EIGENVALUES OF THE LAPLACIAN ON A GRAPH

JULIA WALCHESSEN

ABSTRACT. By computing the first non-trivial eigenvalue of the Laplacian of
a graph, one can understand how well a graph is connected. In this paper,
we will build up to a proof of Cheeger’s inequality which provides a lower and
upper bound for the first non-trivial eigenvalue.
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1. INTRODUCTION

In 1973, Miroslav Fiedler first described the connection between the degree of
connectivity within a graph and the size of the first non-trivial eigenvalue of the
graph’s Laplacian in ” Algebraic Connectivity of Graphs.” Fiedler found that the
smaller the first non-trivial eigenvalue, the more disconnected the graph. Since
the discovery of this connection, Jeff Cheeger has provided an upper and lower
bound for the first non-trivial eigenvalue with the aid of Cheeger’s constant—the
minimum ratio between the measure of a subgraph’s boundary and the measure of
the subgraph for all subgraphs with measure less than half the measure of the graph.
By bounding the first non-trivial eigenvalue with Cheeger’s constant, Cheeger has
directly shown the relationship between the first non-trivial eigenvalue and the
degree of a graph’s connectivity as Cheeger’s constant is a measure of connectivity
for the subgraph with the weakest degree of connectivity within the entire graph.
This connection between the first non-trivial eigenvalue and a graph’s connectivity
has been applied to many fields such as network security. One measure of the
security of a network is how well connected a network is. If a network is not
well connected, one may simply remove a few vertices or connections within the
graph to prevent the flow of information within the network. Work has been done
on increasing a network’s security by maximizing the first non-trivial eigenvalue
through the use of semi-definite programming [3]. In order to understand why
maximizing the first non-trivial eigenvalue of a Laplacian strengthens a network’s
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security, we need to understand Cheeger’s Inequality. In this paper, we will establish
graph theory terminology in Section 2, an intuitive understanding of the Laplacian
of a graph in Section 3, an analysis of the range of eigenvalues of the Laplacian in
Section 4, the connection between connected components and the first non-trivial
eigenvalue in Section 5, and a proof of Cheeger’s Inequality in Section 6.

2. GRAPHS AND ADJACENCY MATRICES

A graph is a collection of vertices and edges connecting these vertices. More
precisely, a graph G is a pair of sets (V, E¥) where V' is a set of vertices and F is
a set of ordered pairs of vertices. In this paper, we consider graphs in which there
is at most one edge between two distinct vertices and no edge connecting a vertex
to itself. A graph G = (V, E) is undirected if (z,y) € E implies (y,z) € E. In
other words, whether the edge is drawn from x to y or y to z does not matter for
undirected graphs. We say two vertices x and y share an edge if z ~ y. More
concretely,

E={(z,y) |z,y €V and x ~ y and x # y}

For the sake of simplicity, we will only work with undirected graphs in this paper.
The degree d(x) of a vertex x € V' is the number of vertices that share an edge. We

can write this as
deg(x) = Z Tomy-
yeVv

A graph is locally finite if every vertex in the graph has a finite number of neighbors.
In this paper, we will mostly work with finite graphs. A common example of a finite,
undirected graph is a lattice graph (V, E) where x,y € V C Z", x ~ y if and only
it Y | —yil =1 where z = (21,...,2,) and y = (y1,....,yn). IV C Z, we call
the lattice graph (V, E) a path graph.

FIGURE 1. A path graph, ({1,2,3,4,5}, E)

FIGURE 2. A lattice graph

If we would like to give more importance to certain edges within a graph, we can
assign weights to edges.
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Definition 2.1. A weighted graph is a pair (G, u) where G = (V, E) is a graph
and p:V x V — RT is a weight on G where

® gy = Hyzx
® iy > 0if and only if (z,y) € E

Since pyy is positive if and only if there is an edge from x to y or y to z, u fully
describes the edge set E of an undirected graph. Therefore, we simply refer to a a
graph G = (V, E) with weight p as (V, ).

Definition 2.2. Define p: V — Rtas

p(x) = Z Hay-

Yy~

We call p(z) the weight of vertex x.

Consider p : V x V. — R* where p,, = 1 if and only if # ~ y. We call this
weight a simple weight and describe a graph with a simple weight as a simple graph.
Note that p(z) = deg(x). We can also encode information of any graph using an
adjacency matrix.

