HOMOLOGY, COHOMOLOGY, AND THE DE RHAM THEOREM

CHAD BERKICH

ABSTRACT. This paper is devoted to several commonly used homology and co-
homology theories, as well as an important result which links them together—
the de Rham theorem. We introduce singular homology, singular cohomology
as well as de Rham cohomology in the first few sections. Then we state and
prove the de Rham theorem. Finally, an application of the de Rham theorem
will be provided.
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1. INTRODUCTION

The primary idea behind (co)homology is trying to identify ”n-dimensional
holes” in a topological space. Common examples are the hole in the center of
a torus and the inside of a hollow sphere. Holes are interesting to measure because
the mechanisms used to measure them, their homology and cohomology groups, are
algebraic topological invariants.

There are two different ways to do this: singular homology and de Rham co-
homology. Singular homology groups are the quotients of the groups of ”closed
singular chains” and ”boundary singular chains.” Closed chains are chains sent to
zero by the boundary operator. Boundary chains are singular chains which are
obtained by applying the boundary operator to other chains, and are a subgroup
of closed chains. De Rham cohomology groups are the quotient of the groups of
”closed forms” and ”exact forms.” Closed forms are differential forms whose exte-
rior derivative is zero. FExact forms are differential forms which are obtained by
applying the exterior derivative to other forms and are a subgroup of closed forms.
These concepts will be introduced in section 2 and section 3, respectively.

While the methods are different, they have a similar logic behind them. The
de Rham Theorem proves an isomorphism between singular cohomology groups,
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the dual of the singular homology groups, and the de Rham cohomology groups.
Section 4 and section 5 are devoted to detailed explanations of them.
Finally, in section 6 an application of the de Rham theorem is given.

2. SINGULAR HOMOLOGY

This first section will be concerned with developing the theory of singular ho-
mology. A standard introduction to this topic is Chapter 2 of [Hat02]. One can
also find a brief summary at the beginning of Chapter 18 of [Leel2].

To begin, we define the k-simplex.

Definition 2.1. A (geometric) k-simplex is a subset of R™ of the form

k k
D twil0 <t <1,) =1},
=0 1=0

where {vg, v1, - , v} are k+1 affinely independent points in R"™. We use [vg, vy, - ,
vi] to denote the k-simplex with vertices vg, vy, -« -, vg.

The dimension of the simplex is defined as the integer k, or one less than the
amount of vertices. This is a generalization of a triangle or tetrahedron to k di-
mensions.

AF :=10,e1,--- ,e;] C R¥ is called the standard k-simplex, where e; is the i-th
standard basis vector of R¥.

Definition 2.2. A simplex whose vertices are a non-empty subset of the vertices
{vo,v1, - ,vr} is called a face of the simplex. Subsets with m + 1 vertices are
m-simplices, A™. (k — 1)-dimensional faces are the boundary faces.

Having defined the k-simplex, we will now turn our attention to how it can
be used in relation to topological spaces, specifically through the creation of the
singular k-simplex.

Definition 2.3. For a topological space X, a singular k-simplex in X is a contin-
uous map o : AF — X

Definition 2.4. The free abelian group generated by all singular k-simplices in X,
denoted as Cj(X), is called the singular chain group of X in degree k. An element
in Ci(X) is called a singular k-chain. It is is a finite formal linear combination
>, a;oy, where a; € Z.

Having defined both the singular k-simplex and the singular chain group, we
now turn our attention to the boundary operator, which decomposes k-simplices
into a sum of its (k — 1)-faces.

Definition 2.5. The boundary operator O : Cy — Ci_1 is defined as
k
8k(0) = Z(fl)la‘[vo,vh-“ Vi—1,Vi41," U]
i=0
where o|(yg 01, vi_1,0i41,-- vz 1S the restriction of o to the boundary face [vo, vy, - - -,
Vie1,Vit1, - ,Vk] ({v;} are the vertices of the simplex). For any 0,, such that
m >k or m < 0 is defined as the zero map.

