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Abstract. In this paper, we explore the representations of the classical and

quantum enveloping algebras of the Lie algebra sl(2). We first introduce the

definitions necessary, then construct the universal enveloping algebra U(sl(2))
as a quotient of the tensor algebra T (sl(2)). Then we classify simple U(sl(2))-

modules, before briefly examining its structure as a Hopf algebra. When we

“deform” U(sl(2)) by a constant q ∈ C, we see that the quantum enveloping
algebra Uq(sl(2)) is still a Hopf algebra, but its representations have a different

nature than in the classical case, contingent on whether or not q is a root of

unity.
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The world is representation.

Arthur Schopenhauer

1. Introduction

Quantum groups were first introduced in the 1980s by Drinfeld and Jimbo in the
study of quantum integrable systems to connect solutions of systems of particles to
representation theory. Despite the name, they are actually more than just groups:
they have a Hopf algebra structure. In particular, they can be constructed by first
building the classical algebraic structure, typically the enveloping algebra of a Lie
algebra, then “deforming” by a constant q ∈ C. When q is nontrivial, this induces an
interesting, noncocommutative structure on the quantum group. In this paper, we
will look at the particular Lie algebra L = sl(2) and its quantum enveloping algebra
from the point of view of representation theory. We will compare the classical and
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quantum cases (pre- and post-deformation) by classifying the representations of
both, and we will see that while much of the structure is carried over through the
deformation, the algebras act on their representations in very different ways.

2. Algebras, Modules, and Representation Theory

We first give several preliminary definitions related to algebras and their modules.

Definition 2.1. An algebra is a ring A in which a ground field k is embedded.
Strictly speaking, we say a ring A is an algebra if it has two maps:

i) The multiplication map µA : A×A→ A, which must be k-bilinear, i.e. linear
in both variables. We typically write µA(a, b) = ab for a, b ∈ A, to simplify
notation.

ii) The unit map ηA : k → A, which embeds the ground field in the center of A,
defined by Z(A) = {a ∈ A : ab = ba for all b ∈ A}.

The map (λ, a) 7→ ηA(λ)a equips A with a vector space structure over k by
defining scalar multiplication on A.

We say A is associative if µA satisfies the associativity property, (ab)c = a(bc)
for all a, b, c ∈ A.

We can define an opposite algebra to A, notated Aop, as the algebra which
performs multiplication in the opposite order, so that µAop : A × A → A satisfies
µAop(a, b) = µA(b, a) = ba. The unit map in Aop is defined the same as in A. Then
A is commutative if and only if µAop = µA.

A morphism of algebras is a ring map which preserves the unit η, i.e. a map
f : A→ B such that f ◦ ηA = ηB .

A subalgebra B of A is an algebra such that i : B → A is an injective algebra
morphism.

The most common algebras studied are associative, as most operations in the real
world are. For the rest of this paper, we will assume all algebras to be associative.
A straightforward example of an associative algebra is the general linear group:

Definition 2.2. We define the general linear group GL(2,C) as the group of invert-

ible 2× 2 matrices with complex entries: GL(2,C) = {
(
a b
c d

)
: a, b, c, d ∈ C, ad−

bc 6= 0}. We can define the commutative algebras GL(2) = C[a, b, c, d][t]/((ad −
bc)t− 1) and SL(2) = GL(2)/(t− 1). In both cases, the unit map is the canonical
embedding of C into these algebras.

Definition 2.3. A representation of an algebra A is a homomorphism ρ : A →
Aut(V ) for some vector space V .

By sending elements of A to linear automorphisms, we can study the structure
of A through linear algebra, typically by its action on V .

We say a representation is irreducible if it cannot be written as the direct sum
of other representations. If a representation can be written as the direct sum of
irreducible representations, we say it is completely reducible.

Remark 2.4. The same structure can be studied for representations of groups
rather than algebras, and any finite-dimensional representation of a finite group is
completely reducible. In this paper, we focus on algebra representations related to
SL(2), in which case the same is true.
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Representations are useful precisely because linear algebra is well understood; if
we have an arbitrary algebra structure about which we know little, a representation
will translate some of its structure to linear algebra, and from this we can better
understand the structure of the original object.

In representation theory, a typical question is as follows: given an algebra A, how
do we classify its representations? Because there are many ways to send elements of
an algebra to linear automorphisms on some vector space, we will want to classify
the structures that these representations can have. In the case of an associative
algebra, we see that representations correspond exactly to modules over the algebra,
defined as follows:

Definition 2.5. For an associative algebra A, an A-module, or a module over A
is a vector space V and a bilinear multiplication map µ : A × V → V such that
a(bv) = (ab)v and 1v = v for all a, b ∈ A and v ∈ V . µ is analogous to scalar
multiplication in a given vector space, so a module over an algebra can be thought
of as analogous to a vector space over its ground field.

