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Abstract. Many algebraic invariants are stable under suspension, for example: the homology, cohomology and stable homotopy groups of a space. To
study these, it is useful to work in a “stable” category where suspension is a
self equivalence of categories. The objects of such a category are called spectra. We discuss the various approaches to constructing a “stable” category of
spectra: we first discuss the stable homotopy category; we then discuss how
the stable homotopy category arises from the model structure on various strict
categories of spectra; lastly, we discuss an alternative approach to spectra via
∞-categories.
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1. Introduction
A cohomology theory is a way of assigning a sequence of abelian groups to a
topological space. Cohomology theories come in many diverse flavors: singular
cohomology is defined using singular co-chains; the K-theory of a space X is the
free abelian group generated by isomorphism classes of vector bundles over X modulo certain relations; the cobordism groups of a space X arise from considering
manifolds over X up to bordism.
Given this diversity, it is surprising that each of these theories is representable
as the set of maps into a sequence of spaces. But this is precisely what Brown’s
Representability Theorem tells us: for any (reduced) cohomology theory h∗ we get
a sequence of based spaces K∗ such that
h∗ (X) = [X, K∗ ]
One might hope that homology theories would be similarly representable. Unfortunately, homology theories cannot be represented in general using constructions
at the space level. However, it becomes possible to model homology theories if
we work in a different category, a “stable” category. Cohomology and homology
theories are stable in that they do not distinguish between a space and its suspension. Unlike these, the homotopy groups are in general unstable; however, they do
eventually become stable. These stable phenomena suggest that in an appropriate
category we should be able to “invert” the suspension functor, so that suspension
becomes a self equivalence of categories. The objects of such a stable category are
typically called spectra.
Given these stable phenomena, it is disappointing that a “good” stable category
turns out to be hard to construct. For one, it is a Theorem of Lewis that the “ideal”
stable category of spectra does not exist. Nevertheless, once constructed, a good
stable category becomes indispensable for understanding stable phenomena.
In this paper, we seek to map out the various approaches to developing a good
stable category. For the most part, we hope the reader takes it on faith that a good
stable category is indeed highly desirable.
In §2 we will give a brief introduction to the homotopy groups, in particular the
homotopy groups of spheres. In §3 we define the stable homotopy groups of a space.
In §5 we discuss Brown’s Representability Theorem. Brown’s Theorem gives rise
to the notion of an Ω-spectrum, a candidate object for a category of spectra. In §6,
we discuss approaches to constructing a good “stable” category using conventional
category theory. Finally, in §7, we outline an alternative approach to thinking
about spectra, and we will see that our choice of Ω-spectra as the objects of our
stable category is, in some sense, the right one.
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2. Homotopy Groups
The nth homotopy group of a space X, πn (X), is defined as the set of homotopy
classes of maps from S n to X:
πn (X) = [S n , X]

(2.1)

Equivalently, we can define πn (X) as the homotopy classes of maps from the cube
I n to X which send ∂I n to the basepoint (here I = [0, 1] is the unit interval). This
second definition allows us to more easily define a product operation on πn (X) (for
n ≥ 1) which we do by “concatenating” in the first variable: if f, g ∈ πn (X) then
we define f + g ∈ πn (X) as indicated below.

f

g

+

:=

g

f

With this product, we have the unit e ∈ πn (X) as the constant map and inverses f −1 ∈ πn (X) given by reversing the direction of the first variable, i.e.
f −1 (x1 , · · · , xn ) = f (1 − x1 , · · · , xn ).
For n = 0, π0 (X) is the set of path-components of X. For n = 1, π1 (X) is
the fundamental group of X and is generally not abelian. For n ≥ 2, the product
operation on πn (X) is always abelian: by shrinking the domains of f and g we can
then move them around in I n to see that f + g ' g + f .

f

g

'

f

g

'

g

f

'

g

f

The homotopy groups allow us to define a good notion of equivalence between
topological spaces: we say f : X → Y is a weak equivalence if it induces isomorphisms on all homotopy groups. It turns out, if f is a weak equivalence, it also
induces isomorphisms on cohomology and homology. Moreover, weak equivalences
behave particularly well with CW-complexes: every space is weakly equivalent to
a CW-complex; furthermore, for CW-complexes, weak equivalences are homotopy
equivalences; lastly, any map between CW complexes is homotopic to a cellular
map, i.e. a map which maps n-skeleta to n-skeleta. In particular, this last result
implies that the homotopy groups πi (S n ) vanish for all i < n since we can model
S n as a CW-complex with one 0-cell and one n-cell.
Whilst homotopy groups are easy to define, they are in general very difficult
to compute. Nonetheless, some simple computations are possible using long exact
sequences generated by fibrations. More precisely, if F → E → B is a fibration
(e.g. a fiber bundle) then there is a long exact sequence:
· · · → πn (F ) → πn (E) → πn (B) → πn−1 (F ) → · · · → π0 (E)
This yields several interesting results. For one, it implies ΩBG ' G. Recall that
BG is the classifying space for fiber bundles with structure group G. By definition,
we have a fibration G → EG → BG with EG contractible so we get the following
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long exact sequence:
· · · → πn (G) → 0 → πn (BG) → πn−1 (G) → 0 → · · ·
Hence πn (BG) ∼
= πn−1 (G) but at the same time
πn (BG) = [S n , BG] = [ΣS n−1 , BG] = [S n−1 , ΩBG]
by the suspension-loopspace adjunction. Therefore, πn (ΩBG) ∼
= πn (G) for all n.
This isomorphism is induced by a map ΩBG → G which comes from comparing
the following fibrations:

ΩBG

P BG

BG

G

EG

BG

Here P BG is the space of paths in BG starting at the basepoint and the map
P BG → BG sends such a path to its endpoint in BG. Hence, ΩBG ' G.
Moreover, for a space B, if p : E → B is its universal cover, then πi (p) : πi (E) →
πi (B) is an isomorphism for i ≥ 2. We see this by again referring to the long exact
sequence generated by a fibration: if E is the universal cover of B then we have a
p
fibration p−1 (∗) → E −
→ B with p−1 (∗) a discrete group and E simply connected.
In particular, this implies that πi (S 1 ) ∼
= πi (R) = 0 for i ≥ 2.
Finally, this long exact sequence allows us to compute our first non-trivial homotopy group, π3 (S 2 ). To do this, we define the Hopf fibration
η

S1 → S3 −
→ S2
To define the Hopf map η we consider S 3 as a subset of C2 and we identify S 2 with
C ∪ {∞}, then we let
η : S3 → S2
z1
η(z1 , z2 ) =
z2
The preimage of a point in S 2 under the Hopf map is a circle, and the preimage
of a circle is a torus embedded in S 3 . A nice visual representation made by Niles
Johnson is shown in figure 1. In the lower right hand corner of each image there
is a color coded set of points lying in S 1 , the main section of the figure shows the
preimage of these points under η.
Importantly, we can show π3 (S 2 ) ∼
= Z from the long exact sequence generated
by the Hopf fibration:
π3 (S 1 ) → π3 (S 3 ) → π3 (S 2 ) → π2 (S 1 ) → π2 (S 3 ) → π2 (S 2 ) → π1 (S 1 )
We showed that πn (S 1 ) = 0 for n ≥ 2 using that R is the universal cover of the
circle. Combined with the long exact sequence, we get an isomorphism between
π3 (S 3 ) and π3 (S 2 ) induced by the Hopf map η. By the Freudenthal Suspension
Theorem (which we state in the next section) π3 (S 3 ) ∼
= Z and is generated by the
identity map. Hence, π3 (S 2 ) ∼
= Z and is generated by the image of the identity
under η ∗ , i.e. π3 (S 2 ) is the abelian group generated by η.
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Figure 1. The Hopf fibration, image taken from [Nil].
3. Stable Homotopy Groups
Unlike homology and cohomology theories, the homotopy groups of a space are
not stable: it is not true in general that πn (X) ∼
= πn+1 (ΣX). E.g, in the previous section, our simple calculation showed that π3 (S 2 ) ∼
= Z, but it is known that
π4 (S 3 ) ∼
= Z/2. However, we do eventually get isomorphisms if we keep taking suspensions. This is due to a Theorem of Freudenthal. In other words, the homotopy
groups of a space eventually stabilize. This stable group we will define as the stable
homotopy group of a space.
Freudenthal’s suspension Theorem relates the connectivity of a space to the
stability of its homotopy groups. Recall that a space X is called simply connected
if π1 (X) is trivial. More generally, a space is n connected if it has trivial homotopy
groups up to degree n.
Theorem 3.1 (Freudenthal Suspension Theorem). If a space X is n − 1 connected
then πi (X) ∼
= πi+1 (ΣX) for all i < 2n − 1.
Note Σ raises connectivity: if X is n − 1 connected then πi+1 (ΣX) ∼
= πi (X) ∼
=0
for i ≤ n − 1, hence ΣX is n connected. As a result, we eventually have suspension
isomorphisms
πi+k (Σk X) ∼
= πi+k+1 (Σk+1 X)
when k is sufficiently large. With this in mind we make the following definition:
Definition 3.2. The ith stable homotopy group of a space X, πis (X), is the colimit
of the diagram
πi (X) → πi+1 (ΣX) → πi+2 (Σ2 X) → · · ·
If X = S 0 then we call πis (S 0 ) the stable i-stem which we denote by πis .
Freudenthal’s Suspension Theorem tells us that this colimit is attained after
finitely many suspensions. Since S k is k − 1 connected, we have suspension isomorphisms πi+k (S k ) ∼
= πi+k+1 (S k+1 ) whenever i + k < 2k − 1. Hence, πi+k (S k )
stabilizes when k > i + 1.
The homotopy groups of spheres are shown in table 1. By reading along the diagonals, we see the transitions between instability and stability. A colored diagonal
indicates a homotopy group which has stabilized: e.g., the bright green diagonal
indicates the 2nd stable stem.
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π1