Definition 2.3. For V = {v1,..,v,...} and G = (V, u), we define A = (a;;)

4y = P Vi
ij —
0 Ui';(/’l}j.

Now, we will work towards giving graphs a notion of distance. To do this, we
will need the following definitions.

Definition 2.4. A path on a graph G = (V, E) is a finite sequence of vertices
{zr}}_o where x_1 ~ xy, for every k € {1,..,n}.

Definition 2.5. A graph G = (V, E) is connected if for every x,y € V, there exists
a non-trivial path {zx}}_, wherezy = z and z, = y.

Definition 2.6. Let (V, E) be a connected graph and define the graph distance as
d:V xV — R* where d(z,y) is the minimum length of any path between z and y.

The graph (G, V') with distance is a metric space. The name distance is justified
for d(z,y) because the function is symmetric, the distance between = and y is zero
if and only if z = y, and the minimum length between z and z is at most the sum
of the minimum lengths between x and y and y and z.

3. MOTIVATION FOR THE LAPLACIAN OF A GRAPH

Define the Laplace operator on the set of twice continuously differentiable func-

tions as A : C?(R") — C(R") where
02 0?
Af(zy,y ., xy) = &EJ; +...+ ({9$f2:

The Laplace operator on functions in Euclidean space is fundamental because of
its translational and rotational invariance which makes it appear in problems like
the heat equation, problems in electrostatics, and many other physical problems.
So, we may wish to define a discrete analogue of the Laplace operator to see whether
the Laplacian of a graph yields interesting information about a graph. In order to
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define a Laplace operator for functions on a discrete domain such as Z™, we must
first define a derivative for functions on discrete domains. For f € C'(R), we define
the left and right derivatives of f at z as:

0, fa) = tim LW —S@) I~ f@)

y—azt y—x y—x

for y € Nt(x).

0 f(z) = lim LW 1@ )~ /@)

for y € N.-(z).
y—x— y—x y—x

Consider an infinite path graph (Z, E) as defined in Section 2 and a function g
with domain Z and range R. For n € Z, n —1 and n+ 1 are the only vertices which
share an edge with n and are thus closest to n with respect to the notion of distance
we gave graphs. The definitions of left and right derivatives on a continuous domain
lead naturally to the discrete analogues:

9+g(n) = g(n+1) — g(n).
d-g(n) = g(n) —g(n - 1).

To build a second derivative for a function on a discrete domain, take the compo-
sition of d4g(n) and 0_g(n) which yields:

9-(0+9(n)) = 0—(g(n+1) = g(n)),
=0_(g9(n+1)) —0_(g9(n)),
= (9(n+1) = g(n)) — (9(n) — g(n — 1)),
=g(n+1)+g(n—1)—2g(n).

Since deg(n) = 2 for an infinite path graph and n — 1 and n + 1 are the only
neighbors of n,

0_(d+g(n)) = > g(m) — deg(n)g(n).

Continuing with our evaluation of d_(d;.g(n)),

9 (949(n)) = (9(n+1) — g(n)) = (9(n) — g(n — 1)),
= 04(g(n)) — 9-(g9(n —1)).

Now, consider the infinite, lattice graph (Z", F) and a function h : Z" — R. We
can now define the partials similarly to how we defined the derivative of g.

h s Zn
M =h(21y s Zi + 1, ey 20) — B(215 o0 Ziy ooy 2)-
64_2’,‘
O_h(z1, .., 2n)

B2 =Rh(21y ey Zig ooy 2n) — R(21, oy 2i — 1,0y 2n).
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Now, we can derive the Laplace operator from the second partials with the following
observation: deg((z1,..,2,)) = 2n for every (z1, ..., 2,) € Z™.

. (3+h((21’~~:zn))>

Zn

o= ot
921 Dz ’

= Z h((ylaayn)) —27’Lh(<2’17..72n)),

(917"1yﬂ)w((zl1”7zn))

Ah((z1, .., 2)) = a_(

(3.1)
AR((21, -y 20)) = > B(Y1, - Yn)) — deg((21, e 2n)) - B((21, - Zn)).

(Y15eyn)~(21,52n)

We can generalize this definition of the Laplace operator for functions on the
lattice graph to functions on a locally finite, connected graph (V, E).