A morphism of A-modules is a linear map f : V → V ′ such that f(av) = af(v)
for all a ∈ A, v ∈ V .

In particular, the map µ assigns to each a ∈ A a linear automorphism on V ,
so modules correspond exactly to representations of A, and vice-versa, since a
representation ρ : A → Aut(V ) gives us a bilinear µ such that V has a module
structure over A. Thus, representations of A are equivalent to A-modules.

There is, in fact, an even tighter connection between modules and representa-
tions, as we see in the following definition.

Definition 2.6. i) Given an A-module V , we say that a vector space V ′ is a
submodule of V if it is a subspace of V and an A-module such that the inclusion
V ′ ↪→ V is a morphism of A-modules.

ii) V is simple if it has no nontrivial, proper submodules. This is analogous to
the definition of a simple group.

iii) V is semisimple if it is the direct sum of simple A-modules.

As representations, simple modules are irreducible, and semisimple modules are
completely reducible.

3. Lie Algebras

Many classical algebra structures have an extra sense of “rigidity” to them (which
we will later break when deforming them to the quantum groups). We first define
the notion of a Lie algebra.

Definition 3.1. A Lie algebra is an algebra whose multiplication map is called
the Lie bracket, and is notated [·, ·] : L× L→ L. The Lie bracket must satisfy the
following two conditions:

i) Antisymmetry: [x, y] = −[y, x], and
ii) The Jacobi identity: [x, [y, z]] + [y, [z, x]] + [z, [x, y]] = 0

for all x, y, z ∈ L.
We define the opposite Lie algebra, denoted Lop to be the same space L with Lie

bracket [·, ·]op defined by [x, y]op = [y, x] = −[x, y].
A morphism of Lie algebras is a linear map f : L → L′ such that f([x, y]) =

[f(x), f(y)] for all x, y ∈ L.
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A Lie subalgebra of L is a subspace of L that is closed under its Lie bracket.

A common Lie bracket operation is the commutator bracket, given by [x, y] =
xy − yx, which is 0 if and only if x and y commute. Given an arbitrary algebra
A, we can equip it with the commutator bracket, which is clearly antisymmetrical,
and satisfies the Jacobi identity because x(yz − zy) − (yz − zy)x + y(zx − xz) −
(zx− xz)y+ z(xy− yx)− (xy− yx)z = (xyz− xyx) + (xzy− xzy) + (yzx− yzx) +
(zyx− zyx) + (zxy− zxy) + (yxz− yxz) = 0. This gives us a Lie algebra structure
on A, which we will denote L(A).

With the commutator bracket, we define the general and special linear Lie al-
gebras gl(2) = {A ∈ M2(C)} and sl(2) = {A ∈ M2(C) : tr(A) = 0}. As a

vector space over C, gl(2) has basis {E,F,H, I} with E =

(
0 1
0 0

)
, F =

(
0 0
1 0

)
,

H =

(
1 0
0 −1

)
, and I the identity matrix as above. Likewise sl(2) has basis

{E,F,H}, so gl(2) ∼= sl(2)⊕ CI.

4. The Universal Enveloping Algebra

The primary example of a Lie algebra in this paper will be sl(2). We will now
develop the notion of a universal enveloping algebra.

Definition 4.1. Given vector spaces U , V , and W , denote the space of linear
transformations from U to V by Hom(U, V ). Similarly, denote the space of bilinear

maps from U × V to W by Hom(2)(U, V ;W ). We define the tensor product of U
and V , denoted U ⊗ V , to be the vector space such that there is a bilinear map
φ : U × V → U ⊗ V which preserves bilinear maps out of U × V , i.e. such that

the map Hom(U ⊗ V,W ) → Hom(2)(U, V ;W ) defined by f 7→ f ◦ φ is a linear
isomorphism.

Proposition 4.2. The tensor product U ⊗ V exists and is unique up to isomor-
phism.

Proof. U ⊗V can be constructed as a quotient of k[U ×V ]. For further details, see
[1], Theorem II.1.1. �

The vector space U ⊗ V is the tensor product of U and V . If U has a basis
{u1, . . . , un}, and V has a basis {v1, . . . , vm}, then U ⊗V has a basis {ui⊗ vj : 1 ≤
i ≤ n and 1 ≤ j ≤ m}.

The tensor product has some nice properties. In particular, it is associative and
commutative up to isomorphism, and it takes a pair of linear maps f, g to their
tensor product f ⊗ g. Furthermore, if U and V are not only vector spaces, but
algebras, we can define multiplication on U ⊗ V by setting (a⊗ b)(c⊗ d) = ac⊗ bd
for a, c ∈ U and b, d ∈ V . Then we can define the unit to be η : k → U ⊗ V by
η(a) = a⊗ a. This gives U ⊗ V an algebra structure.