π2

π3

π4

π5

π6

π7

π8

π9

π10

π11

π12

S1

Z

0

0

0

0

0

0

0

0

0

0

0

S2

0

Z

Z

Z/2

Z/2

Z/12

Z/2

Z/2

Z/3

Z/15

Z/2

(Z/2)2

S3

0

0

Z

Z/2

Z/2

Z/12

Z/2

Z/2

Z/3

Z/15

Z/2

(Z/2)2

S4

0

0

0

Z

Z/2

Z/2

Z×
Z/12

(Z/2)2

(Z/2)2

Z/24 ×
Z/3

Z/15

Z/2

S5

0

0

0

0

Z

Z/2

Z/2

Z/24

Z/2

Z/2

Z/2

Z/30

S6

0

0

0

0

0

Z

Z/2

Z/2

Z/24

0

Z

Z/2

S7

0

0

0

0

0

0

Z

Z/2

Z/2

Z/24

0

0

S8

0

0

0

0

0

0

0

Z

Z/2

Z/2

Z/24

0

Table 1. Homotopy groups of spheres, data taken from [Hat02].

L
The collection π∗s := n πns of stable homotopy groups forms a graded ring where
the product operation is composition. This composition only makes sense stably.
In general, it is not true that we can compose maps f : S i → S n and g : S j → S m .
However, in the stable regime, we can replace f, g by their suspensions and use the
composition
Σj f

Σn g

S i+j −−→ S n+j −−−→ S n+m
Alternatively, we can define the product by smashing the two maps into f ∧ g :
S i+j → S n+m : note that Σj f is the same as f ∧ idS j : S i ∧ S j → S n+j . So,
the composition Σn g ◦ Σj f = (idS n ∧ g) ◦ (f ∧ idS j ). Thus, stably, we have that
g ◦ f = g ∧ f.
This ring is graded-commutative, that is f g = (−1)ij gf . This arises from the
fact that f ∧ g and g ∧ f differ in S i ∧ S j by switching ij spheres; each transposition
has degree −1 hence we get (−1)ij degree in total.
The stable homotopy groups of spheres have several interesting properties. It is
a Theorem of Serre that πis is finite for all i > 0. Moreover, if we have an element,
s
α ∈ πis we can look at its powers αn ∈ πni
. It is a Theorem of Nishida that there
n
exists n > 0 such that α = 0 for all α ∈ πis , i > 0; i.e., every element of π∗s is
nilpotent. The proof of Nishida’s Nilpotency Theorem goes beyond the scope of
this paper, however it is an example of a result which can be proved using spectra,
see for instance [BMMS06].
4. Homotopy Limits and Colimits
In section 6.1, we discuss the stable homotopy category. A defining feature of
this category is that fiber sequences are the same as cofiber sequences. Thus, in
anticipation, we review the classical notions fibers and cofibers in Top∗ .
The construction of the fiber and cofiber in Top∗ are instances of a more general
construction, that of homotopy limits and colimits. We will see homotopy limits
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and colimits again in section 7. Moreover, homotopy limits and colimits are so
important to algebraic topology that we feel they merit mentioning.
Loosely speaking, homotopy colimits and limits are “fattened up” versions of
regular colimits and limits which allow us to “do homotopy”. These constructions
make sense in any category which has a notion of weak equivalences, fibrations
and cofibrations. Once constructed, they give a notion of colimit and limit which
is suitable for such categories. This is because homotopy colimits and limits are
invariant under weak equivalence whereas normal limits and colimits are not always.
For more explicit details, the interested reader is recommended to consult Daniel
Dugger’s very helpful introductory notes on homotopy limits and colimits [Dug08].
4.1. Homotopy Limits and Colimits in Top∗ . Here, we recall some of the most
familiar examples of homotopy limits and colimits.
Example 4.1 (Mapping
Telescope). The colimit of inclusions A1 ,→ A2 ,→ · · · is
S
the direct limit i Ai . The homotopy colimit of these inclusions is the mapping
telescope. Shown below, the mapping telescope is defined as the disjoint union
F
i Ai × I/ ∼ where we identify Ai × {1} with its image in Ai+1 × {0} under the
inclusion map. Moreover, we identify all points which include the basepoint, (∗, x)
x ∈ I.
A1 × I

A2 × I

A3 × I

A4 × I

···

If each Ai ,→ Ai+1 is a cofibration, then the mapping telescope is homotopy
equivalent to the usual colimit.SThe idea is that if we collapse the first n-layers, we
n
should recover the finite union i=1 Ai . The issue is we must do this infinitely many
times. To do so, we collapse the nth layer in time interval 1/2n . Since the inclusions
Ai ,→ Ai+1 are cofibrations, we can extend this homotopy to the next layer whilst
keeping our first homotopy fixed. This procedure takes place in the time interval
[0, 1], moreover, the deformation is continuous since the mapping telescope has the
weak topology.
Example 4.2 (Mapping Cone). The colimit of the pushout diagram
f

∗←X−
→Y
in Top∗ is the quotient Y /f (X). The (homotopy) cofiber of f is the
` homotopy
colimit of this diagram. Explicitly, this is the mapping cone C(f ) = Y (X ×I)/ ∼
where we identify (x, 1) ∼ f (x) and (∗, t) ∼ ∗ ∈ Y .

f (X)
Y
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Example 4.3 (Homotopy fiber). The limit of the pullback diagram
f

∗→X←
−Y
is f −1 (∗). We define the (homotopy) fiber F (f ) of f as the homotopy limit of this
diagram. Explicitly, this is the regular pullback of the diagram
ev(1)

f

Y −
→ X ←−−− P X
where P X is the set of paths in X beginning at the basepoint and the map ev(1)
sends a path to its left endpoint. Explicitly, this gives the homotopy fiber as the
subspace of P X × Y consisting of pairs (γ, y) with γ(1) = f (y).
Example 4.4 (Homotopy pullback). More generally, we define the homotopy limit
of the diagram
g

f

→X←
−Y
W −
to be the regular pullback of the diagram
g×f

ev(0)×ev(1)

