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Abstract. In this paper, we discuss how the theory of partially ordered sets

plays an important role in combinatorics. First, we outline definitions for
partially ordered sets. Next, we introduce incidence algebra and Móbius in-

version. Then, we present three applications of partially ordered set theory:

the Inclusion-Exclusion Principle, Euler’s Totient function (or phi function),
and Pólya’s Enumeration Theorem. For Pólya’s Enumeration Theorem, we

assume prior knowledge of basic group theory.
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5. Pólya’s Enumeration Theorem 9
5.1. A Galois connection between permutations and partitions 10
5.2. Generating Functions 11
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1. Introduction

Many problems in combinatorics deal with counting a particular combinatorial
object. A common strategy is to construct an algebraic object to do this counting
(ex. generating functions). In this paper, the combinatorial object of interest is
the partially ordered set, and the algebraic object we use is incidence algebra. In
particular, we are most interested in the Kronker delta, zeta, and Möbius function
in incidence algebra. These functions give rise to a technique called the Möbius
inversion formula, a counting tool with far-reaching applications.

In section 2, we begin by introducing preliminary definitions for partially ordered
sets. In section 3, we define incidence algebra and introduce the Möbius inversion
formula. In section 4, we apply Möbius inversion to arrive at three well-known
results, the finite version of the fundamental theorem of calculus, the Inclusion-
Exclusion Principle, and Euler’s Totient function. In the last section, we introduce
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a standard tool of enumerative combinatorial theory, Pólya’s Enumeration The-
orem, and present a proof using partially ordered sets and double Möbius inver-
sion originally presented by Gian-Carlo Rota and David A. Smith in 1977[4]. For
this theorem, we assume prior knowledge of group theory including the symmetric
group, group actions, orbits, and stabilizers.

2. Basic Definitions for Partially Ordered Sets (Posets)

Partially ordered sets are powerful tools in algebraic combinatorics, as they bring
structure to many problems where certain objects may not be comparable.

Definition 2.1. A partially ordered set P (or poset) is a set (which we also denote
P ) equipped with a binary relation denoted ≤P (or ≤) satisfying the following three
axioms:

(1) For all x ∈ P , x ≤ x (Reflexivity).
(2) For all x, y ∈ P , if x ≤ y and y ≤ x, then x = y (Antisymmetry).
(3) For all x, y, z ∈ P , if x ≤ y and y ≤ z, then x ≤ z (Transitivity).

We say that two elements x and y of P are comparable if x ≤ y or y ≤ x. Otherwise,
x and y are incomparable, which we denote x‖y.

Definition 2.2. The dual of a poset P is the poset P ∗ on the same set as P but
with reversed ordering. In other words, x ≤ y in P ∗ if and only if y ≤ x in P .

Definition 2.3. An induced subposet of P is a subset Q of P and a partial ordering
of Q such that for x, y ∈ Q, x ≤ y in Q if and only if x ≤ y in P .
A closed interval [x, y] is a subposet of P where [x, y] = {z ∈ P | x ≤ z ≤ y},
defined whenever x ≤ y.
If every interval of P is finite, then P is called a locally finite poset.

Definition 2.4. Given a poset P , if x, y ∈ P , we say x covers y if x < y and there
does not exist an element z ∈ P satisfying x < z < y.

Many times, we work with posets where every element is comparable, which we
call a total ordering. We call these posets chains. With this, we see that partial
ordering generalizes total ordering.

Definition 2.5. A chain is a poset in which any two elements are comparable. If
C is a chain and subposet of P , then C is called maximal if it is not contained in
a larger chain of P . A multichain of a poset P is a chain with repeated elements.

Definition 2.6. The length `(C) of a finite chain C is defined by `(C) = #C − 1.
The length (or rank) of a finite poset P is

`(P ) := max{`(C) | C is a chain of P}.
Definition 2.7. An order ideal of a poset P is a subset I of P satisfying:

(1) I is non-empty.
(2) For every x in I, if y is in P and y ≤ x, then y is in I.
(3) For every x, y in I, there is some z in I such that x ≤ z and y ≤ z.

Given an element x in P , the principal order ideal generated by x is the set defined
as Λx = {y ∈ P | y ≤ x}.
Definition 2.8. The direct product of posets P and Q is the poset P ×Q on the
set {(x, y) | x ∈ P, y ∈ Q} such that (x, y) ≤ (x′, y′) in P ×Q if x ≤P x′ in P and
y ≤Q y′ in Q.
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Definition 2.9. An upper bound of elements x and y in a poset P is an element
z ∈ P such that z ≥ x and z ≥ y. A lower bound of elements x and y in a poset P
is an element z ∈ P such that z ≤ x and z ≤ y.

Definition 2.10. Let P be a poset with elements x and y.
An element z of P is the join of x and y, denoted x ∨ y, if

(1) z ≥ x and z ≥ y.
(2) For any w ∈ P such that w ≥ x and w ≥ y, we have w ≥ z.

An element z of P is the meet of x and y, denoted x ∧ y, if

(1) z ≤ x and z ≤ y.
(2) For any w ∈ P such that w ≤ x and w ≤ y, we have w ≤ z.