Proposition 4.3. Let A, B, and C be algebras, and let f : A→ C and g : B → C
be two algebra morphisms such that for all (a, b) ∈ A × B, f(a)g(b) = g(b)f(a) in
C. Then there is a unique morphism of algebras, denoted f ⊗ g, from A⊗B to C
such that (f ⊗ g) ◦ iA = f and (f ⊗ g) ◦ iB = g.

Proof. See [1], Proposition II.4.1 for details of the proof. �
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We now define the tensor algebra.

Definition 4.4. Given a vector space V over ground field k, set T 0(V ) = k,
T 1(V ) = V , and Tn(V ) = V ⊗n, where V ⊗n = V ⊗V ⊗· · ·⊗V (n times) is the n-th

tensor power of V . We define the tensor algebra of V to be T (V ) =
⊕
n≥0

Tn(V ).

There are canonical isomorphisms Tn(V ) ⊗ Tm(V ) ∼= Tn+m(V ) which induce the
product on T (V ).

Because the tensor product is associative, the induced multiplication in T (V )
will also be associative, and the unit map will simply embed k in T 0(V ).

Definition 4.5. If V is a vector space, we define the symmetric algebra S(V ) =
T (V )/(xy − yx). This quotient makes S(V ) a commutative algebra.

Given a Lie algebra L, we can construct the universal enveloping algebra as
follows: let I(L) be the ideal generated by all elements xy − yx − [x, y] for some
x, y ∈ L. Then the universal enveloping algebra is U(L) = T (L)/I(L). There is a
natural Lie algebra morphism from L into U(L) which first embeds L into T (L),
and then projects down onto U(L). We denote this map iL.

Example 4.6. If L is abelian, then [x, y] = 0 for all x, y ∈ L, so there is no
difference between the quotient algebra T (L)/I(L) and T (L)/(xy − yx), and thus
U(L) = S(L).

The universal property of the enveloping algebra U(L) is given by the following
theorem:

Theorem 4.7. Let L be a Lie algebra with enveloping algebra U(L) as defined
above. If A is an arbitrary associative algebra and f : L → L(A) is a Lie algebra
morphism, then there is a unique algebra morphism φ : U(L)→ A such that φ◦ il =
f .

Proof. We first extend the domain of f to T (L) by taking f(x1 ⊗ · · · ⊗ xn) =
f(x1) ⊗ · · · ⊗ f(xn) for x1, . . . , xn ∈ L, and applying f to each entry of the direct
sum in the definition of T (L). Next, if a ∈ I(L), then f(a) = f(xy − yx− [x, y]) =
f(x)f(y) − f(y)f(x) − f([x, y]). Since f is a Lie algebra morphism, f([x, y]) =
[f(x), f(y)], so f(a) = 0. Then the algebra morphism φ given by the theorem
exists and is well-defined. It is unique because L generates U(L), so any two such
morphisms must necessarily coincide on all of U(L). �

5. U(sl(2)) and its Modules

For the rest of this paper we will focus largely on the Lie algebra sl(2) and its
enveloping algebra. In order to examine the structure of U(sl(2)), we rely on the
Poincaré-Birkhoff-Witt theorem, which relates U(L) to the symmetric algebra S(L)
as follows:

Theorem 5.1. (Poincaré-Birkhoff-Witt) Let L be a Lie algebra. There is a grading
on U(L) such that gr U(L) ∼= S(L).

Proof. We filter T (L) by setting Tm = T 0⊕T 1⊕· · ·⊕Tm and Um = π(Tm), where
π is the canonical projection from T (L) to U(L). Setting Gm = Um/Um−1 gives
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rise to a graded algebra U =
⊕
m≥0

Gm isomorphic to S(L). For the rest of the proof,

we refer to [2], Section 17.3. �

An important corollary of the PBW theorem is that, given a basis of L, we can
construct a basis of U(L):

Corollary 5.2. Let {x1, x2, . . .} be an ordered basis of L. Then {π(xi(1) ⊗ · · · ⊗
xi(m))}, for m > 0, i(1) ≤ · · · ≤ i(m) is a basis of U(L)—that is to say, U(L) has
a basis in monomials of elements in L.

Proof. For details, see [2], Section 17.3. �

Because of the PBW Theorem, we can construct U(sl(2)) as the algebra gen-
erated by monomials in {E,F,H} with relations [E,F ] = H, [H,E] = 2E, and
[H,F ] = −2F . This gives a basis {EiF jHk : i, j, k ≥ 0} of U(sl(2)).

We now briefly introduce weights and weight vectors, a concept that will be
important in classifying U(sl(2))-modules.

Definition 5.3. Let L be a Lie algebra over ground field k. If h is a Lie subalgebra
of L, we call the sequence of Lie subalgebras generated by repeatedly taking the Lie
bracket of h the lower central series of h. In other words, the lower central series of
h is the sequence h ≥ [h, h] ≥ [h, [h, h]] ≥ . . ., where [A,B] = {[a, b] : a ∈ A, b ∈ B}
for subalgebras A,B of L.