W × Y −−−→ X × X ←−−−−−−−− X I
Explicitly, this the subspace of X I × W × Y consisting of triples (γ, w, y) where
γ(0) = g(w) and γ(1) = f (y).
5. Representing Cohomology
5.1. Brown’s Representability Theorem. In 1960 Edgar Brown [Bro62] proved
that if h : Top∗ → Set is a functor which satisfies certain axioms (namely, it sends
coproducts to products and sends homotopy pushouts to weak pullbacks) then there
is a natural isomorphism which allows us to represent h as
h(X) ∼
= [X, K]
for a CW complex K. In particular, this means that we can represent every cohomology theory as maps into a sequence of spaces. The hypotheses on Brown’s
theorem mean that a functor is representable if it satisfies the axioms for a reduced
cohomology theory. I.e., if {h∗ }∗∈Z is a (reduced)1 cohomology theory, then there
is a sequence of spaces {K∗ }∗∈Z and natural isomorphisms
h∗ (X) ∼
= [X, K∗ ]
Theorem 5.1 (Brown Representability Theorem). Let h : Top∗ → Set be a contravariant functor which satisfies the following three properties:
(1) (Weak Homotopy Equivalence) If f : X → Y is a weak homotopy equivalence then the induced
W map, h(f ) : h(Y ) → h(X) is an isomorphism.
(2) The natural map h( i Ai ) → Πi h(Ai ) is an isomorphism.
(3) h sends homotopy pushouts to weak pullbacks. i.e. for every homotopy
pushout
W
X
Y
Z
the induced map h(Z) → h(X) ×h(W ) h(Y ) is a surjection.
1Throughout this paper we will always be dealing with reduced cohomology theories.
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There is a connected CW-complex K representing h:
h(X) ∼
= [X, K]
and the isomorphism is natural on X.
Remark 5.2. In the context of CW complexes, condition (2) is equivalent to requiring that if A, B ,→ X are inclusions of subcomplexes, then the induced map
h(A ∩ B) → h(A) ×h(X) h(B) is a surjection.
For a detailed proof of Theorem 5.1, we recommend the reader consults Akhil
Mathew’s blog [Ma10b]. The argument found there is essentially the same as the
one in Hatcher [Hat02]. However, we find Mathew’s presentation to be clearer.
The basic idea for the proof is that CW complexes are generated under colimits
by a countable collection of objects: the spheres. Thus, we first show that h is
representable on spheres. To do so, we inductively build spaces Kn with elements
un ∈ h(Kn ) such that the pullback of un induces an isomorphism
[S k , Kn ] ∼
= h(S k ),
for k < n and a surjection
[S n , Kn ]  h(S n )
Given a space Kn , we can construct a space Kn+1 by gluing n + 1 cells along
attaching maps. These attaching maps are precisely those in the kernel of the map
f 7→ f ∗ (un ) since they are in particular maps f : S n → Kn . Moreover, since h
sends pushout squares to weak pullbacks, we can extend un to an element un+1 ∈
h(Kn+1 ). By gluing n + 1 cells along these attaching maps, any element in the
kernel becomes nullhomotopic which induces an isomorphism [S n , Kn+1 ] ∼
= h(S n ).
We can then glue together the spaces Kn by forming the mapping telescope of
inclusions
K1 ,→ K2 ,→ K3 ,→ · · ·
to obtain a space K which simultaneously represents all the spheres at once. Again,
by the hypotheses on h, we can find an element u ∈ h(K) which restricts to un on
each Kn .
Finally, one shows that the pair K, u in fact represents every CW-complex. Since
h sends weak homotopy equivalences to isomorphisms, this means that h represents
every topological space.
Remark 5.3. Brown’s Representability Theorem generalizes to broader settings. In
[Bro65], Brown gives one generalization of Theorem 5.1 to abstract categories and
functors from those categories. It turns out, on nice enough category (to be precise,
a homotopy category which we discuss in section 6.3), a functor is representable
when it satisfies conditions to (2) and (3) from Theorem 5.1.
Using the more modern language of ∞-categories allows us restate this generalization of Brown’s theorem. Since this requires a different framework, we postpone
the statement of the result to section 7.5. However, what is interesting is that the
argument used to prove the generalizes theorem is essentially identical to the one
we sketched above, used to prove the regular version of Brown’s Theorem.
Recall, the essential point in the argument is that CW∗ is generated by the
spheres. Then the hypotheses on our functor allow us to find a space which represents all the spheres and then glue these together. This exact argument works
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to prove the version of Brown’s Theorem for ∞-categories: namely, on any domain generated by “sphere-like” objects, a functor is representable precisely when
it satisfies (2) and (3).
5.2. Cohomology Theories as Ω-Spectra. Brown representability leads us naturally to the idea of an Ω-spectrum. Cohomology theories are stable under suspension, so we have natural isomorphisms hn (X) ∼
= hn+1 (ΣX). However, Brown’s
n
Representability Theorem tells us that for each h there is a space Kn with
(5.4)

hn (X) ∼
= [X, Kn ]

Thus:
(5.5)

[X, Kn ] ∼
= hn (X) ∼
= hn+1 (ΣX) ∼
= [ΣX, Kn+1 ] ∼
= [X, ΩKn+1 ]

By Yoneda’s lemma, this means that Kn is isomorphic to ΩKn+1 in hTop∗ , i.e. Kn
is weak homotopy equivalent to ΩKn+1 . In other words, any cohomology theory is
representable as a sequence of spaces {Kn }n∈N such that Kn ' ΩKn+1 . This leads
us to the following definition.
Definition 5.6. An Ω-spectrum is a sequence of spaces {Kn }n∈N with weak homotopy equivalences Kn ' ΩKn+1 .
I.e., Brown’s Theorem says that every cohomology theory is represented by an
Ω-spectrum.
Example 5.7 (Singular cohomology). Singular cohomology in G-coefficients is
represented by the Eilenberg MacLane spaces Kn = K(G, n) defined by

0 if ∗ =
6 n
(5.8)
π∗ (K(G, n)) =
G if ∗ = n
Indeed, for singular cohomology, we have H ∗ (S n ; G) = G for ∗ = n and 0 otherwise.
By Brown’s Theorem, this means that there exists a sequence of spaces K∗ such
that πn (K∗ ) = [S n , K∗ ] = G for ∗ = n and 0 otherwise, so the condition in (5.8) is
satisfied.
Example 5.9. For G = Z the Eilenberg Maclane spectrum is
{Z, S 1 , CP ∞ , K(Z, 3) · · · }
and for Z/2 the Eilenberg MacLane spectrum is
{Z/2, RP ∞ , K(Z/2, 2), · · · }
We claim RP ∞ is a K(Z/2, 1): Z/2 acts freely on S ∞ by the antipodal map.
The quotient space of S ∞ by identifying antipodal points is RP ∞ . Since S ∞ is
contractible, the fibration
Z/2 → S ∞ → RP ∞
induces isomorphisms π1 (RP ∞ ) ∼
= π0 ({0, 1}) = Z/2 and πn (RP ∞ ) ∼
= πn−1 ({0, 1}) =
0 for n ≥ 2 which means precisely that RP ∞ is indeed a K(Z/2, 1).
This argument works more generally: we define the action of Z/k on S ∞ by
multiplying the coordinates of S ∞ by e2πi/k . The quotient space of S ∞ obtained
by identifying the orbits of this action is thus a K(Z/k, 1). Such a space is called
an infinite Lens space.
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Similarly, S 1 acts freely on S ∞ by complex multiplication. The quotient space
obtained by identifying the orbits is CP ∞ . The long exact sequence generated by
this fiber bundle
S 1 → S ∞ → CP ∞
shows that CP ∞ is a K(Z, 2).
Moreover, since the homotopy groups of a product is the product of homotopy
groups, we have that K(G, n) × K(H, n) is a K(G × H, n). Therefore, since S 1 is
a K(Z, 1) and we have constructed K(Z/k, 1) for all k, we can construct K(G, 1)
for any finitely generated abelian group G.
Example 5.10 (Real and complex topological K-theory). Raoul Bott’s remarkable
Periodicity Theorem tells us that
BU × Z ' Ω2 (BU × Z)
and that
BO × Z ' Ω8 (BO × Z)
This immediately gives an Ω-spectrum associated to BU ×Z: For BU we know that
ΩBU ' U . Moreover, since ΩZ = ∗ we further see that Ω(BU × Z) = ΩBU × ΩZ '
U and by Bott’s Theorem Ω2 (BU × Z) = Ω2 BU × ΩZ ' BU × Z. We therefore
obtain an Ω-spectrum
KU = {BU × Z, U, BU × Z, U, · · · }
The spaces in the Ω-spectrum associated to BO are slightly more complicated,
nonetheless it is possible to write down an explicit Ω-spectrum
KO = {BO × Z, U/O, Sp/U, Sp, BSp × Z, U/Sp, O/U, O, BO × Z, · · · }
where Sp is the direct limit of the symplectic groups. In this way, Bott periodicity
gives us Ω-spectra KO and KU associated to BO and BU respectively.
KO and KU represent real and complex topological K-theory. For a compact
Hausdorff space X, its 0th real K-theory group KO0 (X) is the free abelian group
generated by isomorphism classes of vector bundles over X, [vi ], modulo the relations
[vi ] + [vj ] = [vi ⊕ vj ] and [1] = 0
where ⊕ denotes the Whitney sum of vector bundles and [1] is the trivial bundle.
The 0th complex K-theory group of X, KU 0 (X), is obtained exactly the same
way using complex vector bundles instead of real ones.
The set of real vector bundles over X up to isomorphism is represented by the
classifying space BO × Z. Hence, we have an isomorphism KO0 (X) ∼
= [X, BO × Z].
Similarly, the set of complex vector bundles over X up to isomorphism is represented
by the classifying space BU ×Z which gives an isomorphism KU 0 (X) ∼
= [X, BU ×Z].
Bott’s periodicity Theorem then allows us to extend our definition of KO0 and KU 0
into Z-graded cohomology theories.
For an excellent paper on K-theory as well as discussion of Michael Atiyah’s
proof of Bott’s periodicity Theorem, we refer the reader to [Kru17].
Example 5.11 (Suspension Spectra). For any space X we can define an Ω-spectrum
Σ∞ X associated to X. The naive construction of such an Ω-spectrum would be to
take the nth space as Σn X. Freudenthal’s suspension Theorem tells us that eventually we have Σn X ' ΩΣn+1 X, however we are not guaranteed that this is the case
in “low dimensions,” i.e. for small n.
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For example, the fundamental group of S 1 ∨ S 1 is the free group on two generators, one for each S 1 . In particular, π1 (S 1 ∨ S 1 ) is not abelian; hence, it
could not be homotopy equivalent to a loopspace. Otherwise, we would have
π1 (S 1 ∨ S 1 ) ∼
= π1 (ΩX) = π2 (X) which contradicts the fact that π1 (S 1 ∨ S 1 ) is
not abelian.
Thus, in order to construct an Ω-spectrum, we need to find a way to associate to
each space X an “infinite loopspace”, i.e. a space X 0 such that for all n there exists
a space Xn0 with X 0 ' Ωn Xn0 . To this end, note that we always have Y ,→ ΩΣY
corresponding to the identity map ΣY → ΣY through the suspension-loopspace
adjunction; explicitly we send y ∈ Y to the loop γy : S 1 → ΣY shown below.

