ELLIPTIC CURVES AND THE MORDELL-WEIL THEOREM

DANIEL BROUS

ABSTRACT. Elliptic curves are non-singular cubic curves, and they present a
use to number theorists because they are intimately connected with a lot of
important mathematical objects. Surprisingly, if one looks at an elliptic curve
and considers only the rational points on this curve, then it can be shown
that this set forms an abelian group under a particularly defined operation. In
this paper, using the techniques of algebraic number theory, we will prove the
Mordell-Weil Theorem, which says that this group is finitely generated.
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1. INTRODUCTION TO PROJECTIVE SPACE AND ELLIPTIC CURVES

Definition 1.1. Given a field K, the projective plane over K is the set

P*(K) = {[z,y, 2] | (z,y,2) € K*},
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where [z,y, z] denotes the equivalence class of (z,y, z) under scalar multiplication
of all the elements by any non-zero constant k € K.

Note

: Using the definitions, we can see that

P*(K) = {[z,y,1] | z,y € K} U{[2,y,0] | 2,y € K and (z,y) # (0,0)}.
1



2 DANIEL BROUS

The set {[z,y,1] | z,y € K} is bijective to K2, which we will call the affine plane.
We call the additional points {[z,y,0] | z,y € K and (z,y) # (0,0)} the points
at infinity because it can be shown that each of these points intersects all lines of
a particular slope in the affine plane, but since they don’t lie on the affine plane,
we can think of them as points that are ”infinitely far out” on the line. Here is a
useful illustration of the projective plane, which is originally used in [4]:

1‘. 3 == = :f

Projective Plane

It can be seen in this image that a line in the affine plane is projective down onto
the semi-sphere via radial lines, and this is equivalent to what happens when a line
in the affine plane is taken to its equivalent in the projective plane. Notice how the
points on the bottom circle of the semi-sphere will never be mapped to by points
in the affine plane. These are exactly the points at infinity, and if one draws a
parallel line in the affine plane to the one drawn in the picture, then one can see
that by projecting it down, it will intersect on the semi-sphere at those two points
at infinity. Technically, those points on opposite sides of the circle are considered
to be the same point at infinity because they represent the same equivalence class.

The solution set of a polynomial equation p(z,y) = 0 defined in the affine plane
can be extended to the solution set of a polynomial equation in the projective
plane, which can obtain by multiplying each term by a coefficient of 2% where d
is the minimal degree for each term to make the sum of the degrees of z, y and z
in each term the same. For example, if g(x,y) = 2® + 2y + 1, then the equation
in the projective plane which extends the solution set is given by g(z,y,2) = 2° +
xyz* + 2% = 0. This equation is called the homogeneous form of g. This works
because if (z,y, z) is a solution to the homogeneous equation, then (kz, ky, kz) is
also a solution to the homogeneous equation for any k£ € K. This follows precisely
from the fact that all homogeneous equations have the same sum of degrees of each
variable in every term, so if every term has a total degree of d, then we will always
be able to multiply everything by k¢ and distribute one k to each z, y and z. As
an example, we can see that if g(z,y, z) = 0, then

0 = kS(z,v,2)
= k520 + kSxyzt + KC2°
= (kz)® + (kx)(ky)(k2)* + (k2)8
= g(kz, ky, kz).
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Thus, homogeneous equations are “well-defined” in the sense that their solutions do
in fact lie in the projective plane. Also, setting z = 1, we return our original affine
equation, so the homogeneous equation solution set “contains” the affine equation
solution set in the sense that there is an isomorphism between the points in the
solution set of the homogeneous equation where z = 1 and the entire solution set
of the affine equation.

Definition 1.2 (Elliptic Curve). Given a field K with characteristic zero, then an
elliptic curve E(K) is the subset of P?(K) which satisfies a homogeneous equation

3

F(x,y,2) =z — 2% —axz® — b2® = 0,

where a,b € K and the tangent vector to the curve never vanishes; that is,
(%(P), or (p), %j(P)) £ (0,0,0) for all P € E(K).

Note: While Elliptic curves can be defined with fields of characteristic other than
zero, since we will only prove the Mordell-Weil Theorem for the field of ratio-
nal numbers, Q, and Q has characteristic zero, in order to avoid running into case
work, we will assume that K from now on is an arbitrary field of characteristic zero.

Note: If we take some elliptic curve E(K) given by homogeneous equation
F(z,y,z) = 0 and let z = 0, then we can see that the only way to satisfy the
equation is to set = 0. Thus, the only possible point in P?(K)N E(K) which has
z=01is [0,1,0]. Thus, every elliptic curve E(K) only has this one point at infinity,
and so we will use a shorthand for this point:

0 :=10,1,0] € P*(K).
Note: If we set z = 1, then the affine form of E(K) is given by
y? = f(z) := 2> + ax +b.

We will use f(x) to denote this equation for an arbitrary elliptic curve E(K)
throughout the remainder of this paper, and 6,0,,03 € K will be used to de-
note the roots of f(z), where K is the algebraic closure of K. The equation for
E(K) is also called a “Weierstrass equation”. This is because, while there is a more
general definition of elliptic curves in projective space, Karl Weierstrass showed
that for any field whose characterstic is not 2 or 3, there exists an invertible change
of variables which sends any general elliptic curve to one of this form. Thus, for the
purposes of this theorem, it suffices to prove it for elliptic curves in “Weierstrass
form”. For more information on this, see chapter 2 of [3]. We end this section with
two important Lemmas.

Lemma 1.3. If E(K) is given in affine form by y* = f(z) = 2° + ax + b, then
E(K) is an elliptic curve if and only if 4a® + 27b% # 0.

Proof. We can calculate that the tangent vector to the curve at P = [z,y, 2] is
given by
(=32 — az? 2yz,y* — 2axz — 3bz?).

Note that if this is nonzero for (z,y, z) € K3, then it is nonzero for (kx, ky, kz) € K3
for any k € K'\{0}. Therefore, whether this vector vanishes or not does not depend
on the representation of P. If z = 0, then as was just shown earlier, the only possible
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point is P = [0,1,0], and in this case, the tangent vector becomes (0,0, 1), and so
it does not vanish. If z = 1, then the tangent vector becomes

(=32 — a,2y,y* — 2ax — 3b).

If y # 0, then the tangent vector doesn’t vanish. It may vanish if y = 0, in which
case the vector becomes
(=32% — a,0, —2az — 3b).

2

In order for this to vanish, we must have that —322 = a and 4a%z? = 9b%. Plugging

one into the other, we get that
4a® +27b% = 0.

