
A PROOF OF THE KRONECKER-WEBER THEOREM

YU XIAO

Abstract. This paper will start with the definitions of p-adic numbers and
their field extensions, and give a proof of the Kronecker-Weber Theorem via

the local Kronecker-Weber Theorem assuming knowledge of Galois Theory and

Kummer Theory.
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1. Statement of the Kronecker-Weber Theorem and Its Importance

As algebraic number theory often focuses on number field extensions and their
rings of integers, the Kronecker-Weber theorem is a powerful tool that can help us
better understand abelian extensions of Q. It asserts that every abelian extension
of the rationals is contained in a cyclotomic extension, which is simpler, better-
studied, and better-understood.

Theorem 1.1. (Kronecker-Weber)
If K/Q is a finite abelian extension, then K ⊆ Q(ζn) for some n.

We can thus turn the study of abelian extensions of Q into the study of cyclo-
tomic extensions with accessible Galois groups. It is then easy to construct abelian
extensions of Q by finding quotients of the cyclotomic Galois groups.

This theorem was first stated by Kronecker in 1853, and completely proved by
Weber in 1886. While their proofs (complete or otherwise) used Lagrange resol-
vents, Hilbert’s alternate one utilized analysis of ramification groups. Nowadays
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it is more commonly proven as a consequence of class field theory. However, we
will prove this theorem independent of Lagrange resolvents, ramification groups,
and class field theory by using the local field of p-adic numbers Qp and proving the
Local Kronecker-Weber Theorem first. The Kronecker-Weber Theorem will follow.

The Local Kronecker-Weber Theorem reads as follows.

Theorem 1.2. (Local Kronecker-Weber)
If K/Qp is a finite abelian extension, then K ⊆ Qp(ζn) for some n.

To better understand the Local Kronecker-Weber Theorem and to prove it, we
start with basic definitions of p-adic numbers and their field extensions.

2. Constructing Qp
The p-adic numbers were first introduced by Kurt Hensel in early 1900s to in-

troduce into algebraic number theory the tool of power expansion. Nowadays for
any prime p ∈ Z, we can construct Qp the algebraically, or analytically.

2.1. The Algebraic Approach. One way of constructing Qp is to first construct
the p-adic integers Zp using inverse limit of the groups Z/pnZ.

Definition 2.1. (Inverse Limits)
Let (Xi, fij) be an inverse system of objects and morphisms in a category C.

The inverse limit of this system is an object X ∈ C and morphisms πi : X → Xi

satisfying πi = fij ◦ πj for all i ≤ j. The inverse limit is denoted X = lim
←−

Xi.

As inverse limits always exist in the category of groups and rings, we are free to
give the following definition.

Definition 2.2. (p-adic Integers)
We define Zp as the inverse limit of Z/pnZ, denoted Zp := lim

←−
Z/pnZ. Alterna-

tively, we can also write

Zp := {(an)|an ∈ Z/pnZ, an ≡ an+1 mod pn, n ∈ N}

Since p is a prime number, we can verify easily that Zp is an integral domain.
(It satisfies associativity, has an identity and no zero divisors.) This allows us to
define Qp.

Definition 2.3. (p-adic Numbers)
We define Qp to be the field of fractions of Zp, denoted Qp := Frac(Zp).

Moreover, as we can verify that a p-adic integer x is invertible in Zp if and only if
x is divisible by p. We can re-write the definition above accordingly: Qp := Zp[ 1

p ].

This approach easily generalizes to other rings and prime ideals, in particular to
integral extensions of Z. Now we turn towards another equivalent approach that is
more topological.

2.2. The Analytic Approach. In this method, we will define a metric on Z whose
completion will provide us with Zp. It will also give us a topology that coincides
with the pro-finite topology given by the natural injection of Zp into

∏∞
n=1 Z/pnZ

provided by the inverse limit definition.
We begin by defining the p-adic valuation.
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Definition 2.4. (p-adic Valuation)
The p-adic valuation is the function νp : Z −→ N ∪ {∞} such that if n is a

non-zero integer, then νp(n) = x where x is the largest integer such that px|n; if n
is zero, νp(0) =∞.

We continue on to define the p-adic norm and the p-adic metric.

Definition 2.5. (p-adic Norm)
If n is a non-zero integer, the p-adic norm of n is |n|p = 1

pνp(n) .

If n is zero, |0|p = 0.