Proposition 2.6. For any k-chain, the boundary of its boundary is trivial, or

ak_l(ak(ff)) =0.
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Proof. As previously stated,

k
ak(a) = Z(fl)la‘[vo,vlf“ Vi—1,Vit1, " Vk)
1=0
Now consider d;_1(0x(0)). This gives
k i—1
ak—l(ak(g)) = Z (71)j (71)10—“’1}07’1}17'“ UG 1,041,570 yVim1,Vidk 1, U]
i=0 \ j=0

k
+ Z (*1)j71(*1)10|[vo,v1,“' Vi1,V 157 V=1,V 41,7 VK]
j=it1

Since the i-th term was already removed by the first boundary operator, it cannot
be removed again. This means the next term to be removed by the second boundary
operator is the (i + 1)-th term. The sign is (—1)7~! as the next sign would have
been (—1)¢. The sums cancel as they have opposite signs of (—1)**/ and (—1)*+7~!
and they cover the same terms. For example, for the first sum when ¢ = m and
7 = n this gives

(71)m+n0|[vo,v1,“

Then, for the second sum, when ¢ = n and j = m, this gives

S Un—1,Un41, s Um—1,Um+1," ,Vk]*

(_1)m+n—1

0’|[U0,U17"' JUn—1,Unt1,""" ;Um—1,Um41,"" ,Vk]

Thus, O;—1(0k(c)) = 0. O
Corollary 2.7. Im(9x+1) C Ker(0k)

Proof. Suppose o is a k-chain in Im(9x+1). Then o = g1 (v) where v is a (k+1)-
chain. By Proposition 2.6,

O(0) = Ok (Op41(v)) =0
Thus, o € Ker(9y) and Im(9x41) C Ker(9y). O
Definition 2.8. The singular homology group is defined as Hy (X ) = Ker(9x)/Im(Ok+1)-
We will now prove some important properties of the singular homology group.

Proposition 2.9. For a collection of path-connected topological spaces {X;}, where
X = [I,; X, an isomorphism Hy(X) = @, Hi(X;) is induced by the inclusion
maps t; 1 X; — X.

Proof. Because they are continuous, singular simplices have path-connected images,
so the inclusion maps induce an isomorphism Ck(X) = B, C(X;). Because the

boundary operator is a homomorphism, this relation is preserved. Thus, the same
will apply to the homology groups, and Hy(X) = €D; Hi(X;). O

Before we prove the next property, an important notion must be defined.

Definition 2.10. A k-chain is homologous to 0 if it is the boundary of an k + 1-
chain, or ¢ = 9v for 0 € Cf(X) and v € C41(X). This is denoted as o ~ 0. If
o — €~ 0, where o and € are k-chains, then o ~ ¢ and they are homologous.

Proposition 2.11. For a path-connected, non-empty topological space X, Hyo(X) =
Z.



4 CHAD BERKICH

Proof. Ho(X) = Ker(dp)/Im(01) = Co/Im(d) by definition as dy is the zero map.
Let I : Co — Z be a homomorphism such that I(}, a;0;) = >, a;. I is called the
index of a chain. Since X is non-empty, this is surjective. If Ker(I) = Im(0;) when
X is path-connected, then I induces an isomorphism Hy(X) — Z.

Let 0 € C1(X) and 0 = ), a;0;. By definition, 9(0) = >, a;0il[w,] —>_; @i0i[u,]-
Applying the index gives I(0(0)) = >, a; — >, a; = 0. Thus, Im(9;) C Ker(I)
and if o ~ 0, then I(o) = 0. Next, let  and y be points in X. Since X is path-
connected, there exists a path between them of singular 1-simplices o; = (p;, p; +1)

k-1
where 0 <i<k—1,py) ==, and py =y. Let o0 = Z ao;. Applying the boundary
i=0
operator gives
k-1 k-1
d(o) = Zaa(ai) = Z a(pi+1 — pi) = a(y — )
i=0 i=0

Thus, I(0(0)) = 0. Because (o) is a boundary, there exists a 0-chain v such that
v =0(0) ~ 0. This implies that a(y — z) ~ 0 and thus ay ~ ax. Thus, any 0-chain
in X is homologous to azx. Since v ~ 0 means that I(v) = 0, homologous chains
have equal indices. v ~ az implies that I(v) = I(az) = a and v ~ I(v)x. So, if
I(v) =0, then v ~ 0. Thus, Ker(I) C Im(d,). O

Corollary 2.12. Ho(X) = @, Z where j is the number of path-connected compo-
nents of X.

