COUNTING LATTICE POINTS WITH ERGODIC THEORY

MICHAEL BARZ

ABSTRACT. We discuss the dynamics of Lie groups acting on topological spaces.
First, we prove the Howe-Moore theorem, establishing ergodicity for a wide
range of dynamical systems of this form. As a result, we obtain two equidistri-
bution results. We then use these equidistribution results to obtain measure
rigidity for PSL2(R), a special case of Ratner’s theorems, and to solve lattice
point counting problems.
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1. INTRODUCTION

Consider the surface V = {(z,y,2) € R? | 22 + y? — 222 = 1}. Suppose that one
wants to find the number of integral points (z,y,z) € Z3 lying on V.

The set Z3 NV is actually infinite; this situation will be typical when looking
at Diophantine solutions to quadratic equations. To extract more information, we
instead ask for the number of points in Z3 NV below a certain norm-that is, if B,
is the ball of radius ¢ in Euclidean space, then we ask how large (Z3NV)N B, is in
terms of ¢, since it will be some finite number.

Duke, Rudnick, and Sarnak [10] outlined an approach to studying Diophantine
problems of this form. First, let G < GL3(R) denote the subgroup of GL3(R)
consisting of matrices preserving F(z,y, 2) = 2% +y? — 222, so M € G if and only if
F(Mv) = F(v) for all v € R3. This situation is analogous to the orthogonal group
O(3) of matrices invariant under G(z,y, z) = 22 + y? + 22.

The unit sphere W = {v € R?® | G(v) = 1} is analogous to V. Every point on
the unit sphere is obtained by rotating (1,0, 0) about the origin in some way; thus,
W = {M(1,0,0) | M € O(3)}. One can similarly check (see [14], Corollary 1 in
section 2.4) that, for any v € V, we have V = {Mv | M € G}, so that V is the
orbit of v under G. If we let H < G be the subgroup of M € G with Mv = v, then
we may therefore identify V' with the space G/H of cosets of H, by associating the
coset gH with the point g(v) € V.
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Warning 1.1. For groups H < G, we will often write G/H and H\G to denote
the space of right cosets and left cosets of H, respectively. However, H will not be
normal in G for most of our examples so we cannot actually give G/H any natural
group structure, just a quotient topology.

Take I' = GL3(Z)NG. If v € Z> NV is an integer point on V, then T'v C Z3NV.
As [10], p. 2 explains, it is a deep fact of Borel and Harish-Chandra that a sort of
converse holds: there are some vy, ...,v, € Z3 NV generating V, in the sense that

Tv;UTweU---UTw, =Z3NV.

Remark 1.2. A reader familiar with number theory may compare this observation
to the fact that Pell’s equation 2% — dy? = 1 has one fundamental solution, which
generates all other solutions.

Understanding Z® NV is therefore equivalent to understanding the orbits of T
onV =G/H.

Ergodic theory contains many tools to study group actions, like the action of
I' on V, and we will use it to solve this problem and others. We now lay out
the general context in which we will work; a reader may find it helpful to picture
the concrete quadratic form example outlined above when reading the subsequent
definitions.

Definition 1.3. A Lie group G is a group G with the structure of a manifold. A
simple factor of G is a connected normal subgroup H < G so that H is a simple
Lie group.

Notations 1.4. Throughout this paper, the following notational conventions for
the meanings of G, g, H,0,I',m, X, Y, mx, my will be used unless stated otherwise.
We use the same notation as [5].

Take a Lie group G. We will assume G to be connected and semisimple!, with
finite center and no compact simple factors. We write g for the Lie algebra of G,
which is the tangent space of G at the identity.

The group G can be endowed with a Borel measure m obeying m(gS) = m(S)
for all measurable subsets .S. Such a measure m is called a Haar measure, and every
Lie group has a unique Haar measure up to multiplication by a constant. It turns
out (see [5], p. 26) that all groups obeying our later hypotheses are unimodular,
meaning that the Haar measure also has m(Sg) = m(S) so that it is left- and
right-invariant.

We will take a discrete subgroup I' C G, and set X = I'\G to be the left coset
space. The group G has a natural action g - 'z = 'zg~! on X. Additionally, X
admits a left G-invariant measure mx, which can be constructed from the Haar
measure m on G by identifying X with a measurable subset F' of G containing
exactly one element of each coset I'z of I'; such an F is called a fundamental
domain for X.

We will take T to be a lattice, meaning mx (X) < oco. We further assume that
for any non-compact normal subgroup N < G, the set 'V is dense in G. Such a
lattice T is called irreducible.

We fix a Lie group automorphism o : G — G with 62 = 1, and let H = {g |
o(g) = g} denote its fixed point set.

IThe meaning of semisimple is unimportant for understanding this paper; it just allows us
access to certain structure theorems from Lie theory.
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Finally, we will also assume that I' N H is a lattice in H, and similarly to X
we define the coset space Y = (I' N H)\H endowed with the measure my defined
analogously to mx.

The central result of Section 4 will be Theorem 4.4, giving a way to count
how many points lie in an orbit of I' on V. = G/H. As Example 1.6 of [10]
shows, Theorem 4.4 gives an asymptotic for the number of integer solutions to
22 +1y%2—222 = 1 of norm at most ¢, following the sketch earlier in this introduction.
After proving Theorem 4.4, we use the techniques for counting lattice points to
prove another important result, Theorem 5.5, about measure rigidity.

1.1. Notation on Hilbert Spaces. While studying the measure space X, it will
be useful for us to consider the space L?(X) of square integrable functions f : X —
R. L?(X) can be endowed with the structure of a Hilbert space (see [12]).

