TWO-SIDED BAR CONSTRUCTION

RUOQI ZHANG

ABSTRACT. This paper consists of three parts. In the first, we introduce the
two-sided monoidal bar construction and present various applications in spe-
cific categories. We then focus our attention on the monadic bar construction,
which generalizes the monoidal bar construction. At the end, we define the
bar construction on operads and exhibit the relations between operadic and
monadic bar constructions.
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1. INTRODUCTION

The two-sided bar construction is an algebraic gadget appearing in various set-
tings and encoding many constructions. In abelian categories, the bar construction
yields a resolution, allowing us to compute derived functors; in the category of
topological spaces, the bar construction gives the classifying spaces BG of topo-
logical monoids G. Since monads are monoids in the category of endofunctors, the
bar construction can be applied on monads as well. Specifically, given a category
V, amonad C, a C-algebra X and a C-functor F', one can build a simplicial object
B.(F,C, X) in V. With additional effort, one can use the monadic bar construction
to “deloop” a space. In many situations, the bar construction Be(C,C, X) can be
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regarded as a cofibrant replacement of X. In the last section, we define the operadic
bar construction. It is well-known that an operad induces a monad and there is a
one-to-one correspondence between algebras over operads and algebras over mon-
ads. We make explicit the relationship between the operadic bar construction and
the monadic bar construction on monads arising from operads.

1.1. Simplicial objects. Let V be a category. We shall work in the category SV of

simplicial objects in V. Let’s recall the definition of SV and simplicial homotopies.

Definition 1. An object X in SV is a sequence of objects {X,, },>0 In V equipped
with maps d; : X,, = X,,—1 and s; : X,;, = X,41 in V such that for 0 <7 < n,

did; = d;_1d; ifi<y
sjd;  ifi<y
disj =41 ifi=jori=j5+1
sjdi—1  ifi<j+1
8i8j = Sj+15; ifi<j
A morphism f: X — Y is a sequence {f, : X,, = Y, }n>0 of maps in V such that
difn = frn-1d; and s;fn, = fny15;. Graphically,

f fn+1

Xn % Yn Xn+1 —_— Yn+1
dll J/d,, 511\ Tsi
Xno1 ﬁ Y1 Xy f4> Ya

Definition 2. A simplicial homotopy h : f ~ g in SV between morphisms f,g :
X — Y consists of maps h; : Xq — Yy41 where 0 < ¢ < ¢ such that

doho = f4
dgy1hg = g4
hyad; it <,
dihy = d;hy_y i,
hjdioy ifi>j+1,
{thrlSi if ¢ <,

s:h: =
T N hysioy ifi> g

2. THE MONOIDAL BAR CONSTRUCTION

In this section, we introduce the monoidal bar construction in a monoidal cate-
gory. From now on we fix (V,®, k) a monoidal category.

2.1. In a monoidal category.

Definition 3. A monoid (G, u,n)inV is an object G in V together with morphisms
1:G®G — G and i : k — G such that the following two diagrams commute:

GoGoa 2 e kG 22 o6 & Gk

o P hA

GOG —— G
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A morphism of monoids f: (G,u,n) — (G, 1/, n') satisfies fou=p' o(f® f) and
fon=1'.

For instance, in (Ab,®z,Z) a monoid object is a ring, or more generally, in
(Modg,®, R), a monoid object is an algebra; in (T'op, X, {*}), a monoid object
is called a topological monoid. Topological groups are a special case of topological
monoids.

Definition 4. A left G-object is an object N € V together with a morphism
A:G®N — N in V such that

ko N 22% g N GoGoN 2% o N

e }V | b

G®Nf>G

A morphism of left G-objects f: (N,\) — (N', \') satisfies

GoN M ge N

| I

NﬁN’

Similarly, a right G-object is an object M in V together with a map p: M G — M
such that

Mk 2% Mo MoGeoa 2% e a
b o [

A morphism of right G-objects f : (M, p) — (M', p') satisfies

MeG L9 vea

Ik

M — M’

The notions of left and right G-objects generalize the notions of modules over
rings. This means in (Ab, ®,Z), the left and right objects over a ring regarded as
a monoid are exactly the same structures as the classical notions of modules over
a ring. In a category of chain complexes equipped with tensor product, a monoid
is a dg-algebra and a left(right) module is a left(right) dg-module. We shall recall
the definition of the category of chain complexes later.

Notation. Denote by B(V) the category of triples (M, G, N) consisting of a monoid
G, a right G-object M and a left G-object N in the monoidal category V.

Construction 5. Construct the bar construction functor
B, : B(V) — SV.