Proof. This follows from Propositions 2.9 and 2.11. O

Proposition 2.13. For a one-point space {p}, Hyo({p}) = Z and Hy({p}) =0 for
k #0.

Proof. There exists a unique singular k-simplex o, : A¥ — {p} for every k such
that do, = >_,;(—1)‘ok_1. Since this is a sum of k + 1 terms, it is 0 when k + 1
is even and o;_; when k + 1 is odd and k # 0. This results in the following chain
complex of alternating isomorphisms and trivial maps:

~ ~

C/ 7 s7 =7 _%.7

o

Since Ker(9;) = Im(dk+1), this gives Hi({p}) = 0 for k # 0. Finally, since the
one-point space only has one path-connected component, Hy({p}) = Z follows from
Proposition 2.11. O

3. EXTERIOR DIFFERENTIATION AND DE RHAM COHOMOLOGY

The main references for this section are Chapter 7 of [Tull] and Chapter 17
of [Leel2]. Some familiarity with smooth manifolds and differential forms will be
assumed. Readers are recommended to look up basic notions and conclusions in
Chapter 5 of [Tull] and Chapter 14 of [Leel2].

Before defining it on manifolds, we will define the exterior derivative on Euclidean
spaces.

Definition 3.1. Consider a smooth differential k-form w = ", wydz’ on an open
subset U C R™. dz! refers to dz™* A dz®> A --- A dz* for a multi-index I =



HOMOLOGY, COHOMOLOGY, AND THE DE RHAM THEOREM 5

(i1,i2,+* ,im). The exterior derivative of w is defined as

dw—Zde/\dx —Zz%d N

where j iterates {1,2, -+ ,n}.
The exterior derivative is linear over R and is a (k + 1)-form.
Definition 3.2. A differential form w is closed if dw = 0.

Definition 3.3. A differential form w is ezact if there exists a (k — 1)-form 7 such
that w = dn.

Now, some important properties of the exterior derivative will be proven.

Proposition 3.4. Consider a smooth k-form w and smooth l-form n on an open
subset of U C R™. The following property holds:

dwAn) =dwAn+ (=1)FwAdny
This is the product rule for the exterior derivative.

Proof. Let w =Y, frdz" and n =", gsdz’. Applying the exterior derivative on
their wedge product gives

dlwAn) = ZZ(af[ J+ag]f])dl'm/\dlj/\dfﬂJ

8 m
I,J m=1

To more easily manipulate the sums, they will be split into two different sums over
(gjjlg + 294 fI) Consider the first sum with gg,ﬁ gs- By linearity, it can be

ox™

reordered into this form:

ZZ 8f1dm ANdz! A gyde? = dw A

I,J m= 1

Now consider the second sum. By the anti-commutativity of the wedge product,
dz™ Adz! = (=1)F(dz! Adx™), and by linearity, it can be reordered into this form:

(=D* Z Z frdz" A %dmm Adz! = (=1)Fw Adn

I,J m=1
Thus, adding the two sums together gives d(w A7) = dw A1+ (=1)Fw A dn. O
Proposition 3.5. Every exact form is closed. In another word, d*> = 0.

Proof. Consider a differential k-form w = ), frdz!. Then, applying the exterior

derivative gives
0
duo = ZZ Ot g0t
I
Applying the exterior derivative again gives

dw=>( 3 zn: 8f’ Lda™ A da' A da”).

I m=1Il=1
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Consider the sum in the parenthesis on the right hand side for a fixed I. When
m = [, these terms just go to 0 since dm A dm = 0. Thus, the sum can split into
two sections:

n m-—1 n n
9 fi Un o 9 fi Un o
dz™ Ndx' Nd dz™ Ndx' Nd
mZZI ; d.%'mdxl ’ ) o 7nZ::l l=m+1 dl’md.%'l ’ ’ ’

Since | = m + 1 for the second sum, this means that [ — 1 = m. Thus, the second
sum can be re-indexed as:
n -1

5?2
SN LI gt n e
dz™da!
=1 m=1
Since dx™ A dx! = —(dx' A do™) this allows the second sum to be re-indexed by

switching [ and m. This only requires that a negative be introduced to account for
the anti-commutativity of the wedge product. Thus, this gives

n m-—1
— Z Z o1 dz™ A dzt A dat

dzmdx!
m=1 [=1

Combining this with the other sum gives 0. Thus, d?w = 0. ]

Moreover, from the definition of the exterior derivative one can easily verify the
following:

Proposition 3.6. For a vector field X on U and f € C(U), we have (df )(X) =
X7.

