curves of genus g in terms of the standard
generators of its Picard group. For details, see Harris-Morrison [4], section 3E.

Our final application is to jumping lines. Every vector bundle on P! is a direct
sum of line bundles Op1(d). This result does not extend to bundles on P™ when
n > 2. One strategy then to study a vector bundle E on P" is to understand the
splitting of E when restricted to various lines L € G(1,n). Let



THE GROTHENDIECK-RIEMANN-ROCH THEOREM 19

®={(L,p) e G(l,n) xP":pe L}

be the universal line with projections 71 : ® — G(1,n) and w3 : ® — P™. Then the
fibers of R*my,(m3E) give us information about the decomposition of ;.

It turns out that the decomposition 0r(d1) ® ... ® Or(d;) of E|; remains con-
stant on an open dense subset of G(1,n); Grothendieck-Riemann-Roch allows us
to calculate the degree of the locus of jumping lines, the lines at which this decom-
position changes.

For instance, suppose E is a vector bundle of rank 2 on P2. If the first Chern
class ci(F) has even degree, then the locus of jumping lines is a curve in P?* of
degree

deg(ea(B) - 7er(F)?)

Otherwise, if ¢1 (F) has odd degree, the locus of jumping lines is of dimension zero,
consisting of %(62 — e) points, counted with multiplicity, where

~ J(deger(B) — 1)(deges(B) + 1),

For details, see Eisenbud-Harris [2], chapter 14.

e =degco(E)

8. GENERALIZATIONS

The Grothendieck-Riemann-Roch theorem may be extended to arbitrary alge-
braic schemes.

Theorem 8.1. (Grothendieck-Riemann-Roch) For all schemes X, there exists a
homomorphism

x  Ko(X) = A(X)o
satisfying:

e If X is a nonsingular variety and if a € Ko (X),

7x (@) = ch(a) - td(Tx).
o If f: X =Y is a proper morphism and if a € K,(X),

ferx (@) = 1y fula).
o Ifaoe Ko(X) and p € K°(X),
7x (8- ) = ch(p) - 7x (a).

Thus the homomorphisms 7x generalize those defined earlier when X is a non-
singular variety and they remain natural under proper morphism.

The main difficulty with this extension of Grothendieck-Riemann-Roch is that
the duality maps K°(X) — Ko(X) and A*(X)p — A.(X)g are no longer isomor-
phisms. The third bullet says that they are remain compatible with 7x and with
ch. We will briefly outline a proof; for details, see Fulton [1], chapter 18.

First, one extends the morphisms 7x to quasi-projective schemes X which may

be singular. Find a closed embedding ¢ : X — M where M is nonsingular. Given
a coherent sheaf % on X, find a resolution
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0—FE,—> ... F=E —i.(%)—=0

of i+(%) by vector bundles on M. Applying MacPherson’s graph construction to
the complex E, on M, exact off X, one obtains a homomorphism

ch¥ (F) : A(M)g = A(X);

)

set

7x(F) = ch (F)(td(Tar))

where T is the tangent bundle of M. It can be shown that 7x is independent of
the choices of M and F, and that it satisfies the desired properties.
In general, we will need the concept of a Chow envelope.

Definition 8.2. An envelope of a scheme X is a proper morphism p : X’ — X such
that for every subvariety V of X, there is a subvariety V’ of X’ mapped birationally
by p onto V. If X' is quasi-projective over the base field, we call p : X' — X a
Chow envelope.

Given an arbitrary algebraic scheme X, Chow’s lemma shows that there exists
a Chow envelope p : X’ — X and a dense open set U of X for which pl, is
an isomorphism. Additionally, the induced homomorphisms p, : K, X' — K. X
and p, : A, X' — A,X are surjective. Thus, there exists at most one map 7x :
Ko(X) = A.(X)g such that the diagram

Ko(X') > Au(X")g

Ko(X) = A.(X)g

commutes. Using the fact that p|;; is an isomorphism together with the long exact
sequence of higher K-groups, one shows by induction on the dimension of X that
such a map exists. It necessarily satisfies the above properties.
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