Remark 5.4. The lower central series is well defined because h must be closed
under the bracket operation, so [h, h] ≤ h. Furthermore, the same can be said of
[h, [h, h]], and by inclusion each term in the sequence is a subalgebra of the previous.

Example 5.5. Consider sl(2). The commutator bracket respects scalar multipli-
cation by C and addition of elements, so we only need to consider what happens to
E,F, and H under this process. First, [E,E] = [F, F ] = [H,H] = 0, and we have
determined [E,F ], [H,E], and [H,F ] above, so [sl(2), sl(2)] is the Lie subalgebra
with basis {H, 2E,−2F}, which is isomorphic to sl(2) itself. Thus the lower central
sequence of sl(2) is constant.

Definition 5.6. If h is a Lie subalgebra of L, we say that h is nilpotent if its lower
central series terminates in the zero algebra {0}.

Example 5.7. Consider the subspace of U(sl(2)) generated by H—call it h. Since
H2 = I, we have that [h, h] = {0}, and thus h is a nilpotent subalgebra of sl(2).

Definition 5.8. We say that h is self-normalizing if, given y ∈ L, [x, y] ∈ h for all
x ∈ h implies y ∈ h.

Definition 5.9. If h ≤ L is both nilpotent and self-normalizing, we say that h is a
Cartan subalgebra of L, often abbreviated a CSA of L.

Proposition 5.10. The subalgebra h generated by H is a Cartan subalgebra of
U(sl(2)).

Proof. We have already shown h is nilpotent; now we must show it is self-normalizing.
We need only consider the case where x = H. Let y ∈ U(sl(2)). If y has any com-
ponents of basis vector EiF jHk where i or j are nonzero, then by the relations
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[H,E] = 2E and [F,H] = −2F , and the fact that the tensor product respects mul-
tiplication in L, we could not have y solely generated by H, so by contrapositive,
if [y,H] = 0, y ∈ h. Thus h is a CSA. �

We can now define weights and weight vectors, analogues of eigenvalues and
eigenvectors.

Definition 5.11. Let L be a Lie algebra over k, and let V be an L-module. If h is
a CSA of L, let λ ∈ h∗ be a linear transformation from h to k. We say that λ is a
weight on V if, for some v ∈ V , hv = λ(h)v for all h ∈ h. In addition, we call v a
weight vector of V .

Definition 5.12. Let V be a U(sl(2))-module, and fix the CSA to be h generated
by H. If a weight vector v ∈ V of weight λ satisfies Ev = 0, we say that v is a
highest weight vector.

Lemma 5.13. HEn = En(2n+H), and HFn = Fn(H − 2n), for n ∈ N.

Proof. Because [H,E] = 2E, we have HE −EH = 2E, and thus HE = E(2 +H).
Inducting on n gives the desired relation. The proof follows similarly for F . �

Lemma 5.14. [E,Fn] = nFn−1(H − n+ 1) for n ∈ N.

Proof. We will induct on n. For n = 1, [E,F ] = H by definition, so the relation
holds. Then, if we assume [E,Fn] = nFn−1(H−n+1), for n+1 we get [E,Fn+1] =
[E,Fn]F +Fn[E,F ] = (n)Fn−1(H −n+ 2)F +FnH = (n+ 1)En(H −n+ 1). �

Proposition 5.15. If V is a non-zero, finite dimensional U(sl(2))-module, it must
contain a highest weight vector.

Proof. The existence of a weight vector is given by the facts that V is finite-
dimensional, and that the ground field k = C is algebraically closed, which imply
the existence of an eigenvector of H. If Ev = 0, then v is a highest weight vector.
Otherwise, construct the sequence of vectors Env, for n ∈ N. From Lemma 5.13,
Env are eigenvectors of H with distinct eigenvalues, since H(Env) = (2n+λ)(Env).
But V is finite-dimensional, so there can only be a finite number of distinct eigen-
values of H, and thus {Env}n≥0 must terminate in a highest weight vector. Then,
in any case, V contains a highest weight vector. �

We can now classify simple U(sl(2))-modules by their weight vectors.

Theorem 5.16. A finite-dimensional U(sl(2))-module is simple if and only if it
is generated by a highest weight vector. In particular, if two such modules V and
V ′ are generated by highest weight vectors of the same weight, then V ∼= V ′. If
V is generated by a highest weight vector v of weight λ, then H acts on V with
eigenvalues {λ, λ− 2, . . . , λ− 2λ,−λ}.