Definition 1.5. A Hilbert space H is a real inner-product space which is complete
with respect to the induced norm. A linear map T : H — H for which (Tv, Tw) =
(v, w) is said to be unitary. We write U(H) for the space of all unitary operators.
Then U(H) is a vector space, and we can define the norm of a unitary operator T°
as [|T|| = supjjy =1 [[T[|. The topology induced by this norm is called the strong
operator topology.

Sometimes, we will have our Lie group G acting on a Hilbert space H. The most
natural such actions are called unitary representations.

Definition 1.6. A unitary representation of a Lie group G is a continuous function
7w : G — U(H) obeying w(gh) = w(g) o w(h).

2. MIXING AND HOWE-MOORE

Definition 2.1. A map f: X — R is said to be G-invariant if f(gz) = f(z) for
all g € G,z € X. We say that the action of G on X is ergodic if every measurable
G-invariant function f: X — R is constant almost everywhere.

Remark 2.2. When proving ergodicity, it suffices to check only those f € L?(X)
(see [12]’s Proposition 4.3.1).

Ergodicity is a highly desirable property of dynamical systems. Fortunately, the
action of all of G on X is quickly seen to be ergodic: if f : X — R is G-invariant,
then since G acts transitively on X we find for any z,y € X there exists some g € G
with gz =y, so f(z) = f(gz) = f(y), implying f is constant.

Since the action of G is ergodic, it is natural to then ask for more. For g € G, we
can define T, : X — X by T,(x) = zg~—'. We say that T, acts ergodically if every
measurable f: X — R with f o7, = f is constant almost everywhere.

Question 2.3. If g € G, does the operator T, : X — X given by T,(z) = zg~*
act ergodically on X7

Astonishingly, as long as the closed subgroup generated by ¢ is not compact,
the answer to Question 2.3 is yes. This ergodicity will play a key role in our later
results. The solution uses the Howe-Moore theorem, which we prove in this section.

Definition 2.4. A sequence of elements (g, )nen in G is said to tend to infinity if
for every compact set K C G, there’s some N so that if n > N then g, ¢ K.
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Theorem 2.5 (Howe-Moore). Suppose m : G — U(H) is a unitary representation
of G, so that for each simple factor G; of G, if g;v = v for all g; € G; then v = 0.
Then, for all u,v € H, we have (w(g)u,v) — 0 as g — oo in G.

With Howe-Moore, we can answer Question 2.3 as follows. Take H = L?(X)/V,
for V the space of ae constant functions in L?(X), and for ¢ € G, f € L*(X),
set m(g)(f) : X — R to be the function given by [7(g)(f)](z) = f(gx). Since T,
preserves the measure my, 7 is a unitary representation of G. Note 7 is continuous
in the strong operator topology, which can be checked by density of C..(X) in L?(X),
for if g, — ¢ and ¢ € C.(X), then using the uniform continuity of ¢ we can see
m(gn)¢ — m(9)9.

Take a simple factor G; of G. Since G has no compact factors and I is irreducible,
we find that I'G; is a dense subgroup.

Proposition 2.6. If D < G is a dense subgroup, then the action of D on X is
ergodic.

Proof. For f € L?(X) define its stabilizer as

Stab(f) = {g € G| n(g)(f) = f}.

If f is D-invariant, then D C Stab(f).

If g, € Stab(f) and g, — g, then 7(g)f = limp 00 7(gn)f = f so that g €
Stab(f). By density of D, we find Stab(f) = G and so f is G-invariant, meaning
it is essentially constant. ([l

By the proposition applied to D = I'G;, L?>(X) has no non-constant functions
invariant under the action of G;. Hence, m : G — U(L?*(X)) descends to a repre-
sentation 7 : G — H for which the hypothesis of Howe-Moore applies.

So, take o, 3 € L?(X). Let v = [a],w = [3] be the projections of a, 3 to H =
L?(X)/V. The inner product on H is given by, for a@ = #(X) Jx admx,

(2.7) (v, ) = /X (a —@)(8 — B) dm.

If g does not generate a compact subgroup, then either ¢g" — oo or g7" — .
Since any g-invariant function is also g~!-invariant, we may assume without loss
of generality that g™ — oo. Then Howe-Moore gives (7(g™)v, w) — 0 which we can
rewrite using (2.7) as

(2.8) /X a(g"z)B(z) dmx — f;;j&f.

Definition 2.9. If (2.8) holds for every a, 5 € C.(X), then we say that the action
of T, on X is mizing.

Howe-Moore thus implies that the action of Ty on X is mixing, a condition known
to imply ergodicity (see [12], section 4.3.)
Now, we prove Howe-Moore.

2.1. A Brief Introduction to Cartan Decomposition. Here, we describe some
properties of the Cartan decomposition that will be useful for analyzing the struc-
ture of Lie algebras. Since we care more about the dynamics than the Lie theory,
we will provide proofs. This summary follows p. 81-83 of [3] and section 4 of [5],
where a reader can find proofs and references to proofs of the facts presented here.
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Definition 2.10. For X € g, define adx : g — g by adx (Y) = [X, Y]. Recall that
g is the tangent space to G at the identity of G. For each g € G, we will denote the
derivative of the conjugation function h — ghg~' at the identity by Ad, : g — g.
The Lie algebra g has a natural inner product called the Killing form, given by
B(X,Y) = —tr(adx oady), for tr the trace of the linear map adyx oady on g.

Definition 2.11. Let 6 : G — G be an involution and an automorphism of G.
Its derivative Df(e) at the identity is, by the chain rule, also an involution of g,
which we will by abuse of notation often denote 6 : g — g. 6 is said to be a Cartan
involution if the bilinear form By(X,Y) = —B(X,0Y) on g is positive definite.