If the join and/or meet of x and y exists, then they are unique.

Definition 2.11. A poset P has a least element which we denote 0̂ ∈ P if for all
x ∈ P , x ≥ 0̂. Similarly, P has a greatest element which we denote 1̂ if for all
x ∈ P , x ≤ 1̂.

Definition 2.12. A lattice L is a poset where every pair of elements has a join
and a meet. All finite lattices have a 0̂ and 1̂.

Remark 2.13. We can draw finite posets as a graph called a Hasse Diagram, where
the vertices are elements and the edges are cover relations. If x, y ∈ P and x < y,
then we draw x below y in the Hasse Diagram.

Example 2.14. The Hasse diagram for the elements of the power set of {1, 2}
ordered by inclusion (if A,B ∈ P then A ≤ B if and only if A ⊆ B) is

{1, 2}

{1} {2}

∅

3. Incidence Algebra

Incidence algebra provides a framework for inversion with the Möbius Function.
Let P be a locally finite poset, and let Int(P ) be the set of closed intervals of P .
Let K be a field. For mappings f : Int(P )→ K, denote f([x, y]) as f(x, y).

Definition 3.1. The incidence algebra I(P,K) (or I(P )) of P over K is the K −
algebra over the vector space of all functions

f : Int(P )→ K

where we define addition and scaler multiplication pointwise, and multiplication ∗
as convolution defined by

(f ∗ g)(a, c) = fg(a, c) =
∑
a≤b≤c

f(a, b)g(b, c).

Because P is locally finite, the above sum is finite, so fg is well-defined.

There are three key functions from incidence algebra, which we detail below.
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Definition 3.2. I(P,K) is an associative algebra with a two-sided identity
δ ∈ I(P,K) called the Kronecker delta function defined

(3.3) δ(x, y) =

{
1 if x = y

0 if x 6= y

Definition 3.4. The zeta function ζ ∈ I(P,K) is defined

(3.5) ζ(x, y) =

{
1 x ≤ y
0 otherwise

The zeta function is very useful for counting chains. Given an interval (x, y), the
number of multichains of length n from x to y can be found using

ζn(x, y) =
∑

x=x0≤x1,≤···≤sn=y

1,

Similarly, the equation

(ζ − 1)(x, y) =

{
1 if x < y

0 if x = y

counts the number of chains x = x0 < x1 < · · · < xn = y of length n from x to y.

Proposition 3.6. The zeta function has an inverse µ called the Möbius Function
defined recursively as

(3.7)

µ(x, x) = 1 for all x ∈ P
µ(x, y) = −

∑
x≤z<y

µ(x, z) for all x < y in P.

Proof. If µ is the inverse of ζ then µζ = δ. Using induction over the number of
elements in [x, y], let µ(x, x) = 1 for all x ∈ P and assume µ(x, z) is defined for all
z in the interval [x, y). Then
(3.8)

µζ(x, y) = δ(x, y) ⇐⇒
∑

x≤z≤y

µ(x, z)ζ(z, y) = 0 ⇐⇒ µ(x, y) +
∑

x≤z<y

µ(x, z) = 0

meaning µ(x, y) = −
∑

x≤z<y

µ(x, z) if x < y as desired. �

Corollary 3.9. From the definition of the Möbius Function,

(3.10)
∑

z≤y≤x

µ(y, x) = δ(z, x)

Remark 3.11. If Q be a non-empty subset of P , with the induced order, then we
can consider I(Q, k) as a subalgebra (where the operation is closed in Q) of I(P,K).

The following result is fundamental to many of the enumeration problems we
will encounter in this paper.

Theorem 3.12 (Möbius inversion formula). Let P be a poset for which every
principal order ideal is finite. Define functions f, g : P → K. Then

(3.13) f(x) =
∑
y≤x

g(y) for all x ∈ P
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if and only if

(3.14) g(x) =
∑
y≤x

f(y)µ(y, x) for all x ∈ P

Proof. Assume (3.13) is true. Let x ∈ P be arbitrary. Substitute the right side of
(3.13) into the right side of (3.14) to get∑

y≤x

f(y)µ(y, x) =
∑
y≤x

∑
z≤y

g(z)µ(y, x) =
∑
y≤x

∑
z≤y

g(z)ζ(z, y)µ(y, x).

By interchanging the order of the summation, we get

=
∑
z≤x

g(z)
∑

z≤y≤x

ζ(z, y)µ(y, x) =
∑
z≤x

g(z)δ(z, x) = g(x).

Now assume (3.14) is true. Let x ∈ P be arbitrary. Substitute the right side of
(3.14) into the right of (3.13) to get∑

y≤x

g(y) =
∑
y≤x

g(y)ζ(y, x) =
∑
y≤x

∑
z≤y

f(z)µ(z, y)ζ(y, x)

By interchanging the order of the summation, we get

=
∑
z≤y

f(z)
∑

z≤y≤x

µ(z, y)ζ(y, x) =
∑
z≤x

f(z)δ(z, x) = f(x)

�

Remark 3.15. In essence, Möbius Inversion is the statement

(3.16) gζ = f ⇐⇒ g = fµ.

