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Abstract. The Gauss-Bonnet Theorem is a significant result in the field of

differential geometry, for it connects the topological property of the surface

with the geometric information of the surface. This expository paper aims
to present the Gauss-Bonnet Theorem in detail. It first develops the neces-

sary tools for calculations such as the first and the second fundamental forms.

Some basic concepts such as the Gaussian and the geodesic curvatures are
discussed. Then this paper proves the local and the global versions of the

theorem respectively, which are followed by some direct applications.
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1. Introduction

Differential geometry is a fascinating study of the geometry of curves, surfaces,
and manifolds, both in local and global aspects. It utilizes techniques from calculus
and linear algebra.

One of the most fundamental statements in differential geometry is the Gauss-
Bonnet Theorem. It is remarkable that the theorem relates the topological structure
of the surface (in the sense of a topological invariant, the Euler characteristic) to
the geometric information of the surface (in the sense of curvature).

The theorem is named after Carl Friedrich Gauss, who dealt with the special case
of geodesic triangles but never published it. Later in 1848, Pierre Ossian Bonnet
extended the theorem to a region bounded by a non-geodesic simple curve.

In the second section of this paper, we will build the preliminaries in differential
geometry. In the third section, the first and the second fundamental forms are
introduced as basic tools for calculating the Gaussian and the geodesic curvatures in
Section 4. Then we state and prove the Local Gauss-Bonnet Theorem, and further
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extend it to the global version.The final section presents some direct consequences
of the theorem.

2. Preliminaries

In this section, we shall introduce some basic concepts in differential geometry.
First, we will provide the definition of a regular surface.

Definition 2.1. A set S⊂ R3 is a regular surface if, for each p∈ S, there exists
a neighborhood V ⊂ R3 and an open set U⊂ R2 such that there exists a map
x : U → V ∩ S with the following properties (Figure 1):
1. x is infinitely differentiable.
2. x is a homeomorphism.
3. For each q∈ U, the differential dxq : R2 → R3 is one-to-one.

Figure 1. A Regular Surface

The map x is called a parametrization in a neighborhood of the point p. Consider
a regular surface containing no sharp points, edges or self-intersection. Such nice
properties allow us to consider the notions of the tangent vectors and the tangent
plane at a given point on the surface.

Definition 2.2. A tangent vector to the regular surface S at the point p is of the
form α′(0), where α : (−ε, ε)→ R3, α is a curve such that
(1) α(0) = p
(2) ∀ t ∈ (−ε, ε), α(t) ∈ S

Definition 2.3. The tangent plane Tp(S) at a point p on the regular surface S is
the set of all tangent vectors of all possible curves on the regular surface passing
through the point p.

The above definition leads to the following proposition, which states that the set
of all tangents constitutes a real plane in R3.

Proposition 2.4. Let x : U ⊂ R2 → S be a parametrization of a regular surface S
and let q ∈ U. The vector subspace of dimension 2, dxq(R2) ⊂ R3, coincides with
the set of tangent vectors to S at x(q).

This proposition shows that the plane dxq(R2) passing through the point on the
surface x(q) = p is exactly the tangent plane, illustrated in Figure 2. Note that
Tp(S) does not depend on the parametrization x. Moreover, we can write ∂x

∂u = xu
and ∂x

∂v = xv. Then {xu,xv} forms a basis of Tp(S).
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Figure 2. The Tangent Plane

Under such parametrization x : U ⊂ R2 → S, we can introduce the concept of
the unit normal vector N at each point of x(U):

N(p) =
xu ∧ xv
|xu ∧ xv|

(p), p ∈ x(U)

∧ denotes the vector product. It follows that N is perpendicular to Tp(S).
We now have a differentiable map N : x(U)→ R3 that associates to each point

p ∈ x(U) a unit normal vector N(p). We say that N is a differentiable field of unit
normal vectors on x(U). The following proposition defines such a field N as the
orientation of a surface S.

Proposition 2.5. A regular surface S ⊂ R3 is orientable if and only if there exists
a differentiable field of unit normal vectors N : S → R3 on the whole surface S.

Thus, we can introduce the concept of the Gauss map (Figure 3).

Figure 3. The Gauss Map

Definition 2.6. Let S ⊂ R3 be a surface with an orientation N. The Gauss map
of S is the map N : S → S2, where S2 is the unit sphere.