Definition 3.2. Let (V| E) be a locally finite, connected graph. Let F = {f : V —
R}. For every « € V and for every f € F, define A: F — R as

Remark 3.3. Notice how we first generalized equation (3.1) and then normalized
Af(z) with the constant deg(z) in Def 3.2. This normalizing constant allows us
to view the the Laplace operator evaluated at f(z) as the difference between the
average value of the function f for vertices adjacent to x and f(x).

To construct the laplace operator, we informally used another operator, the
difference operator. Later on, a more formal definition of the difference operator will
become necessary. Formally, the difference operator is the operation A, : F — R
where

Agyf = fly) — f(x) for every f € F.
We can further extend the Laplace operator to weighted graphs.

Definition 3.4. Let (V,u) be a locally finite, connected, weighted graph. Define
the weighted Laplace operator Ay : F — F as

A f(x) = ﬁ S FW)tay — ().
yev

Since A, (Af + ag)(z) = AA,Lf + al,g for every x € V and every a, A € R,
A, F — Fis a linear operation on F. Typically, the Laplacian of a graph is
denoted £ = D — A where A = (a;;) is the adjacency matrix of a graph (V, E) and
D is the |V| x |V| matrix where

deg(vy) 0 0
0 deg(va) ... 0

0 0 .. deg(vy)
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Notice that £ is the Laplace operator adjusted by a factor of —deg(v;) for every
v; €V as

‘C(f( )) - deg Uz Zaz]
= deg(v;) Z f(vj),

= deg(vi)(f(vi) - m Z f(’Uj)),

= —deg(v;) - Af(v;).

Thus, —D~! x (D — A) = A. We can generalize the Laplaician from a graph with
a simple weight to weighted graphs by defining £,, = D,, — A,, where

w(vy) 0 e 0
0 plve) ... 0
Dlt = . . . .
0 0 (vn)
M1 H12 ... Hin
A, = fo1 - . f2n
Following the process above, we see that A, = —D,, x (D, — A,,) and hence,

L, =—A,.

4. EIGENVALUES OF THE LAPLACE OPERATOR

Let (V, i) be a connected, finite, weighted, and undirected graph with |V| = n.
Recall that £, : F — F is a linear operator in the n dimensional vector space F.
For every f € F and v € V, we can uniquely write f(v) as ), i ¢y, Ly, where
1,, € F for every ¢ € [n]. We now will endow F with an inner product.

Definition 4.1. Let (V, u) be a finite, weighted graph. Then, for any f,g € F, we
define the inner product of f and g by

g9) = Z f(vi)g(vi) p(vs).

From Definition 4.1, we see that {1,, };c[n are orthogonal and thus form a basis
of F. Recall from linear algebra that any linear operator on an n dimensional
vector spaces has n eigenvalues (not necessarily distinct) and n linearly independent
eigenvectors. Let’s recall the definitions of eigenvalues and eigenvectors.
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Definition 4.2. Let A be a linear operator on an n-dimensional vector space V'
over a scalar field R. A vector v # 0 and an eigenvalue A € C are an eigenvector and
eigenvalue of A respectively if A(v) = Av. We refer to the range of the eigenvalues
as the spectrum.

We can find the eigenvalues from the roots of the characteristic polynomial
det(A — AI,,) where A is the matrix representation of the linear operator A. By the
Fundamental Theorem of Algebra, the polynomial has n complex eigenvalues, not
necessarily distinct. By the Spectral Theorem, if £,, is a symmetric operator on F,
then all the eigenvalues of £, are real[l].

Often, in analysis of graphs, eigenvalues can reveal much about the underlying
structure of a graph. Through the study of eigenvalues, we can obtain a rough idea
of how a graph looks without having to explicitly draw every vertex and edge, a
cumbersome task which may produce a graph too detailed to glean any information
from. Yet, if the number of edges and vertices of a graph are large, finding the
roots of the characteristic polynomial of the Laplace operator will be impossible or
computationally expensive and long. This logistical problem leads us to focus on
determining which eigenvalues from the n total eigenvalues will give us the most
information in order to cut down on computation time.

We will mainly focus on discovering which eigenvalue gives us some information
on the connectivity of the graph. To determine which eigenvalues will yield infor-
mation about a graph’s connectivity, we should know the spectrum of the Laplace
operator. First, we will use the Spectral Theorem to show that the eigenvalues of
the Laplace operator are real. To apply the Spectral Theorem, we need to show £,
is a symmetric operator. To do this, we will need the discrete analogue of Green’s
Theorem.