Before we move on to applications, we prove one more statement to allow us to
apply Möbius inversion on the direct product of finite posets.

Theorem 3.17 (Product Theorem). Let P and Q be locally finite posets with the
direct product P ×Q. If (x, y) ≤ (x′, y′) in P ×Q then

(3.18) µP×Q((x, y), (x′, y′)) = µP (x, x′)µQ(y, y′).

Proof. If (x, y) ≤ (x′, y′), then

∑
(x,y)≤(u,v)≤(x′,y′)

µP (x, u)µQ(y, v) =

 ∑
x≤u≤x′

µP (x, u)

 ∑
y≤v≤y′

µQ(y, v)


= δxx′δyy′

= δ(x,y),(x′,y′).

This matches (3.10). Since µ is uniquely determined, the proof is complete. �

4. Applications of Möbius inversion

Möbius Inversion is a sieving procedure, where we overcount items and remove
items that we don’t need. One of the most fundamental examples of Möbius inver-
sion results in a simplification of Inclusion-Exclusion. First, we will explore how to
derive Möbius functions for certain posets in order to use Möbius inversion.
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Example 4.1 (Natural Number Chain). Let P be the chain N. Then the Möbius
function immediately follows from (3.7).

µ(x, y) =


1 if x = y

−1 if x+ 1 = y

0 otherwise.

The Möbius inversion formula immediately follows from (3.13) and (3.14).

f(n) =

n∑
k=0

g(k) for all n > 0

if and only if

g(0) = f(0) and g(n) = f(n)− f(n− 1) for all n > 0.

One may recognize this as the finite version of the fundamental theorem of calculus.
Here, the Möbius function acts as the ∆ operator, which has an inverse Σ.

4.1. Inclusion-Exclusion Principle.
The Inclusion-Exclusion Principle is one of the most important results in count-

ing. Here, we will see how Möbius inversion on a poset called the Boolean Lattice
(or Boolean Algebra) is equivalent to the Inclusion-Exclusion Principle.

Definition 4.2 (Boolean lattice). Given a set S and its powerset 2n where n = #S,
we define a Boolean lattice (or Boolean algebra) of rank n, where the elements are
subsets of S and the ordering is defined by inclusion (if A,B ⊆ S, then A ≤ B
if and only if A ⊆ B). A Boolean lattice is a distributive lattice (join and meet
distribute) where every element has a complement. We denote the lattice as Bn.
(2.14) is an example of a Boolean lattice.

Now we will calculate the Möbius function for a Boolean lattice. For the following
results, let P = Bn, the Boolean lattice of rank n.

Proposition 4.3. Let S, T ⊆ P . Then the Möbius function for P is

(4.4) µ(S, T ) =

{
(−1)#T−#S if S ⊆ T
0 otherwise

Proof. Let 2 = {0, 1} be a chain of two elements. We can think of Bn as the set of
all subsets of an n-sized set A. So, for a subset S of A, we can think of the elements
of A mapping to 1 if they are in S, and 0 if not. Hence, Bn is isomorphic to the
product 2n, the set of n-tuples of 0’s and 1’s. By example 4.1, the Möbius function
for 2 is µ(0, 0) = µ(1, 1) = 1, µ(0, 1) = −1. By the product theorem, for n-tuples
S = (s1, ..., sn) and T = (t1, ..., tn),

µ((s1, ...sn), (t1, ..., tn)) =

n∏
i=1

µ(si, ti) = (−1)2
ti−2si

= (−1)#T−#S

�

The Inclusion-Exclusion principle follows from Möbius inversion on Bn.
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Theorem 4.5 (Inclusion-Exclusion Principle). Suppose we have N items and a
collection of k properties P = {p1, p2, . . . , pn}. Let Ni be the number of items that
satisfy Pi, Nij the number of items that satisfy properties Pi, and Pj and so on.
Then the number of items that satisfy none of these properties, N0 is

N0 = N −
∑

Ni +
∑
i1<i2

Ni1i2 −
∑

i1<i2<i3

Ni1i2i3 + · · ·+ (−1)nN12...n.

Proof. Let T be a collection of properties. Define the function g(T ) to be the
number of items which satisfy exactly the properties in T and no others. Define
the function f(T ) to be the number of items which satisfy every property in T and
possibly others. Then

f(T ) =
∑
S⊆T

g(S).

By Möbius inversion,

g(T ) =
∑
S⊆T

f(S)(−1)#T−#S .

The above equation is the Inclusion-Exclusion principle. To find N0, let g(∅) = N0

and f(∅) = N . Then

f(∅)− g(∅) =
∑
T 6=∅

(−1)#T−1f(T )

This equation gives the number of items which satisfy at least one property, or the
union if thinking in terms of sets. Therefore the number of elements that satisfy
no properties, or N0, is

N0 = g(∅) = f(∅) +
∑
T 6=∅

(−1)#T f(T )

�

4.2. Classical Möbius Function.
The Möbius function was first introduced in 1832 by August Ferdinand Möbius in

the field of number theory as the Classical Möbius Function. The Classical Möbius
Function arises as the Möbius function for the poset of divisors of an integer n, Dn.
By using Möbius inversion on Dn, we can derive Euler’s phi function (or Euler’s
Totient function).