The differential of the Gauss map dNp : Tp(S) → TN(p)(S
2) = Tp(S) is a linear

map. It measures how N changes from N(p) in the neighborhood of p.

Proposition 2.7. The differential dNp is self-adjoint.
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Proof. Let α(t) = x(u(t), v(t)) be a parametrized curve in S.

dNp(α
′(0)) = dNp(xuu

′(0) + xvv
′(0))

= Nuu
′(0) +Nvv

′(0)

In particular, dNp(xu) = Nu, dNp(xv) = Nv
It suffices to show that

〈dNp(xu),xv〉 = 〈dNp(xv),xu〉 ⇔ 〈Nu,xv〉 = 〈Nv,xu〉 .

Given 〈N,xu〉 = 0 and 〈N,xv〉 = 0, take the partial derivatives relative to v and u,
respectively. We obtain that 〈Nu,xv〉 = −〈N,xuv〉 = 〈Nv,xu〉 . �

Moreover, dNp encodes information about the curvature of the surface.

Definition 2.8. The Gaussian curvature K is the determinant of dNp.

Definition 2.9. A point of a surface is called
1. Elliptic if det(dNp) > 0
2. Hyperbolic if det(dNp) < 0
3. Parabolic if det(dNp) = 0, with dNp 6= 0
4. Planar if dNp = 0

3. The First and The Second Fundamental Forms

This section introduces the first and the second fundamental forms. They are
the basic tools in differential geometry to directly compute the Gaussian and the
geodesic curvatures in Section 4.

Definition 3.1. Given a vector w in the tangent plane, the first fundamental form
Ip : Tp(S)→ R is given by:

Ip(w) =< w,w >= |w|2 ≥ 0

Under the parametrization x(u, v), Ip can be expressed in terms of the basis{xu,xv}.
Let α(t) = x(u(t), v(t)) for t ∈ (−ε, ε) be a curve on S such that α(0) = p and
α′(0) = w. Then

Ip(w) = 〈α′(0), α′(0)〉
= 〈xuu′ + xvv

′,xuu
′ + xvv

′〉
= 〈xu,xu〉 (u′)2 + 2 〈xu,xv〉u′v′ + 〈xv,xv〉 (v′)2

= E(u′)2 + 2Fu′v′ +G(v′)2

where E,F,G are coefficients of the first fundamental form.
E = 〈xu,xu〉 , F = 〈xu,xv〉 , G = 〈xv,xv〉 .

Example 3.2. Consider a cylinder
{

(x, y, z) ∈ R3|x2 + y2 = 1
}

under the parametriza-

tion x : U → R3, where: (Figure 4)
x(u, v) = (cosu, sinu, v)
U =

{
(u, v) ∈ R2|u ∈ (0, 2π) , v ∈ (−∞,+∞)

}
We can calculate xu = (−sinu, cosu, 0), xv = (0, 0, 1).

Thus, E = sin2u+ cos2u = 1, F = 0, G = 1.
Notice that here the first fundamental form corresponds to the Pythagorean

theorem in Tp(S): the square of the length w vector with coordinates {a, b} in the
{xu,xv} basis of the tangent plane is equal to the sum of squares of a and b.



THE GAUSS-BONNET THEOREM 5

Figure 4. The Cylinder

The first fundamental form allows us to measure some properties of the surface,
such as the arc length, the angle of a parametrization,and the area of a region:
The arc length s(t) is given by,

s(t) =

∫ t

0

|α′(t)| dt =

∫ t

0

√
I(α′(t))dt =

∫ t

0

√
E(u′)2 + 2Fu′v′ +G(v′)2dt

The angle θ of the parametrization x(u, v) is,

cosθ =
〈xu,xv〉
|xu| |xv|

=
F√
EG

Proposition 3.3. Such parametrization is orthogonal if and only if F=0.

The area R of a regular surface can be derived from

R =

∫∫
Q

|xu ∧ xv| dudv =

∫∫
Q

√
EG− F 2dudv, where Q = x−1(R)

Definition 3.4. The second fundamental form defined in Tp(S) is given by

IIp(w) = −〈dNp(w), w〉 .