We can easily check that the p-adic norm is indeed a norm. (It is non-negative,
positively homogeneous, and satisfies the triangle inequality.) We then obtain the
corresponding p-adic metric dp(x, y) = |x− y|p.

We can thus give an alternate definition of Zp.

Definition 2.6. (p-adic Integers)
The ring Zp is the completion of Z with respect to the p-adic metric dp(x, y) =

|x− y|p.

We can extend the p-adic valuation to Q by defining νp(
a
b ) = νp(a) − νp(b) for

a, b ∈ Z. We can correspondingly extend the p-adic norm and p-adic metric to Q
and define Qp accordingly.

Definition 2.7. (p-adic Numbers)
The field Qp is the completion of Q with respect to the p-adic metric dp(x, y) =

|x− y|p.

Let us now demonstrate its equivalence to our first definition.

Claim 2.8. Definition 2.2 and Definition 2.6 are equivalent.

Proof. Let (am) be a Cauchy sequence of integers that converges to z ∈ Zp with
respect to the p-adic metric.

We construct a mapping from Zp of Definition 2.7 to Zp of Definition 2.2 via
z → (zn) ∈

∏
Z/pnZ, with zn = lim

m→∞
(am mod pn).

This map is a homeomorphism. (It is bijective and continuous with a continuous
inverse map.) Therefore the two definitions are equivalent. �

Similarly, the definitions of Qp using these two different approaches (Definition
2.3 and Definition 2.7) can also be proven to be equivalent.

Under this approach, we can also easily verify that the p-adic metric satisfy the
non-archimedean property, i.e for all x, y, z ∈ Qp, dp(x, z) ≤ max{dp(x, y), dp(y, z)}.

Alternatively, we can define Zp and Qp as follows, which is perhaps more reflec-
tive of how Hensel originally thought of p-adic numbers as power expansions.

Definition 2.9. (p-adic Integers and Numbers)

We can define Zp := {
∞∑
n=0

anp
n|an ∈ {0, ..., p− 1}}; and Qp := {

∞∑
n=−m

anp
n|an ∈

{0, ..., p− 1},m <∞}.

This definition is also equivalent to the afore-discussed definitions.
We shall hereby give some examples of numbers written in their p-adic iterations.
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Examples 2.10. (p-adic expression)

In Q2, 2
3 = 1 · 2 + 1 · 22 + 0 · 23.

In Q7, − 1
6 = 1 + 1 · 7 + 1 · 72.

In Q11, 1
10 = 10 + 9 · 11 + 9 · 112.

Remark 2.11. The overline here signifies repeating digits.

Having defined Qp, we move on to discussing its field extensions.

3. Field Extensions of Qp
We first establish some facts that can help us transfer properties of Zp and Qp

to field extensions of Qp and do so by defining the ring of integers and discrete
valuation rings.

Definition 3.1. Let L be a finite extension of Q (or Qp), then the ring of integers
OL is the integral closure of Z (or Zp) in K. That is:
OL = {z ∈ L| f(z) = 0 for some monic polynomial f(x) ∈ Z[x](or Zp[x])}.

It is useful because since rings of integers are Dedekind domains, every ideal has a
unique factorization into prime ideals. So using the ring of integers, we can translate
many properties of primes in the Zp and Qp to other algebraic extensions. And the
study of spitting of primes in algebraic extensions can help us better understand
the arithmetic properties of Zp.

Claim 3.2. The ring Zp is the ring of integers in Qp.

Proof. For a finite extension L/Qp with non-archimedean p-adic absolute value,
OL = {z ∈ L| |z|L ≤ 1} = Zp �

Using rings of integers, we can now classify extensions of Qp. To do so, we take
a moment to recall classification of primes in algebraic number theory.

Remark 3.3. Ramification of Ideals
In algebraic number theory, a prime p is unramified in L/Q if factorization of

the ideal (p) into prime ideals in OL has no exponent greater than 1. A prime p is
said to be ramified if there is a prime ideal P ∈ OL such that (p) ⊂ P 2. Moreover,
a prime is said to be totally ramified if p is ramified and there exists a unique
prime ideal that divides (p). Our following definitions of ramified and unramified
extensions would coincide with this approach.