Definition 4.6. Let Dn denote the poset of consisting of integer divisors of a
positive integer n. Dn is ordered by divisibility such that x ≤ y if and only if x|y.

Proposition 4.7. The Möbius function for Dn is

(4.8) µ(x, y) =

{
(−1)t if y

x is a product of t distinct primes

0 otherwise.

Proof. Let P = (k1 + 1) × (k2 + 1) × · · · × (kn + 1) be the product of chains of
lengths k1, . . . , kn. By Example 4.1 and Theorem 3.17, for n-tuples (a1, . . . , an) and
(b1, . . . , bn), we have

µ((a1, . . . , an), (b1, . . . , bn)) =

{
(−1)

∑
(bi−ai) if each bi − ai = 0 or 1

0 otherwise.
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Consider the poset Dn of divisors of a positive integer n. Suppose n has the prime
factorization pk1! p

k2
1 . . . pknn . We can think of each pkii as the poset D

p
ki
i

, the chain

1 < p1i < p2i < · · · < pkii .

It follows that

D(n) ∼= D(pk11 )×D(pk22 )× · · · ×D(pknn ).

If we substitute each ki in P , we see Dn
∼= P . Thus,

(4.9) µ(x, y) =

{
(−1)t if y

x is a product of t distinct primes

0 otherwise

as desired. �

Remark 4.10. µ(x, y) is the same as the number-theoretic Möbius function µ( yx ),
which is

(4.11) µ(n) =


1 if n = 1

(−1)k if n is a product of k distinct primes

0 if n has one or more repeated prime factors.

Definition 4.12. Euler’s phi function (or Euler’s Totient function) counts the
number of positive integers k less than n that are relatively prime to n, i.e gcd(n, k) =
1 with the following equation:

(4.13) ϕ(n) = n
∏
p|n

(
1− 1

p

)
,

where the product ranges over all distinct prime numbers p dividing n.

To derive Euler’s phi function, we first introduce some number theoretic results.

Lemma 4.14. Two numbers divided by their GCD are relatively prime to each
other, i.e. if gcd(a, b) = d then gcd(ad ,

b
d ) = 1.

Proof. Let gcd(a, b) = d. Suppose for contradiction that gcd(ad .
b
d ) = c where c > 1.

Then cd|a and cd|b, so cd is a divisor of a and b. But since c > 1, we have that
cd > d. Thus, c would not be the gcd of a or b, which is a contradiction. �

Lemma 4.15. For a positive integer n,∑
d|n

ϕ(d) = n.

Proof. Let n be a positive integer and define the set [n] = {1, 2, . . . , n}. Partition
[n] into sets Sd such that Sd = {m ∈ Z | 1 ≤ m ≤ n, gcd(m,n) = d} where each
Sd represents all the numbers less than or equal to n whose GCD with n is d.
From this construction, for all 1 ≤ m ≤ n, there exists some d such that dm = n.
Furthermore, each Sd are disjoint, so the union of all Sd is [n]. Hence,

n =
∑
d|n

#Sd.
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By lemma 4.14, for any m ∈ Sd, there exists some k ∈ Z such that m = kd and
gcd(k, nd ) = 1. Then #Sd = ϕ(nd ), meaning

n =
∑
d|n

#Sd =
∑
d|n

ϕ(d).

�

Proposition 4.16. Möbius inversion with the Classical Möbius function yields
Euler’s phi function.

Proof. From lemma 4.15 and definition 4.12, we have the result

n =
∑
d|n

ϕ(d).

To find ϕ(n), we use Möbius inversion and get

(4.17) ϕ(n) =
∑
d|n

µ
(n
d

)
d = n− n

p1
− n

p2
− · · ·+ n

p1p2
+ · · · ,

as µ(nd ) is non-zero if and only if n
d is a product of distinct primes pi. Thus,

ϕ(n) = n
∏
p|n

(
1− 1

p

)
where p is a prime dividing n. �

5. Pólya’s Enumeration Theorem

Suppose we have a set of objects and a set of colorings. By representing the ob-
jects as groups of symmetries, we can enumerate equivalence classes of colorings to
solve for configurations of object colorings with Pólya’s Enumeration Theorem. In
this paper, we will present a proof utilizing posets and Möbius inversion presented
by Gian-Carlo Rota and David A. Smith in 1977[4]. First, we will introduce pre-
liminary definitions. Next, we will establish a Galois connection between a lattice
of permutations and a lattice of partitions of the set the permutation group acts
on. Then, we will introduce appropriate formal power series as generating functions
for sets of colors. Lastly, we will perform computations on the smaller lattices and
transfer them back to the larger ones.

Definition 5.1. Let G be a group. Two group elements h, k ∈ G are conjugate
if there is an element g ∈ G such that k = g−1hg. This is an equivalence relation
whose equivalence classes are called conjugacy classes. Subgroups H,K ≤ G are
conjugate subgroups if K = g−1Hg for some g ∈ G. Here, g−1Hg is the set of
elements g−1hg for h ∈ H.