In Proposition 2.7, we obtain dN(α′) = Nuu
′ +Nvv

′. On the one hand,

IIp(α
′) = −〈dN(α′), α′〉

= −〈Nuu′ +Nvv
′,xuu

′ + xvv
′〉

= e(u′)2 + 2fu′v′ + g(v′)2

where e, f, g are coefficients of the second fundamental form.
e = −〈Nu,xu〉 , f = −〈Nv,xu〉 = −〈Nu,xv〉 , g = −〈Nv,xv〉
On the other hand, we can write

(3.5) Nu = a11xu + a21xv, Nv = a12xu + a22xv

Then, dNp(α
′) = (a11u

′ + a12v
′)xu + (a21u

′ + a22v
′)xv.

dNp

(
u′

v′

)
=

(
a11 a12
a21 a22

)(
u′

v′

)
It follows that dNp is given by the matrix (aij )i,j=1,2 .

By the definitions of the coefficients of the first and the second fundamental
forms, we have the following relationship:

Proposition 3.6. −
(
e f
f g

)
=

(
a11 a12
a21 a22

)(
E F
F G

)
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From this proposition, we shall have an expression for each aij :

a11 =
fF − eG
EG− F 2

, a12 =
gF − fG
EG− F 2

, a21 =
eF − fE
EG− F 2

, a22 =
fF − gE
EG− F 2

The above equations along with (3.5) are known as the equations of Weingarten.

4. Gaussian Curvature and Geodesic Curvature

In the first part of this section we will focus on the Gaussian curvature K, which
is an intrinsic measure of the curvature of the surface.

From Definition 2.8 and Proposition 3.6, it is immediate that

K = det(aij) =
eg − f2

EG− F 2

Here the Gaussian curvature can be expressed in terms of the coefficients of the
first and the second fundamental forms.

Proposition 4.1. If F=0, then K = − 1
2
√
EG

{(
Ev√
EG

)
v

+
(

Gu√
EG

)
u

}
.

The following example computes the Gaussian curvature of a torus:

Example 4.2. A torus T is created by rotating a radius r circle around a straight
line distance a (a > r) away. Consider a particular parametrization (Figure 5):
x(u, v) = ([a+ rcos(u)]cos(v), [a+ rcos(u)]sin(v), rsin(u)) where u, v ∈ (0, 2π)

Figure 5. A Torus

We first compute xu,xv,xuu,xuv,xvv.
xu = (−rsin(u)cos(v),−rsin(u)sin(v), rcos(u))
xv = (−[a+ rcos(u)]sin(v), [a+ rcos(u)]cos(v), 0)
xuu = (−rcos(u)cos(v),−rcos(u)sin(v),−rsin(u))
xuv = (rsin(u)sin(v),−rsin(u)cos(v), 0)
xvv = (−[a+ rcos(u)]cos(v),−[a+ rcos(u)]sin(v), 0)
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As a result, E = 〈xu,xu〉 = r2, F = 〈xu,xv〉 = 0, G = 〈xv,xv〉 = [a+ rcos(u)]2.

e = −〈Nu,xu〉 = 〈N,xuu〉

=

〈
xv ∧ xu
|xv ∧ xu|

,xuu

〉
=
det(xu,xv,xuv)√

EG− F 2

=
r2[a+ rcos(u)]

r[a+ rcos(u)]

= r

Similarly, f = 0, g = cos(u)[a+ rcos(u)]. Therefore,

K =
eg − f2

EG− F 2
=

cos(u)

r[a+ rcos(u)]
.

As Figure 6 below illustrates, the torus T can be divided into 3 parts by the
signs of the Gaussian curvature:
1. K > 0 when u ∈

(
0, π2

)
or u ∈

(
3
2π, 2π

)
2. K = 0 when u = π

2 or u = 3
2π

3. K < 0 when u ∈
(
π
2 ,

3
2π
)

Figure 6. Gaussian Curvature of A Torus

While the Gaussian curvature is from the point of view external to the surface,
the geodesic curvature measures the curvature from the point of view of a person
living on the surface. In particular, the geodesic curvature measures the amount of
deviance of the curve from the geodesic, which is the shortest arc between 2 points
on a surface.

Definition 4.3. The geodesic curvature kg is the algebraic value of the covariant

derivative of α′(s) : kg =
[
Dα′(s)
ds

]
.

As Figure 7 above shows, the absolute value of kg is the norm of the projection
of α′′(s) on the tangent plane. Also, the sign of kg depends on both the orientation
of the surface and the curve.

