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Abstract. In this paper, we prove the existence and uniqueness of a classical

solution to a quadratic, second-order Mean Field Game. We introduce Nash
equilibria in one-shot (stationary) games and prove a result in the limiting

case of infinitely many agents in this same context. We provide a heuristic

derivation of a general Mean Field Game system and derive the mean-field
limit by introducing the McKean-Vlasov equation.
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1. Introduction

Mean field games were first introduced around 2005 by J.-M. Lasry and P.-L.
Lions, and simultaneously by Caines, Huang, and Malhamé. The theory aims to
analyze the limit of differential games as the number of players tends to infinity. It
has been successful in describing equilibria in large population dynamics in several
areas, from biology to finance and macroeconomics.

In this paper, our main goal is to prove the existence and uniqueness of a classical
solution to a second-order quadratic mean field game. We also cover some prelimi-
naries and the derivation of this mean field game, in order to provide motivation.

For the most part, the paper is based on the notes by Cardaliaguet [1], and on
the first chapter of [2] by Cardaliaguet and Porretta. It is also inspired by the
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lectures given by Marco Cirant and Daniela Tonon in the introductory program on
Mean Field Games at IMSI.

Throughout the paper, we use the term “game” loosely to mean a system of
interacting agents who minimize (or maximize) individual payoff functions, which
depend on the other players. In fact, we will prove that one can think of mean field
games as arising from an optimization problem.

Intuitively, we can interpret mean field games as limits of N -player games as N
goes to infinity. Differently from differential games, however, the agents do not take
into account the individual strategies of the other agents, but rather the distribution
of the players as a whole. This simplification makes sense because, as the number of
players grow large, it becomes intractable for each agent to keep track of individual
strategies.

In order to talk about these limits, we will need techniques from Optimal Trans-
port to derive properties on the space of probability measures. To analyze the MFG,
we will use results on the heat equation, notions of weak solutions, and viscosity
solution techniques.

Therefore, we assume the reader has some familiarity with measure theory, par-
tial differential equations, and is comfortable using Itô’s formula.

2. Notation and Preliminaries

In this section, we introduce some tools and definitions that will be used exten-
sively in the rest of the paper. We denote by X a general complete metric space,
except when stated otherwise. The main probability spaces with which we will
work are the following.

Definition 2.1.

(i) P(X) denotes the Borel probability measures on X.

(ii) P1(X) denotes the set of m ∈ P(X) such that

∫
X

d(x, x0)m(dx) < +∞, for

some x0 ∈ X.

Definition 2.2. Given two measures µ, ν ∈ P1(X), we define the distance d1(µ, ν)
by

d1(µ, ν) = sup
φ:X→X

{∫
X

φ(x)(µ− ν)(dx)

}
,

where the sup is taken over maps φ : X → X which are 1-Lipschitz continuous.
This is called the Monge-Kantorovich distance.

Note that we can extend this definition to C-Lipschitz functions by multiplying
the integral by 1/C. There are some technical details involved in proving that
this is indeed a distance in P1(X), namely in showing that any bounded continu-
ous function on X can be approximated by Lipschitz functions. The proof is an
instructive analysis exercise, and can be found in [1].

Recall that the Riesz Representation Theorem tells us that for a compact metric
space Y , the dual of the set of continuous functions on Y is exactly the set of
Radon measures on Y . The next proposition gives some intuition to the Monge-
Kantorovich distance. We can interpret it as a metric for weak-* convergence on
P1(X).
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Lemma 2.3. Let {mn}n∈N be a sequence in P1(X), and m ∈ P1(X). Then, for
any x0 ∈ X, the following are equivalent.

(i) d1(mn,m)→ 0 as n→∞

(ii) {mn} weakly converges to m and

∫
X

d(x, x0)mn(dx)→
∫
X

d(x, x0)m(dx)

(iii) {mn} weakly converges to m and lim sup
R→∞

∫
BR(x0)c

d(x, x0)mn(dx) = 0.

The proof is rather lengthy and not the main focus of the paper, so we omit it.
The interested reader can find it in [1]. In the above, by {mn} → m weakly we
mean that for any φ ∈ Cb(X),

lim
n→∞

∫
X

φ(x)mn(dx) =

∫
X

φ(x)m(dx).

Definition 2.4. Let {Xn}n∈N be a sequence of random variables. Then, for each
N ∈ N, we define the empirical measure mN

X of {Xn}Nn=1 to be the random measure
given by

mN
X =

1

N

N∑
n=1

δXn .

The next theorem is one of the versions of the Law of Large Numbers. It will be
very useful for the rest of the paper.

Theorem 2.5. (Glivenko-Cantelli Law of Large Numbers)
Let {Xn}n∈N be i.i.d. random variables on a probability space (Ω,F ,P). Assume

X1 has law m, and E|X1| < +∞. Then, we have

lim
N→∞

E[d1(mN
X ,m)] = 0,

and almost surely

lim
N→∞

d1(mN
X ,m) = 0.

For the Hölder spaces, we use a different notation from the one in [3]. In the
course of the paper, for m ∈ Z and α ∈ (0, 1), we say a function u : [0, T ]×Rd → R
belongs to the space Cm+α([0, T ]×Rd) if the following conditions hold. The partial

derivatives ∂jtD
ku exist for all 2j + k ≤ m, they are bounded, α-Hölder in space,

and α/2-Hölder in time.
Finally, let A be some compact metric space. We write A for the set of controls

with values in A. Namely, (αt)t≥0 belongs to A if and only if α is a progressively
measurable process with respect to some filtration Ft.