y
y

γy

→

y
y

This gives an embedding Y ,→ ΩΣY .
Applying this for Y = Σn X we get Σn X ,→ ΩΣn+1 X and then applying the
loopspace functor n times, we get Ωn Σn X ,→ Ωn+1 Σn+1 X. This gives us embeddings
X ,→ ΩΣX ,→ Ω2 Σ2 X ,→ · · ·
As such, we can define the space Q(X) which associates to each space X an infinite
loopspace by the direct limit
(5.12)

Q(X) :=

[

Ωn Σn (X)

n

We claim this construction gives
ΩQ(ΣX) := Ω

[
n

Ωn Σn+1 X ∼
=

[

Ωn+1 Σn+1 X = Q(X)

n

S
The idea is that S 1 is compact so any loop in n Ωn Σn+1 (X) will land in ΩN ΣN +1 (X)
for some N which gives an element ΩN +1 ΣN +1 (X). Similarly, every map in
S
n+1 n+1
Σ
(X) is a map in ΩN +1 ΣN +1 (X) for some N which gives an element
nΩ
of ΩQ(X). However, to make this rigorous requires some point set details which
we will omit. In particular, to guarantee that S 1 lands in a finite union we need
that the inclusions Ωn Σn X ,→ Ωn+1 Σn+1 X are closed maps. The interested reader
is recommended to look at [Str], particularly definition 3.4 and Lemma 3.6.
Definition 5.13. Let X be an object of Top∗ , we define the suspension spectrum
of X to be the Ω-spectrum {Q(X), Q(ΣX), Q(Σ2 X), · · · }. It’s denoted by Σ∞ X.
For X = S 0 we get the sphere spectrum S := Σ∞ S 0 that shall be important in the
next section.
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6. Spectra
Brown’s Representability Theorem suggests Ω-spectra as candidate objects for a
category where suspension is a self-equivalence. The question then becomes whether
we can realize such a category.
It is fairly easy to arrive at a good stable homotopy category: the homotopy
category of spectra. Moreover, in this homotopy category, every object is isomorphic to an Ω-spectrum. This setting is useful for many purposes which we discuss
in section 6.1: suspension is an equivalence of categories; we have a way of defining
fiber sequences and cofiber sequences, and they are the same; we have a general construction for cohomology theories, so that, not only does every cohomology theory
give an Ω-spectrum, but every spectrum also gives a cohomology theory.
The homotopy category of spectra is clearly the correct stable homotopy category. However, it is limited in its usefulness. This is because, in any homotopy
category, diagrams do not commute “on the nose”, instead, diagrams commute
only “up to homotopy”. And, for some purposes, these homotopy commutative
diagrams are not as good as their strictly commuting counterparts.
This would not be a problem if we could lift homotopy commutative diagrams to
homotopy coherent diagrams. In general, coherence is understood using operads,
but we can sketch the idea in Top∗ : suppose we are given an “up to homotopy”
commutative diagram D in hTop∗ . We can lift D to a coherent diagram if there
is a choice of homotopies which witness the commutativity of D and a choice of
homotopies between those homotopies, and so on. It turns out, a diagram in hTop∗
can be lifted to a homotopy coherent diagram if and only if it can be realized as
a strictly commutative diagram in Top∗ , see [Rie18] Theorem I.1.2. In this sense,
diagrams in a homotopy category which lift to homotopy coherent diagrams are “as
good as” diagrams in their corresponding strict category.
Unfortunately, not every homotopy commutative diagram can lifted to a homotopy coherent diagram, see example I.3.4 in [Rie18]. As a result, it is desirable
to work at the “point set” level, i.e. in a strict category where we have diagrams
which commute on the nose. Moreover, in such a strict category, we want to keep
the good attributes of the stable homotopy category.
It is therefore somewhat deflating that such a strict category of spectra does not
exist: a Theorem of Lewis tells us that we can’t get all the features of the stable
homotopy category in a strict category [Lew91]. Instead, various approximations
to such an “ideal” category of spectra have been developed, each endowed with
slightly differing sets of properties.
However, suppose we work in a category which includes higher homotopies as
part of its data. We would then have the flexibility to work “up to homotopy” whilst
having the power that a strict category affords: every diagram would include the
equivalences which make it commute. This is the idea of an ∞-category. As we
discuss in section 7, ∞-categories give us an alternative approach to construct a
category of spectra.
The ∞-category of spectra interpolates between the strict categories of spectra
and the stable homotopy category: every strict category descends to the same ∞category of spectra by an operation called the homotopy coherent nerve; and, the
∞-category of spectra descends to the stable homotopy category. Schematically,
this is shown in figure 2.
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Prespectra

Symmetric
Spectra

Orthogonal
Spectra

LMS Spectra

EKMM
Spectra

Homotopy Coherent Nerve

∞-Category
of Spectra

Homotopy Category

Homotopy Category

Stable
Homotopy
Category

Figure 2. Approaches to a category of spectra.
6.1. The Stable Homotopy Category. No matter how we obtain the stable
homotopy category hSp, it always has the following features:
6.1.1. Features of the stable homotopy category.
◦ Every object in hSp is isomorphic to an Ω-spectrum.
◦ There are notions of fibers and cofibers (more generally, homotopy limits
and colimits) in hSp. In particular, we have suspension Σ and loopspace Ω
functors.
◦ We have an equivalence of categories Σ : hSp  hSp : Ω
◦ We have an adjunction Σ∞ : hTop∗  hSp : Ω∞ making the diagrams
commute:
hSp

Σ

Σ∞

hTop∗

hSp
Σ∞

Σ

hSp

Ω

Ω∞

hTop∗ hTop∗

hSp
Ω∞

Ω

hTop∗

If we think of the objects of hSp as Ω-spectra, then the functor Σ∞ sends a
space X to its suspension spectrum as defined in section 5.2. The functor
Ω∞ sends an Ω-spectrum {Kn } to its 0th space K0 . The unit map for this
adjunction is then given by the map X → Q(X) = Ω∞ Σ∞ X.
◦ The stable homotopy category is a closed symmetric monoidal category.
This means we have a tensor product operation, ∧, which is commutative,
associative and has a unit (up to natural isomorphisms making certain
diagrams commute). We say hSp is closed since there is an internal hom
object F (X, Y ) and an adjunction which gives [X ∧ Y, Z] ∼
= [X, F (Y, Z)].
◦ The unit for the smash product is is the sphere spectrum S = Σ∞ (S 0 )
◦ In the stable homotopy category, we can define the homotopy groups of
spectra in such a way that we recover the classical stable homotopy groups
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of a space X. We define the nth homotopy group of a spectrum K by
πn (K) = [Σn S, K]
The grading for these homotopy groups is in Z: since suspension is an
equivalence of categories, we can define S −1 as the object in hSp such that
ΣS −1 = S 0 , and similarly for S −n . Moreover, if X is a space then the stable
homotopy group of X agrees with the homotopy groups of its suspension
spectrum in hSp:
πns (X) = colimk πn+k (Σk X) = colimk πn (Ωk Σk X) = πn (Ω∞ Σ∞ X) =
= [S n , Ω∞ Σ∞ X]hTop∗ = [Σn S, Σ∞ X]hSp = πn (Σ∞ X)
◦ For a map f in hSp, we can define its cofiber C(f ) and fiber F (f ), these
are isomorphic up to suspension:
C(f ) = ΣF (f )
in other words, fiber sequences are the same as cofiber sequences. This is
not true in Top∗ .
◦ More generally, hSp is a triangulated category. Precisely, this means that
there is a set of distinguished triangles in hSp of the form
f