Therefore, if 4a3 4+ 27b? # 0, then it is impossible for the tangent vector to vanish,
and so E(K) is an elliptic curve. Conversely, if 4a® + 27b% = 0, then there are two
cases. If a = 0, then it must be that b = 0, in which case the tangent vector vanishes
at P =[0,0,1]. If a # 0, then the tangent vector vanishes at P = [—3b/2a,0,1].
Therefore, if 4a® 4+ 276> = 0, then E(K) is not an elliptic curve, and so by the
contrapositive, if F(K) is an elliptic curve, then 4a® + 27b% # 0. O

Lemma 1.4. If an elliptic curve E(K) is given in affine form by y* = f(z) =
23 +ax +b and 01,605,035 € K are the roots, then

[(61 — 02) (02 — 03)(01 — 03)]> = —(4a® + 270°).

Proof. Since 01,065,053 € K are the roots, f(z) = (z — 61)(z — 02)(x — 63). We can
calculate that

f(@) = (z = 01)(x = 02) + (z = 02)(z — 03) + (2 — 01)(z — 03).
But also,
f'(x) = 32 + a.
Thus, plugging in each 6; to each of these formulas, we see that
367 +a=(0; — 0;)(0; — 6x)
where (7, j, k) is a permutation of (1,2,3). We can also see that
f(2) = (2—01)(z—02)(x—03) = 2° — (01 + 0o +03) 2% + (0102 + 0203 +0103)x—010205.

Comparing this with f(r) = 23 + ax + b, we can see that 0; + 0y + 03 = 0,
0105 + 0205 + 0103 = a, and 010503 = —b. Using the identity
(r+y+2)? =22 +y*+ 22+ 2wy +yz +22) with & = 0162, y = 0205 and z = 6,03,
we can see that
0205 4 0203 + 0702 = (0102 + 0203 + 0,03)% — 2(070203 + 0103505 + 0,0203)
= CL2 — 2019293(91 + 05 + 93)

:(12.

Using the same identity again but with x = 61, y = 05 and z = 3, we can see that

02 + 02 + 02 = (0y + Os + 05)> — 2(0105 + 0205 + 0105) = —2a.
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Using many of these formulas, we can calculate that
— (61 — 02)(02 — 05)(61 — 05)]
= [(61 — 02) (61 — 03)][(62 — 03)(62 — 01)][(03 — 61)(03 — 62)]
= [367 + a][363 + a][30% +
= 27(010203)° + 9a (0305 + 0303 + 0703) + 3a (63 + 05 + 03) + a®
= 27(—b)? + 9a(a®) + 3a*(—2a) + a®
= 4a® + 27b%.
Negating both sides gives the result. ([

Lemma 1.5. If an elliptic curve E(K) is given in affine form by y? = f(x) =
23+ ax + b, then f(x) cannot have any repeated roots in K.

Proof. If 01,05,05 € K are the roots of f(x), then suppose that 6; = 6; for some
1 # 7. Using Lemma 1.4,

4a® +276% = —[(01 — 62)(02 — 05) (61 — 63)]* = 0.

But since E(K) is an elliptic curve, according to Lemma 1.3, this is a contradiction.
Therefore, f(z) has no repeated roots. O

2. GROUP STRUCTURE OF E(K)

In this section, we will prove that E(K) is an abelian group under a particularly
defined operation.

2.1. Defining Addition on affine points of F(K).

Define addition on E(K) implicitly by saying that A, B,C € E(K) are colinear
in the projective plane if and only if A+ B + C = O, where we take O to be the
identity of addition. In this section, aside from the associativity of addition, we
will show that F(K) forms a group under this operation. One condition that must
be added is that if two of the points are identical, say A = B, then the line must
not only intersect A = B but also be tangent to the curve at that point. This
allows for the uniqueness of inverses and the uniqueness of the sum A + A. To see
a proof of associativity, see [1]. We can also see that addition defined in this way is
commutative, because, assuming that the sum is unique, which will be proved, we
have that the sum of A and B is defined to be the point —C where C' is colinear
with A and B, and so if there is a unique point which is colinear with A and B,
then we will find the same point when trying to add B and A.

2.2. Finding the additive inverse.

We can see that if C' = O, then since O is defined to be the identity, we have
that A+ B = O, so B = —A is the additive inverse of A. A line in the projective
plane looks like 0 = x + dy + ez for some d, e € K. Plugging in O to this equation,
we can see that d = 0, so the only lines in the projective plane that intersect O
are those of the form z = kz for some k € K. Setting z = 1, we can see that the
affine form of this line is a vertical line in the xy-plane. If A = O, then since O is
defined to be the identity, B = O as well. If A = (z1,y1) is affine, then the line
which B must lie on is ¢ = x1. If y; = 0, then we can see that since f(x1) = 0, the
only affine point on the curve with z-value z1 is (z1,41), and so B = A. We can
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see that this is consistent with the tangent condition because if y; = 0, then the
tangent line in the affine plane is vertical. If y; # 0, then we can see that it cannot
be that B = A, because if this is the case, then the tangent condition requires that
the vertical line x = x7 must be tangent to the curve at A, but it is not, since the
tangent line is not vertical at (x1,y1) when y; # 0. If B = (21,—y1), then this
point is still on the curve because (—y1)? = y? = f(x1). Thus, (z1,—y1) is the
additive inverse of (x1,y1).

2.3. Proving that E(K) is closed under addition.

Proof. Since we define O to be the identity, we only need to consider cases with
affine points. Thus, let A = (z1,41) and B = (22, y2). We aim to show that A+ B
is unique and A+ B € E(K).

Case 1: 1 = xs.

If y; # yo, then since there are only two possible affine points with z-value x; = z2,
we must have that yo = —y1, so B = —A. Therefore, as shown in the previous
section, A+ B = O. If y; = y2 = 0, then again, as shown in the previous section,
A+ B =0. If y1 = yo # 0, then we must use the tangent condition to find the
sum. Since A = B, by our definition, —(A + B) must lie on the tangent line to the
curve at A. Since y; # 0, we can calculate that the slope of the tangent line is

dy 3azi+a
der 2y

The tangent line is thus given by the equation
327 +a
2y,
Since the tangent line is not vertical, O cannot lie on the line, so the only possible

points in E(K) which can lie on the tangent line must be affine and of the form
(z,g(x)), and thus it suffices to focus on points of this form. Define the polynomial

P(z) = f(z) - g(x).
By definition, r € K is a root of P(z) if and only if (r,g(r)) € E(K). We know
that (z1,9(x1)) = A € E(K), and we can verify that

P(z1) = f(z1) = g(21)* = yi — 97 = 0.
If we want —(A + B) to be unique, then there must be exactly one other root of

P(z), z3 € K. Factored in K, P(x) will have three roots. We can expand out P(z)
to get that the degree two term’s coefficient is
921 + 6ax? + a®
4y
Thus, since P(z) is monic, the sum of the roots must be the additive inverse of this
number. This number is also in K, so since two of the roots should be in K, the
last should also be in K. Thus, since there should only be two distinct roots, the
last root would have to be a repeated root of one of the other two. Since the line is
tangent to the curve at A, we can guess that 1 is the double root and check to see
that the third root is in fact in K and is indeed a root. Since we must have that
921 + 6az? + a?
dyi ’

y=g() =y + (x — 7).