3. Nash Equilibria

Mean field games first came up in the context of limits of Nash equilibria in N -
player differential games as N tends to infinity. This approach to mean field games
involves the master equation, which requires significantly more preliminaries, such
as defining how to take derivatives with respect to a measure.

Therefore, we start instead by looking at games that do not involve time, called
one-shot games. The results we prove are easier to interpret, but still resemble the
problems in mean field games.
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Let S1, ..., SN be compact metric spaces, and J1, ..., JN be continuous functions

from
∏N
i=1 Si into R.

Definition 3.1. A point (s̄1, ..., s̄N ) ∈
∏N
i=1 Si is a Nash Equilibrium in pure

strategies if, for any i = 1, ..., N ,

Ji(s̄1, ..., s̄N ) ≤ Ji(si, (s̄j)j 6=i),
for all si ∈ Si.

This makes rigorous the idea that the point (s̄1, ..., s̄N ) is optimal for all players,
provided they take the others’ strategies as fixed. The term pure strategies is due to
the deterministic nature of the strategy. However, it is hard to prove that equilibria
in pure strategies exist.

For this reason, we introduce mixed strategies. We denote by P(Si) the set of
probability measures on Si. This set is in fact compact for the weak-* convergence,
by Prokhorov’s compactness criterion (Theorem 5.1.3 in [7]). A mixed strategy
πi ∈ P(Si) is a randomization of pure strategies.

Definition 3.2. The tuple of mixed strategies (π̄1, ..., π̄N ) ∈ ΠN
i=1P(Si) is a Nash

equilibrium in mixed strategies if, for any i = 1, ..., N ,

Ji(π̄1, ..., π̄N ) ≤ Ji(πi, (π̄j)j 6=i),
for all πi ∈ P(Si). By abuse of notation, here the Ji : ΠN

i=1P(Si) → R are defined
by

Ji(π1, ..., πN ) :=

∫
S1×...×SN

Ji(s1, ..., sN )dπ1(s1)...dπN (sN ).

Note that the set of mixed strategies contains the set of pure strategies. Following
this logic, one should expect it to be easier to prove the existence of Nash equilibria
in mixed strategies rather than in pure strategies. On the other hand, this gives
the players more ways to optimize. So, from this perspective, it should be harder
to find a point that is optimal for all of them.

Nonetheless, one can prove the existence of a Nash equilibrium in mixed strate-
gies with this characterization of the problem. The proof relies on Fan’s or Kaku-
tani’s Fixed Point Theorem, and it can be found in [1].

Let Q be a compact metric space, and P(Q) the set of Borel probability measures
on Q. Assume the N agents play the symmetric game in mixed strategies. That
is, Si = Q for all i = 1, ..., N , and the (pure strategy) payoffs FN1 , ..., FNN are such
that

FNi (x1, ..., xN ) = FNi (xσ(1), ..., xσ(N)), for all permutations σ ∈ SN .
Assume further that there exists a continuous map F : Q×P(Q)→ R such that,

for all i = 1, ..., N ,

FNi (x1, ...., xN ) = F (xi,
1

N − 1

∑
j 6=i

δxj )

Again by abuse of notation, define the mixed strategy payoffs by

FNi (π1, ..., πN ) =

∫
QN

F (xi,
1

N − 1

∑
j 6=i

δxj )dπ1(x1)...dπN (xN ).

We know that Nash equilibria exist in mixed strategy games. In fact, one can
prove that in the symmetric case there exists a Nash equilibrium of the form
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(π̄N , ..., π̄N ). The limit of these Nash equilibria as N → ∞ yields the following
result.

Theorem 3.3. Assume F is Lipschitz, and let (π̄N , ...π̄N ) be a symmetric Nash
equilibrium in mixed strategies for the game FN1 , ..., FNN . Then, up to a subsequence,
π̄N converges to a measure m̄ ∈ P(Q) satisfying

(3.4)

∫
Q

F (y, m̄)dm̄(y) = inf
m∈P(Q)

∫
Q

F (y, m̄)dm(y)

Proof. Let m̄ ∈ P(Q) be a limit of the π̄N , up to a subsequence. We know such
m̄ exists by compactness of P(Q), as discussed before. Note that the map xj 7→
F (y, 1

N−1

∑
j 6=i δxj ) is Lip(F )/(N − 1)-Lipschitz continuous. So,∣∣∣∣∣∣

∫
Q

F (y,
1

N − 1

∑
j 6=i

δxj )d(π̄N − m̄)(xj)

∣∣∣∣∣∣ ≤ 1

N − 1
Lip(F )d1(π̄N , m̄),

for all y ∈ Q.
Hence, we get∣∣∣∣∣∣

∫
QN−1

F (y,mN,i
X )

∏
j 6=i

dπ̄N (xj)−
∫
QN−1

F (y,mN,i
X )

∏
j 6=i

dm̄(xj)

∣∣∣∣∣∣
≤ Lip(F )d1(π̄N , m̄),

for all y ∈ Q. In the remainder of the proof, we write mN,i
X := 1

N−1

∑
j 6=i δxj , for

brevity.
Now, the Glivenko-Cantelli Law of Large Numbers shows that

(3.5) lim
N→∞

∫
QN−1

F (y,
1

N − 1

∑
j 6=i

δxj )
∏
j 6=i

dm̄(xj) = F (y, m̄),

uniformly with respect to y ∈ Q, since we use Lipschitz continuity of F to get the
limit.