X−
→ Y → C(f ) → ΣX
The idea of a triangulated category generalises the classical notion of a
cofibration sequence in Top∗ : a cofiber sequence A → X → X/A in Top∗
gives
(6.1)

A → X → X/A → ΣA → ΣX → ΣX/A → Σ2 A → . . .
In a triangulated category, we can basically do the same thing. Namely,
f
f
every map X −
→ Y gives a distinguished triangle X −
→ Y → C(f ) → ΣX.
Moreover, if X → Y → Z → ΣX is a distinguished triangle, then shifting
by applying suspension also gives a distinguished triangle, so, for instance
Σ3 Y → Σ3 Z → Σ4 X → Σ4 Y is also a distinguished triangle. This is
analogous to the situation in Top∗ : any consecutive 4-tuple of spaces in
(6.1) is also a distinguished triangle.
In a triangulated category, the suspension functor is an isomorphism, so
we can extend cofiber sequences to the left i.e. into fiber sequences:
f

· · · → Σ−1 Y → F (f ) := Σ−1 C(f ) → X −
→ Y → C(f ) → ΣX → · · ·
The full set of axioms for a triangulated category are known as Verdier’s
axioms and can be found on page 23 of [Lur12]. In section 7.6 we discuss
where this triangulated structure on hSp comes from.
Remark 6.2. We alert the reader that among the Verdier axioms TR1-TR4, axiom
TR3 is in fact superfluous and is a consequence of axiom TR4. This was proved in
[May05].
6.1.2. Generalized Homology and Cohomology. By Brown’s Theorem, each cohomology theory has an associated an Ω-spectrum which represents it. However,
every Ω-spectrum also gives a cohomology theory. So, we can think of the objects
of the stable homotopy category as cohomology theories.
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Remark 6.3. It is not completely fair to say that hSp is a category of cohomology
theories. There are nonzero maps which descend to zero maps between cohomology
theories.
We define a generalized cohomology theory associated to a spectrum K by defining
K n (X) = [Σn Σ∞ X, K]
Similarly, we can define a generalized homology theory associated to K by letting
Kn (X) = πn (K ∧ Σ∞ X)
These definitions hold for all n ∈ Z since suspension is an equivalence of categories.
The features of stable homotopy category allow us to “build in” the axioms for a
cohomology theory. The suspension isomorphisms and weak homotopy equivalence
axioms are immediate. The wedge sum axiom also holds since it holds for homotopy
groups. The only non immediate axiom is the Mayer-Vietoris axiom which is proved
similarly to the space level.
6.1.3. Some duality results. We now discuss some duality results which come into
view when working in the stable homotopy category. In this section, we make use
of the closed symmetric monoidal structure on hSp. So, we have an internal hom
F (−, −), and tensor product ∧ with unit S.
Definition 6.4. The Spanier-Whitehead dual of K is a spectrum DK such that
DK ∧ − is right adjoint to K ∧ −
Example 6.5. The simplest example of a dual object in hSp is DS n where S n is
the n-fold suspension of the sphere spectrum. Then, we have DS n = S −n by the
suspension-loopspace adjunction.
Example 6.6. A familiar example of a dual object is the dual of a vector space.
Let VectF be the set of finite dimensional vector spaces over a field F . Then, the
dual of V ∈ VectF , denoted V ∗ in this case, is the vector space of linear functionals
from V to F . Moreover, the double dual, V ∗∗ , is naturally isomorphic to V .
The situation in VectF holds true more generally:
Proposition 6.7. The dual of K, if it exists, is unique and is given by F (K, S).
Moreover, DDK is naturally isomorphic to K.
Definition 6.8. An object K of hSp is a finite spectrum if it is the homotopy
colimit of a finite diagram of sphere spectra S n , n ∈ Z.
Example 6.9. If X is a finite CW complex in Top∗ then the suspension spectrum
of X is a finite spectrum.
We now state the following important result:
Proposition 6.10. If K is a finite spectrum, then DK exists.
The following result follows immediately from the definition of the dual as well
as the definition of generalized cohomology and homology theories.
Corollary 6.11. If X is a finite spectrum and E is any spectrum then
[X, Σn E] = E n (X) ∼
= E−n (DX) = π−n (E ∧ DX)
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Corollary 6.11 gives us a relation between generalized cohomology and homology
theories. However, we can obtain more explicit characterization:
Theorem 6.12. Let X be a finite CW complex with an embedding X ,→ S n , such
that S n − X is homotopy equivalent to a finite CW complex. Then, by taking the
suspension spectrum of X and S n − X, we have the following isomorphism in the
stable homotopy category:
DX ∼
= Σ1−n (S n − X)
Corollary 6.13. Let X be as in the previous Theorem. For any spectrum E we
have the following isomorphisms between the generalized homology and cohomology
of E:
E k (X) ∼
= En−k−1 (S n − X)
Ek (X) ∼
= E n−k−1 (S n − X)
By definition of the generalized cohomology and homology of a spectrum, and
the definition of the dual of X, this corollary follows trivially from Theorem 6.12.
Taking the spectrum E to be the Eilenberg Maclane spectrum associated to Z
immediately gives the following result:
Theorem 6.14 (Alexander Duality). Let X be as in the previous Theorem and let
H∗ (X, Z) and H ∗ (X, Z) denote the singular homology and cohomology of X with
coefficients in Z. We have the following isomorphism:
∼ H n−k−1 (S n − X, Z)
Hk (X, Z) =
This result is proved independently of Theorem 6.12 in [Hat02]. It is a remarkable
that one can in fact prove Theorem 6.12 from the seemingly much weaker statement
of Alexander duality.
6.2. Lewis’ Theorem. The stable homotopy category is a good setting for understanding stable phenomena. However, as we noted in the introduction to section 6,
it is not powerful enough. This lack of power comes from the fact that diagrams in
hSp do not commute “on the nose”.
As such, one might prefer to work in the “point set” level, i.e., in a strict category
where diagrams commute strictly. One might further hope that this strict category
has all the advantages of the homotopy category of spectra. In particular, one
might expect to construct a category Sp such that the following axioms hold:
(1) Sp is symmetric monoidal. The tensor product is called the smash product
∧.
(2) There is an adjunction Σ∞ : Top∗  Sp : Ω∞ .
(3) The unit for the smash product is Σ∞ (S 0 ).
(4) There is a natural transformation ϕ : (Ω∞ H) ∧ (Ω∞ K) → Ω∞ (H ∧ K) with
H, K ∈ Sp.
(5) There is a natural weak equivalence θ : Ω∞ Σ∞ (X) → Q(X) which makes
the following diagram commutes in Top∗ .
Ω∞ Σ∞ (X)
θ

η

X

i

Q(X)
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In the above diagram i : X → Q(X) is the inclusion of X and η : X →
Ω∞ Σ∞ (X) is the unit for the adjunction Σ∞ : Top∗  Sp : Ω∞ .
If we require that the diagram from axiom 5 commutes in hTop∗ instead of Top∗ ,
then hSp satisfies all these properties.
The following Theorem due to L. Gaunce Lewis [Lew91] answers the question of
whether we can solve our problems by working at the point set level.
Theorem 6.15 (Lewis). There does not exist such a category Sp.
6.3. Strict Categories of Spectra. The Theorem of Lewis tells us that we can’t
get all the features of the stable homotopy category in a strict category. Nonetheless, this has not prevented many constructions of a strict category of spectra. These
constructions try and realize as many of properties (1) − (5) as possible. In particular, it is very desirable to have a good smash product which gives a symmetric
monoidal structure on the category of spectra.
These distinct constructions of spectra give the same stable homotopy category
by means of taking the “homotopy category”. We thus define the stable homotopy
category as the homotopy category obtained from any strict category of spectra.
6.3.1. Homotopy Categories. A category, C, is called homotopical if it has a notion
of weak equivalence which generalizes the notion of weak equivalence in Top∗ ; the
homotopy category of C, hC, comes from “forcing” weak equivalences to become
isomorphisms.
More specifically, a class of weak equivalences in a category C is a class of
morphisms which satisfy the “two out of six” property: every isomorphism in C is
a weak equivalence and, for every composable sequence of three morphisms
f

g

h

·−
→·−
→·−
→·
if gf and hg are weak equivalences then f, g, h and hgf are. In particular, this
implies the simpler “two out of three” property: if any two of a composable triple,
f, g, f g, is a weak equivalence then the third morphism is also a weak equivalence.
Definition 6.16. Let C be a category with weak equivalences. The homotopy
category hC is a category with a functor H : C → hC which sends every weak
equivalence to an isomorphism. Moreover, hC is universal among categories which
have this property. I.e. if F : C → D is any functor which sends weak equivalences
to isomorphisms, then we have that F factors through hC
F