$1+Il+$3:
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‘We can see that
r} — 2ax? — 8bxy + a? cK
4y? ’

Tr3 —

and one can verify that P(z3) = 0. Therefore, our guess was correct and P(x) has
a double root 7 and a single root x3. Therefore (x3,¢g(x3)) is in fact the unique
other point in E(K) which lies on this tangent line. This means that —(A + B) is
unique, and so A+ B = (z3, —g(x3)) is also unique. Also, since —(4A+ B) € E(K),
sois A+ B.

Case 2: 17 # xs.
In this case, we can see that the line going through (z1,y1) and (z2, y2) is given by
the equation

- — Y2 — Y1 .
y=g(z): y1+7x2_x1(93 1).

Since the line is not vertical, O cannot lie on the line, so the only possible points in
E(K) which can lie on the line must be affine and of the form (z, g(z)), and thus
it suffices to focus on points of this form. Define the polynomial

P(@) = f(@) - g(a).

By definition, r € K is a root of P(z) if and only if (r,g(r)) € E(K). We know
that (z1,9(z1)) = A € E(K) and (22, g(z2)) = B € E(K), and we can verify that
P(z1) = f(z1) = g(z1)* =y — 97 = 0.

and
P(zs) = f(x2) — g(22)* = y3 —y3 = 0.

If we want —(A + B) to be unique, then there must be exactly one other root of
P(z), z3 € K. We already have two roots of P(x), so there is definitely exactly
one other root 3 € K. We can expand out P(z) to get that the degree two term’s

coefficient is
2
(Y2
To — T '

Since P(z) is monic, the sum of the roots must be the additive inverse of this
number. This number is also in K, so since z1,z5 € K,

2
(2.1) xr3 = (M) —x1—x3 €K,
To — X1

and one can verify that P(zg) = 0. Therefore, (x3,g(z3)) is in fact the unique
other point in E(K) which lies on this line. This means that —(A + B) is unique,
and so A+ B = (x3,—g(z3)) is also unique. Also, since —(4 4+ B) is in E(K), so
is A+ B. O

As described, the group addition has a nice visual interpretation. We can see in
the following picture the elliptic curve y? = 23 4+ 3z + 4 and the line going through
three rational points:
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—

The elliptic curve is the red curve, and it is symmetric across the z-axis. This line
is not tangent at any of the intersection points, which is consistent with the fact
that these points are all distinct. The sum of two points is the inverse of the third
point for which they are colinear with, so in this example, the we would have that
(—=1,0) +(0,2) = (5,-12).

2.4. Proving some useful identities.

In this subsection we will prove some identities that will be used in the proof
of the Mordell-Weil Theorem. Suppose that A, B € E(K) and A = (x1,y1), and
B = (22,y2), and x; # z3. Then if C = (x3,—y3) := A+ B, as shown in the
previous subsection, 1, 2 and x3 are the roots of

_ 2
P(z) = [2% + ax + D] — [yl + u(x —xl)] .

To — T

Let 0 = 6; for some i € {1,2,3} (recall that §; € K are the roots of f(z)), and let
0" and 6" be the other two roots of f(z). Replacing x by ¢t + 6, we can see that
r1 — 0,5 — 0 and x3 — 0 must be the roots of

2
Pit+0)=tt+0—-0)(t+60—-0")— [y1+y2_y1(t+9—x1)} .

T2 — I

We can see that the second degree term of this polynomial has coefficient

o-n ()] - eggecey’

T2 — X1 T2 — X1
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so since P(t + 0) is monic, the additive inverse of this term is equal to the product
of the roots. Thus,

(2.2) (21 — 0)(z2 — 0) (x5 — 0) = [yl(xz *ji : Zzl(m — 9)}

If y1 # 0 and C = (x3, —y3) := 2A, then, as shown in the previous subsection, x;
is a double root and z3 is a single root of

323 +a
21

2
Q(z) =(x —01)(x — O2)(x — 03) — [yl—i— (x—xl)} .

Doing the same process as with the previous polynomial, setting x = ¢ + 6 and
comparing the coefficient of the second degree term to the product of the roots of
this new polynomial, we can see that

2 22 +a)(0— 2, 2

We can also see that

2
1

Il
~

(1)

f(@1) = f(0)

23 +ary +b— 60> —ah —b
= (z1 — 0) (22 + 110 + 0% + a).

Y

Plugging this back into (2.3) and rearranging gives us

—22 4202 + 2021 +a 2
2y )

(2.4) w3 — 0= [

Rearranging (2.1), we can see that

2
Y2 — Y1

r3 = | —""— — X2 —T1
T2 — T1

—(z1 + 22)(z2 — 21)? + (y2 — 11)?

(w2 — 21)?

(] —ad)(m —x2) +¥3 — 2uye + 47
a (x2 — 21)?
_ —(@f —23) (w1 — w2) + (23 + awa +b) — 2y1y> + (af + azy + 1)
- (22 — 21)?
—a¥ — @l + wad 4 aws + a3 + awo — 2y1y2 + 2F + axy
- (z2 — 1)?
B :z:lx% + x%xz + axo — 2y1y2 + axy + 2b

(22 — 21)?

_ (122 + a)(z1 + z2) + 20 — 2y1y2
(z2 —x1)?
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This gives us our final useful relation,

2b — 2
(2.5) vy = (z122 + a)(z1 + x2) ;r Yiy2
(w2 —21)

3. A USeruL GrROUP HOMOMORPHISM

In this section, we will define a homomorphism ¢ which will be used in subsequent
sections of the paper, and we will show that it is a homomorphism and find its
kernel.

3.1. Defining ¢.

Now consider the polynomial ring K[z]. We know that f(z) € KJz], so the
principle ideal (f(z)) C Klz]. Consider the quotient space K[x]/(f(x)). If we define
¢:=x mod f(z), then we can see that K[z]/(f(z)) = KI£], the ring of polynomials
of £ with coefficients in K. Consider the group of units U C K|x]/(f(x)). Before
proceeding, we will prove the following Lemma:

Lemma 3.1. If R is a principal ideal domain, (1) is an ideal generated by r € R,
and U is the group of units of R/(r), then U is exactly the set of elements in R
which are coprime with r, projected into R/(r).

Proof. Part 1: If ¢ € R is coprime with r, then ¢ mod r € U.

Suppose ¢ € R is coprime with r. By Bezout’s Lemma for principal ideal domains,
there exist some p,n € R such that gp — nr = 1 € R. Therefore, gp = 1 mod r.
Therefore, g|1 mod r, so by definition, ¢ mod r € U.