Recall that (π̄N , ...π̄N ) is a Nash equilibrium. By definition, this means that for
all i ∈ {1, ..., N}, ∫

QN
F (xi,

1

N − 1

∑
j 6=i

δxj )
∏
j 6=i

dπ̄N (xj)dπ̄(xi)

≤
∫
QN

F (xi,
1

N − 1

∑
j 6=i

δxj )
∏
j 6=i

dπ̄N (xj)dm(xi),

for all m ∈ P(Q).
Therefore, for every ε > 0, if we choose N large enough,∫

Q

∫
QN−1

F (y,mN,i
X )

∏
j 6=i

dm̄(xj)

 dm(y)

≤
∫
Q

∫
QN−1

F (y,mN,i
X )

∏
j 6=i

dπ̄N (xj)

 dm(y) + ε,
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for all m ∈ P(Q). In particular, this holds for m̄ as well.
Note that the map sending y to the inner integral on the right-hand side of the

above is Lipschitz. Therefore, by definition of the Monge-Kantorovich distance, we
get the following.∫

Q

∫
QN−1

F (y,mN,i
X )

∏
j 6=i

dπ̄N (xj)

 dm̄(y)

≤
∫
Q

∫
QN−1

F (y,mN,i
X )

∏
j 6=i

dπ̄N (xj)

 dπ̄N (y) + Lip(F )d1(m̄, π̄N ).

We use the fact that (π̄N , ...π̄N ) is a Nash equilibrium and the last two inequal-
ities to get that, for N large enough,∫

Q

∫
QN−1

F (y,mN,i
X )

∏
j 6=i

dm̄(xj)

 dm̄(y)

≤
∫
Q

∫
QN−1

F (y,mN,i
X )

∏
j 6=i

dπ̄N (xj)

 dπ̄N (y) + 2ε

≤
∫
Q

∫
QN−1

F (y,mN,i
X )

∏
j 6=i

dπ̄N (xj)

 dm(y) + 2ε

≤
∫
Q

∫
QN−1

F (y,mN,i
X )

∏
j 6=i

dm̄(xj)

 dm(y) + 3ε,

for all m ∈ P(Q).
Taking N →∞ and using (3.5), we arrive at∫

Q

F (xi, m̄)dm̄(xi) ≤
∫
Q

F (xi, m̄)dm(xi),

which is the desired result. �

For the interpretation of this result, note that the player cannot influence the en-
tire distribution, as we are dealing with infinitely many players. Hence m̄ is fixed in
the function F. The player can, however, choose how he pays the cost F (·, m̄) of the
game. He can choose to employ a pure strategy and be at a deterministic position,
which corresponds to taking the measure m equal to a Dirac delta. Alternatively,
he can randomize it, which corresponds to a generic measure m ∈ P(Q).

4. Heuristic Derivation of the MFG System

4.1. Derivation of the Hamilton-Jacobi-Bellman Equation.
We consider a game with infinitely many players, which amounts to an optimal

control problem depending on the distribution of the players. The infinitesimal
player (to be made rigorous later on) controls the following dynamics:

(4.1)

{
dXt = b(t,Xt, αt,m(t))dt+

√
2Bt

X0 = X0.
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Here, X0 is a random variable in Rd, (Xt)t≥0 is a progressively measurable
process with values in Rd, b : [0, T ]×Rd ×A×P(Rd)→ Rd is Lipschitz, and Bt is
d-dimensional Brownian motion, for simplicity. One could also consider the case in
which the player controls the volatility of the process in M -dimensional Brownian
motion.

For now, we take the measure flow (m(t))t≥0 : [0, T ]→ P(Rd) as given, which can
be interpreted as the player anticipating the strategies of the others. Foreshadowing
the proof of existence of a solution to the MFG system, the idea is to study the
behavior of the infinitesimal player taking the measure flow as given. This will give
rise to the Hamilton-Jacobi-Bellman equation satisfied by the value function u.

Then, we will look at the measure flow given by the law of the optimal trajectory
(X∗t )t≥0 followed by the player. Intuitively, this should be equal to (m(t))t≥0 from
before, in equilibrium. This will yield the Fokker-Planck equation that the flow
shall satisfy.

The players minimize the functional

J(t, x, α) := E

[∫ T

t

L(s,Xs, αs,m(s))ds+ g(XT ,m(T ))]

]
,

where L : [0, T ] × Rd × A × P(Rd) → R and g : Rd × P(Rd) → R are given and
continuous. The map L is called the Lagrangian. We define the value function u
as u(t, x) := infα∈A J (t, x, α), since it is a minimization problem. With enough
assumptions on the set A of controls, one can prove the following property.

Theorem 4.2. (Dynamic Programming Principle)
Let u(t, x) := infα∈A J(t, x, α) for all t ∈ [0, T ] and x ∈ Rd. For α ∈ A, by a

slight change of notation, let (Xα
s )s≥t evolve as follows{

dXα
s = b(s,Xα

s , αs,m(s))ds+
√

2Bs

Xα
t = x.

Then, for all h such that t+ h ∈ [0, T ],

(4.3) u(t, x) = inf
α∈A

E

[∫ t+h

t

L(s,Xα
s , αs,m(s))ds+ u(t+ h,Xα

t+h)

]
.

In the above expression, the notation Xα
s just serves to reinforce the dependence

of the path Xs on the control α. Note that the change in dynamics makes sense
because now we should have the position x as a known value, instead of a random
variable.