Proposition 2.12. G admits a Cartan involution 8 commuting with our involution
o : G — G from Notations 1.4.

On g, 6 is linear. Because 6% = 1, the only possible eigenvalues of § are 0, 1, and
—1. Since @ is invertible, it has no vectors of eigenvalue 0. As @ is a projection, we
can therefore decompose g = € + p into a sum of the +1 eigenspace £ and the —1
eigenspace p. Let K be the subgroup of G corresponding to . K is then compact.

A Lie algebra is abelian if the bracket of any two of its elements is zero. Pick a
maximal abelian subspace a C p. Then a is the Lie algebra of an abelian subgroup
A< G, and exp : a = A is a diffeomorphism.

The mappings adz for Z € a all commute because a is abelian and are self-adjoint
with respect to By, since a C p.

Take a* the dual of the vector space a. There is a finite set X C a* of roots such
that for each Z € a, {a(Z) | @ € £} is the set of eigenvalues of adz . The root space
of the root o € X, written g@, is the set of all X,, € g for which adz(X,) = a(Z)X,
for all Z € a. Then g decomposes as a direct sum of the root spaces g =, . g

The hyperplanes a(Z) = 0 for o € 3 divide a into finitely many open regions
called Weyl chambers. Pick your favorite Weyl chamber C. The positive roots ¥
are the roots taking positive values on C. We will write AT = expC. Then G has
a Cartan decomposition G = KATK. The Cartan decomposition depends on our
choice of C.

2.2. Reduction to Counterexample in A. The first step of the proof of Howe-
Moore is to take a potential counterexample to Theorem 2.5, and use it to produce
a more well-behaved counterexample; we will then rule out the possibility of these
well-behaved counterexamples.

Lemma 2.13. Suppose that Theorem 2.5 is false for G. Let AT be as in Section 2.1.
Then there is some sequence a, € At with a,, — 0o, and a pair z,y € H so that
(m(an)z,y) does not tend to 0, and so that w(ay)z converges weakly to some z # 0.

Proof. Since Howe-Moore fails for G, there is a pair u,v € H and some sequence
gn — 00 so that (m(gn)u,v) does not go to 0. Thus, by passing to a subsequence,
we may assume that there is some € > 0 so that

| {m(gn)u,v) | > €
for all n.
Since G = KAt K, we can write ¢, = kna,ry, for a, € A* and k,,,r, € K. As
K is compact, by passing to a subsequence we may assume k,, — k and r,, — r for
some k,r € K. Because

(m(gn)u, v) = (m(an)(w(rn)u), 7k v) |
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we find that for z = 7(r)u and y = 7(k~1)v, we have | (7(a,)x,y)| > €/2 for all
sufficiently large n. In particular, (7 (a,)z,y) does not tend to 0.

Since g, = knpan,r, — 00, we find that a, — oo because for every compact set
C, the set KCK is compact and so g, eventually leaves it.

The vectors 7(ay,)x all have the same length ||z||, and so all lie on some sphere
in H; recall that spheres of a Hilbert space are weakly sequentially compact. Thus,
by passing to a subsequence we may therefore assume 7(a,)x X 2z where z is some
vector and the convergence is weak, meaning (7 (a,)x, h) — (z, h) for all h € H.

In particular, (w(a,)z,y) — (z,y), and so |(z,y)| > €/2 since | (w(an)z,y)| >
€¢/2 for each n. Thus, z # 0, and so z,y, 2, a,, are as desired. O

2.3. Mautner Phenomenon. Suppose that, in line with the previous step, we
have some counterexample to Howe-Moore where (7w (a,)v,v’) does not tend to 0,
and 7(ay,)v = w for w # 0. We will try to prove that w = 0, a contradiction forcing
our counterexample not to exist.

Our proof will go by showing that w is invariant under some simple factor of
G, forcing w = 0 by our hypothesis on 7. We first make a small step towards
establishing invariance under a simple factor by observing a subgroup of G on
which we can directly show the invariance of w.

For a = (an)nen a sequence in A+, let

Ul ={geGlec{antga, | neN}\{e}},
and let N be the closed subgroup generated by UZ.

Lemma 2.14 (Mautner’s Lemma). If « = (an)nen and v,w € H are such that
7(an)v = w, then w(x)w = w for all x € N .

Proof. The set of all x so that m(z)w = w forms a closed subgroup of G, so it
suffices to prove that if z € U then 7(x)w = w.
For z € U, there is a sequence ny — oo so that a, 'za,, — e. Thus

||7T(a;k1xank)v — || = 0.

Since the representation is unitary, this gives ||7(z)(7(ap, )v) — 7(an, )v|| = 0.
Set wy, = m(an, )v. For all u € H, Cauchy-Schwartz gives

(2.15) (m(X)Wh,, — Wny,,u) — 0.

By hypothesis, w,, = 7(an, v — w. Since 7 is unitary, we also have 7(z)w,, —
7(2)w. Combining these weak convergences with (2.15), we find that (7 (z)w — w,u) =
0 for all u € H. This forces m(z)w = w, as desired. O

2.4. A Special Case. With the Mautner phenomenon, we can prove Howe-Moore
for a certain special case, and then we will reduce the general theorem to this special
case.

