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Abstract. This paper develops the technique of heights in order to use the
Descent Theorem to prove the Mordell-Weil Theorem. We first define heights

over projective space, then use this definition to define heights on an elliptic

curve through some function E(K) → Pn. We then use Weil’s height machine
and Néron-Tate Normalization to define heights based on line bundles, with

which we prove Mordell-Weil for all abelian varieties.
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1. Background

The objective of this paper is to first provide proof of the Mordell-Weil Theorem
for Elliptic Curves over all number fields K (given the Weak Mordell-Weil Theorem)
using height functions and the Descent Theorem, and then to introduce Weil’s
height machine in order to give the proof of the same result over all abelian varieties.

The statement of the theorem (for elliptic curves) is as follows.

Theorem 1.1 (Mordell-Weil). For an elliptic curve E defined over a number field
K, the elliptic curve group E(K) is finitely generated.

The primary vehicle we will use for this proof is the Descent Theorem, which
states that the existence of a height function h : A → R over an abelian group A
satisfying certain criteria implies that A is finitely generated.

Theorem 1.2 (Descent Theorem). Given an Abelian group A, if there exists an
integer m ≥ 2 and a height function h : A→ R which satisfies:
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(1) For any Q ∈ A there exists some constant CQ such that for any P ∈ A,
h(P +Q) ≤ 2h(P ) + CQ

(2) There exists some constant C such that for any P ∈ A, h(mP ) ≥ m2h(P )−
C

(3) For any k ∈ R, h(P ) ≤ k only holds for finitely many P ∈ A
(4) The quotient A/mA is finite

then the group A is finitely generated.

Proof. Conditions (1) and (2) are used to prove that any point P ∈ A can be
generated by a specific set of coset representatives of A/mA and points of height
less than some constant M , with both the representatives and M independent of
P ; (3) and (4) in turn give us that this set is finite.

We start by selecting the representatives of each coset of mA in A. Since A/mA
is finite, there are finitely many cosets and thus this gives a finite set Q1, Q2, . . . , Qn.
For any point P , we denote the representative of the coset containing P as QP .

Now, taking any starting point P0 ∈ A, we can write that P0 − QP0
∈ mA, or

P0 = QP0
+mP1 for some P1 ∈ A. We can repeat this process an arbitrary number

of times as well, each time taking

Pk = QPk +mPk+1.

Our aim now is to show that there exists some constant M for which, given any
P0, there is eventually a value of k for which h(Pk) ≤M .

(2) gives us that
m2h(Pk) ≤ h(mPk) + C

h(Pk) ≤ 1

m2
(h(mPk) + C),

which, plugging in the equation relating Pk−1 to Pk gives

h(Pk) ≤ 1

m2
(h(Pk−1 −QPk−1

) + C).

Setting
Cmax = max

1≤i≤n
C−Qi

allows us to in turn apply (1) which tells us that

h(Pk−1 −QPk−1
) ≤ 2h(Pk−1) + C−QPk−1

≤ 2h(Pk−1) + Cmax

and thus

h(Pk) ≤ 1

m2
(2h(Pk−1) + Cmax + C).

Since m ≥ 2, we have that

h(Pk) ≤ 1

2
h(Pk−1) +

1

4
(Cmax + C)

h(Pk)− 1

2
(Cmax + C) ≤ 1

2
(h(Pk−1)− 1

2
(Cmax + C)).

Thus for any P0 there must eventually be some value of K for which h(Pk) −
1
2 (Cmax + C) ≤ 1, or h(Pk) ≤ 1 + 1

2 (Cmax + C), giving us our constant M .
Thus, we have that any P0 ∈ A can be written as a sum using only elements of

height ≤ 1 + 1
2 (Cmax + C) (which, since C and Cmax are independent of P0, is a

finite set by (3)) and the coset representatives Qi (a finite set by (4)). Thus, we
have a finite set of generators from which every element of A may be produced.

�
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The objective now is to find some height function h : E(K)→ R which satisfies
the criteria for application of the descent theorem. The first major result which
allows this is the Weak Mordell-Weil Theorem:

Theorem 1.3 (Weak Mordell-Weil). For an elliptic curve E over a number field
K, the quotient E(K)/mE(K) is finite for all integers m ≥ 2.

This satisfies condition (4) in the descent theorem for all possible m. The proof
of the Weak Mordell-Weil Theorem will not be covered in this paper; it is given in
VIII.1 of [5].

2. Establishing height functions over Projective Space and E(K)

We now need to define our height function over E(K) which works with the
Descent Theorem. To do this, we will first define the height in more familiar
territory, over projective space Pn(K). From there, we can take any function in
the field of functions K(E), which maps E to Pn, allowing us to assign heights
to points of E. The canonical definition of the height over Q is that H(pq ) =

max(|p|, |q|) with p, q relatively prime integers. Likewise, for the projective space
Pn(Q) the definition is extended to H([x0, x1, . . . , xn]) = max(|x0|, |x1|, . . . , |xn|)
with x0, x1, . . . , xn relatively prime integers.

While this works nicely over Pn(Q) (and the third condition for the descent
theorem is implied immediately), it is not well defined over other number fields. To
define this more general height function, we instead make use of this result from
algebraic number theory that relates the standard and p-adic absolute values.

Theorem 2.1. For a number field K, and any point P ∈ K∗,∏
v∈MK

|x|nvv = 1

where MK is the set of all absolute values over K which are equal to either the
“regular” absolute values or a p-adic absolute value when restricted to Q. The
exponent nv is calculated as the degree

nv = [Kv/Qv]

where Kv and Qv are the completions of those fields with respect to v.

This allows the following definition.

Definition 2.2. The height HK(P ) of a point P = [x0, x1, . . . , xn] in projective
space Pn(K) with regards to K is defined as the product

HK(P ) =
∏

v∈MK

max(|x0|v, |x1|v, . . . |xn|v)nv .

When we set K = Q, the height HQ(P ) is exactly the same as the height H(P )
established above; nv is always 1, so it is equivalent of simply multiplying the
maximum values of each absolute value. Since the standard absolute value | · | is
interchangable with (positive) multiplication, this is the same as multiplying all of
the xis by the maximum of each p-adic absolute value and then taking the maximum
standard absolute value. Multiplying by max(|x0|p, |x1|p, . . . |xn|p) ensures that the
minimum p-adic valuation is exactly 1; doing so for all primes in turn yields all the
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xi being relatively prime integers; taking the maximum absolute value now yields
the same result as the previously stated definition over Pn(Q).