In fact, the exterior derivative on U can be characterized uniquely by the three
previous properties. To be more concrete, we have the following proposition:

Proposition 3.7. Let D : Q*(U) — Q*(U) be a linear map satisfying:

(1) D(wAn) = DwAn+ (—1)*w A Dn, where k is the degree of the form w;

(2) D? =0;

(8) For a vector field X on U and f € C*°(U), we have (Df)(X)=Xf.

Then D=d on U.

Proof. Since every k-form on U is a combination of terms like fdxz® A --- A dx'*,
it suffices to show that D coincides with d on such terms. By (iii), Df = df for

f e C>U). And Ddz* = DDz’ = 0 by (ii). From (i) we know that for all k& and
all multi-indices I of length k, we have

D(dz') = D(dz™ A --- Adz®™) = 0.
Finally, for fdz! = fdx™ A--- A dx'*,
D(fdz") = (Df) ANda' + fD(dz") = (df) A dx! = d(fdx").
Thus, D coincides with d on U. O

Now we can expand our horizon to arbitrary smooth manifolds instead of Eu-
clidean spaces. There is a generalization of the exterior derivative on smooth man-
ifolds:

Theorem 3.8. Let M be a smooth manifold, with or without boundary. Let QF(M)
denote the vector space of smooth k-forms for M. There exists a R-linear map
d: QF(M) — Q1 (M) such that the following properties hold:
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(1) dlwAn) =dwAn+(=1)kw Adn
(2) d?w =0
This is the exterior derivative on smooth manifolds.
Proof. Let w be a smooth differential k-form on M and let p be a point in M. Let

(U, z*, 22, - - ,xk) be a smooth chart on M where p € U. Suppose w =, frdx’
on U. Let dy be the exterior derivative on U. The exterior derivative of w on U is

dyw =Y dfs Ada'
I

Let dw|, = dyw|,. We need to show that this definition of dw|, is independent of
the choice of open an U. Thus, let (V,y!, 2, - ,yk) be a smooth chart on M and
letw=>3", gsdy” on V. Assume UNV is non-empty and let p € UNV. On UNV,

w=y frdx' =3 gsdy’
I J

Additionally, from above we know that there is a unique exterior derivative dyny :
QUNV)— Q*(UnNV) such that

dunyv (Y frda') = duav (D gsdy”),
T 7

or

> dfr nda' = dgs Ady’.
I J

This implies that they also agree when applied at p, so dw|, is well defined, inde-
pendently of the chart. The properties follow from the proofs of Propositions 3.4
and 3.5. O

One can also prove that the exterior derivative on manifolds is unique. A proof
can be seen in section 19.4 of [Tull].

Definition 3.9. Let M be a smooth manifold with or without boundary, and let
k € Z and k > 0. The exterior derivative d : Q¥ (M) — QFF1(M) is R-linear, so its
subspaces are also R-linear. Thus, define

ZF(M) = Ker(d : QF(M) — Q*1(M))
or the closed smooth k-forms on M. Then, define
BR(M) =Tm(d : Q" (M) — Q~(M))

or the eract smooth k-forms on M. If k > dim(M) or k < 0, then QF is the zero
vector space.

Since each closed form is exact as d?w = 0 for any k-form, this implies that
Bk(M) C Z¥(M). With this fact in mind, we now define the de Rham cohmology
groups.

Definition 3.10. The kth de Rham cohomology group of M is defined to be
Hgp = Z"(M)/B"(M)
The use of the subscript dR is used to denote that this is the de Rham cohomology

group'.

1Despite the use of the word ”group” here, the de Rham cohomology group is actually a real
vector space.
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We will now prove an important result about de Rham cohomology groups.

Proposition 3.11. For a countable collection of smooth k-manifolds {M;} with or
without boundary, where M = [[; M;, there exists an isomorphism from [, HEL (M)
to HEL (M) and which is induced by the inclusion maps t; : M; — M.