Theorem 5.2. Let G be a group and X be a G−set. Suppose x and y are in the
same orbit. Then the stabilizer groups Gx and Gy are conjugate subgroups.

Proof. Because x and y are in the same orbit, there is a group element g ∈ G such
that y = gx. Then for h ∈ Gy, h(gx) = gx. Applying g−1 to both sides yields
(g−1hg)x = x, so g−1hg ∈ Gx. �

Definition 5.3. A partition π of a finite n element set S is a collection {π1, π2, . . . }
of non-empty, mutually disjoint subsets of S whose union is Sn. The sets πi are
called the blocks of π.
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Remark 5.4. For any equivalence relation on a set X, the set of its equivalence
classes is a partition of X. From any partition π of X, we can define an equivalence
relation on X by letting x ∼ y if x and y are in the same block in π. Thus,
equivalence relations and partitions are analogous.

Definition 5.5. Given two partitions π and σ, we say π is a refinement of σ if
every block πi ∈ π is contained in some block σi ∈ σ.

Definition 5.6. Let X and Y be sets and let f be a function f : X → Y . The
kernel of the function f is the equivalence relation on the domain X defined as
follows, elements x1 and x2 in X are equivalent if f(x1) and f(x2) map to the same
element in Y . It follows that the kernel forms a partition of X.

Definition 5.7. A closure operator (or closure relation) in a poset P is a function
x→ x of P into itself with the properties

(1) x ≥ x.
(2) x = x.
(3) x ≥ y implies x ≥ y

In other words, these are idempotent, increasing mappings. An element is closed if
x = x.

Definition 5.8. Let P and Q be two posets. A Galois connection between P and
Q is a pair of functions θ : P → Q and η : Q→ P satisfying

(1) Both θ and η are order-inverting.
(2) For p ∈ P , η(θ(p)) ≥ p.
(3) For q ∈ Q, θ(η(q)) ≥ q.

The mappings p → η(θ(p)) and q → θ(η(q)) are closure operators, and the two
posets formed by the closed sets are isomorphic.

5.1. A Galois connection between permutations and partitions.
Let G be a group of permutations of a set S and define L(G) to be the lattice

of subgroups of G ordered by inclusion. Define Π(S) to be the lattice of partitions
of S ordered by refinement.

Define the mapping η : L(G) → Π(S) such that if H is a subgroup of G, then
η(H) is the partition whose blocks are the H-orbits in S, or with the equivalence
relation x ∼ y if and only if there is some g ∈ H such that gx = y. This partition
is called the period of H.

Define the mapping θ : Π(S) → L(G) such that if π is a partition of S, θ(π) is
the set of group elements g that leave the blocks of π invariant, or the elements g
where the cycles of g are contained within the blocks of π. Thus, θ(π) is a subgroup
of G.

Lemma 5.9. η and θ are increasing mappings and

(5.10) H ≤ θη(H) for all H ∈ L(G)

(5.11) π ≥ ηθ(π) for all π ∈ Π(S)

One can verify (5.10) by noting that η(H) maps to a partition such that θ is
satisfied for more group elements than in H. (5.11) follows as θ(π) maps to a set of
group elements which η maps to a refined partition of π, as π holds contains more
cycles than its refinement.
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If we take the lattice Π(S)∗ dual to Π(S), we see that (η, θ) satisfy Definition 5.8
and form a Galois connection on L(G) and Π(S)∗. Then θη and ηθ form the closure
operators on L(G) and Π(S)∗ respectively. We call closed subgroups of G periodic
and closed partitions of S periods (the partitions which are periods of subgroups
of G). We denote a period ηθ(π) as π. From equation 5.11, π is a refinement of
π. Define the lattice of periods of G in S, Pers(G,S), with induced refinement
ordering as

Pers(G,S) = {π ∈ Π(S) | π = π}.
It is important to note that this may not be a sublattice of Π(S) due to the

ordering. By the definition of a Galois connection, η and θ are inverse order iso-
morphisms between the lattice of periodic subgroups of G and Pers(G,S).

5.2. Generating Functions.
From the previous section, we established our set S of objects, which we assume

to be finite, and the group G of symmetries that act on S. Now we introduce the
notion of coloring. Let X be a set of colors, at most countable. The set of colorings
of S, denoted XS , contains the functions f : S → X. By Definition 5.6, the kernel
of each f ∈ XS forms a partition of S. Call the closure of ker(f) the G-period of
f in S and denote it as Per(f). By the definition of θ, we have

(5.12) θ(ker(f)) = {g ∈ G | fg = f}

where Per(f) is the partition whose blocks are the orbits of θ(ker(f)).
For each f ∈ XS , we want to be able to label each ordered pair of object and

color. For this, we associate with each f ∈ XS a monomial

M(f) =
∏
i∈S

xif(i).