Proposition 4.3. Let (V,u) be a locally finite, weighted, and connected graph and
let Q C V' be non-empty and finite. Then, for f,g € F,

S A @) = 5 3 S By Ny ey + Y Y By gty
€N zeEQYEN T€EQyeV\Q
In particular, we have

Z Auf(x)g(x =35 Z Z wyf xyg)umgy

zeV :L’GV yeVv

Proof. From Definition 3.4 we have that

> A f@)gnt) = %( > (fw) - f(m))uxy)g(x)u(x),

€N €N pAT yeVv
reQyeQ €N er\Q

Since figy = [y, the first term of the last line can be rewritten as
D0 Ay Ng@pay =D Y (B HgWliye == Y (AuyF)g(y)pay.
zeQye yeQ e zeQ ye

Averaging the first and last terms from before concludes our proof [2]. O

Now, we can turn to the task of showing that the operator £,, is symmetric with
respect to the inner product we defined on F.
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Theorem 4.4. Let (V,u) be a finite, connected, and weighted graph. Then the
linear operator L, : F — F is symmetric with respect to the inner product defined
on F.

Proof. We must show (L, f,g) = (f,L,g) for every f,g € F. Indeed, from Propo-
sition 4.3, we have that both expressions equal

2 S A N (A

zeV yeV

O

Now, we can apply the Spectral Theorem to F, but first we will define Rayleigh
quotients which appear in the Spectral Theorem and throughout the rest of this

paper.

Definition 4.5. Let V be a finite dimensional vector space and let A be a linear
operator on V. For any v € V where v # 0, the Rayleigh quotient is

(A(w), )

Rv) = (v,v)

Theorem 4.6 (Spectral Theorem). Let A be a symmetric operator in a n-dimensional
inner product space over R. Then,

o All the eigenvalues of A are real. Hence, we can label the eigenvalues in
increasing order: \1 < Ao... < \,, with corresponding eigenvectors vy, .., vy,.
e forallke{l,.,n},

A =R(vg)= inf R@w)= sup R(v),

vlvy,.,ve—1 vlvgg1,.e.,vn
where v L w if (v,u) =0 forv,u e V.

Using Rayleigh quotients, we can show that the spectrum for any Laplacian
operator £,, is [0,2]. Our normalization of £,,(f(v)) by the degree of each vertex v
in Section 3 insured a small spectrum of [0, 2].

Theorem 4.7. For any finite, connected, weighted graph (V,p) with |V]| =n > 1,

e Zero is a simple eigenvalue of L,,.
o All the eigenvalues are contained in [0, 2].

Proof. Proof of first claim: Consider the constant function 1 € F.

S =1- 8 g

£(0) = 1(0) = —— 3 Ughpey =1 i

() (@)

Yy~ y~xT

Since £,,(1(v)) = 0-1(v) for every v € V, 1 is an eigenfunction with eigenvalue 0.
To show 0 is a simple eigenvalue (i.e. with multiplicity 1), assume 0 is not simple.
Then, there exists f € F where f is an eigenfunction with eigenvalue 0 and f is
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not a constant function. Now, £, f = 0, and using Proposition 4.3 we have
0={(Luf. f)=(=Auf, ),
== Z Auf )l

zeV
1
zeV yeV wEV yEV

Since (f(y) — f(z))* > 0 and pgy > 0, each summand in the above sum is non-
negative. Since the sum equals 0, f(y) = f(z) for every y ~ x because pz, > 0
if z ~ y. Since (V,pu) is a connected graph, for any v,u € V, there exists a path
{wi}}_, between wy = v and w, = u where wy, ~ w41 for every k € {0,..,n —1}.
Since wy, and w41 are neighbors, f(wy) = f(wg41) for every k € {0,...,n—1}. By
transitivity, f(v) = f(u). Hence, f is a constant function which is a contradiction
of our assumption. Therefore, 0 is a simple eigenvalue with eigenfunction 1.

Proof of second claim: Let A and f be an eigenvalue and eigenfunction of £,
respectively. From the proof of the first claim, we know

Lt )= 15 T 00 - )2

xEV yev
Since each summand is non-negative, (L, f, f) > 0. Since X(f, f) = (L.f, f)
where (f, f) > 0 and (L, f, f) >0, A = % > 0. Therefore, all eigenvalues of

the Laplacian operator are non-negative.
Now, to prove A < 2, we need to use the following inequality for a,b € R:

(4.8) (a4 1) < 2(a® +b?).
This inequality will allows us to show A(f, f) < 2(f, f). Indeed, using (4.8)

M) = (Lut, ) = ZZ )2ty

acEV yev
<Y @)+ F @) thas
zeV yeV
< Z Z f(x)quy + Z Z f(y)zﬂzyv
zeV yeV yeV zeV
< Z fx)?u(x) + Z fw)uly
zeV yev
<2(f, f).