Lemma 2.16. Suppose that G has Lie algebra g = sla(R), the space of trace 0

matrices. Let
x=(Y 1 cam)
- 0 0 Sl )

and let v € H be invariant under N = exp(RX) < G. Then v is invariant under
all of G.
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Proof. First, we indicate an algebraic reduction. Every group G with g = sl3(R) is
a cover of PSLa(R), and so properties of covering spaces can be used to reduce to
proving only this case. To avoid developing the theory of covering groups here, we
refer a reader to [3] for more details. Since PSLy(R) = SLo(R)/{£I}, the PSLy(R)
case will follow from the G = SLy(R) case, as we may lift any representation of
PSLy(R) to a representation of SLy(R). For this, we give a geometric argument due
to Zimmer [2].
For G = SLy(R), we can explicitly compute that

N{exp(g ‘5) |xeR}{<é f) |x€R}.

Define f : G — R as f(g) = (w(g)v,v) for v our N-invariant vector. Then for all
n,m € N we have

f(ngm) = (m(ngm)v,v) = (7 (g)(x(m)v),x(n~Yv) = (x(g)v,v) = f(g).
Because of this, f : G/N — C given by f(gN) = f(g) is a well-defined, left N-

invariant function on the space G/N of left N cosets. Note f, f are continuous,
because 7 is.

Since N is the collection of all M € SLy(R) with M (1,0) = (1,0), a left coset
of N is the set of all matrices M € SLy(R) with M(1,0) = (z,y) for a fixed
(z,y) € R%\ {0}. We therefore have a bijection ¢ : G/N — R?\ {0} sending
o(gN) = g(1,0).

The corresponding map ¢ : G — R?\ {0} given by ¢(g) = ¢(1,0) is continuous
and open, so ¢ must be a homeomorphism. Thus, F = fo ¢ : R2\ {0} — C is
continuous.

For each (z,y) with y # 0, the orbit of (z,y) under N is the set {(2/,y) | ' € R}.
Hence, by N-invariance, F' is constant along each horizontal line except the z-axis.

Continuity implies F' must therefore be constant on the z-axis as well; see Fig-
ure 1.

aq e . bl

ag e . b2

as e . b3
a b

FIGURE 1. Take a,b on the z-axis, and let a,,b, be sequences
of points off the z-axis converging to a,b respectively. We have
F(ay,) = F(b,) for each n, so letting n — co we find F'(a) = F(b).

Let d; = (é t(_)l)’ and take A = {d; | ¢ € R\ {0}. Since F is constant
along the z-axis, f(d;N) = f(d,N) for all t # 0. So, f must be constant on A.
Therefore v is A-invariant, as if @ € A then (n(a)v,v) = f(a) = f(1) = ||v]|?
which by Cauchy-Schwarz’s equality case and the fact that ||7(a)v|| = ||v|| tells us
m(a)v = v. Therefore, v is A-invariant and so f is left A-invariant.

The A-orbit of a point p in R?\ {0} is the collection of all nonzero points on the
line through the origin and p. Hence F is constant both on lines through the origin
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FIGURE 2. F is constant on both horizontal lines and lines through
the origin, so we see F'(z) = F'(p) = F(y). For any choice of z and
y, we can reproduce this construction to show that F' is constant.

and on horizontal lines. However, this invariance implies that F' is constant over
the plane (see Figure 2), so f itself must be constant.

As f is constant, we can deduce that v is G-invariant by using Cauchy-Schwartz
analogously to the earlier argument that v is A-invariant. O

2.5. Finishing the Proof. Take b € G. For o = (b"),en the sequence of powers
of b, we will write U, and N, to mean U} and N .

Lemma 2.17. Forb € A\ {e}, let G, be the closed subgroup generated by N, and
thl. Then Gy is a non-discrete normal subgroup of G.

Proof. Since closed subgroups of a Lie group correspond to subalgebras of the Lie
algebra, we will instead work at the level of Lie algebras.

Recalling that exp : a — A is surjective, so we can find B € a with b =
exp B. For X € g, we have exp(X) € U,” whenever e is an accumulation point
of b= exp(X)b" = exp(Ad(b~1)"(X)). It will be useful to use the standard iden-
tity (see [5], p. 21)

Ad(b™!) = Ad(exp —H) = exp(— adp).
Write out X in terms of the root system as X =,y Xy, for X € g*. Then

(2.18) Ad(™)"(X) =) exp(—adp)"(Xx) = Y _ exp(—nA(B))X,.
AED AEX

n

If Ad(b~1)™(X) converges to 0, then e will be an accumulation point of b=" exp(X)b
and so exp(X) will lie in U,". One simple way to make Ad(b~!)"(X) converge to 0
is to take X = X for a single root A having A(B) > 0. For then (2.18) yields that
Ad(b~1)"(X) = exp(—nA(B)) X, which tends to 0. Thus, exp(g*) C U, whenever
A(B) > 0.

Define

o= > ohe= > o= > o
A(B)<0 A(B)=0 A(B)>0
so that exp(g;) € N,'. We can similarly check exp(g, ) € N, ..

Therefore, for g, the subalgebra of g generated by g;r, g, , we have exp(g®) C Gy.
One can check (see [3], Lemma 1.8) [g°,g] C g°. The relevance for us is that this
means exp(gp) must be a normal subgroup of G (see [3], Lemma 1.8).

We show that U,” C exp(g;). Firstly, exp is a diffeomorphism near the identity,
allowing us to pick U C g,V C G open sets containing 0, e, respectively, so that
exp : U — V is a diffeomorphism. We can choose V = Ut -U? .U~ for U+, U°
neighborhoods of e in exp(gbi) and exp(g"), respectively.
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Ifzx e UbJr , then e is an accumulation point of b~"xb", meaning we may find some
subsequence ny, along which we have b~ zb™ € V and b~ zb"™* — e. As Ub+ is
closed under conjugation by b, we find b~ "*xb™ € V N Ul;". AsV =U+.U"U",
write b~ zb™ = x xox_ for x, € Ut g € Ug,x_ € U_. If xg # e or z_ # e,
then the coefficients in (2.18) will either stay constant or go to infinity as nj does.
But this cannot happen, since b=+ xb™* — e.