Proof. i) First, let V be a simple U(sl(2))-module of finite dimension with highest
weight vector v. The space generated by v is a submodule of V , but since V
is simple, it must be either {0} or V . Since it cannot be {0}, as it contains
at the very least v, we have that v generates V . Next, let V be a finite-
dimensional U(sl(2))-module generated by highest weight vector v. Suppose
we have another highest weight vector v′ of V . Since v′ is an eigenvector for H,
it must be a scalar multiple of v. Now assume that V ′ is a non-zero submodule
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of V such that v′ ∈ V ′. Since v′ must be a multiple of v, we must have v ∈ V ′,
and therefore V ⊂ V ′. Then V must be simple.

ii) Next, if we have two modules V and V ′, both generated by highest weight vec-
tors v and v′ of weight λ, the map defined by sending v to v′ is an isomorphism
of modules.

iii) Finally, consider a sequence of vectors defined by vn =
1

n!
Fnv, where v gen-

erates V . From Lemma 5.13, Hvn = (λ − 2n)vn, so {vn}n≥0 must terminate,
since there can only be a finite number of eigenvalues of H. From Lemma
5.14, we get that Evn = (λ − n + 1)vn−1, so the sequence terminates when
0 = Evn+1 = (λ − n)vn, or when n = λ. Then the vectors {vn} will form a
basis of V , and the eigenvalues of H will be those stated in the theorem.

�

This theorem classifies all simple, finite-dimensional U(sl(2))-modules by their
weight: for n ≥ 0, there is a unique, simple U(sl(2))-module of dimension n+ 1, up
to isomorphism.

6. Hopf Algebras

Before constructing the quantum enveloping algebra and studying its modules,
we will look briefly at the definition of a Hopf algebra. Quantum groups were first
studied as symmetry groups, and it was discovered later that they actually had the
structure of a Hopf algebra.

Because the tensor product preserves bilinear maps, we can reformulate the
definition of an algebra in terms of it:

Definition 6.1. An associative algebra (A,µ, η) is a vector space A over ground
field k along with a linear multiplication map µ : A⊗A→ A and a linear unit map
η : k → A such that µ is associative and η(1) is a unit in A.

For µ to be associative, we must have (x⊗y)⊗z = x⊗(y⊗z) for any x, y, z ∈ A.
In addition, A is commutative if x⊗ y = y ⊗ x.

Definition 6.2. A coalgebra (C,∆, ε) is a vector space C over ground field k with
linear maps ∆ : C → C ⊗ C and ε : C → k.

∆ must satisfy coassociativity, the condition that (∆⊗ id) ◦∆ = (id⊗∆) ◦∆. ε
must satisfy the counit axiom that (ε⊗ id) ◦∆ = (id⊗ ε) ◦∆.

In diagram form, the duality between an algebra structure and a coalgebra struc-
ture becomes much clearer:

The associativity axiom for an algebra is equivalent to the statement that the
following diagram commutes:

Figure 1. Associativity diagram for an algebra.

While the unitary axiom is equivalent to the statement that the following dia-
gram commutes:
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Figure 2. Unitary diagram for an algebra.

On the other hand, the equivalent diagrams for a coalgebra have the arrows
pointing in the opposite directions. The coassociativity axiom says that the follow-
ing diagram commutes:

Figure 3. Coassociativity diagram for a coalgebra.

And the counitary axiom is equivalent to the statement that the following dia-
gram commutes:

Figure 4. Counitary diagram for a coalgebra.

In short, while the multiplication map µ in an algebra sends elements of A⊗A to
A linearly, and must be associative, the comultiplication map ∆ in a coalgebra sends
elements of C to C ⊗C and must be coassociative. Likewise, while the unit map η
in an algebra embeds k in the algebra, the counit map ε in a coalgebra projects C
down to the ground field. Thus, Figures 1 and 3 have the same structure, but with
the arrows reversed, and likewise for Figures 2 and 4.

Example 6.3. If X is an arbitrary set, let C =
⊕
x∈X

kx be the vector space whose

basis is X. Setting ∆(x) = x⊗ x and ε(x) = 1 gives C a coalgebra structure.
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Example 6.4. If C is a coalgebra, then the dual vector space C∗ is an algebra.

Definition 6.5. Let H be a vector space simultaneously equipped with an algebra
and coalgebra structure. If µ and η are morphisms of coalgebras (or, equivalently,
if ∆ and ε are morphisms of algebras), we say that H is a bialgebra.

A morphism between bialgebras is a morphism which preserves both the algebra
and coalgebra structures.

Definition 6.6. Let H be a bialgebra with multiplication µ and comultiplication
∆, and let f, g ∈ Hom(H,H) be two linear transformations on H. We define the
convolution of f and g to be the map f ? g = µ ◦ (f ⊗ g) ◦∆.

In other words, the convolution takes two maps and applies them both at once,
in a way, by first sending the elements of H to H⊗H, via the comultiplication, then
applies f to one side of the tensor product and g to the other, and then projects
back down to H via multiplication. Because µ and ⊗ are associative and ∆ is
coassociative, the convolution is an associative product on Hom(H,H).