The g-dimensional component of Be(M,G,N) is M @ G®? @ N. The face maps
multiply two adjacent elements — either G with G, or M with G, or G with N; the
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degeneracy maps insert the monoidal unit k. Explicitly, for ¢ = 0,1,...,q,
d; : By(M,G,N) = B,_1(M,G, N)
(G0®G1® ... ®Gg @ Gg+1) = G0 R g1 @ ... ® GiGit1 @ ... @ ggt1

sit By(M,G,N) = Byy1(M,G, N)
(G0N ®.. DI ®Ggr1) 2 GNP R ... VG RERGit1 Q... ggr1

where go € M, g1,...,9¢ € G, gq+1 € N. The simplicial object Be(M,G,N) is
called the monoidal bar construction. The triple of morphism (™ : M — M’ & :
G — G, fN : N — N') is sent to the sequence of maps {f,},>0 where

fo: B,(M,G,N) — B,(M',G',N")
GG D ... DG D gar1— FM(90) @ fC(91) @ ... ® f%(g9) @ FN(ggin)-

Remark. The term “bar construction” comes from the use of vertical bars for
tensor products. In the pre-BTEX age, it was difficult to typeset the symbol ® and
an element in M ® G®" @ N was written as go [g1]92]- - - |gn] gnt1-

2.2. In an abelian category.

Fix A an abelian category. In an abelian category, simplicial objects can be
regarded as chain complexes under the Dold-Kan correspondence. In particular,
this correspondence allows us to rewrite the simplicial objects obtained through
the monoidal bar construction as chain complexes. We shall prove such chain
complexes yield resolutions of monoids in A, which one can use to compute derived
functors. Recall by definition a category is abelian if

e it has a zero object 0, that is both initial and terminal,
e it has all binary products and binary coproducts,
e it has all kernels and cokernels, defined respectively to be the equalizer and
coequalizer of a map f: A — B with the zero map A — 0 — B, and
e all monomorphims and epimorphisms arise as kernels or cokernels, respec-
tively.
e finite products and finite coproducts coincide, called biproducts or direct
sum.
These axioms imply that the hom-sets in an abelian category has the structure of
an abelian group. One can imagine A = Ab, or more generally, A = Modg. We
briefly recall the structure of the category Ch(A) of chain complexes in A, which
will play a central rule in this section.

Definition 6. A chain complex A in A is described as

d_ d d d d
A= 8 A & A A & A&

where A; € Ob(A) and d; od; 1 = 0. The degree of a € A,,, denoted by |al, is n. A
map of chain complexes f : (A,da) — (B,dg) of degree |f| = r is a family of maps
fn i Ap = Buyy such that dgo f = (—1)"f o da.

The monoidal structure of Ch(.A) is given by tensor product of chain complexes.
Explicitly, given (A,d4) and (B,dg), their tensor product is the chain complex
defined as

(A® B), .= P A;® B,

i+j=n
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with differential defined as’
dagp(a®b) :=da(a) @b+ (—=1)"a® dp(b).

The tensor unit is the chain complex concentrated in degree 0 on the unit of A.
Furthermore, the switching map 7 : a ® b +— (—=1)I%"lb @ a endows Ch(A) with a
symmetric structure.

Let Ch>o(A) denote the category of non-negatively graded chain complezes in
A. One can verify Ch>((A) is also a symmetric monoidal category under tensor
product ® and switching map 7.

Let A, be a simplicial object in an abelian category A. There are several natural
ways to construct a non-negatively graded chain complex from A,.

Definition 7. The unnormalized chain complex A, € Ch>((A) is defined as

A, = (An,é'n = Z(l)%i,;)
n>0

i=0
where d;-s are the face maps in A,.

The simplicial identities imply that A, is indeed a chain complex. The map
Ay — A, yields a functor from SA to Ch>o(A).
Consider the subcomplex DA, C A, generated by the degeneracies; namely,

n—1
DA, = z Im(s;)
i=1
By simplicial identities, we can check
n j—1 n
8Sj = Z(—l)zdisj‘ = Z(—l)Zijldi + Z (—1)28jdi,
i=0 i=0 i=j+2

which means DA, is stable under 9 and is in fact a subcomplex.

Definition 8. The normalized chain complex C A, of A, is defined as

CA, = A,/DA.,.
Definition 9. The Moore complez? N A, of A, is defined by NAy := Ay and
n—1
NA, = m ker(d; : Ay — Apn_1)
i=0

with the differential (—1)"d,, : NA,, = NA,_1.

Mna category with graded objects, there are signs involved in the formulas. One of the useful
sign convention is the Koszul sign rule, which is as follows. For any maps f : A — A’ and
g : B — B’ between graded objects, define

(f®g)a@b) == (1)l f(a) @ g(b).

Namely, you get signs according to the degree and according to moving the second map across
terms.
2The Moore complex is defined for all simplicial modules, not necessarily abelian.
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By the simplicial identity d,_1d,, = dp_1d,_1, one can verify N A, is indeed a
complex.

As one would expect, these three complexes are intimately related. Lemma 8.3.7
in [7] proves that the normalized complex C' A, and the Moore complex N A, are
isomorphic; the following theorem makes explicit the relations between simplicial
objects and the associated complexes. We refer to Theorem 8.4.1 in [7] for the
proofs and details.

Theorem 10. (Dold-Kan Correspondence) For any abelian category A, the Moore
complex functor Ay — N A, is an equivalence of categories between SA and Chso(A).
Moreover, A, CA, and N A, are all naturally homotopically equivalent.

Applying the correspondence to the bar construction Be(M, A, N), we get a
chain complex which contains the same homological information:

Bar

B(.A) Construction SA Dold—Kan ChZO(A)

2.2.1. In a category of modules.

In this section, we focus on the category of R-modules and prove that the bar
construction yields a resolution of R-algebras.