Since f is an eigenfunction, (f,f) # 0 and we can divide the last inequality
by (f, f) to obtain the desired inequality: A < 2. Therefore, 0 < A < 2 and the
spectrum of £, is [0, 2]. O

5. CONNECTED COMPONENTS AND MULTIPLICITY OF THE TRIVIAL
EIGENVALUE

In our proof of Theorem 4.7, we only used the assumption that (V,u) is a
connected graph to show 0 is a simple eigenvalue. For both connected and non-
connected finite, weighted graphs, the spectrum is [0, 2]. Yet, the eigenvalue 0 will
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have a multiplicity strictly greater than 1 for non-connected graphs. The multi-
plicity of 0 for non-connected graphs will be equal to the number of connected
components within the graph. A connected component of a simple graph is a sub-
graph in which all vertices within the subgraph are connected to each other through
paths and every vertex shares no edges with the rest of the graph. One can simply
remove a connected component from a simple graph without altering the rest of
a graph. To define connected components for all graphs, we need to define the
measure of a vertex set 2 C V and an edge set S C E as well as the edge boundary
of Q.

Definition 5.1. Consider the graph (V, u) and Q C V be a vertex set of the graph.
Define 11(2), the measure of €2, as u(Q) = > u(x).

Definition 5.2. Let E be the set of edges of (V,u) and let S C E be an edge set
of the graph. Define x(S), the measure of S, as uu(S) = Y c ; te, Where pre = fzy
for any edge e = (x,y).

Definition 5.3. For Q) C V, define 912, the edge boundary of €, as

M ={(z,y) e E|lzcQ,y ¢ Q}.
Now, we can define a connected component using the measure of an edge boundary.

Definition 5.4. Let (V, ) be a graph and Q C V a vertex set of (V,u). Qis a
connected component of (V, u) if 4(9Q) = 0 and €2 is connected (i.e. all vertices in
) are connected to one another by a path).

To show the eigenvalue 0 for a finite, weighted graph with k& connected compo-
nents has multiplicity k, we need to find k linearly independent eigenfunctions with
eigenvalue 0. Since the constant function 1 is the eigenfunction of the eigenvalue
0 for connected graphs, we would expect that the indicator functions on each con-
nected component will be the k eigenfunctions for the eigenvalue 0. The indicator
functions are linearly independent because each indicator function is only non-zero
on a unique connected component and connected components do not share vertices.

Proposition 5.5. Let (V,u) be a finite, weighted graph with k connected compo-
nents Q1..Q, where k < |V|. Then, 0 is an eigenvalue of L,, with multiplicity
k.

Proof. Let 1g,(v) = 1 if v € Q; and 0 otherwise for every j € {1,..,k}.
(Lulg;, 1g;) = (—Aulg;, 1g;),

1
=3 Z Z Al Aylg, pisey by Proposition 4.3,

zeV yeV
=23 (10,() — o, @) ey
€V yeQ;
= %( Z Z (]le (y) — 1q, (x))zluzy + Z Z (]lﬂj (y) — Lo, (x))zuwy)’
TEQ; yeV\Q; zeV\Q; yeQ;

= 0 because fizy =0 for z € V'\ Qy and y € Q.
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Thus, 1g, is an eigenfunction with eigenvalue 0 for all j € {1, .., k}. To prove linear
independence, consider i, j € {1, .., k} where i # j

(I, 1g,) = > 1o, (x)Lo,u(x) = 0.
zeV
Since there are k linearly independent eigenfunctions with eigenvalue 0, the eigen-
value 0 has multiplicity k. O

Remark 5.6. Note that (V, u) must be a finite graph for Proposition 5.6 to hold.