Example 4.4. The great circles of a sphere having the same center O as the sphere
are geodesics. This is because for every point in the great circle, α′′ is always normal
to the tangent plane. Thus, kg = 0 and the great circles are geodesics. More
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Figure 7. The Geodesic Curvature

Figure 8. A Smaller Circle

generally, consider a smaller circle with radius r and angle θ that lies horizontally
on the sphere with radius R (Figure 8).
The curvature k = 1

r = 1
Rsinθ

The normal curvature kn = 1
R

The geodesic curvature kg = 1
r cosθ = cosθ

Rsinθ

We leave it to the readers to verify that k2 = kn
2 + kg

2.

Similar to Proposition 4.1, the geodesic curvature can also be expressed in terms
of the coefficients and their partial derivatives of the first fundamental form.

Proposition 4.5. Let F=0. Then kg = 1
2
√
EG

{
Gu

dv
ds − Ev

du
ds

}
+ dϕ

ds , where ϕ is

the angle between xu and a parallel field of unit vectors in the given orientation.

5. The Local Gauss-Bonnet Theorem

In this section,we will state and prove the local version of the Gauss-Bonnet
Theorem. Let’s begin with a few definitions.

Definition 5.1. Let α : [0, l]→ S be a continuous map from the closed interval to
the regular surface. We say that α is a simple, closed, piecewise regular curve if
1. α(0) = α(l)
2. t1 6= t2 ⇒ α(t1) 6= α(t2)
3. there exists a partition 0 = t0 < t1 < · · · < tk < tk+1 = l such that α is
differentiable and regular in each interval.

Definition 5.2. The vertices of α are α (ti) , i = 0, ..., k.
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Definition 5.3. The external angle θi at α(ti) is defined as the smallest angle from
α′(ti−0) to α′(ti+0), where the sign of θ depends on the orientation of S, as Figure
9 below shows.

Figure 9. The External Angles

Theorem 5.4 (The Local Gauss-Bonnet Theorem). Let x : U → S be an orthogo-
nal parametrization (that is, F=0) of an oriented surface S, where U ⊂ R2 is homeo-
morphic to an open disk and x is compatible with the orientation of S. Let R ⊂ x(U)
be a simple region of S and let α be such that ∂R = α(I), α : I → S. Assume that
α is positively oriented, parametrized by arc length s, and let α(so), ..., α(sk) and
θ0, ..., θk be, respectively, the vertices and the external angles of α. Then

k∑
i=0

∫ si+1

si

kg(s)ds+

∫∫
R

Kdσ +

k∑
i=0

θi = 2π

where kg(s) is the geodesic curvature of the regular arcs of α and K is the Gaussian
curvature of S.

Before proving the local version of the Gauss-Bonnet Theorem, we need to
present the following theorems:

Theorem 5.5 (The Gauss-Green Theorem). If P (u, v) and Q(u, v) are differen-
tiable functions in a simple region in the uv plane, the boundary of which is given
by u = u(s), v = v(s), then

k∑
i=0

∫ si+1

si

(
P
du

ds
+Q

dv

ds

)
ds =

∫∫
A

(
∂Q

∂u
+
∂P

∂v

)
dudv

Theorem 5.6 (Theorem of Turning Tangents). Let ϕi : [ti, ti+1]→ R be differen-
tiable functions that measure the positive angle from xu to α′(t) at each ti. Then

k∑
i=0

[ϕi(ti+1)− ϕi(ti)] +

k∑
i=0

θi = ±2π

where the sign of 2π depends on the orientation of α.

Then we shall begin the proof of the Local Gauss-Bonnet Theorem.

Proof. First let u = u(s), v = v(s) be the expression of α under the orthogonal
parametrization x. By Proposition 4.5,

kg(s) =
1

2
√
EG

{
Gu

dv

ds
− Ev

du

ds

}
+
dϕi
ds
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where ϕi(s) is a set of differentiable functions that measure the positive angle
from xu to α′(s) in each interval [si, si+1] .

Given this expression, we can thus integrate the geodesic curvature in each in-
terval and sum up the result.

k∑
i=0

∫ si+1

si

kg(s)ds =

k∑
i=0

∫ si+1

si

{
Gu

2
√
EG

dv

ds
− Ev

2
√
EG

du

ds

}
ds+

k∑
i=0

∫ si+1

si

dϕi
ds

ds

Denote the first, second terms of the right hand side of the equation as (1), (2).
Next, we apply the Gauss-Green Theorem to (1).