Now that we have defined a consistent height HK over Pn(K), we use another
result from algebraic number theory to modify the definition to gain a consistent
value of H(P ) for any number field K containing P . Namely, we use the fact that
given an extension L/K and some v ∈MK , we have∑

w∈ML,|P |v=|P |w∀P∈K

nw = [L : K]nv.

(The proof of this is given in [3].)
This allows us to define:

Definition 2.3. The absolute height of P is defined as

H(P ) = HK(P )
1

[K:Q]

for some number field K containing P ; the above equation along with the definition
of HK gives us that this is a well-defined result independent of the choice of K.

We are now ready to define the height over E(K); which we do relative to some
function f ∈ K(E).

Definition 2.4. The height of a point over an elliptic curve E(K) with regards to
a nonconstant function f ∈ K(E) is defined as

hf (P ) = logH(f(P ))

.

The reasons for taking the logarithm will become apparent as we examine the
properties of the height function H(P ).

3. Showing Finiteness of points of bounded height

We will first show that this function H(P ) (and thus the height hf (P )) satisfies
the third condition of the descent theorem; that there are only finitely many points
with height bounded by any constant C. The main result we seek to prove is
Northcott’s Theorem, which states that the set of points P in Pn(Q) with bounded
height and bounded degree [Q(P ) : Q] is finite; since Q(P ) ⊂ K for any P ∈ Pn(K),
this automatically implies the third condition.

To begin, we prove the following theorem relating the height of the point defined
by the coefficients of a polynomial to the heights of its roots; applying this result
to the minimal polynomial of x ∈ Q will then give us the proof of Northcott in one
dimension.

Theorem 3.1. For any polynomial f(T ) ∈ Q̄[T ] of degree d expressed as T d +
a1T

d−1 + . . . + ad−1T + ad which factors as (T − r1)(T − r2) · · · (T − rd), the
inequalities

2−d
d∏
i=1

H(ri) ≤ H([1, a1, a2, . . . , ad]) ≤ 2d−1
d∏
i=1

H(ri)

hold.
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Proof. We set up the number field K = Q(r1, r2, . . . rd). For an absolute value
v ∈MK , we then define ε(v) = 2 if v is Archimedean and ε(v) = 1 if v is not.

We induct on the degree d to prove

ε(v)−d
d∏
i=1

max(|ri|v, 1) ≤ max(1, |a1|v, |a2|v, . . . , |ai|v) ≤ ε(v)d−1
d∏
i=1

max(|ri|v, 1).

When d = 1, we have that f(T ) = x + a1 = x − r1, so r1 = a1 and the
inequalities 1

ε(v) max(|r1|v, 1) ≤ max(1, |a1|) ≤ max(|r1|v, 1) are trivial. From there,

we induct using the fact that the triangle inequality may be rewritten |x + y|v ≤
ε(v) max(|x|v, |y|v).

Assuming the result holds for all polynomials of degree d− 1, we take the index
k for which |rk|v is minimized, and take the polynomial of degree d − 1 with all
roots other than rk:

G(T ) = (T−r1)(T−r2) · · · (T−rk−1)(T−rk+1) · · · (T−rd) = T d−1+b1T
d−2+· · ·+bd−1.

Since ai = bi − rkbi−1, we can use the triangle inequality to yield

max(1, |a1|v, |a2|v, . . . |ad|v) ≤ ε(v) max(1, |rk|v, |b1|v, |rkb1|v, |b2|v, . . . , |rkbd−1|)

≤ ε(v) max(1, |b1|v, |b2|v, . . . |bd−1|) max(1, |rk|v).
From here, the induction hypothesis gives us that

max(1, |b1|v, |b2|v, . . . |bd−1|) ≤ ε(v)d−2
d−1∏
i=1

max(|ri|v, 1).

Plugging into the above inequality gives us

max(1, |a1|v, |a2|v, . . . |ad|v) ≤ ε(v)d−1
d∏
i=1

max(|ri|v, 1),

the desired upper bound.
For the lower bound, if |rk|v ≤ ε(v), then the rest of the result is trivial as rk

is the maximal root - this means the lower bound is less than 1 while the central
expression is clearly greater.

On the other hand, if |rk|v > ε(v), we follow a similar procedure to the upper
bound. If v is Archimedean, we use triangle inequality to yield

max(1, |a1|v, |a2|v, . . . |ad|v) ≥ (|rk|v − 1) max(1, |b1|v, |b2|v, . . . , |bd−1|v.
Since we have ε(v) = 2 and |rk|v > ε(v), |rk|v − 1 > 1

ε(v) |rk|v, so

|a1|v, |a2|v, . . . |ad|v) > ε(v)−1|rk|v max(1, |b1|v, |b2|v, . . . , |bd−1|v).
If v is non-Archimedean, we instead have immediately that equality holds:

|a1|v, |a2|v, . . . |ad|v) = ε(v)−1|rk|v max(1, |b1|v, |b2|v, . . . , |bd−1|v).
Covering both cases with a non-strict inequality and substituting the lower bound
for max(1, |b1|v, |b2|v, . . . , |bd−1|v) from the inductive hypothesis yields the desired
lower bound. Thus we have proved

ε(v)−d
d∏
i=1

max(|ri|v, 1) ≤ max(1, |a1|v, |a2|v, . . . , |ai|v) ≤ ε(v)d−1
d∏
i=1

max(|ri|v, 1).
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as desired. We now take the nvth power:

ε(v)−dnv
d∏
i=1

(max(|ri|v, 1))nv ≤ (max(1, |a1|v, |a2|v, . . . , |ai|v))nv ≤ ε(v)(d−1)nv

d∏
i=1

(max(|ri|v, 1))nv .

Multiplying these equations together for all v ∈MK gives

2−d[K:Q]
d∏
i=1

HK(ri) ≤ HK([1, a1, a2, . . . , ad]) ≤ 2(d−1)[K:Q]
d∏
i=1

HK(ri).

Finally, taking the [K : Q]th root yields

2−d
d∏
i=1

H(ri) ≤ H([1, a1, a2, . . . , ad]) ≤ 2d−1
d∏
i=1

H(ri).

as desired.
�

This result will be key in proving the finiteness property; however, we want to
apply it to the minimal polynomial of x ∈ Q. In order to get a nice result from
doing this, though, the next result is key.

Lemma 3.2. The height H(P ) is invariant under the action of the Galois group
GalQ̄/Q.