Part 2: If uw € U, then v = ¢ mod r for some ¢ € R which is coprime with
T
Since uw € R/(r), u = ¢ mod r for some ¢ € R. Since u is a unit, there exists
some p € R such that ¢gp = 1 mod r. Thus, there exists some n € R such that
qp=1+4+nr,soqgp—nr=1¢ R. If ¢ and r had some common factor which is not
a unit, we could pull it out of the left hand side, but not out of the right hand side
because only units will divide 1. Thus, ¢ and r are coprime. O

From this Lemma, we now know that the elements in U, the group of units in
Klz]/(f(x)), are the projection of polynomials that are coprime with f(z) into K[¢].
Now let’s define a function ¢ : E(K) — U/U? as follows: Let ¢(0) =1 € U/U?. If
P = (a,B) € E(K) and 8 # 0, then f(a) = 8% # 0, so a — x is coprime with f(z).
Thus, by Lemma 3.1, since K[z] is a principal ideal domain, o — & € U. Therefore,
we can define ¢(P) to be the projection of a — ¢ from U into U/U?. If P = («,0),
then « is a root of f, so

f(@) = (@ — a)g(x)

for some g(z) € K|[z]. By the Chinese remainder theorem,
(3.2) Kl¢] = Kla]/(z — o) @ K[z]/(g(2)).

We know by Lemma 1.5 that g(a) # 0, because otherwise f would have a repeated
root in K. Thus, using the product rule,

f'(@) = (z — a)g'(z) + g(),
so when we plug in o, we get that

f'(a) = g(a) #0.
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Therefore, f'(«)|1 mod (z — «), and so f'(«) is a unit of K[x]/(x — «). Also, since
g(a) # 0, @ — z is coprime with g(x), and thus, by Lemma 3.1, a — x is a unit
in K[z]/(g(x)). Using the fact that these are units in their respective rings, there
exist some u € K[z]/(z — «) and some v € K[z]/(g(z)) such that

flla)u=1 mod (z — )
and

(a—z)v=1 mod g(x).
By the Chinese remainder theorem, there exists a ring isomorphism p : K[z]/(x —
a) ® K[z]/(g(z)) — K[z]/(f(x)), and so by the properties of ring isomorphisms,

p(f' (@), = 2)p(u, v) = p(f'(@)u, (a = z)v) = p(1,1) =1 mod f(z).
Therefore,
o(f'(a),a—z) € U.
We define ¢(P) in this case to be the projection of this element into U/U?.

3.2. Proving ¢ is a Group Homomorphism.

Proof. We want to show that for any points P,Q € E(K), ¢(P + Q) = ¢(P)¢(Q).
For any affine point P = («, 8), since ¢(P) only depends on o and —P = («, —f3),
¢(P) = ¢(—P). Since O = -0, ¢(P) = ¢(—P) for all P € E(K). Also, since
#(P) € U/U?, $(P)? =1 € U/U?. Therefore, it suffices to prove that

$(P + Q)p(~P)p(-Q) =1 € U/U*
because this would imply that

$(P)$(Q) = ¢(P+Q)o(—P)d(-Q)d(P)d(Q) = ¢(P+Q)d(P)*$(Q)* = ¢(P+Q).
Even further, it suffices to prove that if A+ B + C = O on E(K), then

#(A)p(B)o(C) =1 € U/U?.
This is because if A+ B+ C = O, then C = —A — B. The condition that

A+ B+ C = O implies that A, B and C are colinear. Suppose that one of the
points is not affine, say A = O. Then C = —B, so

$(A)p(B)p(C) =1 ¢(B)¢(~B) =1 $(B)* =1 € U/U.

In the other case, let’s suppose that all three points are affine, so A = (x1,y1),
B = (z2,y2) and C = (x3,y3). Suppose two z-values are the same, say x1 = wo.
If y1 = —yo, it would have to be the case that C' = O, which is a case we already
covered. If y; = yo = 0, then again, C' = O, which is a case we already covered.
If y1 = y2 # 0, then, as seen in the previous section of this paper, since A, B and
C are colinear and A = B, the line between them is a tangent line, and since the
tangent line is not vertical, there exists some line y = cx + d such that

(3.3) f(x) = (cx +d)? = (x — x1)(x — z2) (2 — x3).

The same can said about the case where none of the three x-values are the same
(except the line y = cx 4+ d will necessarily look different, but for our purposes it
does not matter), so we can lump in this case as well, assuming that y; # 0 for all
i =1,2,3. Reducing both sides modulo f(z), this equation becomes

—(c€+d)* = (£ —21)(§ — 22)(§ — a3) = — (21 — §) (2 — §) (23 — &).
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Taking out the factor of —1 on both sides and then reducing both sides modulo U2,
the equation transforms into

1=¢(A)p(B)o(C).
Now suppose that y; = 0. We can see that in this case, since f(x) = (x — x1)g(x)

for some g(z) € Klz], if we let p be the ring isomorphism given by the Chinese
remainder theorem,

$(A)(B)¢(C)
= p(f'(z1) mod (x —21), (w1 —x) mod g(x))(z2 — &) (z3 — &)
= p(f'(z1) (2 — 2)(x3 —x) mod (z — x1), (1 — x)(22 — z)(x3 — ) mod g(z))

(
)
= p(f'(z1)(z2 — 2)
= p(f'(x1) (22 — 2)
Differentiating (3.3), we see that
f(x) —2c(cx +d) = (x —x2)(x — 23) + (x — 21) (2 — 22) + (x — 21) (x — 23).
Plugging in 1 and both sides, we get that
f'(x1) = (z1 — z2) (21 — 23) + 2¢(cxy + d)?.
Plugging z1 into (3.3), we see that
cx1+d=0,
so plugging this into the previous equation, we get that
f(@1) = (21— 22) (21 — 23).

Plugging this back into the equation for ¢(A)¢(B)¢(C) and using the fact that
g —x =29 —2x1 mod (x —x1) and z3 — x = x3 —x; mod (z — x1), we get that

P(A)$(B)$(C) = p((21 — 2)* (w1 — 23)° mod (z — 21), (cx +d)* mod g()).

Since both of the terms inside the p function are squares, they are equivalent to 1
in their respective unit groups reduced by the square of those groups. Using this
and the fact that p is a ring isomorphism,

¢(A)¢(B)o(C) = p(1,1) =1 € U/U*.
Lastly, we have to consider the case where y; = 0 and yo = 0. In this case, since A,

B and C' are colinear, we must have that y3 = 0 as well. The Chinese remainder
theorem gives several ring isomorphisms,

p1: Klz]/(z — 21) © Kz]/((z — 22) (2 — 23)) — K[z]/(f(2))
p2 : Klz]/(z — 22) ® Klz]/((z — 21)(z — 23)) = K[z]/(f(2))
p3 : Klz]/(z — z3) ® K[z]/((z — 21)(z — 22)) = K[z]/(f(2))
p2s : Kla]/(z — 22) @ K(z]/(z — 23) = K[z]/((z — z2)(z — 23))
ps : Klz]/(z —21) © K[2]/(x — 23) = K[2]/((z — 21)(z — z3))
prz2: Kz]/(z — 21) & K[z]/(z — 22) = K[z]/((x — 21)(z — 22))
pi23 : Klz]/(x — 1) & Kz]/(z — 22) & K[z]/(z — 23) = K[z]/(f(2)).