Now we can express any set of colorings A with a generating function

M(A) =
∑
f∈A

M(f),

which is a formal power series in the indicated variables.
We call a set F of functions a proper class with respect to G if fg ∈ F whenever

f ∈ F and g ∈ G. Given a fixed proper class F and a partition π of S, we define
the following generating functions:

(5.13) N=(π) = M({f ∈ F | ker(f) = π}),

(5.14) NG=(π) = M({f ∈ F | Per(f) = π}),

(5.15) N≥(π) = M({f ∈ F | ker(f) ≥ π}).

N=, NG=, and N≥ are all functions on Π(S) with values in R[[x]], the ring of formal

power series in the variables x
(i)
j .

DefineM to be the additive group of functions Π(S)→ R[[x]], and I(Π(S), R[[x]])
the incidence algebra of Π(S) over R[[x]]. Thus, M is a left and right module over
I(Π(S), R[[x]]) such that if k ∈ I(Π(S), R[[x]]) and A ∈M ,

kA(π) =
∑
σ≥π

k(π, σ)A(σ),
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Ak(π) =
∑
σ≤π

A(σ)k(σ, π).

Let δ, ζ, and µ denote the delta, zeta, and Möbius function of I(Π(S), R[[x]]). The
incidence algebra of Pers(G,S) is a subalgebra of I(Π(S), R[[x]]) with functions δP ,
ζP , and µP . We define the function

(5.16) δ(π, σ) = δ(π, σ) for π, σ ∈ Π(S).

Lemma 5.17. Let P be a poset and Q be a subalgebra of P . Then

(5.18) δ = µQζ

where µQ is the Möbius function on Q.

Proof. Let x, y ∈ P . Then

δ(x, y) = δ(x, y)

=
∑

x≤z≤y

µQ(z, y) where z is closed

=
∑

x≤z≤y

µQ(z, y)

= µQζ(x, y)

since non-zero terms in the sums can occur only for closed z, in which case z ≤ y
if and only if z ≤ y. �

Lemma 5.19. From equations (5.13) and (5.15), it follows immediately that

(5.20) N≥ = ζN=.

The following theorem relates the equations (5.13), (5.14), and (5.15)

Theorem 5.21. For any proper class F ,

(5.22) NG= = µPN≥ = δN=.

i.e. for any π ∈ Π(S),

(5.23) NG=(π) =
∑
σ≥π

µP (π, σ)N≥(σ) =
∑
τ=π

N=(τ).

Proof. By (5.13) and (5.14),

NG=(π) =
∑

Per(f)=π

M(f)

=
∑
τ=π

 ∑
ker(f)=τ

M(f)

=
∑
τ=π

N=(τ).

By lemma (5.17) and (5.19), NG= = δN= = µP ζN= = µPN≥. �
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Now we will introduce two counting functions, a generalization of Euler’s totient
function (4.12) and a closely related function to perform Möbius inversion with.
For each period π, let

(5.24) v(π) = #θ(π).

v counts the number of group elements g whose cycles are contained in blocks of π.
Let

(5.25) ϕ(π) = #{g ∈ G | cycles of g are blocks of π}.

We can extend this to all of Π(S) by defining v and ϕ to be 0 if π is not a period.
Then we can think of them as elements of the module M by identifying their values
(integers) with constant power series. Furthermore, from their definitions, we see
that they can be used for Möbius inversion.

(5.26) v = ϕζP and ϕ = vµP .

5.3. Proof of Pólya’s Enumeration Theorem.
In this section, we will perform computations on our smaller lattice of closed

partitions and transfer them back to the larger lattice of permutation subgroups.
With the equations and generating functions from the previous section, we will
explore their relationships and derive a generating function for equivalence classes
of functions under a group action. Then, we will reformulate this in terms of group
elements and arrive at a generalization of Pólya’s Enumeration Theorem.

Let F be our fixed proper class of functions f : X → S, which can be thought of
as admissible colorings. The group G acts on F by composition, i.e. f → fg. The
orbit of f under this action is denoted fG. First, we introduce two lemmas that
rely on permutation group theory.

Lemma 5.27. For f1, f2 ∈ F and the group G of permutations, if f1G = f2G then
Per(f1) = Per(f2).

Proof. For i = 1, 2, let Hi = θ(ker(fi)) = {g ∈ G | fig = fi}, or the stabilizer
group of fi. We are given that there exists some g ∈ G such that f2 = f1g, so
H1 = gH2g

−1. Since H1 and H2 are conjugate, by Theorem (5.2), they have the
same orbits. Thus, Per(f1) = η(H1) = η(H2) = Per(f2). �

Lemma 5.28. If π = Per(f), then the number of distinct functions in fG is
[G : θ(π)], the right cosets, and thus only depends on π.

Proof. fg1 = fg2 if and only if g1g
−1
2 ∈ θ(π), so the elements of fG are in one-to-

one correspondence with the right cosets of θ(π). �

The generating function NG= represents all the functions that have a given

period π. By Lemmas (5.27) and (5.28), the formal power series NG=(π)
[G:θ(π)] represents

the G−equivalence classes of functions with a period π. The following theorem
demonstrates how to get a generating function for G−classes of functions in F by
summing over all periods π.