Proof. The pullback of the inclusion maps ¢ : QF (M) — QF(M;) induce an isomor-
phism from QF(M) to I, QF(M;), sending w to (Ljw, thw, ) = (Wlar, wla, )
If a smooth k-form is zero on each Mj, then it is zero on M, so the map is injective.
The map is surjective because defining a k-form on each M; defines a k-form on
M. By passing to quotients we obtain an isomorphism on de Rham cohomology
groups. This must be countable because smooth manifolds are second-countable.
Thus, in order for M to be smooth, it must be second countable, which is only
accomplished when M; is countable. (I

4. SINGULAR COHOMOLOGY AND SMOOTH SINGULAR HOMOLOGY

We will now define a new cohomology theory, called singular cohomology. A
standard introduction to this topic is Chapter 3 of [Hat02]. For our purposes, we
will follow the first few sections of Chapter 18 of [Leel2], which are only concerned
with coefficients on R.

Definition 4.1. Let G be an abelian group. Consider C*(X; G) = Hom(Cy(X); G),
which is called the group of singular k-cochains with coefficients in G. The differ-
ential map & : C*(X;G) — CF*1(X;@G) is dual to the boundary operator J;, on
chains. The spaces of singular cochains and § form a cochain complex. The kth
singular cohomology group is defined as H*(X;G) = Ker (1) /Im(Sx+1)-

When G = R, H*(X;G) is naturally isomorphic to Hom(H(X),R). So from
now we just take Hom(H(X),R) as the definition of H*(X; Q).

Proposition 4.2. Properties of Singular Cohomology:

a. For a single point {q}, H*({q};R) is one dimensional when k = 0 and trivial
when k # 0.
b. For a collection of topological spaces {X;}, where X = ]_[j X, the inclusion map

tj+ Xj = X induces an isomorphism H*(X;R) I1; HR(X;;R)

Proof.

a. By Proposition 2.13, Hy({¢q}) = Z and Hy({q}) = 0 for & # 0. Since a homo-
morphism from H({¢q}) to R determines and is determined by the image of the
generator 1 € Z under it, we have H°({¢};R) 2 R and H*({q};R) = 0.

b. By Proposition 2.9, the inclusions maps induce an isomorphism Hy(X) = B, Hi(X;)

and thus Hom(Hy(X),R) = HF(X;R) = Hom(, Hr(X;),R). By Proposition
B.57%in [Leel2], Hom(; Hr(X;),R) = [[; Hom(Hy(X;),R) =[], H*(X;;R).
Thus, H*(X;R) = Hj HE(X;;R).

O

We will now begin to define smooth singular homology, which will correspond
closely with our original definitions of singular homology.

2Part of Appendix B
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Definition 4.3. For a smooth manifold M, a smooth k-simplex in M is defined to
be a smooth map o : AF — M.

Definition 4.4. The smooth chain group in degree k is denoted as Cp°(M) C
Ci(M). Elements in the group, which are called smooth chains, are finite formal
linear combinations of smooth k-simplices.

Now, we will use the fact that the boundary of a smooth simplex is a smooth
chain to define another homology group.
Definition 4.5. The kth smooth singular homology group of M is defined as

o Ker(0y : CP (M) — Cg° (M)
HE (M) = s O (M) = oo (i

(O 2 O (M) = O (M)
where the boundary operator is the same as defined in Definition 2.5 as C°(M) C
Cr(M).

Theorem 4.6. For a smooth manifold M, the map v, : H® (M) — Hy (M), which
is induced by inclusion, is an isomorphism.

Remark 4.7. The proof of Theorem 4.6 is too long to put here. The readers can
find it in Page 478 of [Leel2] (proof of Theorem 18.7).

This conclusion is an important bridge in the proof of the de Rham theorem.
We will see the role it plays in the well-definedness of Definition 5.5.

5. THE DE RHAM THEOREM

Having defined all the necessary homology and cohomology groups, we will now
build up some necessary results to prove the de Rham theorem. The approach we
follow is due to Glen E. Bredon and can be found in the last section of Chapter 18
of [Leel2].

The proof of the de Rham Theorem partially relies on Mayer-Vietoris sequences.
While these diagrams will not be explicitly covered, they can also be found in
[Leel2]: Theorem 18.4 for singular homology, Theorem 17.20 for de Rham coho-
mology, and Theorem 18.6 for singular cohomology.

