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Abstract. We present a self-contained exposition of a computation of Galatius-

Madsen-Tillman-Weiss identifying the homotopy type of the classifying space

of the category of d-dimensional cobordisms.
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1. Introduction

Let Cobd be the category whose objects consist of (d−1)-dimensional manifolds,
and whose morphisms M0 →M1 are the d-dimensional cobordisms between M0 and
M1. This paper is devoted to a computation of the homotopy type of the classify-
ing space B Cobd, first completed in [1]. There is exposition of this computation
accounting for general tangential structures in [2], along with an investigation of
subcategories of Cobd with classifying spaces homotopy equivalent to B Cobd. We
follow the exposition in [5].

Identifying the classifying space B Cobd provides a way to translate problems in
geometry about manifolds and cobordisms to questions about the homotopy of
B Cobd. The simplest example of this appears in the final section of this paper.

The study of B Cobd grew from the Madsen-Weiss proof of the Mumford con-
jecture. Surgery on this category can be used to obtain the stable homology of
diffeomorphism groups of manifolds. The general result, which requires a version of
our theorem with tangential structures, was proven in [3]. Also see [6] for a general
outline of the connection between the cohomology of mapping class groups and the
Mumford conjecture.
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In this exposition, we will consider unoriented manifolds, without any other tan-
gential structures. For integers N > 0 and d > 0, let Cobd(N) be the category
of (d − 1)-manifolds embedded in RN−1 with cobordisms between them lying in
R× RN−1. We have the following main theorem.

Main Theorem. We have

B Cobd(N) ' ΩN−1 Thom(γ⊥N,d)

The homotopy type of B Cobd(N) is naturally the (N −1)-fold loop space of the
Thom space of a particular bundle γ⊥N,d → Gr(N, d). Taking N →∞ yields

B Cobd ' Ω∞−1MTO(d)

where MTO(d) is by definition the Thom-spectrum obtained from the Thom spaces
of these bundles.

The components of B Cobd correspond to classes of manifolds, so we obtain the
following corollary.

Corollary 1.1. The (d − 1)-manifolds up to cobordism are in correspondence to
the path components of the first space of the spectrum MTO(d).

To show the Main Theorem, we will make extensive use of an intermediary object
ψ(N, k), which is the collection of embedded d-manifolds in Rk × IN−k. These are
the manifolds bounded in all but k directions. We will first relate B Cobd(N) to
spaces of manifolds, and then relate spaces of manifolds to Thom(γ⊥N,d). We will
conclude by invoking delooping machinery to fit the pieces together.

2. Classifying spaces of categories

A topological category is a category C such that the collection of objects C0 and
the collection of morphisms C1 are themselves topological spaces. Furthermore, we
require that the structure maps

id : C0 → C1
source : C1 → C0
target : C1 → C0

along with composition
◦ : C1 ×C0 C1 → C1

be continuous maps of spaces, where C1 ×C0 C1 is the pullback of

C1 C0 C1source target

The nerve NC is the simplicial space with

(NC)0 := C0
(NC)p := C1 ×C0 . . .×C0 C1︸ ︷︷ ︸

p times

When p > 1, the ith face map (NC)p → (NC)p−1 takes a sequence of mor-
phisms to the sequence obtained by composing the ith and (i + 1)th morphisms
for 1 ≤ i ≤ p − 1, and omitting the end morphism for i = 0, p. When p = 1, the
two face maps C1 → C0 are the source and target functions. The degeneracy maps
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insert the identity morphism at position i.

The classifying space of C is then the geometric realization of NC. Concretely,
this is the space

BC :=
∐
p≥0

(C1 ×C0 . . .×C0 C1)×∆p

/
∼

where we quotient out by the face and degeneracy maps.

Example 2.1. We have

B(• → •) ' ∗

3. Topologizing spaces of manifolds

Of central importance will be spaces of d-dimensional submanifolds of U ⊂ RN .

Definition 3.1. For U ⊂ RN open, let Ψd(U) consist of the (not necessarily
compact) d-dimensional submanifolds of U .

We topologize Ψd(U) as follows. Intuitively, manifolds in Ψd(U) will be ‘close
together’ when they differ by small perturbations or when they are equal except
for in regions ‘far away’ from 0. We will construct this topology in three steps.

(1) For each M ∈ Ψd(U), let

Γc(νM ;M) := {compactly-supported sections M → νM}

where νM is the normal bundle of M ⊂ U .