Let A = (Modg, ®, R) be the category of modules over a commutative ring R.
It is clear that A is an abelian monoidal category. A monoid A in A is a unital
associative R-algebra and left and right A-objects are left and right modules over
A in the classical sense. Let B.(M, A, N) denote the unnormalized chain complex
associated to the bar construction Be(M, A, N).

Theorem 11. If A and N are R-flat, B.(A, A, N) yields a resolution of N by A-flat
left A-modules. Similarly, if A and M are R-flat, B.(M, A, A) yields a resolution
of M by A-flat right A-modules.

Proof. We often denote ® = ®pg. By construction,
B.(A,AN) =0« AN & A2 g N &

where A®9T! ® N is the degree ¢ component and 9, : A®T @ N — A% @ N.
For ¢ > 1, A®7 @ N is a left A-module, where the A-module structure is given by
multiplication on the first factor, i.e.

a-(a®..0a,0n)=pla®a)®...0a,On

This means B,.(A, A, N) is a complex of left A-modules. The augmented complex
is given by the left action A: AQ N — N of A on N:

BJAAN) =0« N&E AN & A2 g N &

To prove B.(A, A, N) is aresolution of N, it suffices to find a contracting homotopy®
of B,(A,A,N). For ¢ > 0, define a sequence of maps {s,}4>0 where

Sq: A®1® N — APl o N
AW® ... 04 10N = 10a®...0a-18n

3By definition, {sq : Cq—1 — C4} is a contracting homotopy for a complex (Ce,d) if 1¢ =
sd + ds.



TWO-SIDED BAR CONSTRUCTION 7

Forg>1,takea:=ay® a1 ®...®a,—1 ®n € A®?® N and compute
(0y50 + 50-1041)(@) = 0,1 @ @) + 1 0, 1(a)

= i(q)idi(l ®a)+1®0d;-1(a)
=0

= (a + Zq:(—l)idi(l ® a)) + 0y-1(a)

i=1
—a+(~1)-0,-1(a) + 9,-1(a)
=a
This implies for ¢ > 1, 9454 + 84—104—1 = id. Regard p as Op; it is immediate that
0oso = pso = id. Therefore, ds+ s0 = id and {sq}4>0 is the contracting homotopy
of B,(A, A, N).
In addition, assume A and N are R-flat. Equivalently, this means (—) ®z A and
(—) ®r N are (left) exact. Since

(-)®a(A®p.. R AQrRN) = (-)@r A®R...®r A®g N,

the left A-module AQg...®r AQgr N is A-flat. Therefore, B,(A, A, N) is a A-flat
resolution, which completes the first part of the proofs.

Consider
Bo(M,A,A) =0+ M®AZ MeA®2 2
This is a complex of right A-modules. The augmented complex is
BoM,AA) =0 MEMSAL MeA®2 & Mo A&

where p: M ® A — M is the right action of A on M. For g > 0, define a sequence
of maps {s, : M ® A®1 — M ® A®7t1}, where

Sg(mM®ag®...®a—1) =mRa®...Q a1 ® (—1)%

Take a:=m®ay®...®a,—1 € M ® A®1. Compute
(0g5¢ + 54-104-1)(a) = (9454) (@) + ($q-104-1)(a)
=04(a @ (=1)7) + (9g-1(a)) @ (-1)*""

> (—Didi(a® (—1)7) + (Z(l)idi(a)> ® (-7t
—~ ;
—1)%dy((a ® (-1)9)
~)¥a®1

<

(I
— —

|
8

This means for ¢ > 1, 0454 + 54-10,—1 = id. Regarding p as Jy, we deduce
0s + 80 = id. Therefore, {s,}, is the contracting homotopy of B.(M, A, A). Now,
suppose A and M are R-flat. One can verify M ® A®? is A-flat for all . Hence
B.(M, A, A) is a A-flat resolution of M. O

Recall that the functors Tor2 (M, —) and Tor?(—, N) can be computed using
flat resolutions of either variable (See Lemma 3.2.8 in [7]). Theorem 11 implies

Tor?(M,N) = H,(B,(M,A,A) ®4 N) = H,(M &4 B.(A, A,N)).



8 RUOQI ZHANG

Furthermore, observe

MRsA [AR.. QAN | 2 MRQAR.. QAN | MRAR...QA | a4 N
—_— —_—— —_—
(g+1)-times g-times (g+1)-times

and then
M ®4 B.(A,A,N) = B,(M,A,N) = B,(M, A, A) ®4 N.
This means the homology of B.(M, A, N) gives the functor Tor:
Tor?(M,N) = H,(B,(M, A,N)).

2.2.2. In a category of chain complexes.

In this section, we shall consider the case of Ch(A) where A is abelian. We
first develop the notion of bicomplexes, or double complexes, and then define the
symmetric monoidal category bC'h(A) of bicomplexes in A.

Definition 12. A bicompler in A is a family of objects A = {4, ,} in A with
horizontal and vertical differentials

h . AN
d": Ap,q - Apfl,q d”: Ap,q - Ap,qfl

satisfying d* o d" + d" o d" = 0. For a € A, ,, the horizontal degree is |a|, = p; the
vertical degree is |a|, = g; the total degree is |a| = |a|n + |al, = p + ¢.