C
H

D
ψ

hC
and the natural isomorphism ψ is unique.
With more structure than a homotopical category, there is a further notion of a
model category. A model category not only has a notion of weak equivalence but
also has a notion of cofibrations and fibrations.
Thus, a model category is a category which admits all small limits and colimits
and which has extra data in the form of three specified sets of morphisms: cofibrations C, fibrations F , and weak equivalences W . The morphisms (C, F, W ) behave
like the familiar cofibrations, fibrations and weak equivalences in Top∗ ; a full set
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of axioms can be found in the appendix of [Lur09]. For example, W must satisfy the two-out-of-three property (which in model categories is equivalent to the
two-out-of-six property). In particular, a model category is a homotopical category.
A model structure allows us to define a more interesting notion of equivalence
than the usual notions of an equivalence or an isomorphism of categories.
Definition 6.17. An adjunction F : C  D : G between model categories is a
Quillen adjunction if F sends fibrations to fibrations and G sends cofibrations to
cofibrations.
A Quillen adjunction F : C  D : G always descends to an adjunction of
homotopy categories F : hC  hD : G (by Ken Brown’s Lemma). With this in
mind, we make the following definition:
Definition 6.18. A Quillen adjunction F : C  D : G is a Quillen equivalence if
F descends to an equivalence between hC and hD.
In [MMSS01], the authors compare various strict categories of spectra. In it,
they show that these categories are Quillen equivalent. In particular, each descends
to the same homotopy category as we would hope. Moreover, the authors prove
that the Quillen equivalences between these strict categories of spectra preserve the
smash product. These results can be found as Theorem 0.1 and 0.3 in [MMSS01].
Below, we give very brief feel for what four strict categories of spectra look like.
6.3.2. Prespectra. The most general strict category of spectra is the category of
prespectra. In fact, it only partially belongs on this list. This is since prespectra is
not a category of spectra that people tend to work in. For one, it does not have the
adjunctions one seeks. Moreover, it does not have a symmetric monoidal structure.
Instead, the category of prespectra is normally a first step towards defining other
categories of spectra: this is done by “spectrifying” prespectra to get a better
spectrum object.
The conditions on being a prespectrum are quite lax: we define a prespectrum as
a sequence of spaces with maps ΣKn → Kn+1 . As such, there is a forgetful functor
from each strict category mentioned below to the category of prespectra.
We define the homotopy groups of a prespectrum in the now familiar way by
taking a colimit πi (K) = colimn πi+n Kn . Once we have defined the morphisms
the category of prespectra, we can define a (stable) equivalence in this category to
be a map of prespectra which induces isomorphisms on homotopy groups. With
this notion of equivalence, every prespectrum becomes (stably) equivalent to an
Ω-spectrum. As such, when we pass to the homotopy category of prespectra, every
object is isomorphic to an Ω-spectrum.
6.3.3. Symmetric Spectra. A popular strict category of spectra is the category of
symmetric spectra denoted SpΣ , so called due to the action of the symmetric group.2
A symmetric spectrum is a sequence of spaces {Kn }n∈N which admit a group
action by the symmetric group Σn × Kn → Kn . These spaces have structure maps
maps σn : Kn ∧ S 1 → Kn+1 which behave well with respect to the action of the
symmetric group. A morphism K → H in SpΣ is a sequence of Σn -equivariant
maps Kn → Hn which commute with the structure maps σn .
2We denote the symmetric group by Σ instead of S to follow a convention in algebraic topology.
n
n
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The suspension spectrum from Top∗ to SpΣ is easy to define, we have simply
Σ (X) = {Σn X}n∈N . In particular, the sphere spectrum is S = {S n }n∈N and it
is the unit for the smash product.The smash product in SpΣ is defined so as to be
adjoint to the internal hom and admits several constructions all of which can be
found in [Sch12].
∞

6.3.4. Orthogonal Spectra. If we add extra structure to the category of symmetric
spectra we get the notion of an orthogonal spectrum. The construction of this
category is similar to SpΣ but instead of actions by the symmetric groups Σn we
have actions by the orthogonal groups O(n). It is easy to see that every orthogonal
spectrum gives a symmetric spectrum: Σn embeds in O(n) by sending a permutation to its associated permutation matrix. We thus have a forgetful functor from
the category of orthogonal spectra to the category of symmetric spectra.
6.3.5. LMS/EKMM Spectra. The category of LMS spectra was developed in [LMS86].
An LMS spectrum satisfies the strictest conditions we have encountered so far: an
LMS spectrum is a sequence of spaces Xn with homeomorphisms Xn → Xn+1 . The
theory of LMS spectra was further improved in [EKMM97].
The categories of Symmetric, Orthogonal, and EKMM spectra axioms (1) − (4)
from section 6.2 but do not satisfy axiom (5). The category of LMS spectra does
satisfy axiom (5) but no longer has a strict symmetric monoidal smash product.
Remark 6.19. The treatment here is merely meant to alert the reader to the existence of these categories and their relation to the stable homotopy category. The
curious reader is encouraged to consult the following sources: for a thorough look
at symmetric spectra, the reader is encouraged to consult Stefan Schwede’s working
textbook on the subject [Sch12]. For a very readable treatment of prespectra as well
as proofs for the results we mentioned in section 6.1, the reader is encouraged to
consult part 3 of Frank Adam’s textbook [Ad74]. Finally, for a look at LMS spectra
and then later EKMM spectra, the interested reader can consult [EKMM95].
7. ∞-categories
An alternative approach to constructing a good “stable” category is with ∞categories. An ∞-category captures the idea of a category which remembers higher
homotopies between morphisms. In this way, an ∞-category gives a setting where
diagrams commute not simply up to homotopy, but up to coherent homotopies:
i.e. commutative diagrams include the homotopies which make them commute,
and higher homotopies between these homotopies, and so on. As we mentioned
in section 6, this extra structure allows us to avoid the drawbacks of working in a
homotopy category without having to resort to the point set level.
There are many equivalent models which make the notion of an ∞-category
precise. Among these approaches to ∞-categories are: quasicategories, complete
Segal spaces, Segal categories, simplicially enriched categories and topologically
enriched categories.
The model of ∞-categories we give here uses quasicategories since this theory
has been the most developed by Jacob Lurie [Lur09, Lur12]. Quasicategories model
the idea of an ∞-category by means of simplicial sets. In this model, vertices are
the objects, edges are the morphisms, 2-simplices are homotopies between edges,
and n-simplices are homotopies between (n − 1)-simplices.
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In section 7.1 we sketch the idea of an ∞-category before giving an explicit
definition in section 7.3. Finally, in section 7.6, we show how ∞-categories give us
a way of constructing a “stable” category. We will see that our definition of spectra
in ∞-categories is exactly the same as the naive definition of Ω-spectra.
7.1. An Alternative Viewpoint. In an ∞-category, we have diagrams of the
following sort as part of the data of the category.
id
g

id

id

···

h id

f
f

g

f

In the figure above, we have the usual morphisms between objects shown as a 1simplex f . To the right, shown as a 2-simplex, we have a commutative triangle
where the shaded region represents a homotopy g ' f . On the far right, we
have homotopies H1 : f ' h, H2 : f ' g and H3 : g ' h given by the faces of
the 3-simplex. The interior of the 3-simplex represents a homotopy of homotopies
between H1 , H2 and H3 . This situation can continue with homotopies between
higher homotopies, and so on.
Informally, an (∞, 1)-category, or simply ∞-category, is a category where we
have objects, 1-morphisms between objects, 2-morphisms between 1-morphisms,
3-morphisms between 2-morphisms and so on. Moreover, we require that for all
n > 1, these higher n-morphisms are invertible. This last condition is motivated
by the fact that homotopies can be inverted by reversing the time direction.
Example 7.1. The category of topological spaces gives an ∞-category. The objects
here are topological spaces, morphisms are continuous maps, 2-morphisms are the
homotopies between maps, and n-morphisms are the homotopies between n − 1
morphisms. Now, a function between spaces may or may not be invertible, however
any homotopy can be inverted so all higher morphisms are invertible.
Example 7.2. The ∞-groupoid of a space X is a special kind of ∞-category where
all morphisms are invertible. The points of X are the objects, paths between points
are the 1-morphisms, path homotopies are the 2-morphisms, and more generally
n-morphisms are the homotopies between n − 1 morphisms.
7.2. Higher Categories. If we drop the condition that higher morphisms are
invertible, we recover the standard notion of a higher category. A 2-category is a
class of objects, 1-morphisms and 2-morphisms between parallel 1-morphisms:
a

a

b

a

α

b

These 2-morphisms can be composed either vertically (◦) or horizontally (·) :

a

α

b

β

c

→

a

β·α

c
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α
a

b

β

→

β◦α

a

b

The compositions are subject to the following conditions:
◦ There is the usual composition of 1-morphisms which is associative and
unital.
◦ There is an identity 2-morphism in Hom(a, b) for objects a, b of C. Vertical composition is associative and unital with respect to the identity 2morphism.
◦ Horizontal composition is associative and unital with respect to the identity
2-morphism on Hom(a, a).
◦ We have the interchange law which says that it doesn’t matter whether we
compose vertically or horizontally first. Precisely, it states that for every
diagram of the following sort, we have (α0 ◦ α) · (β 0 ◦ β) = (β 0 · α0 ) ◦ (β · α).
α