Proof. We take σ ∈ GalQ̄/Q; we also denote the corresponding isomorphism from

MK → MKσ as σ; so v goes to vσ, which satisfies |xσ|vσ = |x|v and nvσ = nv.
Then, since every w ∈MKσ is vσ for exactly one v ∈MK , we have that∏

w∈MKσ

max(|xσi |w)nw =
∏

v∈MK

max(|xσi |vσ )nvσ =
∏

v∈MK

max(|xi|v)nv ,

Thus
HKσ (Pσ) = HK(P )

as desired. �

We are now ready to prove the main result of the section.

Theorem 3.3 (Northcott). The set of P ∈ Pn(Q̄) with H(P ) ≤ C and [Q(P ) :
Q] ≤ D for some constants c and d is finite.

Proof. Taking P ∈ Pn(Q̄), we set homogeneous coordinates such that one of them is
1. Then we can easily construct Q(P ) from the rest of the coordinates and calculate
the height HQ(P )(P ) as follows:

HQ(P )(P ) =
∏

v∈MQ(P )

max(|x0|v, |x1|v, . . . |xn|v)nv

≥ max
0≤i≤n

(
∏

v∈MK

max(|xi|v, 1)nv ) = max
0≤i≤n

(HQP (xi)).

Since [Q(P ) : Q] ≥ max0≤i≤n[Q(xi) : Q], we have that for each of the xi, the bounds
HQP (xi) ≤ c and [Q(xi) : Q] ≤ d hold. This means that proving the theorem over
P1(Q̄) suffices for the proof, as this would mean there are only finitely many valid
xi to choose from in the n-dimensional case.
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We now take x ∈ Q̄. The minimal polynomial comes out to

f(T ) = (T −x1)(T −x2) · · · (T −x[Q(x):Q]) = T [Q(x):Q] +a1T
[Q(x):Q]−1 + · · ·+a[Q(x):Q]

where the xis are Galois conjugates of x. We can now apply Theorem 3.1’s upper
bound, giving

H(1, a1, a2, . . . , a[Q(x):Q]) ≤ 2[Q(x):Q]−1

[Q(x):Q]∏
i=1

H(xi).

This allows us to apply the invariance over the Galois group in Lemma 3.2, yielding

H(1, a1, a2, . . . , a[Q(x):Q]) ≤ 2[Q(x):Q]−1H(x)[Q(x):Q] ≤ (2c)d.

However, the number of points of bounded height on P[Q(x):Q](Q) being finite follows
relatively trivially from the simpler (equivalent) definition of HQ from the start of
the previous section. Thus, there are only finitely many choices for the coefficients
ai and thus finitely many polynomials and finitely many points x ∈ Q̄ satisfying
HQP (x) ≤ c and [Q(x) : Q] ≤ d.

�

As mentioned above, Northcott’s theorem almost immediately implies condition
(3) for the Descent Theorem. We formalize this in the following two successive
corollaries:

Corollary 3.4. For any number field K and constant c, the set of points of Pn(K)
with height less than or equal to c is finite.

Proof. Since for any P ∈ Pn(K), the degree [Q(P ) : Q] ≤ [K : Q], we apply
Northcott’s theorem with d = [K : Q] for this result. �

Corollary 3.5 (Third condition for Descent Theorem). For an elliptic curve E/K
and nonconstant function f ∈ K(E), the set of points P for which hf (P ) ≤ C is
finite.

Proof. We are dealing with points on E(K) for which hf (P ) ≤ C, which, by the
definition of hf means that

logH(f(P )) ≤ C
H(f(P )) ≤ eC .

Setting c = eC in the above result tells us that there are finitely many points f(P ) ∈
P1(K) where this occurs. Since the function f is in K(E) and is nonconstant, the
preimage of each point in P1(K) will be finite, meaning that the union of the
preimages of each f(P ) with H(f(P )) ≤ eC is finite as desired. �

4. Completing Descent Theorem criteria

Our goal in this section is to prove that hf satisfies criteria (1) and (2) for
applying the descent theorem. We will do this by showing that hf is sufficiently
close to a quadratic form, which in turn will imply both criteria.

The proof given in this section will primarily rely on algebraic manipulation using
specific properties of ellpitic curves; a more technical proof of this (generalized to
all abelian varieties) using Weil’s height machine is given in Section 5. However,
this proof will still rely on some important general results, such as the following
theorem on how a homogeneous morphism of degree d affects the height of a point
in projective space:
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Proposition 4.1. For any morphism F : Pn(K)→ Pm(K) of degree d there exist
constants C1 and C2 such that for any P ∈ Pn(Q̄) we have C1H(P )d ≤ H(F (P )) ≤
C2H(P )d.

Proof. Take P = [x0, x1, . . . , xn] and F = [f0, f1, f2, . . . , fm] where the fis are
homogeneous and there is no zero common among all of them. We then define the
following notation given v ∈MK :

|P |v = max(|xi|v).
In addition, if we label the coefficents of each fi as ai1, ai2, . . . then we define

|F |v = max(|aij |v).
We next define HK(F ) to match the formulation we have for HK(P ):

HK(F ) =
∏

v∈MK

|F |nvv .

Finally, we define ε(v) based on whether or not v is Archimedean - however,
we use a different definition from the proof of Theorem 3.1 - here, we instead say
ε(v) = 1 if v is Archimedean and ε(v) = 0 if it is not. The triangle inequality thus
instead becomes |a1 + · · ·+ an|v = nεv max(|ai|v).

Set T to be the maximum number of terms in the polynomials fi (equal to(
n+d
n

)
. Since the absolute value of every term in any fi must be less than or equal

to |F |v|P |dv, the triangle inequality gives us

|F (P )|v ≤ T εv |F |v|P |dv

|F (P )|nvv ≤ T εvnv |Fnvv |P |nvdv .

Multiplying across all v ∈MK gives

HK(F (P )) ≤ T [K:Q]HK(F )HK(P )d

H(F (P )) ≤ TH(F )H(P )d,

which is the desired upper bound.
For the lower bound, we first note that because the fi is homogeneous of degree

d and share no nontrivial zeroes, the set upon which all vanish in the affine space
An+1(Q) is only the point (0, 0, . . . , 0).

Thus, we can apply the Nullstellensatz to yield that in the space Q[X0, X1, . . . , Xn]
the ideal generated by the fis must contain powers of every polynomial which van-
ishes at (0, 0, . . . , 0), including the polynomials X0, X1, . . . XN . This means that
for some integer e ≥ 1, each Xe

i can be written as:

Xe
i =

m∑
j=0

gijfj

where each of the gij ∈ Q[X0, X1, . . . , Xn] is homogeneous of degree e − d. We
define |G|v and HK(G) the same way as we defined the notation for F , taking the
maximum across all coefficients of gijs. Then we can use the above along with the
triangle inequality to obtain that

|xi|ev ≤ T
ε(v)
1 max

0≤j≤m
|gij(P )|v|F (P )|v
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|P |ev ≤ T
ε(v)
1 max |gij(P )|v|F (P )|v.