A morphism of bicomplezes f : A — B is a family of maps fp 4 : Apq = Bpg
that commute with the differentials, i.e. d" o f = fod" and d’ o f = fod".

We often picture the bicomplex A = {4, ,} as a lattice in which every square

anticommutes.
| L

d" d"
L Ap—l,q+l — Ap,q+1 — Ap+1,q+l — ...

T

h h

d d
p—1,q ¢ Ap,q ¢ Ap+1,q ¢

J/dv J/du J/dv
d" d"
Ay g — Ap g Aprig —

ool

Each row A, , and each column A, . is a chain complex. However, because of
anticommutativity, dy , : A« q — As g1 is not a morphism in Ch(A). We can
obtain a morphism of chain complexes by introducing signs as follows

(d:,q), = (_1)‘1|hd:7q = (_1)*d:,q : X*7q — X*7q_1.
Replacing all the d¥ with (d¥)’, we get another lattice in which every square com-
mutes.

With these definitions, we can construct the category bCh(.A) of bicomplexes in
A. The monoidal structure is given by the tensor product:

(A ® B)p,q = @ Am,n X Bs,t

m-+s=p
n+t=q

— A
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with the following horizontal and vertical differentials
d"(a ®b) = d"(a) @b+ (-1)1%a @ d"(b)
d*(a®b) =d’(a) @b+ (—1)a © d*(b)
The switching map 7 : a ® b — (—1)l%’lq @ b endows bCh(X) with a symmetric

structure.

Definition 13. Given a bicomplex A, the total complex Tot(A) is defined as

Tot(A) = < P Apgdror = d’ +dh> :

p+g=n

The anticommutivity condition implies that (d7.¢)?> = 0. The total complex
induces a functor Tot : bCh(A) — Ch(A).

Now, we shall develop the relationship between the bar construction on triples
in Ch(A) and chain complexes. Recall an element

((Ma dM)v (A7dA)a (Na dN)) € B(Ch(A))

consists of a dg-algebra A, a right dg-module M and a left dg-module N. The bar
construction gives the following simplicial object

BJM,ANY=M®N = M®AQN....

—

Let B.(M, A, N) denote the corresponding unnormalized complex:

B.(MAN) =MoNE MeoAdeN & . & Moo N 2
where 0 is the alternating sum of the face maps. Write the elementary tensors in
degree p as

mea Q... a, An.

Since (A,d4), (M,dyr) and (N, dpy) all have internal differentials, we get an induced
differential

(@) M@ (A4)% & N > Mo (4, )% © N
given by
(d} ) (m®a1®...®a,0n)=dy(m)®a®...0a,13n

P
Y () m@a ®... ®da(a;) ®...®a,®n
i=1
+ (—1)miHal+Haly @6y @ ... @ a, @ dy(n)
where ¢; = [m|+]a1[+...+]a;—1|. Observe that (dy ,)" is exactly the iterated tensor
product of chain complexes; the sign (—1)¢ is a direct consequence of the Koszul

sign rule. However, one can check, with the differential (dy ,)’, the square below is
commutative.

M® (A)®P" 1o N PR Y (4,)?P @ N

l(d::,qw l(dz,qy

M@ (A1)t @ N R VS (A4,-1)®P? @ N
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In order to obtain a bicomplex, let the vertical differential be
4= (=1)"(dy) : M@ (A)** @ N = M @ (Ag-1)** @ N.

Therefore, the unnormalized complex B, (M, A, N) can be regarded as a bicomplex
with horizontal differential 9, and vertical differential d”. It can be pictured as

MaN «2  M@A, N 2 Mo (A4)2aN ...

J/d’iq J/dqu

MaN 2 M®A, 10N 2 M®(A4,1)2 0N +—— ...
| |
We can then take the total complex
(Tot(B.(M,A,N)),d:=d” + 0,).
Explicitly, we can compute
dim®n)=0(m®@n)+d’(men)
=d’(m®n)
=dp(m) @n+ (=1)™m @ dy(n)

dm®a®n)=0mea®n)+d’(MRan)
= [(ma) ® n —m ® (an)] +

(-1 [dM(m) R®a®n+ (—1)|m‘m ®dala)®@n
+ (_1)|m\+|a\m Ra® dA(n)] )
Summarize these constructions in the following theorem.

Theorem 14. The bar construction in Ch(A) can be identified with a chain com-
plex via the following composition of functors

Bar . ..
B(Ch(A)) Censtruction, { Simplicial } Dold—Kan o 4y L% Ch(A)

objects in Ch(A)

2.3. In the category of topological spaces. Let Top be the category of topo-
logical spaces. Let G be a topological monoid and let % be the trivial right and
left G-objects. Define BG as the geometric realization of the bar construction
B (*, G, *):

BG = |B°(*7 Gv *)|
For a more exhaustive description of the geometric realization of simplicial spaces,
we refer the reader to Section 11 in [4]. A map G — H of topological monoids

induces a map G™ x A" — H" x A™ and then a map BG — BH. Furthermore, the
identity map G — G induces the identity BG — BG and a composition G — H —
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K induces the composition BG — BH — BK. Therefore, B defines a functor from
topological monoids to topological spaces.
We shall state some results on BG. We refer to Section 7 of [5] for the proofs.