Now, we can use Itô’s Formula to formally derive an equation that the value
function u should satisfy. Assuming that u is C1 in time and C2 in space, we get
the following.

0 = inf
α∈A

E
∫ t+h

t

∂tu(s,Xs) + 〈Du(s,Xs), b(s,Xs, αs,m(s))〉

+ ∆u(s,Xs) + L(s,Xα
s , αs,m(s))ds,

since the u(t,Xt) := u(t, x) term cancels out on both sides. The stochastic inte-
gral term also equals zero because Du is bounded in a neighborhood of (t, x) by
assumption, so that term is a martingale.
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There are some technicalities to be dealt with regarding moving from the set A
of controls to the set A. These are covered in [6], for the minutious reader. With
this in mind, dividing by h and taking h→ 0+ yields the following, by continuity.

0 = inf
a∈A

∂tu(t, x) + 〈Du(t, x), b(t, x, a,m(t))〉+ ∆u(t, x) + L(t, x, a,m(t))

Here, it is useful to introduce the Hamiltonian H : [0, T ]× Rd × Rd → R of the
problem:

H(t, x, p,m) := sup
a∈A
{−L(t, x, a,m)− 〈Du(t, x), b(t, x, a,m)〉} .

Recalling the final condition on g in the definition of the payoff J , the equation
of interest now reads as follows.

(4.4)

{
−∂tu(t, x)−∆u(t, x) +H(t, x,Du(t, x),m(t)) = 0

u(T, x) = g(x,m(T ))

We call this the Hamilton-Jacobi-Bellman equation. Assume that the supremum
in the definition of H(t, x,Du(t, x),m(t)) is actually achieved for all (t, x) ∈ [0, T ]×
Rd. That is, there exists a map α∗ : [0, T ]×Rd → A such that the following holds.

H(t, x,Du(t, x),m(t)) := −L(t, x, α∗(t, x),m(t))− 〈Du(t, x), b(t, x, α∗(t, x),m(t))〉

We first need to check that this is the optimal strategy for the players, so that
we have a single path X∗s that they all want to follow.

Theorem 4.5. (Verification Theorem) Let α∗ be defined as above. Fix (t, x) ∈
[0, T ] × Rd. Define the control α∗s by α∗s := α∗(s,X∗s ), where (X∗s ) solves the fol-
lowing SDE. {

dX∗s = b(s,X∗s , α
∗(s,X∗s ),m(s))ds+

√
2dBs

X∗t = x

Then, u(t, x) = J(t, x, α∗).

Proof.

g(X∗T ,m(T )) = u(T,X∗T )

= u(t, x) +

∫ T

t

∂tu(s,X∗s ) + 〈Du(s,X∗s ), b(s,Xs, α
∗
s ,m(s))〉

+ ∆u(s,X∗s )ds

Using the fact that α∗s is optimal in H, we can substitute the Hamiltonian into
the expression and then take expectation on both sides.

E [g(X∗T ,m(T ))] = u(t, x) + E
∫ T

t

∂tu(s,X∗s )−H(s,X∗s , Du,m(s))

− L(s,X∗s , α
∗
s ,m(s)) + ∆u(s,X∗s )ds
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Substituting the HJB equation (4.4) into the above, we get the following.

E [g(X∗T ,m(T ))] = u(t, x) + E

[∫ T

t

−L(s,X∗s , α
∗
s ,m(s))ds

]

u(t, x) = E

[∫ T

t

L(s,X∗s , α
∗
s ,m(s))ds+ g(X∗T ,m(T ))

]
.

Hence u(t, x) = J(t, x, α∗), as desired.
�

4.2. Mean Field Limits and the McKean-Vlasov Equation.
In this subsection, we establish what we mean by infinitesimal player, and in what

sense we can take the number of players to infinity. To determine the evolution
of the density of the infinitesimal players, we need a few assumptions. First, we
take the assumption from before that all players control the system with the same
dynamics in (4.1). Second, we assume that the Brownian motions affecting each
player are all independent. Lastly, we assume that the initial distribution of the
agents is given by a probability measure m0 ∈ P(Rd).

We have shown above that the optimal dynamics of each player is given by the
following.

(4.6) dX∗s = b(s,X∗s , α
∗
s ,m(s))ds+

√
2dBs

Now, we consider a system of N players in which player i chooses the optimal
control α∗.

(4.7)

{
dXi

t = b(t,Xi
t , α
∗(t,Xi

t),m
N
X(t))dt+

√
2dBit

Xi
0 = Zi

Here, the Zi are i.i.d. with law m0, the Bit are all independent of each other and
of the Zi. Recall that mN

X(t) denotes the empirical measure at time t, that is,

mN
X(t) =

1

N

N∑
i=1

δXit .

Our goal here is to replace the empirical measure by the measure flow (m(t))t≥0

which goes into the HJB equation. However, we first need a good candidate for
what this flow should be. It is natural to consider the law of the optimal path X∗t .
We can make this more rigorous by introducing the following equation, where we
drop the asterisk on X∗t for clarity.

(4.8)

{
dX̄i

t = b(t, X̄i
t , α
∗(t, X̄i

t),L(X̄i
t))dt+

√
2Bit

X̄i
0 = Zi

This is called the McKean-Vlasov equation. Here, L(Y ) denotes the law of a
random variable Y . Zi is the same random variable as above. We assume Zi takes
values in Rd and is in L2(Ω), where Ω is some probability space. We assume that
both α∗ : [0, T ]× Rd → A and b : [0, T ]× Rd ×A× P(Rd)→ R are Lipschitz.