Hence zp = 2_ = e, and so b~™ab™ € UT. Therefore z € exp(g; ), implying
U,” C exp(g;). Similarly, U,", C exp(g; ).

From these two inclusions we deduce G, C exp(gp). As the reverse inclusion was
shown above, we have G, = exp(gp). In particular, since exp(gp) is normal, G, is
normal.

Lastly, since b # e we have B # 0, so that g, # 0 and thus G} is not discrete as
it has nontrivial Lie algebra. O

We observe a quick corollary to the proof.

Corollary 2.19. The subgroup Gy is the smallest normal subgroup containing both
exp(g;") and exp(gy ). In particular, G, = exp(gp).

Lemma 2.20. For every sequence o contained in At converging to infinity, there
is some b € AT\ {e} with Nf = N;'.

Proof. See [3], Lemma 1.8; the proof is similar to that of the previous lemma. O
Finally, we can prove Howe-Moore.

Proof of Theorem 2.5. Assume Howe-Moore failed for G. By Lemma 2.13, there
then exists & = (an)nen in A+ converging to infinity, and some z,y € H so that
(m(an)z,y) does not tend to 0 and 7(a,)r converges weakly to some z # 0.

By Lemma 2.14, we have 7(g)z = z for all g € N}. There is some b € AT\ {e}
with N = N," by Lemma 2.20.

Pick some A € ¥F with g* C gl‘f, with notation as in the proof of Lemma 2.17.
Let X € g\ {0}, and take Q) = [X,0(X)]. As 62 = 1, we find 0(Q») = [0(X), X] =
—Qx, 50 Qy € p. Also, Qy € g°, the 0 root space, since X € g*,0(X) € g~*, and (see
(2.2) in [15]) [¢*, 9] € g*~* = g°. Therefore, for any Z € a, we have [Z,Q,] = 0.
Since a is the mazimal abelian subspace of p, and Q) € p commutes with everything
in a, we must have Q) € a.

Consider the Lie algebra gx generated by X,0(X), and Q.

Since @y € a, we have [Q\, X] = AM(@Q)X and, as Q) = —0(Q,),

[Qx, 0X] = —[0Qx, 0X] = —[Qx, X] = —=A(@Q1)0(X).

So, up to some rescaling, X,0(X),Q, form an “sly(R) triple” (see [4]) and in
particular gx = sly(R).

Let Gx < G be the subgroup of G corresponding to the Lie subalgebra gx. As
G has finite center, Gx will have finite center as well (for details of this correspon-
dence, see [3], p. 89).

We already know that z is invariant under N . Since X € g;r, we find that z is
also invariant under N = exp(RX). By Lemma 2.16, z is therefore invariant under
all of Gx. In particular, 2 is invariant under exp(#X). Since 6(g;) = g, as 0 swaps
signs of roots, by varying X € g*\ {0} and A € £, we can see that z is invariant
under exp(Y') for all Y € g, . By Corollary 2.19 we thus deduce that z is invariant
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under Gy. But Gy is a non-discrete normal subgroup of G, and so it must contain
one of the simple factors of GG, implying z = 0, a contradiction since we chose z # 0.
Thus, no counterexample to Howe-Moore can exist. O

3. THE WAVEFRONT LEMMA

Equipped with Howe-Moore, we show how to use mixing to prove interesting
theorems.

Theorem 3.1. For a, 3 € L*(X),
JxalxB

alz x)dr —
| atea)te de — 22
as g — 0o. Thus, the action of G on X is mizing in the sense of Definition 2.9.

Proof. Apply Howe-Moore, as indicated in the answer to Question 2.3. O

Theorem 3.1 is key to establishing the following equidistribution result.

Theorem 3.2. Let Y = ('NH)\H. Then, as g — oo in H\G, the sets Yg become
equidistributed, meaning for all f € C.(X),

1 ~ 1
ry(y)/yf(yg) de_)imX(X)/demX’

where f:Y — R is given by f((I' N H)h) = f(Th).

Remark 3.3. The idea of the proof is to realize Y as the subset I'H of X. Then,
we apply Theorem 3.1 with a = xy, viewing Y = I'H C X, and 8 = f. The
only problem is that, when mx(I'H) = 0, the mixing identity tells us nothing as
a = xy = 0 ae. The solution will be to ‘fatten’ Y, so that it has positive measure
in X.

3.1. Preliminary Lie Theory. We first make some small addendums to the dis-
cussion of Section 2.1 which will be useful to us here. We refer a reader to section
4 of [5] for proofs.

Firstly, recall the involution ¢ : G — G whose fixed point set is H, from our
introduction’s notation, and the Cartan involution 6 : G — G from Section 2.1
which commutes with o.

In addition to the g = € + p decomposition, also decompose g = b + ¢, where §
is the +1-eigenspace of ¢ and q is the —1-eigenspace.

In Section 2.1, we chose a a maximal abelian subspace of p. For this section, we
instead choose a a maximal abelian subspace of pNq, and let A be the corresponding
abelian subgroup of G. Just as in Section 2.1, we can define a root system > C a*
and fix a Weyl chamber C.

Analogous to Section 2.1’s Cartan decomposition G = KA+ K, here we get the
decomposition G = HAK.

Let n be the linear span of the positive root spaces and 1 the span of the negative
root spaces, so g = n+ g° + 1. Take N < G the subgroup corresponding to n.

For M the centralizer of A in K, the mapping H x M x A x N — G given by
(h,m,a,n) — hman is an open mapping in some neighborhood of the identity.