Applying same procedure that we used to prove the upper bound on |gij(P )|v
gives |gij(P )|v ≤ T ε(v)

2 |G|v|P |e−dv , so we can substitute to get

|P |ev ≤ T
ε(v)
1 T

ε(v)
2 |G|v|P |e−dv |F (P )|v.

|P |dv ≤ T
ε(v)
1 T

ε(v)
2 |G|v|F (P )|v.

HK(P )d ≤ (T1T2)[K:Q]HK(G)HK(F (P ))

H(P )d ≤ T1T2H(G)H(F (P )),

giving us the desired lower bound with C1 = 1
T1T2H(G) .

�

Before moving on to the main result, we will need one other lemma, which allows
us to interchange the heights associated with any two even functions.

Lemma 4.2. If f and g are even functions, then hf deg g = hg deg f +O(1).

Proof. Firstly, we use the property of the elliptic curve that the even functions in
K(E) are exactly the functions of K(x). This allows us to find a rational function
r(X) ∈ K(X) with r ◦ x = f . It follows that

hf (P ) = logH(f(P )) = logH(r(x(P )).

We can take the logarithm of both sides in Proposition 4.1 to yield:

logH(x(P ))(deg r) + logC1 ≤ logH(r(x(P )) ≤ logH(x(P ))(deg r) + logC2

where deg r = deg a− deg b where r(x) = a(x)
b(x) with a, b polynomials.

In terms of Big-O notation we then have

logH(r(x(P )) = (deg r) logH(x(P )) +O(1)

= (deg r)hx(P ) +O(1).

Since deg x = 2, we have that deg f = 2 deg r and thus

2hf (P ) = (deg f)hx(P ) +O(1)

and likewise

2hg(P ) = (deg g)hx(P ) +O(1)

finally giving

hf (P )(deg g) =
1

2
(deg f)(deg g)hx(P ) +O(1) = hg(P )(deg f).

�

With Lemma 4.2, we are now ready to prove the main result of this section. We
will show (near-)quadraticity by showing that hf satisfies the parallelogram rule
within a bound of O(1), relying on a nice symmetry in the elliptic curve addition
law which allows us to apply the above results.
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Theorem 4.3. For P,Q ∈ E(K) and f : E → P1
K even,

hf (P +Q) + hf (P −Q) = 2hf (P ) + 2hf (Q) +O(1)

where the O(1) constant is independent of P and Q; in other words, hf satisfies
the axioms of a quadratic form up to O(1).

Proof. Since the Lemma 4.2 has given us that 2hf = (deg f)hx + O(1); and the
equation we seek to prove is preserved by scaling, it suffices to prove that hx satisfies
the equation.

Take our P,Q 6= O ∈ E (P = O and Q = 0 are trivial cases with hx), setting
x(P ) = [x1, 1], x(Q) = [x2, 1], x(P +Q) = [x3, 1], and x(P −Q) = [x4, 1]. We also
write out E in Weierstrass form: y2 = x3 + Ax + B. Then the Addition formula
gives us:

x3 + x4 =
2(x1 + x2)(A+ x1x2) + 4B

(x1 + x2)2 − 4x1x2

x3x4 =
(x1x2 −A)2 − 4B(x1 + x2)

(x1 + x2)2 − 4x1x2

This gives us the idea of a map giving [1, x3 +x4, x3x4] in terms of [1, x1 +x2, x1x2];
which is given by the map

g : P2 → P2, g(a, b, c) = (b2 − 4ac, 2b(Aa+ c) + 4Ba2, (c−Aa)2 − 4Bba).

This, when combining with the maps σ : E × E → P2, (P,Q) → [1, x(P ) +
x(Q), x(P )x(Q)] and G : E × E → E × E,G(P,Q) = (P + Q,P − Q) clearly
gives us that σ ◦ g = G ◦ σ.

We next show that g is a proper morphism on P2 by showing that g([a, b, c]) 6=
[0, 0, 0] for any [a, b, c] 6= [0, 0, 0]. If a = 0, then we have g([a, b, c]) = [b2, 2bc, c2],
meaning that there are no zeroes for which a = 0 but b 6= 0 or c 6= 0.

Thus, we set a = 1, giving

g([a, b, c]) = [b2 − 4c, 2b(A+ c) + 4B, (c−A)2 − 4Bb].

If we want all three polynomials to vanish, then we must have c = 1
4b

2. This

gives us the other polynomials 1
2b

3 + 2Ab+ 4B and 1
16b

4− 1
2Ab

2− 4Bb+A2. Then,
the identity

(24x2+128A)(
1

16
x4−1

2
Ax2−4Bx+A2)−(3x3−20Ax−216B)(

1

2
x3+2Ax+4B) = 32(4A3+27B2).

This means that both polynomials vanishing on any x would indicate 4A3 +
27B2 = 0; which would imply E is singular; since an initial assumption is that E
is not singular, this does not occur and therefore g is a morphism.

We now have that H(σ(P +Q,P −Q)) = H(g(σ(P,Q))). Since g is a morphism
of degree 2, Theorem 4.1 gives us that

C1H(σ(P,Q))2 ≤ H(g(σ(P,Q))) ≤ C2H(σ(P,Q))2,

or

logH(g(σ(P,Q))) = 2 logH(σ(P,Q)) +O(1).

Thus

logH(σ(P +Q,P −Q)) = logH(σ(P,Q)) +O(1).
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We then apply theorem 3.1 to the polynomial

f(T ) = (T + x1)(T + x2) = T 2 + (x1 + x2)T + x1x2

to get:

1

4
H(x1)H(x2) ≤ H([1, x1 + x2, x1x2]) ≤ 2H(x1)H(x2).

Taking the logarithm gives

logH(σ(P,Q)) = logH([1, x1+x2, x1x2]) = logH(x1)H(x2)+O(1) = hx(P )+hx(Q)+O(1),

and doing the same with x3 and x4 in the polynomial gives the corresponding result
for P +Q and P −Q. Thus we have:

hx(P +Q) + hx(P −Q) = logH(σ(P +Q,P −Q)) +O(1)

= 2 logH(σ(P,Q)) +O(1) = 2hx(P ) + 2hx(Q) +O(1)

as desired.
�

Corollary 4.4 (First condition for Descent Theorem). For any Q ∈ E(K) there
exists some constant C such that for any P ∈ E(K), hf (P +Q) ≤ 2hf (P ) + C.