Definition 6.7. We call an endomorphism S ∈ Hom(H,H) an antipode of H if

S ? idH = idH ? S = η ◦ ε.

Remark 6.8. Suppose S and S′ are antipodes. Then

S = S ? (ηε) = S ? (idH ? S′) = (S ? idH) ? S′ = (ηε) ? S′ = S′,

and thus if a bialgebra has an antipode, it is unique.

Definition 6.9. If H is a bialgebra with an antipode, we call H a Hopf algebra.
A morphism of Hopf algebras is a bialgebra morphism which commutes with the

antipodes.

Example 6.10. The algebra U(sl(2)) is a Hopf algebra.

Proof. From the universal property of U(sl(2)) (Theorem 4.7), there is an algebra
morphism ϕ : U(sl(2) ⊕ sl(2)) → U(sl(2)) ⊗ U(sl(2)), and similarly there is a
morphism of algebras ψ : U(sl(2))⊗U(sl(2))→ U(sl(2)⊕ sl(2)), from the universal
property of the tensor product of two algebras (Proposition 4.3).

Define δ : sl(2) → sl(2) ⊕ sl(2) by x 7→ (x, x). The comultiplication map on
U(sl(2)) is given by ∆ = φ◦U(δ). Define 0 to be the morphism from sl(2) to the zero
Lie algebra {0}. The counit is given by ε = U(0). Finally, define op : sl(2)→ sl(2)op

by op(x) = −x. The antipode in U(sl(2)) is given by S = U(op). For further details
of the proof, see [1], Proposition V.2.4.

The comultiplication map ∆ is given by mapping x 7→ (x, x), embedding this in
U(sl(2)⊕sl(2)), and then sending this to U(sl(2))⊗U(sl(2)). The counit is given by
“extending” the zero morphism 0 : sl(2)→ {0} to the enveloping algebra U(sl(2)),
and the antipode is given likewise by “extending” the map op : (x, y) 7→ −[x, y] on
sl(2) to U(sl(2)). For complete details, see [1], Proposition V.2.4. �

7. The Quantum Enveloping Algebra

Now that we have classified simple, finite-dimensional U(sl(2))-modules, and
introduced the definition of a Hopf algebra, we will see what happens when we
deform U(sl(2)), breaking the rigidity of its Lie algebra structure.

First, we fix q ∈ C such that q 6= ±1. Set E,F,K,K−1 with the following
relations:
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i) KK−1 = K−1K = 1,
ii) KEK−1 = q2E, KFK−1 = q−2F , and

iii) [E,F ] =
K −K−1

q − q−1
.

Remark 7.1. Note that when q → 1, relation (ii) reduces to the statements that
K commutes with both E and F , but relation (iii) ceases to make sense. We will
see that E,F , and K are analogous to E,F , and I in the classical case.

Definition 7.2. We define the quantum enveloping algebra Uq(sl(2)) as the algebra
generated by E,F,K, and K−1.

In order to be able to set q = 1 to get back to the classical case, we will add a
new generating element L, such that [E,F ] = L and (q − q−1)L = K −K−1. We
can further define [L,E] = q(EK +K−1E) and [L,F ] = −q−1(FK +K−1F ), and
construct Uq(sl(2)) as follows:

Definition 7.3. Uq(sl(2)) is the algebra generated by variables E,F,K,K−1, and
L with the following relations:

i) KK−1 = K−1K = 1,
ii) KEK−1 = q2E, KFK−1 = q−2F ,
iii) [E,F ] = L, (q − q−1)L = K −K−1,
iv) [L,E] = q(EK +K−1E), and [L,F ] = −q−1(FK +K−1F ).

This algebra is isomorphic to Uq(sl(2)) as we defined it before by the map which
sends E 7→ E, F 7→ F , K 7→ K, and L 7→ [E,F ].

With this new formulation of Uq(sl(2)), we can set q = 1 to get the relations

(1) KK−1 = K−1K = 1,
(2) KEK−1 = E, KFK−1 = F ,
(3) [E,F ] = L, 0 = K −K−1,
(4) [L,E] = EK +K−1E, and [L,F ] = −(FK +K−1F ).

Thus, K becomes ±I, and the rest of the relations reduce to the classical case.
We can recover U(sl(2)) from U1(sl(2)) by mapping E 7→ E, F 7→ F , K 7→ I, and
L 7→ H. In other words, U(sl(2)) ∼= U1(sl(2))/(K − I).

Proposition 7.4. Uq(sl(2)) is a Hopf algebra when q is not a root of unity.