First, we introduce an important tool for proving isomorphisms of (co)homology
theories.

Proposition 5.1. The Five Lemma:

A f1 B f2 C f3 D fa E

lhl \Lhz ihs lhél \th

A g1 B 92 C, g3 D' 94 B
If the diagram is commutative, the horizontal rows are exact, and hy, ha, hg, and hs
are tsomorphisms, then hs is also an isomorphism.

Proof. First we will prove surjectivity. Let ¢’ € C'. hy is surjective, so there exists
d € D such that g3(¢/) = ha(d). Since g4 is exact, gs(g3(c’)) = 0. Because the
diagram is commutative, hs(fs4(d)) = ga(ha(d)). Since g3(c’) = ha(d), hs(fs(d)) =
ga(ha(d)) = ga(gs(c’)) = 0. Thus, fs(d) = 0.

For that ¢, consider the equation gs(c¢’) —gs(hs(c)). Since the diagram is commu-
tative, g3(hs(c)) = ha(f3(c)) = ha(d) and thus gs(c’) — gs(hs(c)) = g3(c') — ha(d) =
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0. This implies that gs(¢’ — h3(c)) = 0. Because the rows are exact, there exists
b € B’ such that ¢/ —hg(c) = g2(V’). Because hy is surjective, there exists b € B such
that ' = ho(b). Thus, hs(c+ f2(b)) which is equal to hz(c) + hz(f2(b)) because hs is
a homomorphism. Then hs(c) + hs(f2(b)) = hs(c) + g2(ha(b)) = hs(c) + g2(b') = ¢
so hg is surjective.

Now we will prove injectivity. Suppose hs(c) = 0. Then gs(hs(c)) = 0. Since
the diagram is commutative, gs(hs(c)) = ha(f3(c)) = 0. Since hy is injective, this
means f3(c) = 0. Since the rows are exact, there exists b € B such that ¢ = fo(b)
and hs(f2(b)) = g2(h2(b)) = 0. Thus, there exists a’ € A’ such that ho(b) = g1(a’).
Since hy is surjective, there exists a € A such that a’ = hq(a). Since hs is injective,
ha(fi(a) —b) = ha(fi(a)) — ha(b) = g1(h1(a)) — ha(b) = gi(a’) — ha(b) = 0. Thus,
fi(a) =b=0and ¢ = f2(b) = f2(f1(a)) = 0. Since the kernel of hs is trivial, hs is
injective. [

Now, we will introduce a variant of Stokes’ Theorem for differential forms, Stokes’
Theorem for Chains. Recall that the original Stokes’ Theorem is

Theorem 5.2. Let M be an oriented smooth manifold of dimension n, with bound-
ary OM. Let w be a compactly supported smooth (n— 1)-form on M. Then we have

Jut= fo

To give the variant, we need to define the following operation:

Definition 5.3. For a smooth manifold M, a smooth differential k-form w, and a
smooth k-simplex o, the integral of w over o is defined as

/w:/ ocfw
o Ak

Additionally, for a smooth k-chain ¢ = Z c;0;, the integral of w over ¢ is defined
i=1

[o=x ]

Theorem 5.4 (Stokes’ Theorem for Chains). For a smooth k-chain ¢ in a smooth
manifold M and a smooth (k — 1)-form w on M,

/wz/dw
dc c

The readers can find a proof of Theorem 5.4 on page 481 of [Leel2].
Finally, we will develop the core construction in Bredon’s proof of the de Rham
theorem, which bridges the de Rham cohomology and singular homology explicitly.

Definition 5.5. A linear map ¢ : H5, (M) — H*(M;R) is defined such that for
any [w] € HEL(M) and [c] € Hy(M) = HZ(M),

thulle = [

where ¢ is a smooth k-cycle that represents the homology class [¢]. This is called
the de Rham homomorphism.

to be
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Proposition 5.6. The de Rham homomorphism is well-defined.