Proof. This follows immediately, as we can set the C ≥ 2hf (Q)+O(1) for the O(1)
in Theorem 4.3, and then hf (P +Q)+hf (P −Q) ≤ 2hf (P )+C and hf (P −Q) ≥ 0.

�

Proposition 4.5 (Second condition for Descent Theorem). ] For any integer m ≥
2, and any P ∈ E(K), hf ([m]P ) = m2hf (P ) +O(1)

where [m]P is the sum P + P + · · ·+ P m times.

Proof. This is trivial for m = 0, 1 so we induct for m given the result on m− 1 and
m− 2. From Theorem 4.3 we then have that

hf ([m]P ) + hf ([m− 2]P ) = 2hf ([m− 1]P ) + 2hf (P ) +O(1)

hf ([m]P ) = −hf ([m− 2]P ) + 2hf ([m− 1]P ) + 2hf (P ) +O(1)

= (−(m− 2)2 + 2(m− 1)2 + 2)hf (P ) +O(1) = m2hf (P ) +O(1)

as desired. �

Thus all four conditions for the Descent Theorem are now satisfied by the height
function hf (and any integer m ≥ 2), as given by Corollary 4.4, Proposition 4.5,
Corollary 3.5, and the Weak Mordell-Weil Theorem. We may now apply it to E(K),
implying the full Mordell-Weil Theorem.
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5. Expanding to all Abelian varieties (Overview)

Now that we have proven the Mordell-Weil theorem, we move to a more general
case: Proving that the group of A(K) of K-rational points of any abelian variety
A is finitely generated. We can immediately apply most of the proof for E(K) to
this case; the only part of the proof which used specific properties of elliptic curves
was the proof that hf is (nearly) a quadratic form; thus we must now prove this
holds true for general abelian varieties. Whereas for E(K) we proved this for hf
given any nonconstant f ∈ K(E), we really only need to prove that it holds true
for some f . Thus, it now becomes beneficial for us to try to generate specific height
functions with desirable properties.

In this section, we outline the steps in finding a desirable height function; we
then give the full proof in the following sections.

Extending Definition 2.4 to all varieties gives a map:

(functions V → Pn)→ (functions V → R)

f 7→ hf

which gives the height functions used for the descent theorem in the previous sec-
tions. However, it is difficult to show that any of these heights hf satisfies the
quadratic form requirements for the descent theorem over general abelian varieties.
The object we will use to aid us in finding a height that does satisfy this requirement
is the Picard Group Pic(V ), defined as the group of all line bundles on V under the
tensor product; it is also isomorphic to the group of divisors on V modulo principal
divisors. The main draw of the Picard group is that every function f : X → Y
invites a pullback map f∗ : Pic(Y ) → Pic(X); this pullback satisfies a few useful
properties for our purposes. First, by taking the pullback of the tautological line
bundle on Pn, we obtain a map

(functions V → Pn)→ Pic(V )

f 7→ cf .

This suggests to us a potential way to extend our previous height map to a map

Pic(V )→ (functions V → R)

c 7→ hc

where we send cf 7→ hf . Indeed this map, known as Weil’s height machine, exists,
and if we define the map to be additive on line bundles up to O(1), the map is
uniquely defined by the heights hf from line bundles cf . To show this we need
two additional tools. The first is the Segre embedding, which embeds the tensor
product Pn ⊗ Pm into a higher dimensional projective space while preserving the
height h = logH as a sum of the heights in Pn and Pm. The second is the ability
to ”pull down” from a higher dimensional projective space to a lower dimensional
one while preserving the height up to O(1). With these tools, we show that the
height machine is well-defined based on additivity.

The second useful property of the pullback is that we can derive a formula
for the pullback of the multiplication map [m] on our abelian variety A (with
[m]∗ : Pic(A)→ Pic(A)), which, combined with the additive property of the height
machine (as well as the functiorial property, which follows from how the machine
is defined), gives us that hc is within O(1) of an even function if c is a symmetric
line bundle.
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Finally, we can use a result known as the Theorem of the Cube combined with
the pullback of seven trivial addition maps A × A × A → A to show that for any
c ∈ Pic(A), we must have:

hc(x+ y + z)− hc(x+ y)− hc(x+ z)− hc(y + z) + hc(x) + hc(y) + hc(z) = O(1).

Since any function which satisfies this equation and is even is a quadratic form, we
get that hc is within O(1) of a quadratic form.

Finally, because we did not use any property unique to elliptic curves to prove
Corollary 3.5 (which gives the third condition for the descent theorem), we can
generalize the result to A(K). Because of the ”pull down” result, this means that
the condition holds on hc for any c which defines an embedding A → Pm, even if
m 6= n. We call such line bundles very ample; thus, we now have that for any c
which is both symmetric and very ample, hc satisfies all of the first three criteria
for the descent theorem.

All that is needed to complete the proof is a stronger version of the weak Mordell-
Weil theorem, which once again will not be proven in this paper.

5.1. Eliminating the Error Bound. An additional benefit of examining the pull-
back of the multiplication map [m] is that it reveals we can use [m] to generate

a set of normalized heights h̃c = hc + O(1) which satisfy all the axioms of the
height machine h 7→ hc exactly instead of up to O(1). This process relies on Tate’s
lemma, which states that if we have a function f : S → R and a map G : S → S
with f ◦ G = λf , then there is a unique normalized function f̃ with f̃ ◦ G = λf̃ .
Taking G = [m] allows us to do this for our heights hc which satisfy the additive
and functorial properties of the height machine without needing an error bound.
This process is known as Neron-Tate normalization.

While it is not strictly necessary for the proof of Mordell-Weil, the proof of
Neron-Tate normalization uses many of the same intermediate results as the proof
that hc is a quadratic form up to O(1) if c is symmetric. Thus, in the following
sections, we choose to prove Neron-Tate normalization first and then we show that
the normalized height h̃c is exactly a quadratic form for c symmetric. It is, again,
entirely possible to complete the proof without this step.

6. Weil’s height machine

We start by constructing Weil’s height machine, which maps from the Picard
group Pic(V ) consisting of all line bundles over a variety V to height functions
V (K̄)→ R. We begin by formally defining the Picard group and the correspondence
that exists between some of its elements and functions V → Pn.