Definition 3.4. (Discrete Valuation)
A discrete valuation is a function ν : L −→ Z ∪ {∞} such that for all x, y ∈ L:

• ν(x) =∞ if and only if x = 0;
• ν(xy) = ν(x) + ν(y);
• ν(x+ y) ≥ min{ν(x), ν(y)}.

Definition 3.5. (Discrete Valuation Ring)
A discrete valuation ring is a principal ideal domain with unique non-zero max-

imal ideal.

Recall our earlier definition of p-adic valuation on Qp. It can be extended
uniquely to a finite extension L/Qp. We denote this extended valuation by νL.

With this valuation which turns out to be discrete, the ring of integers OL is a
discrete valuation ring and therefore only has one maximal prime ideal.
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Consider extension L/Qp of degree n, for α ∈ L× we define

ordα := − logp |α|p = − logp(|NL/Qp(α)|p)1/n = − 1

n
logp |NL/Qp(α)|p.

The image of L× under the ordp map is contained in 1
nZ = {x ∈ Q|nx ∈ Z}. Since

the image is an non-trivial additive subgroup of 1
nZ (ordpαβ = ordpα + ordpβ), it

equals 1
eZ for some e|n, e ∈ N.

Definition 3.6. (Ramification Degree)
We define such e to be the ramification degree of the extension L/Qp.

Definition 3.7. (Residue Field)
We define l = OL/mL as the residue field of L, where mL is the maximal ideal

of OL.

Additionally, since OL has unique prime ideal, there exists some π ∈ OL such
that (π) = mL.

Definition 3.8. (Uniformizer)
We define the uniformizer of OL to be an element π ∈ OL with order 1 such that

(π) = mL.

Remark 3.9. Note that the uniformizer is by no means unique. For example, −π
is a perfectly good uniformizer. Uniformizers are useful in extending power series
representations of elements in Zp to OL.

Definition 3.10. (Inertia Degree)
We define f = [l : Fp] as the inertia degree of L/Qp.

The ramification degree and the inertia degree have a powerful property.

Theorem 3.11. Given Galois extension L/Qp, n = [L : Qp] = ef where e is the
ramification degree and f the inertia degree.

Using the ramification degree, we now classify our extensions of Qp.

Definition 3.12. (Ramified and Unramified Extensions)
An extension L/Qp is said to be unramified if its ramification degree e is 1;
An extension L/Qp is said to be ramified if its ramification degree e is [F : Qp].
Furthermore, a ramified extension L/Qp is wildly ramified if p|e ; it is otherwise

said to be tamely ramified.

We will now show that unramified extensions are cyclotomic extensions them-
selves and then discuss tamely and wildly ramified extensions separately.

To do so, we need Hensel’s Lemma, a powerful theorem that is written here as
it applies to Qp. Its more general form and proof and be found in various places.
Chapter 2, Section 4 of [2], and Chapter 1, Section 5 of [4] would prove useful to
the interested reader.

Theorem 3.13. (Hensel’s Lemma for Qp)
Given an extension L/Qp, g(x) ∈ OL[x] a monic separable polynomial, and

h(x) ∈ l[x] such that g(x) ≡ h(x) mod π, for any simple root α′ ∈ l of h there
exists a unique lift to OL α, such that g(α) = 0.

Proposition 3.14. Suppose we have an unramified extension L/Qp, then L =
Qp(ζm) for some m ∈ N.
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Proof. Since L/Qp is unramified, e = 1. So by Theorem 3.11, f = [L : Qp]. Since l
is a finite extension of Fp, l = Fp(ζm) for some m ∈ N co-prime to p. Using Hensel’s
Lemma, we can lift ζm to OL and obtain [Qp(ζm) : Qp] ≥ [Fp(ζm) : Fp]. Therefore,
f = [L : Qp] ≥ [Qp(ζm) : Qp] ≥ [Fp(ζm) : Fp] = f .

Therefore, L = Qp(ζm) �

For ramified extension L/Qp, we can obtain a maximal unramified subextension
Ku/Qp with Ku = Qp(ζm) for some m ∈ N. This subextension has degree [Ku :
Qp] = f . Therefore [L : Ku] = e.

With the afore-discussed classification of ramification, we can for any finite ex-
tension L/Qp, find a maximal tamely ramified subextension Kt/Qp and a maximal
unramified subextensionKu/Qp. Moreover, if we denote [L : Kt] = t, [Kt : Ku] = u,
we have t · u = e. And as expected, [Ku : Qp] = f . It would be beneficial to keep
this in mind as this is essentially the approach that will help us prove the Local
Kronecker-Weber Theorem in Section 4 of this paper,

We also take the opportunity to define the decomposition group and the inertia
group here.