Proof. For two smooth k-cycles that represent the same homology class, ¢ and c,
by Theorem 4.6 there is a smooth (k+ 1)-chain b such that é —é& = 9b. Thus, from
Theorem 5.4 we know that

/w—/w:/w:/dwzo
é & b b
/w:/dn:/ n=20
é é ¢

0¢ = 0 and dw = 0 because they represent a homology and cohomology class,
respectively. O

If w is exact, then

Proposition 5.7 (Naturality of the de Rham homomorphism). Let M, N be a
smooth manifolds and k be a non-negative integer.

a. For a smooth map F : M — N, the diagram commutes:

an
HgR(N) - HSR(M)

gl le

HP(N;R) —— HP(M;R)
b. For open subsets U,V C M where U UV = M, the diagram commutes:
Hy (UNV) —— H} (M)

el le
HP-YUNV;R) ?HP(M;R)

where 0 is the connecting homomorphism of the Mayer—Vietoris sequences for
de Rham cohomology while 0* is it for singular cohomology.

Proof. a. By definition, for a smooth k-simplex in M, o, and a smooth k-form on
N, w, the following holds:

/F*w:/ J*F*w:/ (Foo)*w:/ w
o Ak Ak Foo

which means that
U(F*w])[o] = (W) [F o o] = (([w])(Fi[o]) = F* (¢[w]) o]

and thus the diagram commutes.
b. Since the previous diagram commutes, £(§[w])[e] = (6*¢[w])[e] for any
[w] € HY,'(UNV) and for any [e] € H,(M). Since

Hom(H,(M),R) & H?(M;R)

this is equal to

£(0[w])[e] = £([w])(Ox[e])
For a smooth k-form representing é[w], o, and a smooth (k—1)-chain representing
Ox[e], ¢, this equates to fea = fcw. By the characterization property of the
connecting homomorphism 0, we can let ¢ = 0f, where f is a smooth k-chain
in U and f’ in V, so that f + f’ and e represent the same homology class.
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Similarly, by the characterization property of the connecting homomorphism §,
we can pick n € QP~H(U) and ' € QP~1(V) so w = n|unv — 7' lvnv. Then let
o be the k-form that is equal to dn and dn’ on U and V, respectively. Because
Of + 0f' = 0e = 0 and dn|ynv — dn'|unv = dw = 0, the following occurs

c f f !
/ /

such that the diagram commutes.

Eventually, the destination is right in front of us:

Theorem 5.8 (The de Rham Theorem). For any smooth manifold M and non-
negative integer k, the de Rham homomorphism ¢ : HE,(M) — H*(M;R) is an
isomorphism.

Proof. We call a smooth manifold M a de Rham manifold if the de Rham homo-
morphism £ : HE, (M) — H*(M;R) is an isomorphism for any non-negative integer
k. Additionally, we call an open cover {U;} of a smooth manifold M a de Rham

cover if each U; is a de Rham manifold and if a finite intersection m U; is de Rham.
i=1

Finally, a de Rham basis is a de Rham cover that is also a basis for the topology of

M.

By Proposition 5.7, the de Rham homomorphism commutes with cohomology
groups induced by smooth maps, so if manifold is diffeomorphic to a de Rham
manifold, then it is also de Rham. The goal of the proof is to show that every
smooth manifold is de Rham. This is achieved via the following six steps:

Step 1 If {M;} is a countable collection of de Rham manifolds, then []; M; is de
Rham.

By Propositions 3.11 and 4.2, isomorphisms are induced between the
direct product of the cohomology groups of the manifolds M; and the co-
homology groups of I_[j M; by the inclusion maps ¢; : M; — ]_[j M;. As a
result of Prop 5.7, these isomorphisms commute with the de Rham homo-
morphism for ] ;M. So the latter is itself an isomorphism.

Step 2 Any convex, open subset U C R™ is de Rham.

By the Poincaré Lemma of differential forms, if k # 0, then H%,(U) = 0.
By Proposition 4.2, the singular cohomology groups of U are also trivial
when k& # 0 because of the homotopy equivalence of U and a one-point
space. If K =0, then HgR(U ) is the space consisting of constant functions
and is one-dimensional. Because Hy(U) is generated by a singular 0-simplex,
H°(U;R) = Hom(Ho(U);R) is one dimensional. Let f be the constant
function 1 and o : AY — M be a singular, smooth 0-simplex. Then,

ol = [ o' = (foo0) =1

Since the de Rham homomorphism is not the zero map for k=0, it is an
isomorphism.
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Step 3 If M has a finite de Rham cover, then M is de Rham.
P