P = − Ev

2
√
EG

,Q =
Gu

2
√
EG

It follows that

(1) =

∫∫
x−1(R)

{(
Gu

2
√
EG

)
u

+

(
Gu

2
√
EG

)
u

}
dudv

By Proposition 4.1, K = − 1
2
√
EG

{(
Ev√
EG

)
v

+
(

Gu√
EG

)
u

}
.

(1) = −
∫∫

x−1(R)

√
EG Kdudv = −

∫∫
x−1(R)

Kdσ

Now consider the second part of the equation.

(2) =

k∑
i=0

∫ si+1

si

dϕi
ds

ds =

k∑
i=0

∫ si+1

si

dϕi =

k∑
i=0

[ϕi(ti+1)− ϕi(ti)]

By the Theorem of Turning Tangents, we can choose α to be positively oriented
such that the sign of 2π is positive.

(2) = 2π −
k∑
i=0

θi

By putting the terms (1) and (2) together, we obtain

k∑
i=0

∫ si+1

si

kg(s)ds = −
∫∫

x−1(R)

Kdσ + 2π −
k∑
i=0

θi

Therefore, we can get the local version of the theorem.

k∑
i=0

∫ si+1

si

kg(s)ds+

∫∫
R

Kdσ +

k∑
i=0

θi = 2π

�

6. The Global Gauss-Bonnet Theorem

Similar to the previous section, here we will state and prove the global version
of the Gauss-Bonnet Theorem. In order to globalize the theorem, the following
topological preliminaries are needed.
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Definition 6.1. A triangulation of a regular region R ⊂ S is a finite collection J
of triangles {Ti}ni=1 such that
1.
⋃n
i=1 Ti = R

2. If Ti
⋂
Tj 6= ∅, then Ti and Tj either share a common edge or a common vertex.

Proposition 6.2. Every regular region of a regular surface admits a triangulation.

Proposition 6.3. Let S be an oriented surface and {xi} be a collection of parametriza-
tions compatible with the orientation of S. Let R be a regular region of S. Then there
exists a triangulation J of R such that each triangle Tj is contained in some coor-
dinate neighborhood of {xi}.
Definition 6.4. Given a triangulation, the Euler characteristic χ of a surface S is
defined as χ(S) = F − E + V where F, E, V are the numbers of faces, edges and
vertices.

Proposition 6.5. The Euler characteristic χ does not depend on the triangulation
of the region. Rather, it is a topological invariant.

Definition 6.6. Every compact connected surface S ⊂ R3 can be classified by the

genus g, which is related to the Euler characteristic χ by g = 2−χ(S)
2 . Essentially,

g represents the number of holes in a surface.

Figure 10. A Genus g Surface

Theorem 6.7 (The Global Gauss-Bonnet Theorem). .
Let R ⊂ S be a regular region of an oriented surface and let C1, ..., Cn be the closed,
simple, piecewise regular curves which form the boundary ∂R of R. Suppose that
each Ci is positively oriented and let θ1, ...θp be the set of all external angles of the
curves C1, ..., Cn. Then

n∑
i=1

∫
Ci

kg(s)ds+

∫∫
R

Kdσ +

p∑
i=1

θ1 = 2πχ(R)

where s is the arc length of Ci, and the integral over Ci means the sum of integrals
in every regular arc of Ci.

Proof. First, do a triangulation J of the region R such that each triangle Tj is
contained in a neighborhood of orthogonal parametrization compatible with the
orientation of S. It follows from Propositions 6.2 and 6.3 that such a triangulation
exists.

Moreover, notice that if the boundary of each triangle is positively oriented, we
obtain opposite orientations in the common edges of the adjacent triangles (Figure
11).
Then, we apply the local Gauss-Bonnet Theorem to each triangle Tj of J and add

up all the results.

n∑
i=1

∫
Ci

kg(s)ds+

∫∫
R

Kdσ +

F,3∑
j,k=1

θjk = 2πF
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Figure 11. Triangulation

where F is the number of triangles and {θjk}k=1,2,3 are the external angles of Tj .