Theorem 5.29.

(5.30)
∑

π∈Pers(G,S)

NG=(π)

[G : θ(π)]
=

1

#G

∑
σ∈Pers(G,S)

ϕ(σ)N≥(σ).
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Proof. We have∑
π

NG=(π)

[G : θ(π)]
=

1

#G

∑
π

v(π)NG=(π) (5.24)

=
1

#G

∑
π

v(π)µPN≥(π) (Theorem (5.21))

=
1

#G

∑
π

∑
σ≥π

v(π)µP (π, σ)N≥(σ) (Convolution)

=
1

#G

∑
σ

∑
π≤σ

v(π)µP (π, σ)N≥(σ)

=
1

#G

∑
σ

vµP (σ)N≥(σ) (Möbius Inversion)

=
1

#G

∑
σ

ϕ(σ)N≥(σ) (5.26)

�

Theorem (5.29) is a generalization of Póyla’s Theorem. The right hand side of
the equation is relatively easy to evaluate as the group G is known, as ϕ(0) = 0
unless the blocks of σ are cycles of an element of G. Therefore, it is not necessary
to know what other partitions are periods. This proof was done by double Möbius
Inversion with the lattice Pers(G,S) and the Möbius function µP , but we do not
need to know it explicitly, as it is not involved in the final result.

Now we turn our attention to the generating function (5.2). Recall that (5.2)
indexed a function in terms of the set X and S. We will instead introduce a simpler
generating function that only contains the variables xi indexed by X alone.

Definition 5.31. A homomorphism is a structure preserving map between two
algebraic structures of the same type. For our circumstances, there is an algebra
homomorphism T from the one formal power series algebra to the other such that

T (w
(i)
j ) = xj . Define the weight of a function f to be the monomial

(5.32) W (f) =

#S∏
i=1

xf(i) = T (M(f)).

Functions in the same G−class have the same weight, so W (fG) = W (f).

Definition 5.33. Let K be a set of functions (subset of F ). We define the inventory
of K to be the formal power series

W (K) =
∑
f∈K

W (f) = T (M(K)).

We define a configuration as an equivalance class of the relation ∼G on XS , or
a G−class. The inventory of a set of configurations is the sum of the weights
of the classes. Pólya theory seeks to determine the inventory of the set of all
configurations.

Theorem 5.34. Let g ∈ G and π = η(g). Denote N ′(g) = T (N≥(π)). Then N ′(g)
is the inventory of the set of f ∈ F which satisfy fg = f , or the set of elements
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fixed by g. Therefore, the inventory of the set of all configurations is

(5.35)
1

#G

∑
g∈G

N ′(g).

Proof. The inventory we want is
∑

classes fG

W (fG). Thus,

∑
classes fG

W (fG) =
∑
π

∑
{fG|Per(f)=π}

W (fG)

=
∑
π

1

[G : θ(π)]

∑
{f |Per(f)=π}

T (M(f)) by Lemma 5.28

= T

(∑
π

NG=(π)

[G : θ(π)]

)

= T

(
1

#G

∑
π

ϕ(π)N≥(π)

)
by Theorem 5.29

=
1

#G

∑
g∈G

N ′(g),

as ϕ(π) counts the number of distinct group elements whose cycles are blocks of
π. �

Remark 5.36. Burnside’s lemma counts the number of orbits of a finite group acting
on a set. Since N ′(g) is the inventory of fixed points of g acting on F , Burnside’s
lemma is an immediate corollary to Theorem (5.34).

Corollary 5.37 (Unweighted version of Pólya’s enumeration theorem). Suppose
the set of colors, X is finite. The number of configurations C in F is

#C =
1

#G

∑
g∈G

(number of fixed points of g).

Proof. This result follows by applying Theorem (5.34) and setting all xi = 1. �

If F is a proper class XS of functions, the inventory of classes can be given more
explicitly than in Theorem (5.34). If π = η(g), write π = {π1, π2, . . . , πk}, where k
represents the number of blocks of π, or cycles of g. If fg = f , then

(5.38) T (M(f)) =

k∏
i=1

x#πi

f(πi)
.

All possible k − tuples in X occur as subscripts in (5.38) for such functions f , so

N ′(g) =
∑

(j1,...jk)

k∏
i=1

x#πi

ji

=

k∏
i=1

∑
j∈X

x#πi

j .

The last expression depends only on the lengths of the cycles in g.
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Definition 5.39. Let π be a permutation on X. The type of p is expressed is the
n-tuple (b1, b2, . . . , bn), where bi is the number of cycles of length i.

Definition 5.40. The cycle index polynomial ZG associated with a group G acting
on a set X is

ZG(x1, x2, . . . , xn) =
1

#G

∑
g∈G

n∏
i=1

xbii

where for each g, (b1, b2, . . . , bn) is the type of g.

Putting it all together, we arrive at Pólya’s enumeration theorem.

Corollary 5.41 (Pólya’s Enumeration Theorem). Let G be a group and S,X be
sets, where #S = n. If F = XS, the inventory of configurations of functions is

(5.42) ZG

(
(
∑

xj), (
∑

x2j ), . . . (
∑

xnj )
)
.