Every tubular neighborhood of M ⊂ U provides a realization of the above
sections as submanifolds of U , each of which is equal to M except over a
compact subset.

For each tubular neighborhood of each M ∈ Ψd(U), declare the above
subset of Ψd(U) to be open. Denote the resulting topological space by
Ψ′d(U).

At this point, we have topologized Ψ′d(U) so that manifolds which differ by small
perturbations lie close together.

(2) Let K ⊂ U be compact, and let ΨK(U) be the quotient of the space Ψ′d(U)
under the relation M ∼M ′ if and only if

M ∩K = M ′ ∩K

In other words, in ΨK(U) we identify submanifolds of U that agree on K.
(3) Finally, equip Ψd(U) with the coarsest topology such that the quotients

Ψd(U)→ ΨK(U) are continuous for all K ⊂ U .

Equivalently, for compact K,J ⊂ U with K ⊂ J , there is a natural
ΨJ(U)→ ΨK(U). And Ψd(U) is the limit

Ψd(U) := lim←−
K⊂U

ΨK(U)
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So a sequence of manifolds M0,M1, . . . in Ψd(RN ) converges to M ∈ Ψd(RN ) if,
for any arbitrarily large ball B ⊂ RN , eventually all Mi are arbitrarily close to M
over B.

The following illustrates a recurring theme: we can push parts of manifolds to
infinity.

Proposition 3.2. Let d < N . Then Ψd(RN ) is path-connected.

Proof. For M ∈ Ψd(RN ), choose some p ∈ RN \M to construct a path of manifolds
from M to ∅. This path will be defined by ‘zooming in’ to p so that M is sent to
infinity. �

4. The cobordism category and spaces of manifolds

Let I be the unit interval. We will restrict our attention to manifolds lying in
IN .

Definition 4.1. The topological category Cobd(N) has objects

Cobd(N)0 = Ψd(I
N−1)

For manifolds M0,M1 ∈ Cobd(N)0, the morphisms M0 → M1 consist of triples
(t0, t1,W ) ∈ R2 ×Ψd(R× IN−1) such that t0 < t1 and

Wt0 = M0

Wt1 = M1

where Ws denotes the restriction of W ⊂ R× IN−1 to {s} × IN−1.

W can be thought of as a family of subspaces of IN−1 that vary over time and
together assemble to a submanifold of R× IN−1. In particular, W is a cobordism
between Wt0 and Wt1 .

Furthermore, we demand that W have small collar neighborhoods around its target
and source that go to infinity:

W(−∞,t0+ε) = (−∞, t0 + ε)×Wt0

W(t1−ε,∞) = (t1 − ε,∞)×Wt1

These ensure that composition of morphisms again yields a smooth manifold. We
compose morphisms (t0, t1,W ) and (t′0, t

′
1,W

′) (provided that Wt1 = W ′t1) by con-
catenating cobordisms.

Proposition 4.2. We have

B Cobd(N) ' Ψd(R× IN−1)

We will prove the proposition by first building a semi-simplicial space X• that
is homotopy equivalent to Ψd(R× IN−1). A p-simplex will consist of a cobordism
W ∈ Ψ(R × IN−1) along with t0, . . . , tp ∈ R such that Wti is a manifold for all i.
A sufficient condition is that W intersects {ti} × IN−1 transversally:

Xp = {(W, t0, . . . , tp) ∈ Ψd(R× IN−1)× Rp+1 : W t ti × IN−1 for all i}
See Figure 1. The face maps simply remove the ith time ti. There is a projection

Xp → Ψd(R× IN−1)
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Figure 1. A simplex of X• for N = 3, p = 2.

Together these induce

π : ‖X•‖ → Ψd(R× IN−1)

Lemma 4.3. The map

π : ‖X•‖ → Ψd(R× IN−1)

is a homotopy-equivalence.

We will prove this using the following notion.

Definition 4.4. A microfibration is a map p : E → B that satisfies the homotopy
lifting property locally. Namely, for each diagram

K × {0} E

K × [0, ε] K × [0, 1] B

there exists a local lift K × [0, ε]→ E for some ε > 0.

We also have the following lemma.

Lemma 4.5. Let p : E → B be a microfibration, and assume that the fibers of p
are (weakly) contractible over every point. Then p : E → B is a fibration, and in
particular E ' B.

See [8] for a proof. Lemma 4.3 is reduced to the following.