Definition 3.15. A prime ideal p ∈ OL lies above prime ideal (p) ∈ Z if pOL ∈ p.

Definition 3.16. (Decomposition Group)
Given Galois extension L/Q and a prime ideal p ∈ OL lying above (p) ∈ Z, the

decomposition group Dp is defined as Dp = {σ ∈ Gal(L/Q)|σ(p) = p}.

Definition 3.17. (Inertia Group)
From the definition of the decomposition group Dp, we can construct a surjective

map φp : Dp → Gal((OL/p)/(Z/pZ)). We define the inertia group Ip as the kernel
of this map φp.

Remark 3.18. It is clear that the maximal unramified subextension is the subfield
of L consisting of elements fixed by the inertia subgroup. We can similarly define
tamely and wildly ramified inertia subgroups. However these will not be necessary
for this paper.

While the decomposition group Dp is a subgroup of the Galois group Gal(L/Q)
here, it is in fact the whole Galois group Gal(Lp/Qp) itself when we come to deal
with local fields. This is more formally summarized by the following proposition.

Proposition 3.19. Given extension L/Q and a prime p ∈ Z, let p1, p2, ..., pn be the
prime ideals in OL lying above (p) with respective ramification degree and inertia

degree ei, fi. Then [L : Q] =
n∑
i=1

eifi. Furthermore, Dp ' Gal(Lp/Qp). And if

L = Q(α) for some α ∈ L, then Lp = Qp(α).

This demonstrates why we would like to descend into the world of p-adics, since
the Galois theory of p-adics is essentially studying the decomposition groups of
global fields.

Remark 3.20. In fact, every element in Gal(L/Q) is in the decomposition group
for some prime. More precisely, the Chebotarev Density Theorem states that every
element in Gal(L/Q) is the generator of the decomposition group for some prime
p. (The Chebotarev Density Theorem can be found in Chapter 8, Section 3 of [1].)
This means that if we extract information from every prime p, there is hope that
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we can learn something about the global field Q. This is called the Local-Global
principle.

4. Proof of the Local Kronecker-Weber Theorem

We will prove the Local Kronecker-Weber Theorem in this section, for which our
discussion regarding finite extension L/Qp, its maximal tamely ramified subex-
tension Kt/Qp and maximal unramified subextension Ku/Qp of section 3 will
come in handy. We draw a tower diagram to better demonstrate this approach.
([L : Qp] = ef , [L : Kt] = t, [Kt : Ku] = u, [L : Ku] = [L : Kt][Kt : Ku] = tu = e,
[Ku : Qp] = f , with e the ramification degree, and f the inertia degree.)

L

t

��
Kt

u

��
Ku

f

��
Qp

We restate the theorem as follows:

Theorem 4.1. (Local Kronecker-Weber)
If K/Qp is a finite abelian extension, then K ⊆ Qp(ζn) for some n.

To prove the above theorem, we will state the following well-known and well-used
lemma, the proof of which shall be omitted here but can be found in Chapter 14 of
[1].

Lemma 4.2. Let K and L be finite extensions of Qp such that K/L is unramified.
Then

• K = L(ζn) for some n that p does not divide;
• Gal(K/L) is cyclic.

Also, for fixed L and for every integer m ≥ 1, there exists a unique unramified
extension K/L that is cyclic of degree m.

Recall that by Proposition 3.14, we already know that unramified extensions of
Qp are given by Qp(ζm) for some m ∈ N, a fact that falls in line with Lemma
4.2. Ramified extensions of Qp are subfields of Qp(ζpn). We can therefore produce
totally ramified extensions K/Qp.

For p 6= 2, for all n ≥ 0, Gal(K/Qp) ⊆ Z/(p− 1)Z× Z/pnZ.
For p = 2, for all n ≥ 0, Gal(K/Qp) ⊆ Z/2Z× Z/2nZ.
It suffices to assume Gal(K/Qp) ' Z/qmZ, q prime and m ≥ 1.
We consider three cases separately: p 6= q; p = q 6= 2; and p = q = 2.