6. CHEEGER'S INEQUALITY

From the previous proposition, we realize that the second eigenvalue tells us
whether a finite, weighted graph has at least one connected component or not. We
can extrapolate from the previous proposition to claim that the second eigenvalue
for a connected, weighted, finite graph tells us how close the graph is to having
a connected component. If the second eigenvalue is close to 0, we only have to
remove a few edges from the graph to obtain a connected component. If the second
eigenvalue is not close to 0, the graph is too well connected to simply remove a few
edges without compromising the originial structure of the graph. The definition of
Cheeger’s constant and the statement of Cheeger’s inequality will prove our claim.

Definition 6.1. Given a finite, weighted graph (V, u) and Q C V, define its Cheeger
constant by
h= min{

While the definition may seem oddly narrow due to its restriction to vertex
sets with measure less than half the total measure of all vertices, this specification
prevents h from trivially becoming 0 or close to 0 for all graphs as seen if we let
=V or V\ {v}. Note that Cheeger’s constant is 0 for graphs with connected
components with measure less than half the total measure of all vertices in the
graph.

where p(92) < %(V)}

Theorem 6.2. Let (V,u) be a connected, finite, weighted graph and A1 be the first
non-trivial eigenvalue of L, and h be Cheeger’s constant as defined in Definition
6.1. Then,

h2

— < A\ < 2h.

2

To show the left-hand side of Cheeger’s inequality, we will need the following

lemmas.

Lemma 6.3. Consider the graph (V,u) with E, the set of edges for (V,u), and
fEeF. Let Q= {z € V|f(x) > t}. Then,

S8l = [ wlonar

eck >

Proof. First, consider f € F and e € E where e = (z,y). Without loss of generality,
let f(z) < f(y). Then, for every e € E, we can define an interval I, C R where
I. = [f(z),f(y)). Let |I.| denote the Euclidean length of the interval I.. Note,
|I.] = |Acf|- To integrate u(Q2;) with respect to ¢, we need to write u(£2;) as a
function of ¢ which we can do with this interval notation and a quick verification
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of the following fact. For t € R, t € I, if and only if e € 9€;. In other words,
flz) <t < f(y)if and only if y € Q; (i.e. f(y) >t) and z € V\Q (ie. f(z) <1?).
Now, consider z(£2;).

b0 = Y = Y me= Y a0
ecON ecFE for tel, eckE

Now, we can evaluate the integral of p(£2;) with respect to t.

/OO (9,5 dt = / Z,ue]lj

> ®ecE
=% [ netia = Zue/ = pelel = 1Al e
e€E e€l (@) e€l e€l
O
Lemma 6.4. For any non-negative function f on V where
1
p(le €V | f@) > 0}) < gu(V),

the following holds,

h Z f@)p(z) < Z |Acf| pte-
zeV eel
Remark 6.5. Notice that Qo = {z € V|f(z) > 0} and for every t € R, Q, C Q.
Hence, if 41(Q0) < $u(V), then (%) < 2u(V) for t > 0 because y is a non-negative
function on V. Also note that if we let f be the indicator function on Q C V, the
inequality in the lemma above becomes p(92) > hu(Q).

Proof. From the previous lemma,

| nowde< Y18 s e

)
The inequality follows from the fact that p is a non-negative function. Since our
integration interval is R*, we can apply the definition of Cheeger’s constant to the
boundaries of the sets Q; with ¢ > 0 due to Remark 6.5.

Zlﬁfluezh/ Qtdt>h/ 3w

eclE xEQy
We now want to integrate > o p(x)dt where f(z) appears and the restriction of
x € Q; disappears. Modifying the trick we used in the proof of Lemma 6.3, we look
for a equivalent statement of z € 2, that will allow us to use indicator functions on
R. Now, for t > 0, z € Q, if and only if t € [0, f(z)) because 0 < t < f(x). Also,
the Euclidean distance of [0, f(z)) is f(x) which we want to appear in our sum so
let’s consider the indicator function 1y, .-

Z|Af|ue>h/z ) Lo.p(ey) (1),

ecE zeV

>hy / Lo, () (D)t > B Y f(z)ps().

zeV zeV
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Now, we will prove the left-hand side of Cheeger’s Inequality using Lemma 6.4.

Proof of Theorem 6.2.
Recall the second statement from the Spectral theorem, A\; = sup;,;, ;  R(f)
where f is the eigenfunction of the first non-trivial eigenvalue A;. In order to apply

Lemma 6.4, we need to find a non-negative function g where g L fo,...f,,—1 and
(V) < 2u(V) where
Vi={zeV|f(zx)>0}and VT ={x €V | f(x) <0}.