Lemma 4.6. The map

π : ‖X•‖ → Ψd(R× IN−1)

is a microfibration with contractible fibers.
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Proof. That π is a microfibration follows from the fact that transversality (on com-
pact manifolds) is an open condition. To say more in the particular case when
K = ∗, we are trying to lift a path in Ψd(R × IN−1), namely an evolving family
of cobordisms. An initial point in ‖X•‖ in some simplex consists of a cobordism
along with a choice of transverse times. A sufficiently small perturbation of this
cobordism preserves transversality at these times, and this is our lift.

To see why the fibers are weakly contractible, consider a map from Si into the
fiber above W , which necessarily lands in some finite subcomplex. Choose a trans-
verse time t not equal to the finitely many times already present in this subcomplex,
which is possible by Sard’s theorem. The simplex which contains all these times
along with t provides a homotopy of Si → ‖X•‖ to the constant map. �

It will be convenient to work with a particular subsimplex Y• ⊂ X•. Let Yp ⊂ Xp

consist of the tuples (W, t0, . . . , tp) for which not only Wti is a manifold, but for
which also Wt is the same manifold for times around ti. We ask that

W(ti−ε,ti+ε) = (ti − ε, ti + ε)×Wti

W is a subset of IN−1 that evolves over time, and Yp consists of such W and times
for which W is constant around each time ti.

Lemma 4.7. The inclusion Y• ⊂ X• induces an equivalence

‖X•‖ ' ‖Y•‖

Proof. The inclusion Yp ⊂ Xp admits a homotopy inverse by ‘straightening’ each
(W, t0, . . . , tp). See Figure 2. �

Lemma 4.8. There is a homotopy equivalence

‖Y•‖ ' B Cobd(N)

Proof. We define a map Y• → N Cobd(N), which is given levelwise by sending
(W, t0, . . . , tp) to the sequence of morphisms given by slicing up W at each ti and
extending to infinity. Explicitly, the image of (W, t0, . . . , tp) is a chain of p numbers
of morphisms, and the ith one is the triple (ti−1, ti,W

′), where

W ′ =
(
(−∞, ti−1 − ε]×Wti−1

)
tW(ti−1−ε,ti+ε) t

(
[ti − ε,∞)×Wi

)
There is a homotopy inverse (N Cobd(N))p → Yp given by composing the cobor-

disms together and letting the augmentation component in Yp consist of the times
that came along with the morphisms. In fact, the composition

(N Cobd(N))p → Yp → (N Cobd(N))p

is the identity, and there is a homotopy from the identity Yp → Yp to the composi-
tion

Yp → (N Cobd(N))p → Yp

given by taking (W, t0, . . . , tp) along the path that pushes W(−∞,t0) and W(tp,∞) to
infinity. See Figure 3. �

Proof of Proposition 4.2. By lemmas 4.3, 4.7, 4.8 we have

B Cobd(N) ' ‖Y•‖ ' ‖X•‖ ' Ψd(R× IN−1)

�



THE HOMOTOPY TYPE OF THE COBORDISM CATEGORY 7

Figure 2. A 2-simplex before (above) and after (below) the
straightening procedure.

Figure 3. The equivalence that sends a 1-simplex of ‖Y•‖ to a
morphism in Cob2(3). The first and last pieces are pushed to
infinity.



8 BECKHAM MYERS

5. The Thom space and spaces of manifolds

Given a vector bundle E → B equipped with a bundle metric, the Thom space
(or at least one construction of it) is the based topological space

Thom(E) := D(E)/S(E)

where D(E) → B and S(E) → B denote the unit disk and unit sphere bundles of
E, respectively.

Denote by Gr(N, d) the Grassmanian of d-dimensional linear subspaces of RN .
Gr(N, d) comes with the tautological bundle γN,d → Gr(N, d) of rank d. We will
be considering the orthogonal complement bundle γ⊥N,d → Gr(N, d), given by

γ⊥N,d := {(V, v) ∈ Gr(N, d)× RN : v ⊥ V }

Note that the Whitney sum γN,d ⊕ γ⊥N,d is the trivial bundle RN → Gr(N, d).

Proposition 5.1. We have

Ψd(RN ) ' Thom(γ⊥N,d)

To prove Proposition 5.1, we will use the following.

Lemma 5.2. Let X = U ∪ V , with U, V open. Then

U ∩ V V

U X

is a homotopy pushout diagram.