4.1. Case I: p 6= q. For this case, we utilize the following two lemmas.

Lemma 4.3. Let K and L be finite extensions of Qp, and denote PL as the maximal
ideal of integers of L. Suppose K/L is tamely ramified of degree e. Then there exists
π ∈ L of order 1 at PL and a root α of Xe − π = 0 such that K = L(α).
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While we shall not give a complete proof here, the contents of this lemma is to
be expected. As K/L is tamely ramified of degree e, (π) = P e for P principal. So
it is not surprising that we can find a e-th root of the uniformizer π.

Lemma 4.4. Qp((−p)1/(p−1)) = Qp(ζp).

Proof. Let f(X) = (X+1)p−1
X = Xp−1 + pXp−2 + ... + p. So 0 = f(ζp − 1) ≡

(ζp − 1)p−1 + p mod (ζp − 1)p. Denote u =
(ζp−1)p−1

−p ≡ 1 mod (ζp − 1). There

exists in Qp(ζp), u′ = lim
n−→∞

u−(1+p+...+pn) and u′p−1 = u. So (−p)1/(p−1) ∈ Qp(ζp).
As Xp−1 +p is irreducible over Qp by the Eisenstein Criterion, we have successfully
proven this lemma. �

Assuming Gal(K/Qp) ' Z/qmZ, q prime and m ≥ 1. Let L/Qp be the fixed
field of the inertia group. Then by Lemma 4.2, L ⊆ Qp(ζn) for some n. Denote
e = [K : L]. Since e is a power of q that p does not divide, K/L is totally and
tamely ramified. By Lemma 4.3, K = L(π1/e) for some π ∈ L of order 1. So
π = −up for some unit u ∈ L. The extension L(u1/e)/L is unramified. Again by
Lemma 4.2, L(u1/e) ⊆ L(ζM ) ⊆ Qp(ζMn) for some M .

In particular, Qp(u1/e) ⊆ Qp(ζMn). So Qp(u1/e)/Qp is abelian. Since K/Qp and

Qp(π1/e)/Qp are also abelian, so is Qp((−p)1/e)/Qp. As the polynomial Xe + p
is irreducible over Qp by the Eisenstein Criterion, the extension is Galois. So

Qp((−p)1/e) = Qp(ζe(−p)1/e).

Since Qp((−p)1/e)/Qp is totally ramified, so is its subextension Qp(ζe)/Qp. But
p does not divide e, so ζe ∈ Qp. Therefore e divides p − 1. Apply Lemma 4.4, we

see that Qp((−p)1/e) ⊆ Qp(ζp). We thus have

K = L(π1/e) ⊆ L(u1/e, (−p)1/e) ⊆ Qp(ζMnp).

So K is contained in some cyclotomic extension of Qp.

4.2. Case II: p = q 6= 2. For this case, a different lemma is required.

Lemma 4.5. Let F be a field with characteristic 6= p, let M = F (ζp), and let

L = M(a1/p) for some a ∈M . Define ω : Gal(M/F ) −→ Zp such that σζp = ζ
ω(σ)
p .

If L/F is abelian, then σ(a) ≡ aω(σ) mod (M×)p for all σ ∈ Gal(M/F ).

The proof of this lemma requires Kummer theory. As Kummer theory is not the
focus of this paper, the proof shall be omitted.

Assuming Gal(K/Qp) ' Z/qmZ for q prime and m ≥ 1.
We have a totally ramified cyclic extension of Kr/Qp such that Kr ⊆ Q(ζpm+1),

the fixed field of subgroup of order p − 1 in the Galois group. (Since order of
Qp(ζm+1) = pm+1− pm = pm(p− 1).) We also have an unramified extension cyclic
extension Ku/Qp of degree pm such that Ku = Qp(ζn) for some n by Lemma 4.2.

Since Kr ∩Ku = Qp, Gal(KrKu/Qp) ' (Z/pmZ)2.

Assuming K * Q(ζm+1, ζn), then Gal(K(ζm+1, ζn)/Qp) ' (Z/pmZ)2 × Z/pm′Z
for some m′ > 0. This group has (Z/pZ)3 as a quotient. However, there does not
exist an extension of Qp (p 6= 2) that has this particular Galois group. Therefore
the assumption is false, and K is contained in some cyclotomic extension of Qp.