Proposition 3.4. There exists arbitrarily small neighborhoods U of the identity in
N such that a=*Ua C U for all a € exp(C).
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Proof. Using the formula (2.18), one can see that conjugation by a contracts N. So,
take U to be a ball of small radius, and then conjugating by a reduces the radius.
Proposition 4.1 of [5] has a more complete proof. O

The two most important takeaways from this section are the G = HAK decom-
position and the forthcoming Theorem 3.5.

Theorem 3.5 (Wavefront Lemma, Theorem 3.1 of [5]). For any open neighborhood
U of the identity in G, there is some open V C G with V' > e so that, for all g € AK,
we have HV g C HgU.

Remark 3.6. This wavefront lemma is how we perform the ‘fattening’ that we
alluded to in Remark 3.3. Embed Yg in X as 'Hg. If we fatten these orbits up
to 'HV g, then the orbits are still contained in (I'Hg)U, and so have not strayed
too far from our original orbit Yg. This allows us to formalize Remark 3.3’s proof
sketch for Theorem 3.2.

Proof of Wavefront Lemma. By the HM AN decomposition and Proposition 3.4,
there are V;,,, Vi, Vi, open neighborhoods of e in M, A, N so that V,,,V,V,, CU and
g WV,g CV, for all g € exp(C). Set V = HV,,V,V,,. Since M is the centralizer of

A, we find that for all g € exp(C) C A, we can commute g with V,,,V, to get
HVg=HV;nVoVog = HgVeVa(g™ ' Vag) € HgVinVaVi C HgU.

So, we have some V which works for all g € exp(C). Since A is the union of
finitely many Weyl chambers, by taking an intersection we can find some V which
works for all g € A. Since K is compact, a similar argument gives some V' which
works for all g € AK. O

With this result, we can finally prove Theorem 3.2.

Proof of Theorem 3.2. We can lift Y to the subset TH of X, by associating (I' N
H)h €Y toTh e TH C X. Since f is compactly supported and continuous, it is
uniformly continuous; hence by picking U 3 e a small open set, we can ensure

(3.7) |f(z) = flau)| <e
for all z € X. Theorem 3.5 tells us there is an open V' C G with HV g C HgU for
all g € AK.

Let g, be a sequence of points in g tending to infinity. We can write g, = hpa, k.
Since Y is H-invariant, we may assume that, for each n, g, = ayk, € AK. By
Theorem 3.1 applied to a = xryy and g = f,

m(THV)
/FHVgn f(z)dx — 7m(X) /X f(z)dx.

The restriction of the Haar measure on X to I'HV g, is a continuous combination
of translates of the Haar measure on Y by elements of Vg, . Specifically, write

(3.8) [ s@de= [ [ o) dny @imx (o)
THVg, Vg, JTH
for a density function p(y). In particular, setting f = 1 we recover

(3.9) mx(THV) =mx(THVg,) = my(Y) /V p(x)dz.
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As HVg, C Hg,U, and e € H, we can write any vg, as h,gpu, for some
h, € Hyu, € U.
So, for a fixed x = vg,, = hg,u, we can use (3.7) to see

f(Fh/Ugn) dmy (h/) - f(Fh/hvgn) de(h/) = f(Fhlhvgnuv) - / f(Fh/hvgn) de(h/)
T'H T'H I'H T'H
< [ 1RO Rgalu) = S o) d
I'H
S my (Y)E

Integrating this bound over V', combined with (3.8) and (3.9), we get

(3.10) < mx(THV)e.

/ f- / f(TR hogn)p(vgn) dB dv
FHV gn v JIrH

Since G is unimodular,

f(Ch' hgy,) dmy (') = f(TH g,) dmy (R'),
TH rH

as the right multiplication by A will not change the measure. Thus, using (3.9),

/ TR hogn)p(vgs) dh'dv = / o) / £(y) dydz
VvV JI'H Van I'Hg,

-(/ e ans) ([ R iy

= T @) vy, fy) dy.
Combining with (3.10), we derive
(3.11) ;/ f— - fy) dy‘ <e
mx(I'HV) THVg, my (Y) Ygn

As g, — oo, we have by Theorem 3.1

. 1 _
3 (DHV) /FHVgn TS /X !

Letting € — 0 in (3.11), the above implies our desired identity

) oy T 0

4. LATTICE POINT COUNTING

Set V. = G/H the quotient topological space, and let v = eH. Take my the
pushforward of the Haar measure to V, specifically given by my (S) = mg(7~1(5)),
for m : G — G/H the natural projection map.

Question 4.1. For a set B C V, can we estimate [['v N B, in terms of my (B)?
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4.1. The Well-Rounded Condition. Before solving this problem, we answer an
intuitive question: Why should one expect the number of lattice points contained
in a set B C V to be related to its volume?

For a simple example?, take G = R?, H = {0}, = Z?so V = G/H = R2. Let B;
be a circle centered at (0,0) of radius ¢. Gauss considered the problem of counting
lattice points inside By, and argued |T'v N By| =~ 7t? = my (B;), based on Figure 3.

FIGURE 3. A circle B; with contained lattice points highlighted red.

To each red lattice point in our circle, associate a 1 x 1 square. One expects
the total area of these squares to be close to the total area of the circle, and so we
estimate |T'vNB| &~ my (B). In general, we can do the same trick. Fix a fundamental
domain F C V for I'\V. For each lattice point yv € B, translate a copy of F to ~yv.
Then, we can hope |I'v N B| - my (F) = my (B).