For a proof which uses the above notion of a microfibration, see [5]. We now
prove the proposition.

Proof of Proposition 5.1. Denote by V ⊂ Ψd(RN ) the subspace of manifolds that
do not intersect 0. By ‘zooming in’ on 0 we obtain a deformation retract

V ' {∅}
where ∅ is the empty manifold and the basepoint of Ψd(RN ).

Let U ⊂ Ψd(RN ) be the subspace of manifolds M for which there is a unique
x ∈M closest to 0.1 By taking the tangent space at x, there is a map

U → Gr(N, d)

This is a deformation retract, with a homotopy from the identity given by ‘zooming
in’ at x. Applying Lemma 5.2, we have the homotopy pushout

U ∩ V ∗

Gr(N, d) Ψd(RN )

1This is not in fact open. For example, one can consider the sequence of manifolds that

correspond to ‘unwrapping’ a circle centered at 0 ∈ R2, which converge to a manifold with a
unique point closest to 0. To be more precise, one should define U to consist of manifolds M for

which x 7→ ‖x‖ has a unique minimum that is a nondegenerate critical point.
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U ∩ V consists of manifolds M which have a unique point x 6= 0 that lies closest
to 0. Translate M radially so that x lies on the unit sphere, and then ‘zoom in’ to
this point of the sphere to obtain a deformation retract

U ∩ V ' {affine d-planes tangent to SN−1 ⊂ RN} ' S(γ⊥N,d)

The second equivalence follows because an affine d-plane tangent to SN−1 is pre-
cisely a choice of an affine plane H and then a unit length vector v orthogonal
to H (at the end of which H is positioned). Then replacing Gr(N, d) with the
homotopy-equivalent unit disk bundle D(γ⊥N,d) turns the left vertical map into a
cofibration to obtain the categorical pushout

S(γ⊥N,d) ∗

D(γ⊥N,d)

So we get the Thom space Thom(γ⊥N,d) ' Ψd(RN ). �

6. Delooping spaces of manifolds

Let

ψ(N, k) := Ψ(Rk × IN−k)

be the space of d-manifolds bounded in all but k directions. In this section, we aim
to show the following delooping result.

Proposition 6.1. We have

ψ(N, k) ' Ω ψ(N, k + 1)

To this end, we will introduce Segal’s general machinery in the homotopy theory
of semisimplicial spaces. The classical reference is [7].

Let A• be a semisimplicial space. The inclusions

ιi : [1] 7→ [p]

0 7→ i− 1

1 7→ i

induce maps Ap → (A1)p. Suppose these are homotopy equivalences. Then there
is a monoid structure on π0(A1) induced by

A1 ×A1 ' A2 −→ A1

where the map A2 → A1 is the face map d1.

Lemma 6.2. Suppose the induced monoid structure on π0(A1) is a group. Then
the natural map

A1 → Ω ‖A•‖

is a homotopy equivalence.
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Figure 4. An element of A2.

This is Proposition 1.5 of [7]. Thus the strategy will be to build such a semisim-
plicial space A• for which

Ap ' (A1)p(1)

π0(A1) is a group.(2)

A1 ' ψ(N, k)(3)

‖A•‖ ' ψ(N, k + 1)(4)

Let the space Ap of p-simplices consist of tuples (W, t0, . . . , tp) such that W is empty
at time ti:

Ap = {(W, t0, . . . , tp) ∈ Ψ(R×Rk×IN−k−1)×Rp+1 : W∩({ti}×Rk×IN−k−1) = ∅}

The ith face map simply forgets time ti.

Lemma 6.3. Desideratum (1) holds.

Proof. By pushing off to infinity, Ap deformation retracts to the tuples (W, t0, . . . , tp)
for which W is empty outside of [t0, tp] × Rk × IN−k−1. This is true for all p, in-
cluding p = 1. Each map Ap → A1 is given by taking the ith disjoint piece of the
sequence of manifolds. See Figure 4. The homotopy inverse (A1)p → Ap is then
given by concatenating the cobordisms successively. �

Lemma 6.4. Desideratum (2) holds.

Proof. When considering π0(A1), for each triple (W, t0, t1), the content of W out-
side of [t0, t1] is a contractible pieces of information by pushing off to infinity. We
will consider only the manifolds W . The group structure on π0(A1) consists of
taking W,W ′ to their disjoint union.