One can prove the well-posedness of the McKean-Vlasov equation by applying
the Banach Contraction Principle. This proof is outside the scope of this paper
and can be found in [1] and [2].
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We want to show that in some sense, the optimal path in the N -player game
tends to the solution of the McKean-Vlasov equation as N goes to infinity. For
this, we let X̄i

t be a solution to the McKean-Vlasov equation (4.8), and Xi
t be a

solution to (4.7), for all i. Note that we take the same Brownian motion Bit and
the same initial condition Zi for each pair of solutions. However, the Bit and the
Zi are still independent of each other, as before.

Since the Zi are i.i.d., the well-posedness of (4.8) implies that the X̄i
t are also

i.i.d. By uniqueness in the law of the solution of (4.8), we can define L(X̄i
t) := m(t)

because it does not depend on i.

Theorem 4.9. (Mean Field Limit)
For any T > 0,

lim
N→∞

sup
i=1,...,N

E

[
sup
t∈[0,T ]

|Xi
t − X̄i

t |

]
= 0.

Proof. Note that we get the following expression after adding and subtracting a
new term.

Xi
t − X̄i

t =

∫ t

0

b(s,Xi
s, α
∗(s,Xi

s),m
N
X(s))− b(s, X̄i

s, α
∗(s, X̄i

s),m(s))ds

=

∫ t

0

b(s,Xi
s, α
∗(s,Xi

s),m
N
X(s))− b(s, X̄i

s, α
∗(s, X̄i

s),m
N
X̄(s))ds

+

∫ t

0

b(s, X̄i
s, α
∗(s, X̄i

s),m
N
X̄(s))− b(t, X̄i

s, α
∗(s, X̄i

s),m(s))ds

Taking absolute values and using the fact that both b and α∗ are Lipschitz, we
get an inequality.

|Xi
t − X̄i

t | ≤ C
∫ t

0

|Xi
s − X̄i

s|+ d1(mN
X(s),mN

X̄(s))ds

+ C

∫ t

0

d1(mN
X̄(s),m(s))ds,

for some constant C ∈ R.
Recalling the definition of d1, one can check that

d1(mN
X(s),mN

X̄(s)) ≤ 1

N

N∑
i=1

|Xi
s − X̄i

s|.

Plugging this into the previous inequality shows that

|Xi
t − X̄i

t | ≤ C
∫ t

0

1

N

N∑
j=1

|Xj
s − X̄j

s |+ |Xi
s − X̄i

s|ds(4.10)

+ C

∫ t

0

d1(mN
X̄(s),m(s))ds.(4.11)
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Summing over i and dividing by N gives us the following.

1

N

N∑
i=1

|Xi
t − X̄i

t | ≤ 2C

∫ t

0

1

N

N∑
j=1

|Xj
s − X̄j

s |ds

+ C

∫ t

0

d1(mN
X̄(s),m(s))ds.

Now, we use Gronwall’s Lemma and monotonicity of the integral to obtain

1

N

N∑
i=1

|Xi
t − X̄i

t | ≤ CT
∫ T

0

d1(mN
X̄(t),m(t))dt,

where CT is a constant depending on T .
Because this is valid for all t ∈ [0, T ], we can write

sup
t∈[0,T ]

1

N

N∑
i=1

|Xi
t − X̄i

t | ≤ CT
∫ T

0

d1(mN
X̄(t),m(t))dt

Now, we recall the expression we obtained in (4.10). Up to renaming the con-
stant, using the above estimate gives

|Xi
t − X̄i

t | ≤ C
∫ t

0

|Xi
s − X̄i

s|ds+ CT

∫ T

0

d1(mN
X̄(t),m(t))dt.

Applying Gronwall’s Lemma once again gives the following result, with the same
arguments as above.

sup
t∈[0,T ]

|Xi
t − X̄i

t | ≤ CT
∫ T

0

d1(mN
X̄(t),m(t))dt

Taking expectations on both sides, and noting that this is valid for all i shows
that

sup
i=1,...,N

E

[
sup
t∈[0,T ]

|Xi
t − X̄i

t |

]
≤ E

[
CT

∫ T

0

d1(mN
X̄(t),m(t))dt

]
.

The Glivenko-Cantelli Law of Large Numbers implies that the right-hand side
goes to zero as N goes to infinity, so we are done. Note also that by this last
argument, we can change the order of the expectation with the supremums without
affecting our result. �

4.3. Derivation of the Fokker-Planck Equation.
We obtained a unique solution for the McKean-Vlasov equation. Denote it by

(Xt)t≥0, so that L(X0) = m0 is the given initial distribution. We also proved that
this solution is the optimal trajectory of the infinitesimal player, in the sense of the
mean field limit.