Theorem 15. If G is a topological group, BG can be identified with the classifying
space for principle G-bundles and EG := |Be(%,G,G)| can be identified with the
total space of the universal bundle over BG.

Theorem 16. If G is grouplike and has nondegenerate base point, there is a natural
weak homotopy equivalence G — QBG, given by

(g,t) = (g,t,1 —t) € G x A
BG is called a “delooping” of G.

3. THE MONADIC BAR CONSTRUCTION

In this section, we extend the notion of bar construction to the monadic setting
and show that the monoidal bar construction defined in section 2 is a special case
of the monadic bar construction.

Definition 17. A monad (C,u,n) in a category V consists of

e an endofunctor C': V — V and
e a multiplication natural transformation p : C? — C and
e a unit natural transformation n: 1y — C,

so that the following diagrams commute:

ccc -2 oo c % oo ¢
e [ N l”/
c

CC —7— C

A monad C in V is essentially a monoid in the monoidal category of endofunctors
on V. For a monad (C, u,n), we can define C-functors which generalize the notions
of right objects over monoids in the categorical setting.

Definition 18. A C-functor (F,p) in a category W is a functor F': V — W with
a natural transformation of functors p : FC' — F such that the following diagrams
commute:

F-2 Fo Fco - Fo
A Jp ipc l”
F FC —5—C

A morphism of C-functors w : (F,p) — (F',p’) is a natural transformation 7 :
F — F such that the following diagram commutes:

FC =%, p'C
I
F——— F

Analogously, we can define C-algebras which generalize the notion of left objects
over monoids.
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Definition 19. A C-algebra (X, ) over C is an object X € V equipped with a
natural transformation A : CX — X such that the following diagrams commute:

X 10X ccx Y5 o0x
b lex |
X CX —— X

A morphism of C-algebras f: (X,\) — (X', N)isamap f: X — X' in V such
that the following diagram is commutative:

cx 91, ox

b
X —— X'

Now construct the category B(V, W). The objects are triples

((F, p), (C, pym), (X, N)),

abbreviated (F,C, X), where C is a monad in V, F is a C-functor in W and X is
a C-algebra. A morphism (7,v, f) : (F,C,X) — (F',C", X’) in B(V, W) is a triple
consisting of

e a morphism of monads ¢ : C — C' in V
e a morphism of C-functors 7 : (F, p) — (F’,p' o F'¢) in W and
e a morphism of C-algebras f : (X,A) = (X', N o 4)).

Construction 20. Construct the monadic bar construction functor
BV, W) Z2 sy,

The structure of Be(F,C, X) can be given explicitly as follows. The n-dimensional
component is

B,(F,C,X)=FC"X.
The n + 1 face maps d : FO"X — FC" X are

pC" 1 X 1=0
d; = FO1uCn=1X 0<i<n
FC™ 1) i=n

and the n + 1 degeneracy maps s : FC"X — FC"t'X are
s; = FC'nC" ' X
where 0 < ¢ < n. Consider Bo(m,, f). The n-dimensional component is
By(m,, f) =7 f : FTX — F'(T")?X’
such that
FCif ,
FC1X ——— FC1X
mah?
mpd wis mp?

F/(CYIX F/(CYIX!

—
F(C)f
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The following theorem exhibits the monadic bar construction Bo(C,C, X) as a
“simplicial resolution” of a C-algebra X (cf. Theorem 11).

Theorem 21. X, is a strong deformation retract of Be(C,C, X) in SV.

Proof. To X €V, we can associate a simplicial object X, € SV such that X, = X
for all ¢ and face and degeneracy maps are all identity. Define

7e(n) = {74(n) := 5§ 0 N}gz0 : Xo = Bu(C, C, X)

ex(N) = {eg(N) := Ao dl}y>0: Be(C,C, X) = X,
We claim that €, () o 74(n) = id. Compute

[ec(N) o (n)](Xo) = [(A o dg) o (s§ o m)](Xo) = [A o n](Xo).
By Definition 19 of C-algebras, the composition above is the identity. Since the
face and degeneracy maps in X, are all identity, the composition is identity on any
X
Define the simplicial homotopy h; : B4(C,C, X) — Be11(C,C, X) by
hi = sindly : CITIX — CTP2X,
where 7 is regard as a map C9t17'X — C9t271X. One can verify that h is a
homotopy from the identity map on Be(C,C, X) to 7.(n)e«(A) by checking all the
identities in Definition 2. It remains to check h; o 74(n) = 7441(n) for i. Compute
hi 0 7(n) = (s 00 dg) o (5§ 0 1)

:séono(déosg)on

=shono(si oy by simplicial identity d; o s; = 1.
= sf) 0590 sgﬂ- on since 1 can be identified with sg
=sgon

= Tg+1(n).

O

The monadic bar construction can be used to “deloop” a space. This is not
surprising because the classifying space BG is a “delooping” of the topological
group G (cf. Theorem 16).

Theorem 22. Let X be a algebra over the monad Q"¥™. Then
X« B(Q"Y", Q'Y X) —» Q"B(X",Q"Y" X)
displays a weak homotopy equivalence between X and Q" B(X™, Q"E™ X).

Theorem 13.1 in [4] proves a more general case, showing that this chain of ho-
motopy equivalence holds for any monad C' arising from an operad.