There are two issues that can arise with this heuristic. Firstly, in the case of a
set like [—1/4,1/4] x [~ R, R] € R?, you can pick up a lot of area without containing
any lattice points. This is a problem of the lattice Z? being reducible as Z x Z. The
rectangle [—1/4,1/4] x [-R, R] contains a lot of points in R x Z, and has a lot of
length when projected down to the y-axis; but it has small length when projected
onto the z-axis, and so will not contain points in Z x R. Thus, the irreducibility
hypothesis placed on I' in Notations 1.4 takes care of this.

Secondly, we could take B; to be the circle, where the heuristic seems to work,
and then define B} = B; —Z2, so that we pick up lots of area without ever containing
lattice points! Alternatively, one could start throwing in random lattice points
outside of By, to break the heuristic in the other direction. The following contraint
rules out this behavior.

Definition 4.2. A family B, C V of Borel sets, indexed by a real parameter ¢ > 0,
is well-rounded if, for any € > 0, there is some open neighborhood U C G of e with

(4.3) (1—¢e)my U gB: | <my(B) < (1+¢)my ﬂ 9B
geu geu
Fix a well-rounded family B;. We shall prove the following counting principle
(this is Theorem 1.4 of [5]).
Theorem 4.4. Suppose that By is well-rounded and lim;_, oo my (B:) = 0o. Then
. |FU ﬂBt| - my(Y)

lim = .
t=oo my(By)  mx(X)

2This example breaks many of the assumptions we make on G,I" but gets the idea across; [5]
gives an analogous example in the hyperbolic plane, where our assumptions still apply.
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4.2. Equidistribution and Weak Convergence. Let v be the coset eH € V. G
has a natural left action on V = G/H, given by g - ¢'H = (99')H.

Define Fy(g) = |T'v N gB|. Our goal is to understand Fi(e).

It is clear that F; is left I-invariant, and so it descends to a function F; : I'\G —
7+ U {oco}. Take x; : V — R to be the indicator function of B; .

Note x¢(y~tgH) = e if and only if g~'vH € By if and only if vH € gB;. Thus,

(4.5) TongBl= > xi(v'gH)= > xi(vgH).
yHeTv yHely

Let 7 : TN H)\G — T'\G and ¢ : (I'N H)\G — H\G be the canonical projec-
tions.

For a € LY(T'\G), define 7*a : (I' N H)\G — R as the pullback m*a = a o 7.
Define the pushforward of 8 € L' ((I'N H)\G) as the map 7.3 : T'\G — R given by

mBlg) = /( -~

Since ("N H)\T is a discrete group, integrating over it is the same as summation.
Summing over yH € T'v is the same as summing over (I'N H)\I', because 71,72 € T'
produce the same coset of H if and only if they lie in the same coset of (I' N H),
and so (4.5) becomes

(4.6) |Tv N gB| = / xt(vgH) dy = m.d" X
(CAH\T

Proposition 4.7. Suppose my (B;) — oo. The functions Fi(g)/m(Bt) converge
weakly to the constant C = my (Y)/mx(X), in the sense that for any o € C.(X),

Jim %/}(Ft(x)oz(x) dmx = c/Xade.

t—o0 m( By

/XFta:/F\G(ﬂ*(b*Xt)-a.

The idea of the proof is to move the pullback and pushforward off of x; and onto
«; the integration identities used to do so are standard, and can be found on p. 26
of [5]. With this approach, we find

/ (md*xe) - @ = / ("xe) - 70
NG (TNH)\G

= / Xt - ((b*ﬂ*a)
H\G

= L P (g) dg.
By

Proof. By (4.6),

That integrand can be estimated using Theorem 3.2, which tells us that as
g — 00, we have

(48) s.rals) = [

m*a(a) da — C’/ a.
(PNH)\Hg X
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For any ¢ > 0, from (4.8) we can find a compact set K C G so that if g ¢ K
then |¢.m*a(g) — C [ a| < €. Because my (B; ') = my (B¢) — oo, and since the
compact set K must have finite measure, the average

1

my(B) Jp femat

G e = O o'

@ ), @ .
mv (Bt) Jknp; mv(Bt) Jp-\k
will be within 2¢ of C' [ « for ¢ large. Letting e — 0 gives the desired convergence.
O

4.3. Weak to Pointwise. The weak convergence of the F; is nice, but ultimately
we care about the limit lim;_,, Fi(e)/my (B;). Fortunately, we can upgrade the
weak convergence to pointwise convergence using the well-roundedness condition.

Proof of Theorem 4.4. Tt suffices to check lim;_, Fi(e)/my(B:) = C, for C =
my (Y)/mx(X). Fix € > 0.

As the sequence By is well-rounded, for some small neighborhood U C G of e we
get By =, 9Bt has my (B;) > (1 — €)my (B:). As every open neighborhood of
e contains a symmetric neighborhood of e, we may assume U = U 1.

Define F/(g) = |TvNgB,|. For g € U, we have F/(g) < F;(e), as if yv € ¢B; then
g tyv € B;. Since U = U1, we see B, C g~'B; so yv € By.

Take o € C.(X) to be a bump function of integral 1 supported on T'\U. Then
by Proposition 4.7, we find

1
4. lim ———
(49) M o (BD)

/ F/(z)a(x)dr — C.
X
Here, we use my (B;) > (1 — €)my (B;) to ensure my (Bj) — oo as ¢ does, since
otherwise we would not be able to apply Proposition 4.7 to F}. Also, since F/(g) <
Fi(1) on U, and « is supported on T'\U, we get
1 Ft(e)

_— Fl(2)a(z)dr < ———2——.
B Pl ds < G s
Letting ¢ — oo, combining the above with (4.9) yields

Fi(e)

(1 —€e)my(By)’
Sending € to 0 and using the other half of the well-rounded condition to derive a
bound on the limsup, we get lim;_, o Ft(e)/my (Bt) = C, as desired. O

C < liminf
t—o00

5. RIGIDITY OF INVARIANT MEASURES FOR PSLs(R)

We use a fattening similar to the one used in Theorem 3.2 to get a different
equidistribution theorem. In this section, we work exclusively with G = PSLy(R).