5.4. Examples with Necklaces.
In this section, we outline how to use Pólya’s theorem with two examples, both

with necklaces. In the first example, we focus on rotation only, and in the second
example, we introduce flipping.

Definition 5.43. A necklace of length ` is a circular arrangement of ` colored
beads.

Definition 5.44. A cyclic group is an abelian group generated by a single element
X. A cyclic group of finite group order n is denoted Cn and its generator satisfies
Xn = e where e is the identity element.

Definition 5.45. A dihedral group is a group of symmetries of a regular poly-
gon, which includes rotations and reflections. A dihedral group Dn refers to the
symmetries of an n− gon and the group order is 2n.

Example 5.46 (Cyclic Necklaces).
Suppose we have 6 beads and 2 colors, red and blue. How many total arrange-

ments of necklaces are there? How many arrangements are there with 3 blue beads
and 3 red beads? We consider two necklaces the same if they are cyclic rotations of
each other. For example, necklaces RRRBBB and BBRRRB are the same neck-
lace. Let X be the set of 6 beads X = {1, 2. . . . , 6} and let G be the cyclic group
of rotations of X such that G = {g0, g1, . . . , g5}. The elements of G are:

g0 = (1)(2)(3)(4)(5)(6)

1 2

3

45

6

g1 = (1, 2, 3, 4, 5, 6)

1

2

34

5

6

g2 = (1, 3, 5)(2, 4, 6)

1

23

4

5 6

g3 = (1, 4)(2, 5)(3, 6)
12

3

4 5

6

g4 = (1, 5, 3)(2, 6, 4)
1

2

3 4

5

6
g5 = (1, 6, 5, 4, 3, 2)

1

2 3

4

56

The cycle index polynomial is

ZG =
1

6
(x61 + x32 + 2x23 + 2x6)



APPLICATIONS OF MÖBIUS INVERSION ON PARTIALLY ORDERED SETS 17

where for xij , j is the length of each cycle, i is the number of j − cycles, and the
coefficient is the total group elements with this configuration. Plugging 2 in for
each xi, we see that there are 14 total arrangements.

Now, let Y be a set of colorings red and blue with weights R and B respectively.
By Pólya’s Theorem, the inventory of configurations F (C) is

F (C) = ZG(R+B,R2 +B2, . . . , R6 +B6)

=
1

6
((R+B)6 + (R2 +B2)3 + 2(R3 +B3)2 + 2(R6 +B6))

= R6 +R5B + 3R4B2 + 4R3B3 + 3R2B4 +RB5 +B6.

From the term 4R3B3, there are 4 arrangements with 3 red beads and 3 blue beads.

Example 5.47 (Dihedral Necklaces).
What if we allow for flipping the necklaces? Suppose we have 6 beads and 3

colors, red, blue, and purple. We want to find out the total number of arrangements,
as well as the number of arrangements with 2 blue beads, 2 red beads, and 2 purple
beads. We still consider two necklaces the same if they are cyclic rotations of each
other, but now we also consider reflections. For example, necklaces RRBBPP and

RRBBPP are the same. Let X be the set of 6 beads X = {1, 2, . . . , 6} and let G
be the dihedral group of order 12 that consists of rotations and reflections of X such
that G = {r0, r1, . . . r5, s0, s1, . . . , s5} where ri are rotations and si are symmetries
(reflections). The rotations are listed in Example (5.46), so we list the reflections:

s0 = (1, 2)(3, 6)(4, 5)

12

3

4 5

6

s1 = (1, 3)(4, 6)

1

23

4

5 6
s2 = (1, 4)(2, 3)(5, 6)

1

2

34

5

6

s3 = (1, 5)(2, 4)
1 2

3

45

6

s4 = (1, 6)(2, 5)(3, 4)

1

2 3

4

56

s5 = (2, 6)(3, 5)

1

2

3 4

5

6

The cycle index polynomial is

ZG =
1

12
(x61 + 3x21x

2
2 + 4x32 + 2x23 + 2x6).

By plugging in 3 for each xi, we see that there are 92 arrangements. Now, let Y be
a set of colorings red, blue, and purple, with weights R, B, and P respectively. By
Pólya’s Theorem, the inventory of configurations F (C) is

F (C) =
1

12
((R+B + P )6 + 3(R+B + P )2(R2 +B2 + P 2)2

+ 4(R2 +B2 + P 2)3 + 2(R3 +B3 + P 3)2 + 2(R6 +B6 + P 6))
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= B6 +B5R+ 3B4R2 + 3B3R3 +B2R4 +BR5 +R6 +B5Y + 3B4RP

+ 6B3R2P + 6B2R3P + 3BR4P +R5P + 3B4P 2 + 6B3RP 2 + 11B2R2P 2

+ 6BR3P 2 + 3R4P 2 + 3B3P 3 + 6B2RP 3 + 3R2P 4 +BP 5 +RP 5 + P 6.

The term 11B2R2P 2 tells us there are 11 arrangements with 2 red beads, 2 blue
beads, and 2 purple beads.
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