3.1. Relations to the monoidal bar construction. The monoidal bar construc-
tion can be viewed as a special case of monadic bar construction.

To any monoid (G, i, n) in a symmetric category (V, ®, k), we associate a monad
in C which, by a slight abuse of notation, is still denoted by (G, , n):

G: V=V, Ve GV
uw: GG — G, GGV uGG@) eV
n:ly =G, @V (k) @V
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The diagrams in Definition 3 ensure that G is a monad in V. It follows a left
G-object is precisely a G-algebra and a right G-object is precisely a G-functor. This
means we can identify B(V) with B(V, V) and the following diagram commutes:

BY) o SV
(MaGaN) B'(M,GaN)
B(V,V) Sy

G,N) TMomdicbar Bo(M,G,N)

construction

(M

4. THE OPERADIC BAR CONSTRUCTION

We now focus the attention on bar constructions on operads. Let (V,®, k) be a
symmetric monoidal category.

4.1. Definitions of an operad.

Definition 23. [6] An operad C in V consists of objects C(j), j > 0, a unit map
n: k — C(1), a right action of the symmetric group ¥; on C(j) for each j and a
product map

7:C(k)©C1) ® ... ®C(jk) = C(j)

for £k > 1 and js > 0, where ¥js = j. The product map ~ is required to be
associative, unital and equivariant in the following senses.

(a) The following associativity diagrams commute, where ¥j, = j and Xi; = 4;
welet g =j1+...+jsand hy =ig,_ 41+ ... +i4, for 1 <s < k:

k J J
k) ® <®C(js)> ® (@cur)) — e (@c )
C(i

I

" s -
@ <C(js) ® <(81)C(igsl+q)>>] ey k) ® <®C )

(b) The following unit diagrams commute:

2

1R

.
~—

2

k®C(k

C(k) @ (k) —=— C(k)
id®n’“l / n®ldl /

C(k) @C(1)*

(c) The following equivariance diagrams commute, where o € ¥, 75, € ¥, the
permutation o(ji,...,Jjx) € X, permute k blocks of letters as o permutes
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k letters and 7y @ ... ® 7, € X; is the block sum:

Clk) ®C(j1) @ ... Cjk) 27 C(k) @ Cioqr)) @ - - - @ Cliury)

| |

c@) C()

T(Jo(1)sesdo(k))

C(k) @ C(j1) @ ...CJ) —2TECT, o(k) @ C(j1) © ... Cljx)

)| |
c) —om cj)

The C(j) are to be thought of as objects of parameters for “j-ary operations” that
accept j inputs and produce one output. Thinking of elements as operations, we
think of y(¢c®d; ®...®dy) as the composite of the operation ¢ with the ®-product
of the operations dg.

Definition 24. Let C be an operad. A C-algebra is an object X together with
maps
0:C(HHe X% - X
for 7 > 0 that are associative, unital and equivariant in the following senses.
(a) The following associativity diagrams commute, where j = > js.

Ck) @ Clj1) ® ... 0 Cljk) @ X9 — 224, ¢(j) @ X

lo

X

To

Ck)®C(j1) ® X® @...®C(j) @ X P C(k) @ X®F

1R

(b) The following unit diagram commutes:

kX —— 5 X
77®idl /
c(l)®X

(c) The following equivariance diagrams commute, where o € X;:

C()®X®]®—>C ® X®i

I

In order to obtain an operadic bar construction, we shall use an equivalent
definition of an operad due to Kelly[3]. We first introduce the notion of X-sequences
upon which this equivalent notion of operad is based.

Let X be the category whose objects are the finite sets n = {1,...,n} where 0
is the empty set and morphisms are the symmetric group S,,.
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Definition 25. A Y-sequence in V is a functor® C : ¥°? — V with C(0) = x. The
morphisms between Y-sequences are natural transformations.

Since C is contravariant, ¥; gives a right action on C(j). In other words, given
1,0 € ¥; and f € C(j),
C(ro)(f) = C(o)C(T)(f)

Notation. Let X[V] denote the category of functors ¥ — V and X°P[V] denote the
category of functor XP — V.

Construction 26. An object X in V induces a covariant functor
XX -V
n— X"

Proof. Every element o € X; has a left action on X®/ given by permutation of
factors in the tensor product, i.e.

Clo):x:= 1. .. QT = Te-1(1) ® ... © Tg-1(5)

We shall verify C(o) is a left action. Let y := 31 ®...®y; = C(0)(x). Take 7 € ;.
Compute

C(r)C(o)(@) = C(T)(Y) = Yr—1(1) @ .- @ Yr1(j)
= Ty-1(r-1(1)) R...Q To-1(r-1(j)) = C(TO‘)(:B)
Therefore, X* is indeed a covariant functor. ([l
Recall the tensor product of C € £°P[V] and D € X[V)] is
Ces D =[] C(k) ®s, D(k).
k>0
In particular, given C € 3°P[V] and X* € X[V],
Cos X* =[] k) @z, X
k>0

Theorem 27. The category (XP[V], @ pay,ZLo) is a symmetric monoidal structure

=0
g " -0 Given C,D € X°P[V], the Day convolution can be de-

scribed explicitly as:

(C®payD)G) = [] (€)@ D)) @5, x5, Ty-
Jit+je2=J

where Zo(n) =

The theorem above allows us to apply Construction 26 for C € £°P[V]. In other
words, the Day tensor power C®Pav™ induces a covariant functor

C*: ¥ = XPV)

Note that C* is itself a covariant functor ¥ — 3°P[V]. Since it takes values in
X°P[V], C* is also a contravariant functor X°” — V and induces

Cr:ExX? =5V

4Equivalently, C is a contravariant functor ¥ — V.
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whose (k, j) component is
k)= J] (€CG)®...0CUK) ®s,, x...xx;, Si-
it ie=i

Here ¥;, x ... x ¥;, can be embedded as a subgroup of X; via block sums of
permutations. For the covariant action of ¥, the symmetric group ¥ permutes
Ji,--.,Jr in the coproduct. For the contravariant action of X, ¥; has a right action
on the last factor X;.

Theorem 28. Given C € X°P[V] and X* € X[V], the following two covariant
functors are isomorphic

(C @5 X*)* 2" @5 X*.

Proof. This theorem means that the * construction commutes with —®x X™*. There-
fore, it suffices to check that

— Xy X* (EOP[V}, ®Day,IO) — (V7 ®, K:)
is symmetric monoidal. Take C,D € X°P[V].
(C ®Day D) 05 X

= H H (C(j1) ® D(j2)) ®s,, xx,, Tk | @z, X
k>0 \ji1+j2=k

H H (C(j1) ® D(j2)) ®s,, x5, XF
k>0 j1+j2=k

1 €t @D@) @5, x5, X5+
J1,§220

[T (€t os, X¥) @ (D) ©x,, X)

J1,52>0

1%

Il

Il

H C(j1) ®x,, X% | ® H D(j2) ®x,, X&?
j120 J22>0
=(Ces X*)® (Des X¥)
Furthermore, 7y Qs X* = k. ([l

With these definition and theorems, we are able to define the X product of
Y-sequences, which endows X.°P[V] with another monoidal structure.

Definition 29. Take C,D € ¥°P[V]. Define
CKRD=Cw®xs D"

Explicitly, the 5" component is

crD) =] (ckes. JI @u)e...@DG) s, «. xs,, T
k>0 Jit+e+ik=j

= JI ckes (PG)e...0D3k) e, «. 5, %)
JitetiE=j
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The unit of the X product is Z; € X°P[V] given by

Kk, n=0,1;
Il(n):{@ n>1

>k has a right action on the second factor given by permuting the j;’s in product
D(j1) ®...®D(ji) and in T, x ...3,,.

Theorem 30. Operads in V are monoids in the category (X°P[V],K,Z;).

Proof. We refer to [3] for the proof that this definition of an operad agrees with
Definition 23. g

4.2. Operadic triples. In this section, we shall give an explicit description of the
category of operadic triples, denoted by O(3,V). It is an analogue of the monadic
triples B(%, V).
For C € X°P[V] and X* € 3[V], define

CoOX":=(CosX")" XV
Lemma 31. For C,D € £°P[V] and X* € Z]V].

(CRD)OX*"2Co (Do XY).
Proof. Using Theorem 28 and Definition 29, we can deduce

(CRD)O X" ((CKD)®s X*)*

((C@sD*) @s X7)"
= (Cox (D" ex X))
(Cos (Dos X))
Co(DoX*)

1

Il

I

A little more explicitly, the isomorphism is given by
[(C(k‘) ®s, (PU1) ® ... ®@ D(jk) @x;, x...5;, Ej)) ®x; X®j}
= [C(k) @5, D(j1) @ .. D(jk) @3, x..3,, XEU+=+0)]

S [C(k) ®s, ((D(jl) 5, XO)®...8 (D(js) @5, X@J‘k))] )

Theorem 32. Suppose X € V is a C-algebra with
0:CosX*=]]Cl)es X - X.
J

It induces a functor X* € X[V] equipped with a natural transformation of covariant
functors

9*:C®X*:(C®2X*>*%X*
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such that the following diagrams commute:

CRC)oXx* 29 co x*

T, 0x* 194 0o x* Je*

X le* X*
e [0

CoCoX") WCGX*

1R

where n : & — C(1) is the unit map of C and v : CRC — C is the composition map
of C (cf. Definition 23).
Proof. Observe
Ty os X*=T1(1)®x, X' =k X.
Then the first diagram commutes because the unital condition of § (cf. Definition
24(b)) implies
id
(ke X)* 225 (c(1) ® X)*

is commutative. Recall Definition 24(a) reads

C(k) ®5, C(j1) ® ... ®C(ji) @, X®I — B e()) ®x,; X®

)l(e
})

C(k) @s, (C(j1) sy, X®)®...® (C(jk) sy, X®jk) et C(k) ®x, Xk

IR

The induced diagram of covariant functors also commutes:

[C(k) @5, Cj1) ® ... ® C(jx) ®g, X" — 22 [0(j) @g, X"

&

X*

P*

[C(k) @, (CU1) @5, XOM) ®... @ (C(jk) ®5,, X®jk>r — [C(k) ®g, X"

R

ideo*

Observe that the element in the upper left corner belongs to (CKC) ® X* and the
element in the bottom left corner belongs to C ® (C ® X*). Therefore, the second
diagram in the theorem commutes. (I

Definition 33. Let (X, 60) be C-algebra. A left C-object is the induced covariant
functor X* equipped with 6*.