Proof. We can define the comultiplication ∆, counit ε, and antipode S by what
they do to the generators E,F,K, and K−1 (since we have assumed q is not a root
of unity, we can ignore L and use the construction of Uq(sl(2)) given in Definition
7.2). Set

∆(E) = I ⊗ E + E ⊗K, ∆(F ) = K−1 ⊗ F + F ⊗ I,

∆(K) = K ⊗K, ∆(K−1) = K−1 ⊗K−1,

ε(E) = ε(F ) = 0, ε(K) = ε(K−1) = 1,

and

S(E) = −EK−1, S(F ) = −KF, S(K) = K−1, S(K−1) = K.
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Then ∆ : Uq(sl(2))→ Uq(sl(2))⊗Uq(sl(2)) is a coassociative algebra morphism,
ε : Uq(sl(2))→ C satisfies the counitary axiom, and S is an antipode for Uq(sl(2))
as a bialgebra. For details, see [1], Proposition VII.1.1. �

This relationship between U(sl(2)) and Uq(sl(2)) highlights the nature of the
quantum case: we obtain the quantum group by deforming the classical algebraic
structure in a way that breaks the rigidity, but maintains a Hopf algebra structure.
To study Uq(sl(2)), we therefore need to understand what the nature of this defor-
mation by q is. We turn to the representations of Uq(sl(2)), and the classification
of its modules.

8. Uq(sl(2))-Modules: Case 1

When studying Uq(sl(2))-modules, we find that there are two separate cases: one
where q is an n-th root of unity for some n > 1, and the other where q is not a root
of unity. In this section, we study the second case, in which we see some parallels
with the classical enveloping algebra.

Proposition 8.1. The subalgebra k of Uq(sl(2)) generated by K is a Cartan subal-
gebra.

Proof. First, by the relations defining Uq(sl(2)), [K,K] = 0, so k is nilpotent. Next,
by KEK−1 = q2E, KFK−1 = q−2F , and [E,F ] = L, if [K,X] ∈ k, then X must
be generated by K alone, since if it had components with E, F , or L, then it
would have [K,X] 6∈ k. Thus k is also self-normalizing, and therefore it is a Cartan
subalgebra of Uq(sl(2)). �

Now, recall the definition of a highest weight vector, this time applied to Uq(sl(2)),
with k as the CSA of choice:

Definition 8.2. Let V be a Uq(sl(2))-module, and fix the CSA to be k generated
by K. If a weight vector v ∈ V of weight λ (in this case, an eigenvector of K with
eigenvalue λ ∈ C) satisfies Ev = 0, we say that v is a highest weight vector.

Remark 8.3. Note that while in the classical case, we were concerned with eigen-
vectors of H, whose analogue in Uq(sl(2)) is L, not K. Here, we use the CSA
generated by K, and are thus concerned with eigenvectors of K.

Before classifying simple Uq(sl(2))-modules, we introduce a bit of notation and
some lemmas.

Notation 8.4. For n ∈ Z, let [n] =
qn − q−n

q − q−1
= qn−1 +qn−3 + · · ·+q−n+3 +q−n+1.

Lemma 8.5. Let m ≥ 0. Then KEm = q2mEmK and KFm = q−2mFmK.

Proof. The proof follows from the relations KEK−1 = q2E and KFK−1 = q−2F ,
and by induction on m. �

Lemma 8.6. Let m ≥ 0. Then [E,Fm] = [m]Fm−1 q
−(n−1)K − qn−1K−1

q − q−1
.

Proof. We induct on m. For the base cases, when m = 0, [E, I] = 0 = [m], and

when m = 1, [E,F ] =
K −K−1

q − q−1
, and the given relation holds because [1] = 1

and F 0 = I. For higher cases, note that [E,Fm] = [E,Fm−1]F + Fm−1[E,F ] =
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[E,Fm−1]F + Fm−1K −K−1

q − q−1
, so if the relation holds for m − 1, it will also hold

for m.
An equivalent relation also holds for [Em, F ]. �

Proposition 8.7. Let V be a non-zero, finite-dimensional Uq(sl(2))-module. Then
V contains a highest weight vector.

Proof. The proof is very similar to the classical case. Because C is algebraically
closed, and V is finite-dimensional, K must have some eigenvector v of eigenvalue λ.
If Ev = 0, then v is a highest weight vector. If not, then by Lemma 8.5, {Env}n≥0
is a sequence of eigenvectors of K with distinct eigenvalues {λ, q2λ, . . .}. As in the
classical case, this sequence must terminate in a highest weight vector Emv. �

Lemma 8.8. Let V be a non-zero, finite-dimensional Uq(sl(2))-module containing
a highest weight vector v of weight λ. Let v0 = v and construct the sequence

{vn}n≥0 by vn =
1

[n]!
Fnv for v > 0. Then Kvn = λq−2nvn. Furthermore, Evn =

q−(n−1)λ− qn−1λ−1

q − q−1
vn−1.