Let φ : [0, T ]×Rd → R be a smooth function with compact support in [0, T )×Rd.
By Itô’s formula, we have

0 = E [φ(T,XT )] = E [φ(0, X0)] + E
∫ T

0

∂tφ(t,Xt) + ∆φ(t,Xt)+

+ 〈Dφ(t,Xt), b(t,Xt, α
∗(t,Xt),m(t))〉dt
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Again, the stochastic integral term vanishes because φ is smooth with compact
support. The expectation is taken with respect to the measure flowm(t). Therefore,
we can expand it and use Fubini’s Theorem to obtain

0 =

∫
Rd
φ(0, x)m0(dx) +

∫ T

0

∫
Rd
∂tφ(t, x) + ∆φ(t, x)+

+ 〈Dφ(t, x), b(t, x, α∗(t, x),m(t)〉 m(t)(dx)dt

Recalling how we defined φ, we can see that the first term on the right-hand
side would cancel out if we were allowed to integrate the second term by parts.
Therefore, (m(t))t≥0 satisfies, at least in the distributional sense, the following
Fokker-Planck equation.{

∂tm(t, x)−∆m(t, x) + div(m(t, x)b(t, x, α∗(t, x),m(t, x)) = 0

m(0) = m0

If we assume enough conditions to satisfy the Envelope Theorem (Lemma 4.1.1
in [1]), we can get the following identity from the definition of the Hamiltonian.

Hp(t, x,Du(t, x),m(t)) = −b(t, x, α∗(t, x),m(t))

So, we can rewrite the Fokker-Planck equation as

(4.12)

{
∂tm(t, x)−∆m(t, x)− div(mHp(t, x,Du(t, x),m(t))) = 0

m(0) = m0

5. Existence and Uniqueness of a solution to the Quadratic MFG

5.1. Proof of Existence. In order to simplify the system, we assume that the
Hamiltonian H takes the following form.

H(t, x, p,m) =
1

2
|p|2 − F (x,m)

This Hamiltonian yields a second-order quadratic Mean Field Game system:

(5.1)


−∂tu(t, x)−∆u(t, x) + 1

2 |Du(t, x)|2 = F (x,m(t)) in (0, T )× Rd

∂tm(t, x)−∆m(t, x)− div(m(t, x)Du(t, x)) = 0 in (0, T )× Rd

m(0) = m0, u(T, x) = G(x,m(T )) in Rd

We assume a few conditions on the coefficients.

(i) F and G are uniformly bounded in Rd × P1(Rd).

(ii) G(·,m) is bounded in C2+α(Rd), uniformly in m, for some α ∈ (0, 1).

(iii) F and G are Lipschitz.

(iv) m0 is absolutely continuous with respect to the Lebesgue measure.

(v) The density of m0, also denoted by m0, is in C2+α(Rd)

(vi) m0 satisfies

∫
Rd
|x|m0(x)dx < +∞

Definition 5.2. A pair (u,m) is a classical solution to (5.1) if u,m : [0, T ]×Rd → R
are continuous, C2 in space, C1 in time, and they satisfy (5.1) in the classical sense.
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With these assumptions, we claim that there exists a classical solution to the
MFG system above. The idea of the proof is to use Schauder’s Fixed Point Theorem
on some set C of measure flows. The function that we will use corresponds to taking
some measure flow in C, solving the HJB equation corresponding to this flow, and
finally plugging in this solution into the FP equation, which will return a new
measure flow.

First, we need some estimates and results on the HJB and FP equations. We
begin by analyzing a general Fokker-Planck equation for some vector field b : [0, T ]×
Rd → Rd which is bounded, continuous, and uniformly Lipschitz in space.

(5.3)

{
∂tm(t, x)−∆m(t, x)− div(m(t, x)b(t, x)) = 0

m(0, x) = m0(x)

We say a measure flow m ∈ C([0, T ],P(Rd)) is a weak solution of (5.3) provided
that, for any φ ∈ C∞([0, T ]×Rd) with compact support in [0, T )×Rd, the following
holds.

0 =

∫
Rd
φ(0, x)m0(dx) +

∫ T

0

∫
Rd
∂tφ(t, x) + ∆φ(t, x)+

+ 〈Dφ(t, x), b(t, x)〉 m(t)(dx)dt

Now, consider the SDE

(5.4)

{
dXt = b(t,Xt)dt+

√
2dBt

X0 = Z0

Our assumptions imply that this SDE has a unique solution. Here, (Bt)t≥0 is
d-dimensional Brownian motion, and Z0 is a random variable with law m0. They
are independent, defined over some probability space Ω, and Z0 ∈ L1(Ω).

We claim that m(t) := L(Xt) is a weak solution to (5.3). We omit the proof
because it is the same computation as the one in the derivation of (4.12).

Lemma 5.5. For (m(t))t≥0 defined as above, s, t ∈ [0, T ], and s ≤ t we have

d1(m(t),m(s)) ≤ C0(1 + ||b||∞)|t− s| 12 ,

for some constant C0 depending on T only.

Proof. Recall that

d1(m(t),m(s)) = sup
φ:Rd→Rd

{∫
Rd
φ(x)(m(t)−m(s))(dx)

}
,

where the sup is taken over 1-Lipschitz maps φ. By definition of the expectation,
we get the following.

d1(m(t),m(s)) = sup
φ:Rd→Rd

E [φ(Xt)− φ(Xs)]

≤ sup
φ:Rd→Rd

E [|φ(Xt)− φ(Xs)|]

≤ E [|Xt −Xs|] .
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Using the characterization of (Xt)t≥0, we have

E [|Xt −Xs|] = E
[∣∣∣∣∫ t

s

b(r,Xr)dr +
√

2(Bt −Bs)
∣∣∣∣]

≤ ||b||∞(t− s) +
√

2(t− s).

Note that since s, t ∈ [0, T ], there exists a constant C such that |t−s| ≤ C|t−s| 12 ,
for all such s and t. Therefore, we can rewrite the above result:

d1(m(t),m(s)) ≤ C0(1 + ||b||∞)|t− s| 12 .