It follows from the properties of ring isomorphisms that

p1(p; p23(q,7)) = p2(q; p13(p; 7)) = p3(r, p12(P; @) = p123(p, ;1)
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for all (p,q,7) € K[z]/(x — 1) ® K[z]/(x — 22) ® K|[z]/(x — x3). Therefore, using

the definition of ¢, we can calculate that

P(A)p(B)o(C) = P123(f/($1)(962—$)($3—3?)> f’(iﬂz)(m—w)(iﬁs—x)» f/(fﬂs)(m—ﬂf)(iﬁz—ﬂﬁ))-
Like in the previous case, we can calculate that f'(x;) = (z; — z;)(x; — ) for any
permutation (¢, j, k) of (1,2,3) and (z; —x) mod (z — ;) = (x; —x;) for all i # j
where i,j € {1,2,3}. Using these facts, we can see that

$(A)(B)$(C) = pras(f'(x1)?, f'(x2)%, f'(23)*) = pr2a(1,1,1) =1 € U/U

3.3. Proving that ker ¢ = 2E(K).

Proof. Part 1: 2E(K) C ker ¢.
If P € E(K), then since ¢ is a group homomorphism,

$(2P) = ¢(P)p(P) =1 € U/U.
Therefore, 2P € ker ¢.

Part 2: ker¢ C 2F(K).

Suppose that P € ker ¢, so ¢(P) = 1. If P = O, then P € 2E(K) because 20 = O.
If P # O, then P = («, ) is affine. By the definition of ¢, since ¢(P) = 1, if
B # 0, then a — £ is a square in K[¢]. If 5 = 0, then o — £ is still a square in
K €] because the components of the decomposition will be squares. Thus, for some
a1, Q2,03 € K,

(3.4) a— &= (1€ + azé + a3)”.
Using &2 = —a¢ — b, we can rewrite this as
(3.5) eré+ f1 = (1€ + el + a3)(—a1€ + as)

for some eq, f1 € K. If it were the case that a; = 0, then (3.4) would imply that
1,€ and &2 are linearly dependent. However, they’re linearly independent, which
means that a; # 0. Thus, we can square (3.5) and divide by o2 to get that

(e€+e)? = (a—&)(h—¢)?

for some e, e’,h € K. This implies that (ex + ¢') — (a — z)(h — z)? is a multiple of
f(x), but since they’re both monic cubics, it must be that

f(z)=(ex +¢€) = (o —z)(h — )%

This equation tells us that the line y = ex + €’ intersects F(K) at the points (a, )
or (a, —p) and two copies of (h,t) where ¢ is define to be the y-coordinate for the
point on E(K) with z-value h. By the definition of the group law, this means that

(OL, (_1)77,5) + Q(ha t) =0
for some n € {0,1}. Rearranging this equation, we have that
(Oé, ﬁ) = 2(h7 (_1)nt)a
which means that P = (a, 8) € 2E(K). O
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4. THE WEAK MORDELL-WEIL THEOREM

In this section, we will prove the Weak Mordell-Weil Theorem, which says that
the group E(K)/2E(K) is finite. We only prove this for K = Q, though, so from
now on, the only field we are working in is Q.

Definition 4.1. An algebraic number is some complex number « which is a root
of some non-trivial polynomial equation with rational coefficients.

Definition 4.2. An algebraic integer is some complex number « which is a root
of some non-trivial monic polynomial equation with integer coefficients.

In the previous section, we showed that there exists a group homomorphism
¢ : E(Q) — UJ/U?, where U is the group of units for Q[z]/(f(z)). The Chinese
remainder theorem tells us that

Q[z]/(f (2)) = @@[x]/(fi(x))

where n € {1,2,3} and f;(z) are the irreducible factors of f(x), factored in Q. The
following Lemma will make a useful re-characterization of Q/(f(z)).

Lemma 4.3. If g(x) € Q[x] is irreducible and r; € Q, the algebraic closure of Q,
are its roots, then Q[z]/(g(x)) = Q[r;] for all i.

Proof. Take some root r; € Q of g(z), and let ¢ : Q[z]/(g(x)) — Q[r;] be the ring
homomorphism defined by « — r;. Suppose that ¢;(h(z) mod g(x)) = 0. This
implies that h(r;) =0, so r; is a root of h. Since g(z) =0 mod g(x),

{1 mod g(z),z mod g(x),...,2%9"1 mod g(x)}

forms a basis for Q[z]/(g(x)). Thus, we can rewrite h as terms of a polynomial of
degree less than deg(h). However, as proved in chapter 6 of [2], since g is irreducible
and has r; as a root, there is no other non-zero polynomial with r; as a root and
with lower degree. Therefore, h(x) = 0 mod g(x), and so ker ¢ = {0 mod g(z)}.
This means that ¢ is injective. We can also see that ¢ is surjective because if
p(r;) € K[ry] is a polynomial in r;, then p(r;) = ¢(p(z) mod g(x)). Therefore, ¢
is a ring isomorphism, and so Q[x]/(g(x)) = Q[r;] for all 4. |

Using this Lemma, we can see that
Qlz]/(f(x)) = P Qlbi]
i=1

where n € {1,2,3} and 6; are each one root of their respective irreducible factor
of f(x), fi(z). Let Q[f;]* denote the group of units of Q[#;]. We can see that
#(E(Q)) is a subgroup of the direct sum of the groups Q[6;]*/(Q[6;]*)? := G;. We
now aim to show that if P € E(Q), then the ith component of ¢(P) lies in a finite
subgroup of G;. If P = O, this is true because each component of ¢(P) lies in the
trivial subgroup of that component’s group. If P # O, then P = («/f,w), where
a,B€Z,weQ, and o and S are coprime. Let § = 6; be one of the roots of f(x).
Then f(x) = (x — 0)g(x) for some g(x) € Clz]. Suppose that

g(z) = raz 4 rox + 73
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for some 71,729,173 € R. Then

9(a/B)B? = [r1(a/B)? + ra(a/B) +75]6° = ra® + raaf + 3%
Since the algebraic integers are closed under addition and multiplication, o — 36
and h, 5 := g(a/B)? are algebraic integers in Q[f]. Let I(P) := (o — 80, hqa ) be
the ideal generated by these algebraic integers. In the remainder of this section, all
of the algebraic integers, ideals, and units are in the ring of the algebraic integers

of Q[A).
Lemma 4.4. The set of ideals I(P) is finite.