Proof. The first relation follows from Lemma 8.5. The second follows from Lemma
8.6. �

Theorem 8.9. As in the classical case, a finite-dimensional Uq(sl(2))-module is
simple if and only if it is generated by a highest weight vector, and simple Uq(sl(2))-
modules are determined up to isomorphism by their highest weights. Furthermore,
if V is a simple Uq(sl(2))-module generated by highest weight vector v of weight λ,
then K acts on V with eigenvalues {λ = εqn, εqn−2, . . . , εq−n+2, εq−n}, with ε = ±1
and n = Dim(V )− 1.

Proof. i) The proof of the first statement follows the same as in Theorem 5.16.
ii) To determine the eigenvalues of K on V , we know from Lemma 8.8 that the

sequence {vn}n≥0 is a sequence of eigenvectors of K, which must therefore
terminate. Setting n ∈ N to be the “last” eigenvector in the sequence, we

have Evn+1 = 0, so
q−nλ− qnλ−1

q − q−1
vn = 0, and therefore q−nλ = qnλ−1, or

λ = ±qn. The determination of the rest of the eigenvalues follows from the
fact that Kvn = λq−2nvn.

�

9. Uq(sl(2))-Modules: Case 2

Now, assume q is an n-th root of unity (n 6= 1). Set

e =

{
n if n is odd, and

n/2 if n is even.

Proposition 9.1. If V is a simple, finite-dimensional Uq(sl(2))-module of dimen-
sion < e, then V takes the same form as the modules in Theorem 8.9.

Proof. The proof follows the same as in Theorem 8.9, since in this case 1, q2, . . . , q2n

are distinct for n < e. �
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Lemma 9.2. Ee, F e, and Ke are elements of the center of Uq(sl(2)).

Proof. F e commutes with any element generated by F . By Lemma 8.5, and the
fact that q−2e = 1, KF e = F eK, so F e commutes with K. From Lemma 8.6,

[E,F e] = [e]F e−1 q
−(e−1)K − qe−1K−1

q − q−1
. By definition, [e] =

qe − q−e

q − q−1
. Note that

if the order of q was odd, then qe − q−e = 1 − 1 = 0, and if the order of q was
even, then e = d/2 and again qe = q−e. Either way, [e] = 0, and thus F e commutes
with E. Since F e commutes with all the generators of Uq(sl(2)), it must be in the
center.

A similar proof follows to show Ee is in the center, using an equivalent relation
to that in Lemma 8.6.

Finally, it can be shown by induction on m that EKm = q−2mKmE and FKm =
q2mKmF . When m = e, this shows that Ke is in the center of Uq(sl(2)). �

Lemma 9.3. Let V be a simple, finite-dimensional Uq(sl(2))-module, and let z be
an element of the center of Uq(sl(2)). Then z acts on V by scalar multiplication.

Proof. The action of z on V is linear because z is a central element of Uq(sl(2)), and
since V is finite-dimensional, this action must have some eigenvalue λ ∈ C. Then
the endomorphism on V defined by z − λidV has a kernel which is a submodule of
V . Since V is simple, this kernel must be the entirety of V , and thus z acts on V
precisely by multiplication by λ. �

Proposition 9.4. There are no simple, finite-dimensional Uq(sl(2))-modules of
dimension > e.

Proof. Let V be a finite-dimensional Uq(sl(2))-module of dimension > e.
First, assume V has a nonzero eigenvector v of K such that Fv = 0, and con-

sider the sequence of vectors v,Ev, . . . , Ee−1v. The subspace V ′ generated by this
sequence is dimension ≤ e, since it has a basis of at most e vectors. Consider the
action of E,F , and K on this subspace. E(Env) ∈ V ′ if n < e−1, and if n = e−1,
then E(Ee−1) = Eev = λv by Lemmas 9.2 and 9.3. Thus E fixes V ′. Furthermore,
F also fixes V ′ because Fv = 0 and E and F commute according to the relation
given in Lemma 8.6. Lastly, the action of K also fixes V ′ because of Lemma 8.5.
Thus, the action of E, F , and K fixes V ′, so V ′ is a nontrivial submodule of V .
Thus V cannot be simple.

Suppose now that such an eigenvector v does not exist, and let v be some non-
zero eigenvector of K. Now, the sequence of vectors v, Fv, . . . , F e−1v will generate
a non-zero submodule of V of dimension ≤ e. Thus, if V has dimension > e, it
cannot be simple. �

For further details on the case when q is a root of unity, see [1], Section VI.5.

10. Conclusion

We have seen that, when deforming a classical algebraic structure by a constant
q ∈ C, not only is the rigidity of that structure broken, but the representation
theory of it is altered in a way very much dependent on the constant q chosen. In
particular, irreducible representations of the enveloping algebra of sl(2), or simple
modules over this algebra, are classified by the weights of their generating highest
weight vectors. After deforming by q 6= ±1, the same holds true, but the action
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induced by the quantum enveloping algebra on these modules differs, in particular
when q is a root of unity, in which case e defines a cutoff value for the dimension
of simple Uq(sl(2))-modules.
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