β

a

c

b
α

β0

0

Alternatively, we can think of a 2-category as a category where the hom set of
morphisms between two objects has the structure of a category: that is, if a, b are
objects in a 2-category, then Hom(a, b) has the structure of a category with objects
and morphisms between objects. In the language of category theory, we say that a
2-category is a category enriched in Cat.
Example 7.3. The category Cat is a 2-category: objects are categories, 1-morphisms
are functors, and 2-morphisms are natural transformations of functors.
Similarly, the idea of a 3-category is that of a category with objects, 1-morphisms,
2-morphisms and 3-morphisms:
f

f
a

a

b

a

α
g

b

a

α

Γ

β

b

g

7.3. ∞-categories. These idea of 2 and 3-categories generalizes to a notion of an ncategory which has higher morphisms up to degree n. However, as we move to higher
and higher morphisms there become more and more ways to compose these higher
morphisms and the associated coherence axioms become quite onorous. Instead,
it is more common to work in a higher category where we have higher morphisms
of all degree which are invertible for degree greater than 1. This is the idea of an
∞-category which we sketched in section 7.1 and make precise here.
The definition for ∞-categories we give is via simplicial sets. So, we recall some
of the following definitions. For a very beginner-friendly introduction to simplicial
sets, the reader should consult [Fri08].

WHAT ARE SPECTRA?

23

Definition 7.4. A simplicial set, X, is a functor X : ∆op → Set where ∆ is the
category whose objects are [n] = {0, ..., n}, and morphisms are order preserving
functions [n] → [m].
More explicitly, we can think of a simplicial set X as a sequence of sets {Xn }n∈N
with face maps Xn → Xn−1 and degeneracy maps Xn → Xn+1 . These face and
degeneracy maps descend from the structure of ∆: any function [n] → [m] in ∆
can be decomposed into maps
[0, · · · , n] → [0, · · · , n + 1]
given by the unique injection which misses the element i ∈ [n + 1], and maps
[0, · · · , n] → [0, · · · , n − 1]
given by the unique surjection which hits i ∈ [n − 1] twice. Flipping the direction
of these arrows in ∆op gives the face and degeneracy maps of a simplicial set.
We can interpret simplicial sets geometrically. Recall that a geometric n-simplex
is the subspace of Rn+1 , {(x0 , · · · , xn )|Σi xi = 1, xi ≥ 0}. Then, if we think of each
set Xn as the n-simplices of X, a face map represents sending an n-simplex in Xn
to one of its faces in Xn−1 .
3

3

face map

2

1

−−−−−→

2

0

0

Similarly, a degeneracy map realizes an n-simplex in Xn as an n + 1 simplex with
degenerate vertices.
2

3

degeneracy map

−−−−−−−−−−→

1
0

2
0, 1

A simplicial map, f : X → Y , is a natural transformation of functors. Equivalently, it is a map which sends Xn into Yn and which commutes with the face and
degeneracy maps of X and Y . We denote the category with objects simplicial sets
and morphisms simplicial maps by sSet. The category sSet can be made in to a
model category, in particular, this means we can take homotopy limits and colimits.
Given an n-simplex, ∆n , we denote the ith horn, Λni , to be the space obtained
by removing the face opposite the ith vertex along with the interior of ∆n . If i = 0
or n, then we call Λni an outer horn. If 0 < i < n then we call Λni an inner horn.
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2

0

2

1
2-simplex

2

0

1

0

1
1st horn

0th horn

2

0

1
2nd horn

Definition 7.5. An (∞, 1)-category, or simply an ∞-category, is a simplicial set
which satisfies the “inner horn condition”: namely, it’s a simplicial set, C, such
that any simplicial map Λni → C from the ith horn, 0 < i < n, extends to a map
∆n → C. A functor between ∞-categories is a simplicial map.
The inner horn condition gives us higher morphisms which are compatible with
the usual composition of morphisms. Suppose we have a diagram of the following
shape, representing a map Λ21 → C:
2
g
0

1

h

Since we have 0 < 1 < 2, the inner horn condition tells us that we can extend this
to a map ∆2 → C, which gives us a diagram of the following shape in C:
2
g

g◦h
0

h

1

In effect, we have a composition of g and h and a higher morphism connecting
them. In the same way, we can compose higher morphisms by filling inner horns
Λni → C.
Remark 7.6. In the context of ∞-categories, degeneracy maps are very important.
The degeneracy map applied to a vertex x ∈ C gives a degenerate 1-simplex which
begins and ends at x. This degenerate 1-simplex corresponds to the identity morphism on x.
Remark 7.7. A similar definition to 7.5 is that of a Kan Complex. A Kan Complex
is a simplicial set which satisfies a stricter “outer horn condition”: namely, any
simplicial map from the ith horn extends to a map from ∆n for all 0 ≤ i ≤ n.
The outer horn tell us, not only that two morphisms are composable, but also
that every 1-morphism in C is invertible. Indeed, consider a diagram of the following
shape representing a map Λ20 → C:
2
id

0

g

1
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The outer horn condition tells us that this can be extended to ∆2 → C giving the
following commutative diagram:
2
g −1

id
g

0

1

In other words, the morphism g has an inverse g −1 . So, a simplicial set with the
outer horn condition is nothing more than the ∞-groupoid from example 7.2.
Example 7.8 (The nerve of a category). For an ordinary category C, we define
its nerve as the simplicial set N (C) where: the objects of C are the vertices of
N (C), the 1-simplices of N (C) are the morphisms of C, the 2-simplicies of N (C)
are all composable pairs of morphisms, similarly, the n-simplices of N (C) are all
composable n-tuples of morphisms in C
f1

f2

f3

fn

0 −→ 1 −→ 2 −→ · · · −→ n
The face maps compose adjacent pairs of morphisms, while the degeneracy maps
insert identities.
3

2

hg

h
g

gf

hgf

f
0

1

1-simplex in N(C)

2
0

f

1

2-simplex in N(C)

g

···
1

gf

f
0
3-simplex in N(C)

By definition of the n-simplices, we can always fill inner horns by composing in
C. Moreover, this filler is unique since composition in categories is unique. Hence,
N (C) gives an ∞-category.
The nerve construction is a functor N : Cat → sSet that is in fact an (fully
faithful) embedding of categories. Since it lands in ∞-categories, we can consider
any ordinary category as an ∞-category.
Remark 7.9. For any ∞-category C, the fillers of an inner horn are essentially
unique: given an inner horn the space of all fillers is contractible, see remark 2.3.2.3.
in [Lur09]. Nonetheless, there are often many different extensions of Λni → C to
∆n → C. This is an important feature and a great source of richness in the theory
of ∞-categories.
Indeed, the image of the nerve functor consists of exactly the ∞-categories with
strictly unique composition, i.e. where inner horns have strictly unique fillers.
Hence, if we specify that composition is unique in an ∞-category, we have done
nothing new, since we just recover ordinary 1-categories.
Definition 7.10. Let C be an ∞-category, we define the homotopy category of
C, hC, to be the ordinary category with objects the vertices of C and morphisms
homotopy classes of 1-morphisms between vertices.
Example 7.11 (The homotopy coherent nerve). For a category C whose hom set
has the structure of a simplicial set, we can assign its homotopy coherent nerve,
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Nh (C). The structure of a simplicial set on the hom set gives us notions of homotopies between maps. The homotopy coherent nerve keeps track of these homotopies. This means the inner horns of Nh (C) don’t necessarily have unique fillers.
The homotopy coherent nerve of Top∗ is the ∞-category from example 7.1
where objects are topological spaces, 1-morphisms are functions between spaces,
2-morphisms are homotopies, and higher morphisms are homotopies between homotopies.
Similarly, the homotopy coherent nerve of a strict category of spectra returns
the ∞-category of spectra. The various strict categories of spectra give the same
∞-category since the homotopy coherent nerve sends Quillen equivalent model categories to equivalent ∞-categories.
Because of its sensitivity to the homotopies on C, the homotopy coherent nerve
makes the following diagram commute:
homotopy category