Proof. Since 6 is a root of the second degree polynomial g(z) — g(6), we can say
that

g9(x) —g(0) = (x — 0)t(z)
for some linear polynomial ¢(z) € R[z]. Substituting in z = /8, multiplying both
sides by 42, and moving some terms around, we get that
9(0)8% = ha s — (a — BO)t(r/B)B,

which implies that g(6)3% € I(P). Also, we can see that

9(0)a* — g(2)0? = g(0)(«® — 0%) + 0*(9(0) — g(x))

= (z = 0)[9(0)(z + ) — 6%t(2)].

Again, plugging in = o/, multiplying both sides by 32, and moving some terms
around, we get that

9(8)0? = (o — A0)[g(6) (@ + BO) — 62H(a)] + Bha .

This implies that g(8)a? € I(P). Therefore, (g(8)a?,g(0)3?) C I(P), and it is
proven in chapter 12 of [2] that for two ideals I and J in the ring of algebraic
integers, I|.J if and only if J C I. Thus, I(P)|(g(8)a?, g(6)5?). Since o and 3 are
coprime, so are a? and 2, and so by Bezout’s lemma, there exist some integers ¢, d
such that ca? 4+ dB? = 1. Therefore,

cg(0)a® + dg(0)5* = g(0),
and so (g(0)a?,g(0)3%)|(g(#)), which implies that I(P)|(g(d)). Since g(6) # 0,
(g(8)) only has a finite number of ideal divisors since, according to chapter 12 in
[2], ideals have a unique factorization made of prime ideals. Thus, there can only
be finitely many ideals I(P). O

Lemma 4.5. (a — 86) = I(P)C? for some ideal C.
Proof. Suppose that some ideal J is a common divisor of (a— 36) and (hq,g). Then
(o — B0), (ha,3) € J. This implies that I(P) = (o — 86, ha,g) € J, which means
that J|I(P). Therefore, since I(P) is also a common divisor of (o — 56) and (ha.g)
and J was chosen arbitrarily, I(P) must be the greatest common divisor. Therefore,
there exist ideals A, B such that (o — 80) = I(P)A and (hy g) = I(P)B, where
A and B are coprime ideals. Since P € E(Q), there exists some rational number
r/s € Q such that (r/s)? = f(a/B). Multiplying both sides by 33s?, we get that

r23° = (/B — 0)g(a/B)B%s* = (a — BO)ha,ps”.
Now suppose that w = ¢/d for coprime integers ¢, d. Then since P € E(Q),

B3c? = d*(a® + aaf? 4 bB3).
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Since B2 divides the left hand side but o and 3 are coprime, it must be the case
that 3%|d?. This means that d*> = e3* for some e € Z. Substituting this into the
equation and removing a 32 from both sides, we see that

? =e(a® + aap® + bB%).

e Therefore, e|c?. If e # 1, then this is a contradiction because ¢ and d are coprime,
so ¢ and d? should also be coprime. Therefore, e = 1, and 3% = d2. Therefore,
since the integers are a commutative ring,

(rd)(rd) = (r*d®) = (& = BO)ha.p5”) = (a — B0)(ha,5)(s)* = (5)*1(P)*AB,

so the ideal AB must be a square. Thus, since A and B are coprime, A and B
are both squares. This implies that A = C? for some ideal C, and so (a — 30) =
I(P)C2. O

Definition 4.6. Suppose that R is a ring and that I, J are ideals of that ring. Then
we say that I ~ J if there exist some non-zero rq,7y € R such that rI =roJ.

Lemma 4.7. There is a finite set of algebraic integers S such that for any P =
(a, 8) € E(Q),
a— B0 = uyr?

for some unit u, algebraic number T, and v € S.

Proof. Let C be the ideal from Lemma 4.5. Then C ~ Cy for some representative
of a class of ideals, Cs. Thus, by Lemma 4.5, I(P)C? is equivalent to a principle
ideal, so it is a principle ideal. Let’s say that I(P)C? = (). By Lemma 4.4 and the
fact that there are only a finite number of ideal classes—which is proven in chapter
12 of [2]—the set {(7y)} is finite and does not depend on P, but only on E(Q). Since
C is the ideal class equivalent to C', by definition, there exist algebraic integers
p, 11 such that pC' = 7 C,. Therefore,

(p*(a— B0)) = I(P)ri CZ = (117).

Thus, p?(a — B60) = ury for some unit u, and so if we let 7 := 71 /p, then we have
our result. g

Theorem 4.8 (Weak Mordell-Weil Theorem). The group E/2E is finite.

Proof. Since ¢ : E — U/U? is a group homomorphism, by the first isomorphism
theorem, ¢(F) = E/ker ¢, But, as proved in section 3.3, ker ¢ = 2F, so therefore,
it suffices to prove that ¢(FE) is finite. Since there are at most 3 points of the
form («/f,0) and 1 point which is not affine, we only have to consider points
P = (a/f,w) where w # 0 and show that ¢ maps the set of these points to a finite
set. If P = (a/B,w) and w # 0, then by definition, ¢(P) is the coset modulo U? of
a/B —x. By Lemma 4.7, the image of (a/8 — ) in Q[6;]*/(Q[#;]*)? is the coset of
(1/B)uy. As shown in a previous lemma, 32 is a square, which means that f3 itself
must be a square. By the weak Dirichlet unit theorem, which is proved in chapter
19 of [2], the group of units in the ring of algebraic integers in Q[f;] is finitely
generated with some basis {u1,...,u;}. Thus, the coset of (1/8)uy mod (Q[f;]*)?
has a representative of the form uj* - - - u;*~y, where €; € {0,1}. Since there are only
finitely many « by Lemma 4.7, there are only finitely many representatives, and so
the ith component of the image ¢(FE) is finite. Therefore, the image as a whole is
finite. O
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5. THE DESCENT ARGUMENT

In this final section, we will prove some lemmas and then use the Weak Mordell-
WEeil theorem to prove the Mordell-Weil Theorem.

5.1. A Specific Characterization of Homogeneous Coordinates.

In this section, we will show that we can write every point on F(Q) in a particular
fashion which will be used in the following subsections. Suppose that the coefficients
of f(x) are integers, that is, a,b € Z. In homogeneous form, f(x) becomes

(5.1) y?z = 23 + axz® + b2

Suppose P = (x9,yo0,20) is a point on E(Q). Since [z, Y0, 20] = [T0q, Y04, Z0q]
for any ¢ € Q, without loss of generality, we may assume that xg, yo and zy are
coprime integers. Suppose that P # O so that ged(zg, 20) is well defined. Then let
Zy = ged(xo, 20) and define Xy := x¢/Zp and define Yy := yo for consistency in
notation. Plugging in these definitions to (5.1), we get that

(5.2) X373 = 20(Y§ — axozg — b23).