�

Lemma 5.6. There exists a constant C0, depending on T only, such that∫
Rd
|x|2m(t)(dx) ≤ C0

(
1 +

∫
Rd
|x|2m0(dx) + ||b||∞

)
,

for all t ∈ [0, T ].

The proof of this Lemma is a straightforward application of Hölder’s inequality
to the counting measure, after using the definition of m(t).

Define the set C ⊂ C([0, T ],P1(Rd)) by letting (µ(t))t≥0 ∈ C if and only if

sup
t6=s

d1(µ(t), µ(s))

|t− s| 12
≤ C1,

and

sup
t∈[0,T ]

∫
Rd
|x2|dm(t)(x) ≤ C1,

for some constant C1 to be chosen later.
Note that C is convex and closed. In fact, C is compact because the set of

measures µ ∈ P1 such that ∫
Rd
|x|2µ(dx) ≤ C1

is compact. This result follows again by Prokhorov’s compactness criterion, after
one takes the ball of radius 2

√
C1/ε as the set Kε in the statement of the theorem

in [7].
We now turn our attention to the Hamilton-Jacobi-Bellman equation. In general

terms, for some (µ(t))t≥0 ∈ C, we consider the following equation.

(5.7)

{
−∂tu(t, x)−∆u(t, x) + 1

2 |Du(t, x)|2 = F (x, µ(t))

u(T, x) = G(x, µ(T ))

By the comparison principle, any function u satisfying (5.7) is bounded by the
constant (1 + T )C0, since u is a solution and C0(1 + t) is a supersolution of (5.7).
Along with the assumptions on F and G, the bound on u gives the estimates needed
to apply Theorem 8.1 on page 495 of [3]. The theorem then shows that the above

equation has a unique solution, which belongs to C2+ 1
2 ([0, T ]× Rd).

Similarly, a comparison principle shows that u is C-Lipschitz, for some constant
C large enough, independently of µ. Thus, Du is bounded by C for all µ.
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One can also check that (5.7) has a unique solution u if and only if the following
equation on w = e−

u
2 has a unique solution. This is called the Hopf-Cole Transform.

(5.8)

{
∂tw(t, x) + ∆w(t, x) = 1

2wF (x, µ(t))

w(T, x) = e−
G(T,µ(T ))

2

The regularity assumptions on F andG give us some regularity on the coefficients

of (5.8) as well. We claim that (x, t) 7→ F (x, µ(t)) and x 7→ e−
G(x,µ(T ))

2 are 1
2 -Hölder

continuous. Indeed, F is Lipschitz, so

|F (x, µ(t))− F (y, µ(s))| ≤ C0(|x− y|+ d1(µ(t), µ(s))).

If |x−y| ≤ 1, we get |x−y| ≤ |x−y| 12 . But µ ∈ C, and F is uniformly bounded by

C0. Hence, if |x− y| > 1, the constraint is never binding. In this case, |x− y| 12 > 1

as well. Therefore, we can replace |x−y| by |x−y| 12 in the above expression. Since
µ ∈ C, we get

|F (x, µ(t))− F (y, µ(s))| ≤ C1(|x− y| 12 + |t− s| 12 ),

for all x, y ∈ Rd and s, t ∈ [0, T ].

The function G is uniformly bounded, thus the map x 7→ e−
G(x,µ(T )

2 is also
uniformly bounded. Now, for y 6= x,

e−
G(x,µ(T ))

2 − e−
G(y,µ(T ))

2 =

[
G(y, µ(T ))

2
− G(x, µ(T ))

2

]
eξ,

for some ξ ∈ [−C0, C0]. Because G is Lipschitz, we get∣∣∣e−G(x,µ(T ))
2 − e−

G(y,µ(T ))
2

∣∣∣ ≤ C0 |x− y| eC0 ≤ C|x− y| 12 .

In the last step, we note that our function lives in a bounded interval.
The unique solution of (5.8) belongs to C2+ 1

2 . Indeed, Theorem 5.1 on page 320
of [3] shows that the heat equation

(5.9)

{
∂tw −∆w + 〈a(t, x), Dw〉+ b(t, x)w = f(t, x)

w(0, x) = w0(x)

has a unique weak solution, which actually belongs to C2+ 1
2 . For this result, we

need that a : [0, T ] × Rd → Rd, b : [0, T ] × Rd → R, f : [0, T ] × Rd → R, and

w0 : Rd → R all belong to C
1
2 .

Another useful estimate from [3] is the following interior estimate. If a = b = 0, f
is continuous and bounded, then any bounded classical solution w of (5.9) satisfies,
for any compact K ⊂ [0, T ]× Rd, the following estimate (Theorem 11.1, p. 211 of
[3]).

(5.10) sup
(t,x),(s,y)∈K

|Dw(t, x)−Dw(s, y)|
|x− y|β + |t− s| β2

≤ C(K, ||w||∞)||f ||∞

Here, C is a constant depending on the set K and on ||w||∞, and β ∈ (0, 1)
depends on the dimension d only.

The above regularity results on the heat equation therefore tell us that Du is
bounded, continuous, and uniformly Lipschitz in space. Now, given a solution u to
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(5.7), we associate to µ the measure m given by the unique solution of

(5.11)

{
∂tm(t, x)−∆m(t, x)− div(mDu) = 0

m(0, x) = m0(x).

We know such solution exists by the above result of [3], after rewriting (5.11) as

(5.12)

{
∂tm(t, x)−∆m(t, x)− 〈Dm,Du〉 −m∆u = 0

m(0, x) = m0(x).