Definition 6.1. The Picard group Pic(V ) is defined as the group of line bundles on
a variety V , with the tensor product as the group operation. It is also isomorphic
to the group of all divisors of V modulo principal divisors.

Definition 6.2. Given varieties X,Y and a morphism f : X → Y , this function
induces a map which we call f∗ : Pic(Y ) → Pic(X) which sends c ∈ Pic(Y ) to its
preimage in X.

We denote the standard line bundle on Pn as O(1); and we then say that c ∈
Pic(V ) corresponds to some morphism f : V → Pn if f∗(O(1)) = c. Given a
morphism ω : V → Pn, unless otherwise stated, we will use cω ∈ Pic(V ) to denote
the corresponding line bundle.
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A line bundle c corresponds to some morphism f : V → Pn if and only if it is
generated by its global sections: for any x ∈ X, c has some global section that does
not vanish at x.

Definition 6.3. A line bundle that is generated by its global sections is very ample
if its global sections define an immersion into projective space.

As we intend to build the height machine on Pic(V ) based on the heights hf
associated with functions, and Pic(V )’s group operation is the tensor product, we
will likely need to show that the tensor product of some line bundles yields a map
into projective space. A tool we can use to do this is the Segre embedding, which
gives a map from the direct product of projective spaces into a larger projective
space.

Definition 6.4. The Segre embedding is the embedding

σ : Pn × Pm → P(n+1)(m+1)−1

which sends (x0, x1, · · · , xn), (y0, y1, · · · , ym) 7→ (x0y0, x0y1, x0y2, · · · , x0ym, x1y0, x1y1, · · · , xnym−1, xnym).

Next, we show how to construct all line bundles in Pic(V ) from very ample line
bundles, starting with the following result:

Theorem 6.5. Given a line bundle L and a very ample line bundle N , there is
some value b ∈ N such that L⊗N a is generated by its global sections for all a ≥ b.

This theorem is due to Serre; proof is given in Theorem 5.17 of [1].
We can use this to prove:

Lemma 6.6. Any line bundle c ∈ Pic(V ) can be written as the difference of two
very ample line bundles.

Proof. Starting with some c ∈ Pic(V ), we take any embedding w : V → Pn. By
Theorem 6.5, we can then select some natural number a such that c′ = c + acw is
generated by its global sections, corresponding to some morphism V → Pm. Thus,
c′ + cw corresponds to an embedding V → Pn × Pm, which can then be embedded
into some larger projective space Pk using the Segre embedding. Thus we can take
cf = c′+ cw = c+ (a+ 1)cw and cg = (a+ 1)cw; both corresponding to embeddings
f and g, with c = cf − cg. �

This correspondence is what we will use to generate the height machine; for
any very ample line bundle c that corresponds to a morphism f : V → Pn we set
hc = hf +O(1). To extend to all line bundles in Pic(V ), we set an additive property
within Pic(V ) that hc+d = hc + hd +O(1).

For this to be well-defined, however, we need to show that the heights are actually
additive between very ample line bundles. The sum of line bundles in Pic(V ) is their
tensor product, which we may only be able to embed in some higher dimensional
projective space. Consequently, we need is the ability to ”pull down” a height
function from a higher dimensional space to a lower dimensional one while ensuring
that the height does not change beyond a constant bound. Fortunately, it is possible
to do this quite nicely:

Proposition 6.7. Take some homogenous polynomial F (X0, X1, . . . XN ) of degree
m where the coefficient of Xm

N is nonzero (F (0, . . . , 0, 1) 6= 0). Then for x =
(x0, x1, . . . , xn) 6= (0, 0, . . . , 1) we define x′ = (x0, x1, . . . , xn−1) ∈ Pn−1. Then
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there exists some constant c such that for any x ∈ Pn(K̄) with F (x) = 0, we have
CH(x) ≤ H(x′) ≤ H(x).

Proof. We begin by taking the upper bound of proposition 4.1 (we note that only
the proof of the lower bound assumed that there were no points on which the
polynomials did not vanish, so taking the upper bound is valid). Then we have
that H(F (P )) ≤ TH(F )H(P ).

We next define x′′ ∈ P(n+m−1
m )−2 to be the point whose coordinates are all of the

degree m monomials in x0, x1, . . . xn other than xmn ; F (x) = 0 gives xmn in terms of

these monomials as a linear combinations. If we define x(m) ∈ P(n+m−1
m )−1 as the

point whose coordinates are all of the degree m monomials in x0, . . . xn, then we
have a linear map:

T : P(n+m−1
m )−2 → P(n+m−1

m )−1

x′′ 7→ x(m).

The 4.1 upper bound then gives us H(x(m)) ≤ CH(x′′). We then take note that,
up to repetition, x′′ = x(m−1) ⊗ x′, so we have that H(x′′) = H(x(m−1))H(x′) and
thus

H(x(m)) ≤ CH(x(m−1))H(x′)

(H(x))m ≤ C(H(x))m−1H(x′)

H(x) ≤ CH(x′).

The upper bound is trivial, giving the result. �

We can now define and prove the existence and uniqueness of the height machine
with our desired properties.

Theorem 6.8 (Weil’s height machine). For every projective variety V there exists
a unique map:

Pic(V )→ ((functions V (K)→ R)/bounded functions)

which sends c 7→ hc such that the following conditions hold:

(1) If c corresponds to any morphism f then hc(P ) = hf (P ) +O(1).
(2) h is additive by the following relation:

hc+d(P ) = hc(P ) + hd(P ) +O(1)

for c, d ∈ Pic(V ).

Proof. First, we show the additive property holds for all line bundles generated
by their global sections. For functions f and g to projective space, we can find
a function corresponding to the tensor product cf + cg by taking σ(f, g) where σ
is the Segre embedding. This, by definition, preserves the height function h as a
sum of hf and hg. By Proposition 6.7, we can then reduce down back to Pn while
maintaining the height up to O(1), giving the desired additivity rule.

We must also show that the map is consistent for all f, g with cf = cg; we need
that hf = hg +O(1). Taking the vector space of all global sections of cf , changing
from cf to cg is equivalent to a change of basis over this vector space. It can be
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easily shown that a change of basis as such does not change hf beyond a term of
O(1), so this property holds.

Lemma 6.6 tells us that every c ∈ Pic(V ) can be written as the difference of two
very ample line bundles, so the two criteria for the height machine together give us
hc up to O(1) for all c ∈ Pic(V ).