The interior angles of Tj , {ϕjk}k=1,2,3 , can be expressed as ϕjk = π−θjk. Then,

F,3∑
j,k=1

θjk =

F,3∑
j,k

π −
F,3∑
j,k

ϕjk

= 3πF −
F,3∑
j,k

ϕjk

The following notations are introduced to classify the vertices V and the edges
E of J .
Ee = number of external edges of J .
Ei = number of internal edges of J .
Ve = number of external vertices of J .
Vi = number of internal vertices of J .
E = Ee + Ei, V = Ve + Vi
All the curves Ci are closed, thus Ve = Ee.
We also have an expression between faces and edges: 3F = 2Ei + Ee. Thus,

F,3∑
j,k

θjk = 2πEi + πEe −
F,3∑
j,k

ϕjk

Notice that all the external vertices Ve are either the vertices of the curve Ci or
the vertices along Ci introduced by the triangulation J .
Vec = number of external vertices of Ci.
Vet = number of external vertices of J .
Ve = Vec + Vet
Next, consider the sum of all interior angles over each Tj . We can evaluate ϕ

under 3 parts: Vi, Vec, Vet. For the Vi part, the sum of all angles around each
internal vertex is 2π. For the Vet part, the sum of all angles around each external
vertex of J is π. For the Vec part, sum up the angles of each vertex of Ci. We get

F,3∑
j,k

θjk = 2πEi + πEe − 2πVi − πVet −
p∑
l=1

(π − θl)
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Since Ee = Ve, now add πEe and subtract πVe to the above equation.

F,3∑
j,k

θjk = 2πEi + 2πEe − 2πVi − πVe − πVet − πVec +

p∑
l=1

θl

= 2πE − 2πV +

p∑
l=1

θl

Finally, combine the equations together. We obtain
n∑
i=1

∫
Ci

kg(s)ds+

∫∫
R

Kdσ +

p∑
i=1

θ1 = 2π (F − E + V )

= 2πχ(R)

Remark 6.8. The Euler characteristic of a simple region homeomorphic to an open
disk is 1, which is exactly the local verison. Thus, the global theorem is a general-
ization of the local theorem.

Remark 6.9. Note that the essential part of the proof is to use the local theorem in
each triangular region of our surface and to sum them up. Then we divide vertices
and edges into internal and external parts to evaluate the angles separately.

�

7. Applications

In this section, we will discuss some direct results of the theorem.

Corollary 7.1. If a triangle R has interior angles α, β, γ and geodesic sides, then

α+ β + γ − π =

∫∫
R

Kdσ

Proof. All kg = 0. Let θi, i = 1, 2, 3 be the external angles.
By the Gauss-Bonnet Theorem,∫∫

R

Kdσ +

3∑
i=1

θi =

∫∫
R

Kdσ + (π − α) + (π − β) + (π − γ) = 2π

We obtain that ∫∫
R

Kdσ = α+ β + γ − π.

�

It follows that the sum of the interior angles α+β+γ of a geodesic triangle R is
1. equal to π if K = 0.
2. greater than π if K > 0.
3. smaller than π if K < 0.

Moreover, when K is constant over R, Area(R) = α+β+γ−π
K . In particular, if

R lies in the Poincaré disk model of non-Euclidean geometry with K = −1, then
Area(R) = π − (α+ β + γ) (Figure 12).

Corollary 7.2. Let S be an orientable compact surface, then∫∫
S

Kdσ = 2πχ(S) = 4π(1− g)
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Figure 12. The Poincaré Model

Proof. Consider the compact surface S as a region with empty boundary. Then
we can get rid of the geodesic and the external angle terms in the Gauss-Bonnet
Theorem. �

Remark 7.3. This corollary shows the restriction of
∫∫
S
Kdσ. When one deforms

the surface, the curvature will change at some point. Since the Euler characteristic
is topologically invariant, the total integral of all curvatures over the surface will
remain the same.

Les go back to Example 4.2. We can split the torus into the inside and the out-
side by the sign of the Gaussian curvature. The torus has zero Euler characteristic,
so
∫∫
S
Kdσ must be 0. Alternatively, we can construct such torus by identifying

the opposite sides of a flat square where the curvature is 0. Thus, the total inte-
gral of all curvatures is again 0. However, we can not embed the torus in some
high dimensional Rn such that the curvature is everywhere positive or everywhere
negative.
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