Let M = U U; where {U,} is a finite de Rham cover. The proof will be
by inductionl. '
e The p =1 case is trivial.
e Next, let M have a de Rham cover {U, V'}, which consists of two sets.
Using the Mayer—Vietoris sequence for de Rham and singular cohomol-
ogy together, the following diagram is obtained:

o e Hy' (V) ————= H5 (UNV) ——=HHUNY) —

la ] ie

HYU;R) @ HFY(V;R) —— HY(UNV;R) —— H* "} (M;R) ——

Hip(U) & Hip(V) —— Hip(UNV)

ld le
HY(U;R) ® HY(V;R) ——= HX(U N V;R)

(the lower part continues from where the upper part lefts off). In
the diagram, the rows are exact sequences, while the columns are de
Rham homomorphisms. The diagram is commutative by Proposition
5.7. From the Five Lemma, we know that if the columns a,b,d, and e
are isomorphisms, then so is ¢. Thus, M is de Rham.

e Assume the claim is true for all smooth manifolds having a de Rham
cover with p open sets (p > 2). Consider M with a de Rham cover

p
{Ui}i=1,2, p+1- Let U = U U; and V = Upy1. By the induction
i=1
hypothesis, both U and V' are de Rham, and so is U NV because of its
P
de Rham cover U U; NUp41. Thus, by the previous argument, M is

i=1
de Rham by induction.
Step 4 If M has a de Rham basis, then M is de Rham.
Let {Uy} be a de Rham basis for a smooth manifold M. Let f: M — R
be an exhaustion function®. For each integer m, let

An={geM - m< flg)<m+1}C M
Al ={qeM:m—-1/2< f(q) <m+3/2} C M

m
For every q € A,,, there is a basis open subset containing ¢ which is con-
tained in A7,. The collection of these sets is an open cover of A,,. Because
f is an exhaustion function, A,, is compact and is covered by finitely many
basis sets. Let B,, be the union of these basis sets. The union of the sets

in B,, is a de Rham cover of B,,, so By, is de Rham by the previous step.

3An ezhaustion function for a topological space M is a continuous function f : M — R with
the property that the set f~1((—oo,c]) is compact for each ¢ € R. One can prove that every
smooth manifold has a smooth positive exhaustion function (see Proposition 2.28 in [Leel2]).
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Because By, C A, BpnN B, # 0 if Il = m — 1,m, or m + 1. Thus, let

U= |J BnandV =[] By Thus, Uand V are disjoint
m=2a+1,a€Z m=2a,a€EZ

unions of de Rham manifolds, so they are de Rham by the first step. UNV

is de Rham because it is H B,, N B,,4+1 and each B,, and B,,4; has a

meZ
finite de Rham cover. Thus, by Step 3, M, which is equal to U UV, is de

Rham.
Step 5 An open subset of R™ is de Rham.

Let U C R™ be an open subset. Thus, U has a basis of open balls. Each
ball is convex and therefore is de Rham. A finite intersection of balls is
convex, so they are also de Rham. Thus, U has a de Rham basis, and is de
Rham.

Step 6 Fvery smooth manifold is de Rham.

A smooth manifold has a basis of smooth coordinate domains, which are
diffeomorphic to an open subset of R™, along with their finite intersections.
These form a de Rham basis, and thus, by step 4, every smooth manifold is
de Rham.

O

6. AN APPLICATION OF THE DE RHAM THEOREM

Since the de Rham theorem gives an isomorphism between singular and de Rham
cohomology, we can obtain some information about differential forms on manifolds
merely from topological data. For example, consider the 2-torus, T?: we have

R fork=0,2
k 2\ )
Hir(™ )_{RZ fork=1 "

Since ¢ : HE,(T?) — H*(T?;R) is an isomorphism by the de Rham theorem, and
none of the de Rham cohomology groups are 0, closed forms that are not exact
exist on T2.
In contrast, consider the n-sphere S™: we have
R for k=0,n
Hfp(S™) = o
ar(5") {0 for0<k<n
Since ¢ : Hk,(S™) — H*(S™;R) is an isomorphism by the de Rham theorem, and
HEL(S™) =0, all closed k-forms are exact when 0 < k < n.
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