We need to also ensure that hc is well-defined irrespective of which difference of
very ample line bundles we choose to represent it. Take c = cf − cg = cf ′ − cg′ ;
we want that hf − hg = hf ′ − hg′ + O(1). However, we have from Propositon
6.7 that hf ′⊗g = hf⊗g′ + O(1), from which the desired result follows immediately.
As the height machine was defined as a map to the quotient (functions V (K) →
R)/bounded functions, these relations prove that the map exists and is a well de-
fined map for any V . �

We have the following as an immediate corollary:

Corollary 6.9. For varieties V , W and f : V → W , take d ∈ Pic(W ) and
c = f∗(d). Then

hc(P ) = hd(f(P )) +O(1).

This property is known as the functoriality of the height machine.

7. Tate’s lemma and Neron-Tate Normalization

Both the functorial and additive properties of the height machine are only up to
an error bound of O(1). While it is not strictly necessary for the proof of Mordell-
Weil, we would prefer a set of heights which satisfied these properties with no error
bound. In the process of trying to achieve this, however, we will already end up
very close to the final proof of Mordell-Weil.

To get these height functions to behave slightly better for our purposes, we use
what is known as Néron-Tate normalization. This process, in essence, should give us
a new modified height machine whose heights satisfy the desired relations (namely,
functoriality and additivity) exactly, instead of just up to O(1), while remaining
within O(1) of the original heights from the height machine. To prove that such
normalization is possible, we begin with Tate’s lemma, which gives us criteria for
normalizing a stand-alone function with regards to a map G and scale factor λ:

Lemma 7.1 (Tate’s lemma). Given a set S, a map G : S → S, and a function

f : S → R with f ◦ G = λf + O(1), λ > 1, there exists a unique function f̃ such

that f̃ = f +O(1) and f̃ ◦G = λf̃ . For any x ∈ S we have that

f̃(x) = lim
n→∞

(1/λn)f(Gnx).

Proof. Based on our initial condition for f , we have that |f(Gx)− λf(x)| ≤ c, and
thus |(1/λn)f(Gnx) − (1/λn−1)f(Gn−1x)| ≤ c

λn . This means that the series must

converge for λ > 1, so the limit we set to be equal to f̃ must converge. By definition,
we can immediately see that f̃ ◦ G = λf̃ holds true. To prove that f̃ = f + O(1).
we take:

|f̃(x)− f(x)| = | lim
n→∞

(1/λn)f(Gnx)− f(x)|

≤
∞∑
1

|(1/λn)f(Gnx)− (1/λn−1)f(Gn−1x)|
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≤
∞∑
1

c

λn

=
c

λ− 1
,

which is constant, giving us the desired result.
To prove uniqueness, we have that if f is bounded by C, then f̃ is equal to a

limit converging to zero and thus is 0. Therefore, if f = g + O(1), f̃ = g̃. Thus,

if we have some f ′ which also satisfies the criteria for f̃ (that is, f ′ = f + O(1)

and f ′ ◦G = λf ′), then we know that f̃ ′ = f̃ . However, since f ′ satisfies the other

criterion as well, it is clear that f̃ ′ = f ′, and thus we have that f̃ = f ′ and is thus
unique. �

The uniqueness of f̃ is particularly useful as it immediately gives us the two
important following corollaries:

Corollary 7.2 (Functoriality). Given maps G : S → S, F : S → S′, G′ : S′ → S′

such that F ◦G = G′ ◦ F . Then take some f ′ : S′ → R with f ′ ◦G′ = λf ′ + O(1)

and set f = f ′ ◦ F . Then f ◦G = λf +O(1) and f̃ = f̃ ′ ◦ F .

This leads to another immediate corollary; the commutative property of Néron-
Tate normalization against other endomorphisms.

Corollary 7.3 (Commutativity with other endomorphisms). Using the same cri-
teria for f,G, λ as Tate’s lemma, if G′ an endomorphism S → S with λ ∈ R such
that f ◦G′ = λ′f +O(1), then f̃ ◦G′ = λ′f̃ .

Now that we have shown that the normalization is well-defined, we will next
show that we can apply this normalization to derive the desired normalized heights.
In order to prove that the heights can be normalized, we will first look at only
symmetric and anti-symmetric divisors.

We can now take advantages of the specific properties of abelian varieties; namely,
the group structure gives us a multiplication map [m] which we can use to apply
Tate’s lemma. We show that the pullback [m]∗c is equal to m2c for symmetric
divisor classes and mc for anti-symmetric divisor classes. We can then use Tate’s
lemma with [m] as the endomorphism to find the one function equal to hc + O(1)
which satisfies this.

As we constructed the original height machine from the heights on very ample
divisors, we will construct all of the Neron-Tate heights from heights on symmetric
and anti-symmetric divisors.

The first step to proving both this fact about the pullback on [m] is proving that
given any c ∈ Pic(A), the alternating sum of the pullbacks of c by the seven most
trivial linear morphisms A×A×A→ A is equal to zero. To show this, we need to
apply the Theorem of the Cube:

Theorem 7.4 (Theorem of the Cube). Given projective varieties X,Y, Z, the only
element of Pic(X × Y ×Z) which induces 0 on each of X × Y ×{z}, {x}× Y ×Z,
and X × {y} × Z is zero.

This result will not be proven in this paper. The proof is given in [2].
Using the theorem of the cube, we can apply it to the Picard Group of A×A×A,

where A is our abelian variety. Take the following morphisms from A×A×A→ A:

s123(x, y, z) = x+ y + z, s12(x, y, z) = x+ y, s13(x, y, z) = x+ z
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s23(x, y, z) = y + z, s1(x, y, z) = x, s2(x, y, z) = y, s3(x, y, z) = z.

The theorem of the cube gives us that:

Theorem 7.5. For any c ∈ Pic(A), we have s∗123c−s∗12c−s∗13c−s∗23c+s∗1c+s∗2c+
s∗3c = 0.

Proof. If we set x = 0, we have s1 = 0 and equalities s12 = s2, s13 = s3, and
s23 = s123. These terms all cancel giving that the desired sum is zero over 0×A×A.
By symmetry, we can apply the theorem of the cube, giving that the sum is zero
over all A×A×A. �

We next show that for some c ∈ Pic(A), the map f 7→ f∗c satisfies the necessary
criterion to be a function of degree no greater than 2:

Theorem 7.6. Given a variety V and an abelian variety A, the map F : Hom(V,A)→
Pic(V ), f 7→ f∗c satisfies:

(f1 + f2 + f3)∗c− (f1 + f2)∗c− (f1 + f3)∗c− (f2 + f3)∗c+ f∗1 c+ f∗2 c+ f∗3 c = 0

for f1, f2, f3 : V → A.