Definition 5.1. For real parameters t, s € R, we define matrices Us = ((1) i) and

—t
A = (e() gt) . Using the canonical projection map 7 : SLa(R) — PSLa(R), we
can bring Us and A; down to elements of PSLs(R), which we write as u™ (s) = 7(Us)
and a; = w(Ay).

Definition 5.2. The horocycle flow is the R-action A on X given by, for s € R,

h(s)z = z(u~ (s))~" = zu~ (—s). The geodesic flow is given by t -z = za; .
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Theorem 5.3. The horocycle flow and geodesic flow are both mixing on X.

Proof. Ast — oo, both v~ (¢) and a; tend to infinity in PSLy(R). Hence, this follows
from Theorem 3.1. O

The horocycle flow is thus ergodic under the measure myx. A natural question
in dynamics is to ask what other measures make the horocycle flow on X ergodic.
We will now prove a remarkable result, classifying all such measures.

Definition 5.4. Suppose z € X has periodic U™ orbit, in the sense that there is
some T > 0 so that u~ (T")z = =. Then, we can define a U~ -invariant measure p on
X as

T
p() = [ xatu () ds.
0
This measure p is said to be the measure supported on the orbit of x.

Theorem 5.5. Let u be a probability measure on X which is invariant and ergodic
under the horocycle flow. Then either p = mx or u is the measure supported on
some periodic orbit, in the sense of Definition 5.4.

Remark 5.6. Theorem 5.5 is a special case of Ratner’s measure rigidity theorem,
which established a similar result in a much broader context. Our proof follows
chapter 11 of [6].

5.1. Geometry of Periodic Orbits. We start with a geometric lemma, charac-
terizing periodic orbits.

Lemma 5.7. x € X is periodic under the horocycle flow if and only if xat_l — 00
ast — oo.

Proof. First, assume x is periodic under the horocycle flow; say h(fp)x = x for
some ¢y > 0. Then, using zu~— (—{y) = z, we see

h(e=?4)(za; ') = za; 'u™ (—e ) = zu~ (—Lo)a; ' = za; b

Hence za, 1is periodic under the horocycle flow with period e~2t/,. In particular,
letting ¢ — oo we can find a point on the geodesic flow of x with arbitrarily short
horocylce period. But the horocycle flow is locally injective, and so on compact
sets there is a uniform injectivity radius and thus there cannot be arbitrarily short
periods. Hence, the geodesic flow of x cannot be contained in some compact set.
The converse relies on hyperbolic geometry; see [6], Lemma 11.29 for a full proof,
though we sketch the idea.

The space X can be identified with a certain hyperbolic polygon, possibly having
vertices at infinity. Figure 4 depicts a hyperbolic triangle with a vertex at infinity,
drawn in the upper halfplane model.

After cutting away a compact set from X, you are left with a finite number of
connected components, each containing a unique vertex at infinity. At this point,
we analyze each vertex at infinity separately. This leads to the situation in Figure 4,
with just a single vertex at infinity.

The only way for xza; ! to converge to this vertex at infinity is if it points ‘directly’
towards it; from this we can explicitly compute the horocycle flow and check that
it is periodic (again, see [6] Lemma 11.29 for full details). O
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FIGURE 4. The unit tangent bundle of the shaded surface in the
hyperbolic plane can be identified with PSLo(Z)\ PSL2(R). For
one tangent vector, its orbit under the geodesic flow is shown in
red and its orbit under the horocycle flow is shown in blue.

5.2. Equidistribution in Time.

Lemma 5.8. Let K C X be compact. There exists some n > 0 so that, if zg € X
and t, — oo a sequence in R with xoat_nl € K for all n, then

1
lim
n—o0 netn

for all f € C.(X).

/ " fh(s) -0y ds - | £ams

Proof. The proof is essentially the same idea as Theorem 3.2. Start with the O-
measure set {h(s) - zo | s € [0,me!"]} C X, fatten it and use that the geodesic flow
is mixing, then let the fattening get thinner and thinner and recover the result by
taking a limit. The choice of 7 is technical, and is analogous to Theorem 3.5 in that
it controls the fattening. We refer a reader to [6], Proposition 11.30, for details. O

5.3. Concluding Measure Rigidity. We are finally in a position to prove The-
orem 5.5.

Proof of Theorem 5.5. Take u to be a probability measure on X so that the horocy-
cle flow is p-ergodic. By standard ergodic theory (see [12], chapter 4 for reference),
there exists a generic point xo € X, so that for every f € C.(X), we have

T

(5.9) lim 1 f(R(s) - x0)ds — / fdu.
X

T—oo T 0

If x¢ is periodic under the horocycle flow, say with period P, then we can check
that the limit on the left always converges to + fOP f(h(s) - xo) ds. Since the Riesz
representation theorem implies that a measure on X is determined by its integrals
of compactly supported continuous functions, p must be the unique probability
measure on X supported on the periodic orbit of xg.

By the characterization of periodic orbits in Lemma 5.7, if xg is not periodic un-
der the horocycle flow, then its geodesic flow must remain entirely inside some
compact set K C X. Thus, by combining Theorem 5.5 and (5.9), we deduce
Jx fdmx = [y fdu for all f € C.(X). In particular, p = mx. This completes
the proof of measure rigidity. |
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