Remark 4.6. Proving that an extension of Qp with Galois group (Z/pZ)3 (p 6= 2)
does not exist requires knowledge of Kummer theory and shall be omitted here.
We assume this fact as given.
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4.3. Case III: p = q = 2. As always, the special case of prime 2 requires special
treatment a treatment somewhat analogous to Case II with some tweaks.

We have a totally ramified abelian extensionKr = Q2(ζm+2) with Gal(Kr/Qp) '
Z/2Z×Z/2mZ. We have an unramified extension Ku with Gal(Ku/Q2) ' Z/2mZ.

As Kr∩Ku = Q2, Gal(KrKu/Qp) ' Z/2Z×(Z/2mZ)2. Assuming Gal(K/Qp) '
Z/2mZ, and K * KrKu.

Then Gal(KKrKu/Qp) ' Z/2Z× (Z/2mZ)2 × Z/2m′Z with m′ ≥ 1.

Or Gal(KKrKu/Qp) ' (Z/2mZ)2 ⊕ Z/2m′Z with m ≥ m′ ≥ 2.
Therefore there exists a field N such that Gal(N/Qp) ' (Z/2Z)4 or (Z/4Z)3.

However such a field does not exist (proof necessitates Kummer theory and is
therefore omitted). Therefore our assumption was false and K is contained in some
cyclotomic field extension of Qp.

Having proven the above three cases, we now have the Local Kronecker-Weber
Theorem.

5. Proof of the Kronecker-Weber Theorem

Having proven the Local Kronecker-Weber Theorem, we are now safe to claim
that the Kronecker-Weber Theorem holds. We re-state the Kronecker-Weber The-
orem here for convenience.

Theorem 5.1. (Kronecker-Weber)
If K/Q is a finite abelian extension, then K ⊆ Q(ζn) for some n.

We claim that if the Local Kronecker-Weber Theorem holds for all p, then it
suffices to prove the Kronecker-Weber Theorem.

We also need the following lemma.

Lemma 5.2. If F/Q is an extension in which no finite prime ramifies, then F = Q.

The proof of this lemma utilizes a theorem by Minkowski regarding norms of
integral ideals contained in ideal classes of F . This theorem is in fact given as an
exercise in Chapter 1, Section 7 of [2].

Proof. By Minkowski’s Theorem, every ideal class of F has an integral ideal with
norm N ≤ n!

nn ( 4
π )r2
√
dF , where n = [F : Q], dF is the discriminant’s absolute value,

and r2 is the number of complex spaces. Clearly, r2 <
n
2 .

As this quantity must be at least one,
√
dF ≥ nn

n! (π4 )r2 ≥ nn

n! (π4 )n/2 =: bn.

Since b2 = 22

2!
π
4 > 1, bn+1

bn
= π

4 (1 + 1
n )n > 1, we have dF > 1 for n ≥ 2.

Suppose n ≥ 2, then there exists a prime p that ramifies in contradiction with
our assumption that F/Q is an extension in which no prime ramifies. Therefore
n = 1 = [F : Q]. So F = Q. �

Using this lemma, we now prove the Kronecker-Weber Theorem.

Proof. Assume K/Q abelian. Let p be a prime that ramifies in this extension. Let
Kp be the completion at a prime above p. Then Kp/Qp is abelian. By the Local
Kronecker-Weber Theorem, Kp ⊆ Qp(ζnp) for some np.

Let pep be the power of p dividing n, and let n =
∏

p ramifies

pep .

Let L = K(ζn), L/Q is abelian. If p ramifies in L/Q, then p ramifies in K/Q.
Denote by Lp the completion of L at a prime above p. We have a containment

of fields Lp = Kp(ζn) ⊆ Qp(ζpep ·n′) with n′ and p co-prime.
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Let Ip be the inertia group of p in L/Q, then we can compute Ip.
Ip ' Gal(Qp(ζpep )/Qp) with order φ(pep).
Let I ⊆ Gal(L/Q) be the group generated by all Ip for p ramified.
|I| ≤

∏
|Ip| =

∏
φ(pep) = φ(n) = [Q(ζn) : Q].

Consider fixed field F of I, then F/Q is unramified for all finite primes. By
Lemma 5.2, F = Q.

Therefore, I = Gal(L/Q). [L : Q] = |I| ≤ [Q(ζn) : Q].
Since Q(ζn) ⊆ K(ζn) = L, we have K ⊆ Q(ζn).
Thus, we have proved the Kronecker-Weber Theorem.

�
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