Proof. Take the function f : V → A × A × A with f(x) = (f1(x), f2(x), f3(x).
Theorem 7.5 and functoriality give us:

(f1 + f2 + f3)∗c− (f1 + f2)∗c− (f1 + f3)∗c− (f2 + f3)∗c+ f∗1 c+ f∗2 c+ f∗3 c

= f∗(s∗123c− s∗12c− s∗13c− s∗23c+ s∗1c+ s∗2c+ s∗3c)

= f∗(0) = 0.

�

We then have the following lemma:

Lemma 7.7. For any abelian group G and function F : Z→ G with

F (x+ y + z)− F (x+ y)− F (x+ z)− F (y + z) + F (x) + F (y) + F (z) = 0

for all x, y, z ∈ Z and F (0) = 0, we have

F (n) = H(n)F (1) +H(n− 1)F (−1)

where

H(n) =
n(n+ 1)

2
.

Proof. It is clear trivially that this is true for n = −1, 0, 1. We can then induct;
assuming the result for all positive integers up to n, we apply the given relation
with x = n, y = 1, z = −1 to give:

F (n)− F (n+ 1)− F (n− 1)− F (0) + F (n) + F (1) + F (−1) = 0

F (n+ 1) = 2F (n)− F (n− 1) + F (1) + F (−1)

F (n+1) = 2(H(n)F (1)+H(n−1)2F (−1))−(H(n−1)F (1)+H(n−2)F (−1))+F (1)+F (−1)

F (n+ 1) = H(n)F (1) +H(n− 1)F (−1) + (n+ 1)F (1) + nF (−1)
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F (n+ 1) = H(n+ 1)F (1) +H(n)F (−1)

as desired. The same argument may be used to induct on the negative integers as
well, solving for F (n− 1) instead from the same equation. �

We now immediately can see how we reach the desired result from this equation,
specifically:

Corollary 7.8. For m ∈ Z and c ∈ Pic(A) (where [m] is the multiplication map
defined in Proposition 4.5), we have that

[m]∗c = m2c

if c is a symmetric divisor class and that

[m]∗c = mc

if c is anti-symmetric.

Proof. From Theorem 7.6 we have that the map from Z → Pic(A) sending m to
[m]∗c satisfies the conditions for Lemma 7.7, meaning that

[m]∗c =
m(m+ 1)

2
c+

m(m− 1)

2
[−1]∗c.

From here, if c = [−1]∗c, this simplifies to [m]∗c = m2c, while if c = −[−1]∗c, then
it simplifies to [m]∗c = mc. �

With this result, we now have an endomorphism to which we can apply Tate’s
lemma to normalize the heights yielded by the height machine.

Theorem 7.9. Given an abelian variety A over K̄, there is a unique function from
Pic(A) to functions A(K̄)→ R sending c 7→ h̃c with:

(1) h̃c = hc +O(1).

(2) h̃c+d = h̃c + h̃d.
(3) If B is another abelian variety with a homomorphism F : B → A, then

h̃F∗c = h̃c ◦ F .

Proof. If c is symmetric, Corollary 7.8 tells us that [2]∗c = 4c. Thus for additivity

(condition (2)) to hold we want a map with h̃c(2x) = 4h̃c(x). By Tate’s lemma

there is exactly one h̃c satisfying both this condition and h̃c = hc +O(1). Additiv-

ity on symmetric divisors follows from the explicit formula for h̃c given by Tate’s
lemma; Functoriality follows from the commutative property of the Néron-Tate
normalization applied to [2] and F .

The same result can be achieved with anti-symmetric divisors using [2]∗c = 2c.
Since a general c ∈ Pic(A) can always be written as half the sum of symmetric

c+ [−1]∗c and the anti-symmetric c− [−1]∗c, the only way to define h̃c consistent

with additivity is h̃c = 1
2 (h̃c+[−1]∗c+h̃c−[−1]∗c); the other properties clearly continue

to hold under this definition. �
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8. Proof of Mordell-Weil Theorem for Abelian Varieties

Now that we have shown the normalized height is well defined with a functoriality
property, we can prove quadraticity. In particular, applying functoriality to the
result of Theorem 7.5 yields that h̃c is a function of degree no greater than two;
since h̃c(0) is clearly 0, c being symmetric would then imply that it must be even
and thus quadratic.

Theorem 8.1. For an abelian variety A and symmetric c ∈ Pic(A), the height h̃c
is a quadratic form over A.

Proof. We return to the morphisms s123, s12, . . . from Theorem 7.5. The functorial
property given in Theorem 7.9 immediately tells us that

h̃s∗123c(x, y, z) = h̃c ◦ s123(x, y, z) = h̃c(x+ y + z).

Taking this relation for each s function and summing the left hand sides yields
zero. Thus the sum of the right hand sides must also be 0, so h̃c satisfies

h̃c(x+ y + z)− h̃c(x+ y)− h̃c(x+ z)− h̃c(y + z) + h̃c(x) + h̃c(y) + h̃c(z) = 0.

Since c is symmetric, h̃c is an even function satisfying the above with h̃c(0) = 0,
meaning it must be a quadratic form. �

We are now nearly ready to put everything together. The proofs from section
4 tell us that h being a quadratic form immediately causes it to satisfy the first
two conditions for the Descent Theorem. Thus, if c is symmetric then h̃c satisfies
conditions (1) and (2). If c corresponds to some f then we can immediately apply
all of Section 3. Thus, all that is left is the criterion fulfilled by the Mordell-Weil
Theorem.

Theorem 8.2 (Weak Mordell-Weil). For an abelian variety A over a number field
K, the quotient A(K)/mA(K) is finite for all integers m ≥ 2.

Once again, the proof will not be given in this paper; it can be found in Chapter
4 of [4].

With this, we have all we need for the final proof.

Theorem 8.3 (Mordell-Weil). For an abelian variety A defined over a number field
K, the group A(K) is finitely generated.

Proof. Select some c ∈ Pic(A) which is both symmetric and very ample. We apply

the descent theorem on h̃c. Since c is symmetric, h̃c is quadratic and thus satisfies
the first two criteria of the theorem. Since c is very ample, we can take the function
it corresponds to and applying Proposition 6.7 if necessary. This gives h̃c = hf +
O(1). As Section 3 of this paper did not use any properties specific to elliptic
curves, we can now apply Corollary 3.5 to hf . This gives us the third criterion for
the descent theorem, and the fourth is given immediately by the weak theorem. �
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