We know u is C2+ 1
2 , so both Du and ∆u are C

1
2 . Hence, m is also C2+ 1

2 . Define
the function Ψ : C → C by Ψ(µ) = m. To see that Ψ is well-defined, recall that
Lemma 5.5 shows that

d1(m(t),m(s)) ≤ C0(1 + ||Du||∞)|t− s| 12 .

From the results on the HJB equation, for any µ ∈ C, Du is bounded by C
because u is C-Lipschitz. Hence, the above yields

d1(m(t),m(s)) ≤ C0(1 + C)|t− s| 12 .

Similarly, Lemma 5.6 shows that∫
Rd
|x|2m(t)(dx) ≤ C0

(
1 +

∫
Rd
|x|2m0(dx) + C

)
.

We have established previously that the constants above do not depend on µ.
Therefore, in the definition of C, we can choose some constant C1 large enough so
that the map Ψ is well-defined. It remains to check that Ψ is continuous. Suppose
µn → µ in C. Let un and u be the corresponding solution to the HJB equation in
(5.7). F and G are Lipschitz, so the maps (x, t) 7→ F (x, µn(t)) and x 7→ G(x, µn(T ))
converge locally uniformly to (x, t) 7→ F (x, µ(t)) and x 7→ G(x, µ(T )), respectively.
Hence, by the theory of viscosity solutions (as outlined in [6] and [8], for instance),
we have un → u locally uniformly.

Uniform boundedness of the Dun means that the un solve an equation of the
form

∂tun −∆un = fn,

where the fn := F (x, µn)− 1
2 |Dun|

2 are uniformly bounded in x and n. Thus, the
result in (5.10) shows that the Dun are locally uniformly Hölder continuous, and
thus Dun → Du locally uniformly.

Let mn := Ψ(µn). Then, every subsequence of {mn}n∈N has a convergent sub-
sequence in C, since C is compact. But the Dun converge locally uniformly to
Du, so any limit of the mn must converge to a weak solution of (5.11). From the
uniqueness result, this limit must be equal to m. Hence, mn → m as n→∞.

We showed that Ψ is a continuous function from the compact convex set C into
itself. The image Ψ(C) must therefore be precompact, so we conclude by Schauder’s
Fixed Point Theorem that there exists a fixed point m of Ψ. Let u be the associated
solution of (5.7), with m in place of µ. The pair (u,m) solves (5.1), and so we are
done.
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5.2. Proof of Uniqueness. For the uniqueness result, we assume the Lasry-Lions
monotonicity conditions:

(5.13)

∫
Rd
F (x,m1)− F (x,m2)d(m1 −m2)(x) ≥ 0 for all m1,m2 ∈ P1

and

(5.14)

∫
Rd
G(x,m1)−G(x,m2)d(m1 −m2)(x) ≥ 0 for all m1,m2 ∈ P1.

Theorem 5.15. Under the monotonicity conditions and the previous assumptions,
there exists a unique classical solution to (5.1).

Proof. The reader can check, as an analysis exercise, that we can use any C2 func-
tion w as a test function for m in the definition of weak solution. Suppose (u1,m1)
and (u2,m2) are both classical solutions to (5.1). Set ū := u1−u2 and m̄ := m1−m2.
Then,

(5.16) − ∂tū−∆ū+
1

2
(|Du1|2 − |Du2|2)− (F (x,m1)− F (x,m2)) = 0

and

(5.17) ∂tm̄−∆m̄− div(m1Du1 −m2Du2) = 0.

Recall ū is C2, so that we can use ū as a test function in (5.17). Integrating by
parts and using that m̄(0) = 0 yields the following.

−
∫ T

0

∫
Rd
ū(∂tm̄−∆m̄− div(m1Du1 −m2Du2)) = 0

−
∫
Rd

(ūm̄)(T ) +

∫ T

0

∫
Rd

(∂tū+ ∆ū)m̄−
∫ T

0

∫
Rd
〈Dū,m1Du1 −m2Du2〉 = 0

Multiply (5.16) by m̄, integrate over (0, T ) × Rd, and add to the last equality.
Recalling that ui(x, T ) = G(x,mi(T )), we find that

−
∫
Rd

(m1(T )−m2(T ))(G(m1(T ))−G(m2(T ))) +

∫ T

0

∫
Rd

m̄

2
(|Du1|2 − |Du2|2)

−
∫ T

0

∫
Rd

[m̄(F (x,m1)− F (x,m2)) + 〈Dū,m1Du1 −m2Du2〉] = 0.

Note also the following expansion of the inner product:

−m1 +m2

2
|Du1 −Du2|2 =

m̄

2
(|Du1|2 − |Du2|2)− 〈Dū,m1Du1 −m2Du2〉.

Hence, we can summarize the above as

−
∫ T

0

∫
Rd

m1 +m2

2
|Du1 −Du2|2 =

∫
Rd

(m1(T )−m2(T ))(G(m1(T ))−G(m2(T )))

+

∫ T

0

∫
Rd

(m1 −m2)(F (x,m1)− F (x,m2)).

From the monotonicity assumptions, the right-hand side is nonnegative. Since
the left-hand side is nonpositive, we must have Du1 = Du2 m1- and m2-almost ev-
erywhere. So, m1 and m2 solve the same Fokker-Plank equation, and by uniqueness
we get m1 = m2. Similarly, u1 = u2, so the solution to (5.1) is unique. �
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