C
co

ho

hC

y
op
ot ory
m g
ho ate
c

he mo
t
re
nt opy
ne
rv
e

Nh (C)
In particular, it makes no difference whether we define the stable homotopy category
in terms of ∞-categories or model structures on strict categories.
7.4. Limits and Colimits. In ∞-categories we have a notion of limits and colimits
which satisfy a “similar” universal property to that of reqular limits and colimits.
However, these limits and colimits satisfy a weaker uniqueness property: the space
of colimits is contractible. In such a case, we say that colimits are unique up to
contractible choices. I.e. if x, y ∈ C are colimit objects, then there is a 1-simplex
in C which connects them. More generally, if x0 , · · · , xn are colimit objects in C,
then there is an n-simplex in C which connects them.
We noted in remark 7.9 that composition in ∞-categories satisfies the same
uniqueness property: fillers are unique up to contractible choices. It turns out, this
is the correct notion of uniqueness in the context of ∞-categories.
Remark 7.12. The terms colimit and limit in the ∞-category setting can be understood as homotopy limits and colimits: homotopy limits and colimits in a model
category correspond precisely to limits and colimits when we pass to an ∞-category
by means of the homotopy coherent nerve.
Much of the work around ∞-categories involves finding good ways of generalizing
notions from ordinary category theory (such as those of a limit and colimit). The
interested reader is advised to consult [Lur09]. For our purposes, we will assume
that the relevant notions translate well to ∞-categories and that they behave in
the way we would expect.
In the case of initial and final objects, we can describe the universal properties
as follows:
Definition 7.13. An object c ∈ C is initial if Hom(c, x) is contractible and final if
Hom(x, c) is contractible for all objects x. A zero object, 0, of an ∞-category is an
object which is both initial and final. An ∞-category is pointed if it has a choice
of basepoint which is a zero object.
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Remark 7.14. This definition agrees with the usual notion of a zero object in category theory: the hom sets Hom(0, x) and Hom(x, 0) are contractible for every x,
thus when we descend to the homotopy category, we obtain a unique morphism
0 → x and x → 0 for every object x.
Definition 7.15. If C is an ∞ category with a final object ∗, we define C∗ to be
the under-∞-category ∗/C [Lur09]. It is pointed with 0 = ∗.
Importantly, definition 7.15 gives us a way of going from unpointed ∞-categories
to pointed ∞-categories. For example, if C is the ∞-category of unbased spaces,
then C∗ is the ∞-category of based spaces.
In pointed ∞-categories, we define a fiber sequence to be a pullback square:
F (f )

X
f

0

Y

If X = 0 then we define F (f ) := ΩY to be the loopspace of Y . We define a cofiber
sequence to be a pushout square:
X
0

f

Y
C(f )

If Y = 0 then we define C(f ) := ΣX to be the suspension of X. More generally,
we call the object C(f ) the cofiber and the object F (f ) the fiber of f . We call any
square diagram which factors through 0 a triangle. Normally, the data of a triangle
f
g
is given simply as a triple X −
→Y −
→ Z, it is left implicit that the composite factors
through 0.
Remark 7.16. Here, we defined the loopspace and suspension of an object in C by
means of pushout and pullback squares. This leaves mysterious how this definition
gives a functor, i.e. a simplicial map. Lurie [Lur09] deals with this problem, but
we won’t in this paper.
7.5. ∞-categories and Brown Representability. A key part in the proof of
Brown representability is that CW complexes are generated by the spheres. It
turns out that Brown’s representability Theorem generalises to any ∞-category
which is generated by “sphere-like” objects. Moreover, it is proved by an almost
identical argument. The following result is Theorem 1.4.1.2 of [Lur12].
Theorem 7.17. Let C be a (presentable)3 ∞-category generated by a set of objects
{Sα }α∈A under colimits. Suppose that each Sα is a cogroup object of hC and is
compact in C. Then, a contravariant functor h : hC → Set is representable if and
only if:
W
(1) The natural map h( i Ai ) → Πi h(Ai ) is a bijection.
3An ∞-category is called presentable or locally presentable if it has all small colimits and if it is

generated under colimits by a small set of objects. The condition of presentability is included
for technical reasons and should not cause the reader to worry.
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(2) h sends homotopy pushouts to weak pullbacks. i.e. for every homotopy
pushout
W
X
Y

Z

the induced map h(Z) → h(X) ×h(W ) h(Y ) is a surjection.
So, the correct interpretation of a “sphere-like” object is that of a compact
cogroup object. We say an object c ∈ C is compact if the hom functor Hom(c, −)
commutes with filtered colimits. A cogroup object of hC is an object which satisfies the “opposite” axioms to that of a group. Namely, for x ∈ hC we have a
(co)multiplication map x → x t x such that, for every object y ∈ hC the induced
product
Hom(x, y) × Hom(x, y) ∼
= Hom(x t x, y) → Hom(x, y)
gives Hom(x, y) a group structure.
In hTop∗ , spheres are cogroup objects: we have a pinching function which takes
S n to S n ∨S n (the coproduct operation in CW∗ ). Moreover, this pinching operation
endows the homotopy groups with the familiar group operation which is abelian for
S n , n ≥ 2.
7.6. Stability in ∞-categories. In this section, we finally define the ∞-category
of spectra. A key feature of the stable homotopy category is that cofiber and fiber
sequences are the same. This motivates the following definition:
Definition 7.18. We call a pointed ∞-category C stable if it satisfies the following
conditions:
◦ Every morphism in C has a fiber and cofiber.
◦ A triangle in C is a fiber sequence if and only if it is a cofiber sequence.
Remark 7.19. The first condition is equivalent to C admitting all finite limits and
colimits. The second condition is equivalent to a square in C being a pushout if
and only if it is a pullback. It’s further equivalent to Σ, Ω forming a self equivalence
of our ∞-category C.
Any ∞-category can be stabilized:
Definition 7.20. Let C be a ∞-category which admits finite limits and colimits
(i.e. products, coproducts and fibers and cofibers); after potentially replacing it
by C∗ we may assume it’s pointed. In particular we have a loopspace functor
Ω : C → C.
We define the stabilization Sp(C) to be the homotopy limit of the following
diagram in sSet:
Ω

Ω

Ω

··· −
→C−
→C−
→C
Sp(C) is a simplicial set with the following properties:
◦ Sp(C) is a stable ∞-category.
◦ There is an adjunction Σ∞ : C  Sp(C) : Ω∞
We define the infinity category of spectra, Sp, to be the stabilization of the ∞category of based spaces. By construction, its objects are exactly the Ω-spectra.
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Remark 7.21. In [Lur12], Lurie defines the ∞-category of spectrum objects in terms
of excisive functors. So, our “definition” can be found in [Lur12] instead as a result.
Namely, Lurie shows that we can identify the category of spectrum objects defined
in terms of excisive functors with the homotopy limit of the iterated loopspaces.
We mentioned in section 6.1 that the homotopy category of spectra is triangulated: that is, it has a set of distinguished triangles subject to certain axioms. The
following result proved in [Lur12] gives us an idea about where this triangulated
structure comes from:
Theorem 7.22. If C is a stable ∞-category then the homotopy category of C is
triangulated.
In this way, the stable homotopy category inherits a triangulated structure from
the ∞-category Sp.
The category Sp also exhibits the following interesting universal property:
Theorem 7.23. Let D be a (presentable) stable ∞-category. Let LFun(Sp, D) denote the ∞-category of functors from Sp to D which have a right adjoint. Then,
evaluation on the sphere spectrum S := Σ∞ (S 0 ) induces an equivalence of categories:
LFun(Sp, D) → D
This universal property gives us a poor man’s way of defining a smash product
on Sp. Namely, by identifying LFun(Sp, Sp) with Sp, we define a product operation
on Sp by composition of functors:
◦

Sp × Sp ' LFun(Sp, Sp) × LFun(Sp, Sp) −
→ LFun(Sp, Sp) ' Sp
Remark 7.24. It is not obvious why this “definition” for a smash product works.
E.g. why should composition of left adjoint functors be commutative? For these
reasons, this definition of smash product is not very satisfactory. However, what is
remarkable is that this definition works.
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