Observe that the projection W ⊂ Rk+1 × IN−k−1 → Rk+1 onto its unbounded
component has a regular value z, such that the corresponding cross section Wz =
W |{z}×IN−k−1 of W is a manifold. By stretching along the Rk+1 directions we ob-

tain a path from W to Rk+1 ×Wz.

We would like to construct a path from Rk+1 ×Wz t Rk+1 ×Wz to ∅. This is
accomplished by sliding in a nullbordism between Wz t Wz and ∅. See Figure
6. �
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Figure 5. The group operation on A1, when d = 2, N = 3, k = 1.

Lemma 6.5. Desideratum (3) holds.

Proof. A1 consists of triples (W, t0, t1), with W ∈ Ψd(R× Rk × IN−k−1). There is
a map

A1 → Ψd(I × Rk × IN−k−1)

given by pushing the components of W away from [t0, t1]×Rk×IN−k−1 to infinity.
This gives a deformation retract A1 ' ψ(N, k). �

All that remains is to show ‖A•‖ ' ψ(N, k+1). However, since their loop spaces
only detect the component of the identity, we will instead prove

‖A•‖ ' ψ(N, k + 1)∅

Lemma 6.6. Desideratum (4) holds, namely ‖A•‖ ' ψ(N, k + 1)∅.

Proof. We will prove this by constructing two semisimplicial spaces Y•, Y
ε
• and maps

between them such that

ψ(N, k + 1)∅ ' ‖Y•‖ ' ‖Y ε• ‖ ' ‖A•‖
An element of Yp will be a tuple

(W, t0, . . . , tp, y0, . . . , yp) ∈ ψ(N, k + 1)∅ × Rp+1 × (Rk)p+1

such that if we consider Wi at time ti and project this slice to its unbounded
coordinates, the preimage of yi is a manifold. We can denote this by

W(ti,yi) := W |{ti}×{yi}×IN−k−1

and it suffices to ask that W intersect the wall {ti} × {yi} × IN−k−1 transversally.
As in Lemma 4.6, the transversality condition is open, which means that the pro-
jection ‖Y•‖ → ψ(N, k + 1) is a microfibration. And the fibers are contractible by
the same argument as in Lemma 4.6; thus ψ(N, k + 1) ' ‖Y•‖.

Y ε• is the augmented semisimplicial space with p-simplices

(W, t0, . . . , tp, y0, . . . , yp, ε) ∈ Yp × (0,∞)
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Figure 6. A path in ψ(N, k + 1) between W tW and ∅.

such that

W(ti−ε,ti+ε) = (ti − ε, ti + ε)×W(ti,yi) × Rk

These are the cobordisms for which, around each time ti, W is the product of
W(ti,yi) and Rk. There is an equivalence ‖Y•‖ ' ‖Y ε• ‖ given levelwise by the
straightening operation and ‘zooming in’ on each yi. See Figure 7.

Finally, there is an equivalence ‖Y ε• ‖ ' ‖A•‖. Recall that Ap consists of cobor-
disms W along with times (t0, . . . , tp) such that Wti = ∅ for all ti. Then the map
Ap → Y εp is given by augmenting each simplex by ε > 0 sufficiently small so that
W is empty around all times ti. The map Y εp → Ap is given by clearing the inter-

section of W with each {ti} × Rk × IN−k−1. This is accomplished by sliding in a
nullbordism, as in Figure 6. �
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Figure 7. An element of Yp when N = 2, k = 1, p = 0 (above),
and its image under the straightening operation (below).

7. Proof of the Main Theorem

Proposition 4.2 gives

B Cobd(N) ' Ψd(R× IN−1),

Proposition 6.1 gives

Ψd(R× IN−1) ' Ω Ψd(R2 × IN−2) ' . . . ' ΩN−1Ψ(RN ),

and Proposition 5.1 implies

ΩN−1 Ψ(RN ) ' ΩN−1 Thom(γ⊥N,d)

Putting it all together yields

B Cobd(N) ' ΩN−1 Thom(γ⊥N,d)

which completes the proof of the Main Theorem.
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Example 7.1. When N = 2 and d = 1, the the path components of B Cobd(N)
give the 0-dimensional manifolds in R up to cobordism in R2. This is the cobordism
group N0. The tautological bundle γ2,1 → RP 1 is the Möbius band, as is its
orthogonal complement γ⊥2,1. The Möbius band has Thom space RP 2. Taking π0
of both sides recovers

N0 = π0B Cobd(N) ' π1(RP 2) = Z/2
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