Since ged(Zp, Yp) must divide zo, yo and zp, it must be that ged(Zy,Yy) = 1.
Looking at the second term on the right-hand side of (5.2), we can see that Zy|zo, so
if it were the case that Z divided this term, then Zy|Yy. But since ged(Zy, Yy) = 1,
it must be that Zy does not divide this term, and so Z3|zo since it divides the left
hand side. Let ¢ be the integer such that Z3t = 2. This simplifies the equation to

(5.3) X3 = t(Y{ — axozo — b23).

Since Zy = ged(wo, 20), 1 = ged(w0/Z0, 20/Z0) = ged(Xo, Z3t). Using (5.3), we can
see that if a prime p|t, then p| X3, so since p is prime, p|Xy. However, this would
imply that 1 = ged(Xo, Z3t) > p. Therefore, no primes divide ¢, and so t = 1
(after a sign adjustment). Thus, zg = Z§ and ged(Xo, Zp) = 1. We can now see
that P = (20, %0, 20) = (X0Zo, Yo, Z3), and the corresponding affine form for P is
(X0/23,Y0/Z3). Since ged(Xo, Zo) = ged(Yy, Zo) = 1, this affine form is written
in lowest terms. In the following arguments, all affine points will be written in this
form. Substituting in the values for 2y and z¢ into (5.3), we get that

(5.4) YE = X3 +aXoZy +bZ8.
5.2. The Height Function.

We now define the height function H : F(Q) — N which will become important
to the proof of the Mordell-Weil Theorem. Define H(O) := 1, and otherwise, if
P = (X029, Y0, Z3), then define

H(P) :=max{|Xo|, Z3}.

That is, H(P) is the maximum of the absolute value of the numerator and denom-
inator of the first coordinate of P in affine form. Suppose that P = (X(Zy, Yo, ZS’).
If | Xo| > Z2, then using (5.4) and the fact that Xy and Z, are integers,

Y5 = Xg +axoZy +bZg < |Xof’ +|al| Xo|H(P)? + [ H(P)* = (1+|a| + [b]) H (P)*.
If Z2 > | Xo|, then using (5.4) and the fact that X, and Z, are integers,
Y = X3+ awoZd + 78 < | Xof* +lal| Xo | H(P)? + |blH(P)® < (1+|a| + [bl) H(P)®.
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since H(P) = 1 and /1 + |a| + |b] > 1, this inequality holds in this case as well.
Therefore,

(5.5) Yol < V/1+ [a] + [o|H(P)/?

for all P € E(Q).

Thus, in either case, [Yo| < \/1+ |a] + [|H(P)*/2. If P = O, then Y = 1, so

Lemma 5.6. Suppose that C € R. Then there exists only finitely many points
P € E(Q) such that H(P) < C.

Proof. Suppose that H(P) < C for some point P. Then using (5.5), we can see
that there are only finitely many possible values for Y. For each value of Y}, since
P = (X¢Zy, Yy, Z3) and Xo, Zy must be integers, and they must also satisfy (5.4),
there can only be finitely many points with each value of Y. Thus, there can only
be finitely many such points P where H(P) < C. O

5.3. Final Important Lemma.
We will now prove the following Lemma:

Lemma 5.7. If {Q1,...,Qn,} s a fized set of points in E(Q), then there exists
some positive constant C € R which only depends on E(Q) and {Q1,...,Qn,} such
that

H(P) < CH(2P — Q;)"?

for all P € E(Q) for allie{1,...,no}.

Proof. If suffices to only consider one point in the fixed set of points, @, because
if the statement holds for ny = 1, then we can take C' to be the maximum of the
constants for each Q). Thus, fix some point @ € E(Q) such that @ # O and take
some point P € F(Q) such that 2(P — Q) # O, or in other words, 2P # 2Q. Using
the homogeneous coordinates as above,

P = (2121,v1,2})
Q = (ce,d, e®)
2P — Q = (w229,Y2, 25)
for some x1,y1, 21, T2, Y2, 22, ¢, d,e € Z. Since 2P = (2P — Q) + @, if it were the
case that 2P — @ = @, then we would have that 2P = 2Q). Since we are assuming

this is not the case, 2P — Q # @, and so if we let 2P = (323,93, 23), We can use
(2.5) to say that

z3 _ [(w2/23)(c/€®) + all(x2/23) + (c/€®)] + 2b — 2(y2/23)(d/€?)
2 [(c/€?) — (x2/23)]?
[wac + az3e?][wae? + cz3] + 2bz5et — 2y222de.

[c22 — x0e2]?

Let’s denote the numerator of this last expression as A and the denominator as B.
Since ged(zs, z3) = 1, the left hand side of the above equation is just A/B but in
lowest terms. Thus, x3|A and 2%|B. Since we can see that 3,23, 4, B € Z, we
must have that |z3] < |A| and 22 < |B|. Thus,

(5.8) H(2P) = max{|z3|, 25} < max{|A|,|B|}.
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By (5.5), we can see that |yz| < C1H (2P —Q)?/? for some positive constant C; € R.
Since 22 < max{|za|,25} = H(2P — Q), taking the square root on both sides, we
can see that |zo| < H(2P — Q)Y/2. Similarly, |x2| < max{|vs|,23} = H(2P — Q).
Using the triangle inequality and these three bounds for |zs3|, |y2| and |z2|, we can
see that

(5.9) |A| = |[zac + az2e?][xae® 4 c22] + 2bz5et — 2ya2odel
= |z3ce? + xozic? + xoziae + zhace® + 2bzyet — 2yozodel
< |z2ce?| 4 |waz2c?| 4 |waziact| + |z5ace®| + |2bz5e| + |2y zade
< (Jee?| + |c*] + |ae™| + |ace?| + |2be?| + |2de]) H (2P — Q)?
and
(5.10) |B| = |[c22 — x9¢%]?|
= |c?2y — 2cewqzs + etas
< |Pzg| + |2ce?x0 22| 4 |etad
< (|?] + |2¢e?| + [e*NH (2P — Q).
Therefore, plugging in inequalities (5.9) and (5.10) to (5.8), we get that
(5.11) H(2P) < max{|A|,|B|} < CoH(2P — Q)*

where Cg € N is some constant which only depends on a, b, ¢, d, e. But since a and
b are the coefficients from our Elliptic curve y? = f(x) = 2° + ax + b, and we are
fixing the curve E(Q), the only things which C¢ depends on is ¢, d and e, and these
determine ). Thus, given a particular Elliptic curve E(Q), Cg only depends on Q.
Using 2P and P with (2.4), we get that for each i € {1,2,3},

—(21/23)% + 2607 4 260,(z,/23) + ] ?