It is noteworthy to point out the left C-object X* defined above is not a left
object in the sense of Definition 4. In this case, X* is in X[V], not 2°P[V] and 6* is
a natural transformation of covariant functors.
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Definition 34. A right C-object (M, p) is a functor M € X°P[V] equipped with a
right action p: M XC — M, i.e.

p: H M(k) Qs (C(]1) ®... ®C(jk)) ®2j1><...x2jk 5 — M(j)

such that the following diagrams commute:

MR, 2™ yxe MRcRe 22 yxe
\ lp idlZl’yl lp
M MRC —— M

where 7 : K — C(1) is the unit map and v : CXC — C is the composition map of C
(cf. 23).

Notation. Denote by O(3,V) the category of operadic triples. The objects are
triples

(M, p), (C,y,m), (X7, 607))
abbreviated (M, C, X*) where C is an operad regarded as a monoid in (£°7(V), X, Z;),
X* is a left C object and M is a right C object. The morphisms are natural trans-
formations of either covariant or contravariant functors.

4.3. Bar construction. In this section, we shall define the operadic bar construc-
tion,
B, : O(%,V) — SV,

which is a functor from the category of operadic triples to the category of simplicial
objects in V. Note that since X* here is a covariant functor, the operadic bar
construction Be(M,C, X™*) is not the same as the monoidal bar construction given
in Construction 5.

Given an operadic triple (M,C, X™), construct Bo(M,C, X*) as follows. The
g-dimensional component of Be(M,C, X*) is

B,(M,C,X")=M®x (CO(....0(Ce (o X"))..))

where C appears g-times, or equivalently, by Lemma 31

By(M,C,X")=(..(MXRC)KC)K...KC) @ X~
The g + 1 face maps do : By(M,C,X*) = By—1(M,C,X*) are

(p(MRC)RCP1 1) @y X* i=0
di : Bo(M,C,X*) = { MRCPITRy(CRC)RCHI" 1oy X* 0<i<q
M ®s (CPT71 0 E(Co X)) i=gq.

The g+ 1 degeneracy maps s; : By(M,C, X*) — By—1(M,C, X*) insert a new copy
of C and set that coordinate to be Z.

Theorem 35. The operadic bar construction Be(M,C, X*) is in SV.

Proof. Firstly, observe that all the components are in V. It suffices to check that
the face maps d; : By(M,C, X*) — By_1(M,C, X™*) satisfy the simplicial identity:

diodj :dj—l Odi
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where 0 < i < j < ¢q. When 0 < ¢ < j < ¢, the maps d;, d; and d;_; are all
given by 7. The identity holds since « is associative. When ¢ < j — 1, the identity
holds because d; and d;_; don’t interact with each other. It remains to check the
following two extreme cases. Suppose i = 0 and j = 1. Without loss of generality,
assume ¢ = 2. Compute directly

(do o d1)((MBC)RC) 85 X*) = p(MRA(CRC)) ®5 X*
(do o do) (M B C)KIC) &5 X*) = p(p(M B C)KIC) @5, X*

The maps give the same elements exactly because the right action p satisfies that
po(pXid) = po(idX~). Suppose i = g — 1 and j = ¢q. Again, it sufficient to check
the case of ¢ = 2. Compute

(dyody)(M @5 (CRC)® X*) =M @y 0*(v(CRC) ® X*)
(dioda) M@ (COCOXM))=Mes0*(CoO0(CoX"))
The two elements on the right hand sides agree because 0* satisfies 6* o (y ©® id) =
0* o (id ® 0*). O

4.4. Relations to the monadic bar construction. Recall a monadic triple
(F,C,X) € B(V,W) consists of a monad C, a C-functor F' : V — W and a C-
algebra X. We shall build a functor

v: 0%, V) = BWV,V)
Theorem 36. The monad C in V associated to an operad C is

cC: V-V

Y= CesY* = HC(j) ®s, Y.
j=0

Proof. Tt is immediate that C'Y € V. It remains to check C indeed is a monad. See
Construction 2.4 in [4] for the proofs. O

Given (X*,0*) a left C-object, the associated C-algebra is the underlying C-
algebra (X,6). Let (M,p: MR C — M) be a right C-object. We often denote by
Fyy the C-functor arising from M. Define

Fy=M®®s (=) : V=YV
Y- M@sY"
The monad C acts on F on the right by
FyC=(MRXQC)®s (=) : V=V
Y (MXC)®sY " =MesC" Qs Y"
The right action F;C — Fj; can be described as
FuCY) = (MRC) @y V* L2% M @y Y = Fy (V).

Theorem 37. Bo(Fy,C, X) is isomorphic to Be(M,C,X*) as simplicial objects
m V.

Proof. By construction,

FryCl= (MR C¥) @y (—)*.
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Therefore,
FpyC9X = (MR O®9) @5 X* = B,(M,C, X*).

With these constructions, we obtain the following commutative diagram:

O(L,V)  onstrverion, SV
(M,C, X7) B.(M,C, X*)
‘pJ J:

B(V.V) Sy

(FM,C,X) Monadic bar B.(FM7C,X)

construction
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