Tl — b = [ 20 /20)

Rearranging slightly, we get that

vo— 0122 22 {—x% 2025 + 20,0023 + }
1 - .
3 3 23/121

Since a,b € Z, we know that 6, are algebraic integers, so the left hand side of the
equation is an algebraic integer. Thus, if we define

[—x% + 20221 + 20,2123 + azf]
Q; 1= Z3 )

2y121
then a; must also be an algebraic integer. Furthermore, we can simplify the ex-
pression to see that

a; = q1 + qab; + 367

for some numbers q1, g2, q3 € Q. We can see that these three equations give us a
linear equation

1 6 67 [; o
1 6y 03] |g2| = |2
5
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Let’s define
1 6, 62
MZ: 1 02 9%
1 603 63

and M; to be the matrix M but with the ith column being swapped out with the
column vector (ay, g, a3)T. After some algebra, we can calculate that

det(M) = (91 — 92)(02 — 93)(91 — 03)
Thus, according to Lemma 1.4,
det(M)? = —(4a® + 27b%).

Since Lemma 1.3 tells us that 4a® +27b2 # 0, we have that det(M) # 0. Therefore,
we can apply Cramer’s rule to say that

L det(Mi)aA
7= det(M) "

Let’s define 6 := —(4a® + 27b%). We can see that
dq; = det(M) det(M;)a;.

Since det(M) € Z[01, 02,03, a1, s, as] and we can calculate det(M;) to show that
det(M;) € Z[#:,02,03, a1, a2, as], we can see that dg; € Z[b1, 02,03, a1, s, ag] for
all 7. Therefore, since 0; and «; are algebraic integers for all 4, d¢g; must also be an
algebraic integer for all 5. But since § is an integer and ¢; are rational, dg; must
also be rational for all . As proven in chapter 6 of [2], a rational number is an
algebraic integer if and only if it is an integer. Therefore, d¢g; are integers. Now,
expanding out the definition of «;, we can see that

zZ3 2
21 —aqz = —a7
211
and
Z3 4
qs = 721.
2191

Therefore, since a,dq1,0q3 € Z, 6(2q1 — aqz) = Z‘slz;l 22 € Z and dq3 = Z‘i—zyslzil SYA
This means that (dz3)/(z151) = m/n for some m,n € Z such that ged(m,n) = 1.
By definition, mz? = né(2¢1 — aqz) and mz{ = ndgs. Since ged(m,n) = 1, we must
have that n|z? and n|z}, so since ged(x1,21) = 1, we must have that n = 1. Thus,
(023)/(z191) is an integer and so

52’3 52’3
5.12 22 < | e < | 2B = [6(2q1 — ags
(.12 e S et < | Tt~ 52 — am)
and
) 0
(5.13) 2t < 2% 2t < ‘Z?’zil = |dgs].
Z1Y1 Z21Y1
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Since the algebraic integers are a subset of the complex numbers, 6; € C, so 6; =
Re(#;) + Im(0;)v/—1. We can see that a? = z3 — 6,23, so therefore

llei1* = [l |

= \/(,’1’,‘3 —Re(0;)22)? + (—Im(6;)232)?

= /23 + (Re(0;)? + Im(0;)2)z5 — 2Re(0;)x323

< /2% + (Re(6;)? + Im(6;)2)25 + 2Re(6;)| 3|22
< \J23 +  (Re(0)2 + Tm(0,)2)24 + \/2Re(0,) ]2
= [aa| + [16il123 + v/2Re(6:)1/|xa|23

< max{|za|, 23} + (|6 max{|as], 23} + v/2Re(6;)/ max{|zs], 23}2
= C,H(2P)

for some constant Cy € R. Thus,

il < /CoH(2P)Y2.
One can see by the calculation of ¢1, g2 and g3 that 6(2¢1 — ags) and dgs are linear

combinations of «;. Thus, using the inequality just proved along with (5.12) and
(5.13), we can see that there exists some positive constant Cs € R such that

H(P) < CsH(2P)Y/*,
Combining this with (5.11), we get that
(5.14) H(P) < C4H(2P — Q)/?

for all P for some positive constant Cy € R which only depends on ). We only
considered the cases of P where 2P # 2@, but there may be such P € E(Q)
where 2P = 2(Q). In this case, however, there are only finitely many such P. This
is because if 2QQ = O, then there are can only be at most three such P because
only points of the form P = (z,0) can have that 2P = O and since these points
correspond to roots of f(x), there can be at most three. If 2Q = (z4,y,), then in
order for a point P to satisfy 2P = 2@Q), the tangent line to the curve at P must
intersect —2Q) = (x4, —yq). This gives us the condition that if P = (x,y,), then,
assuming x, # q,

2(yq + Yp)yp = (3%23 +a)(xp — xq).
Rearranging this and plugging it into yz = f(zp), we can see that the only such
points (z,, ¥p) must lie on the intersection of two unequal quadratics, and thus there
can be at most two solutions. Since there are finitely many cases where 2P = 2Q),

we can increase Cy to make (5.14) hold for all these extra cases. Therefore, without
loss of generality, (5.14) holds for all P € E(Q). O

5.4. The Mordell-Weil Theorem.
Theorem 5.15 (Mordell-Weil Theorem). E(Q) is finitely generated.

Proof. By the weak Mordell-Weil Theorem (4.8), we know that F(Q)/2E(Q) is a
finite group. Let {Q1,...,Qn, } be a set of representatives in E(Q) for this group.
By definition, for any point P € E(Q), there exists some j € {1,...,n¢} such that
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P+Q; = 2P’ for some point P’ € E(Q). So take some point P € E(Q). There exist
some a; € {1,...,n0} and P, € E(Q) such that P+ Q,, = 2P;. By Lemma 5.7,
we have that
H(P) < CH(2P, — Q,,)"? = CH(P)"/2.
There exist some ag € {1,...,n9} and some P, € F(Q) such that P, + Q,, = 2P5.
Using the same technique but substituting in the previous inequality, we have that
H(Py) < CH(2P, — Qu,)Y? = CH(P)Y? < C*TV/2H(P)V/4.

Continuing in this fashion, by induction, it can be shown that we arrive at a se-
quence of points P, € E(Q) such that

(516) H(Pr) S Cl+%+...+%H(P)1/(2r+1)
and
(517) P — 27“Pr _ 2T_1Qar L Qal.

As r approaches infinity, the right-hand side of (5.16) approaches C2. Thus, there
exists some integer rg such that for all r > rg,

H(P,)<C?+1.

According to Lemma 5.6, there can only be finitely many such points P, so let
us call them {P,..., P }. It is important to note that even though the sequence
(P,) may differ for different starting points P, since we would always arrive at
the same inequality, we must always have that {P},>,, C {P{,..., Pi }. Thus, if
we let 7 = 7 in (5.17), then we can see that P is expressible as an integer linear
combination of the points in the set {Pf,..., P, }U{Q1,...,Qn,}. Therefore, since
P was chosen arbitrarily, F(Q) is finitely generated. O
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