Let’s consider g = f where fy = f for f(v) > 0 and f; = 0 otherwise. Since
w(VE) + u(V") = w(V), either u(VF) < 5u(V) or u(V") < $u(V). Depending
on which inequality holds, pick either —f or f because — f is also an eigenfunction
of A\y and —f is positive on V. Now, g = fly+. Since f and 1 are linearly
independent to the eigenfunctions fo, .., fn,—1, ¢ is also also linearly independent to
an "afn71~ ThUS, >‘1 Z R(g)

Recall that (Lg,g) = %ZeeE |Aeg|2 by Proposition 4.3. Now, we can rewrite
R(g) to obtain a formula on which we can apply Lemma 6.4.

<[’gvg> —_ 1 ZeeE |Aeg|2ue
(9:9) 2> ,ev9(@)u(z)

If the following inequality holds,

R(g) =

2
(6.6) P owrute) < 3 Iaul pe

zeV ecE
then h—; < A7 holds by transitivity. We now derive the inequality in equation (6.6).

Z |Ae(9?)] e = Z Z FRE: (y)| pay because |E| = 2|V,

ecE ZL’EV yev

= Z S lg(@) — g(y)| iy - lg(@) + 9(y)| udy,

:JvEV yev

:c) — uxy Z Z ))% by Cauchy-Schwarz,

zeV er a:EV yev

(GX

(G X 3ol %Z > (g@)w(y))?)),%
(
-

IN

S

Z |Acg|? e Z Z ))uzy) by the inequality in (4.8),
ec

zeV yeV

E
Z ‘Aeg| He Z Z g7 ( Nzy)
eck

zeV yeV

Since (V1) < %u(V) for both ¢ and g2, we can apply Lemma 6.4 to ¢>

(6.7) D |Acg?)| e < (2 > 1Al ue gQ(%)u(%))-%

ecE eckE zeV
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By Lemma 6.4,
(6.8) DA e = 0> gPx)u(x).
eelE eV
By transitivity, we can combine equations (6.7) and (6.8)
1
(6.9) B @ < (23 18l e > BP@)ula))
zeV eckE zeV
Squaring (6.9) and dividing by >, .\ ¢*(2) (),
h2

(6.10) 5

9(@)’u(@) <D |Acgl e

zeV eel
Since equation (6.6) holds, %2 < A1 [2]. O

The right-hand side of Cheeger’s inequality is quite simple if we view the first
non-trivial eigenvalue as a Rayleigh quotient.

Proof of Theorem 6.2 continued.

. . . . _ p(09) _u()
Since V is a finite set, we know there exists {2 C V where h = MO Leta = VAR
Consider f € F where

1 z €0
f(x):{—a xeV\Q.

Note that p(Q) < (V). Thus, x() < p(V \ Q) which implies that a < 1. By
construction,

= ) () = T LU ) = — =
<f,11>—$;f( () ;E;)u( YD) wezv:\ﬂu( ) = () — u() = 0.

By the Spectral Theorem, A; = infy 4 R(g). Since (f,1) =0, \y < R(f) = (Lut,f)

£, = fl@)u),

zeV
=Y u@)+a® Y ule),
zEQ zeV\Q

= p(Q) +a?u(V\ Q),

=) + (i) 1\ = (L (@)

(Lud ) =5 35 (F@)  F0) 1y

zeV yeV
=30 Y (F@ = FO) ey = (140 D Y ey = (14 )°u(99).
z€QyeV\Q z€QyeV\Q

(f: 1) (1+a)u(2)
Since R(f) <2h and A1 < R(f), A1 < 2h. O
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Ficure 3. Two lattice graphs connected by a path

Example 6.11. The graph above provides a perfect example for how we can use
Cheeger’s inequality to understand that the first non-trivial eigenvalue of the Lapla-
cian of a graph contains information about a graph’s connectivity. The graph above
consists of two lattice graphs connected by a path graph. In this example, we only
need to look at how long the path graph is to establish how well-connected the
graph is. The longer the path connecting the two lattices, the less connected the
graph is and the smaller the first non-trivial eigenvalue is. We can see how small
the first non-trivial eigenvalue becomes as the path grows longer with the aid of
Cheeger’s inequality. We can immediately compute Cheeger’s constant by counting
the number of vertices in the path connecting the two lattices. From this process,
we get h = % where m is the number of vertices in the path graph that are not a
part of the lattices. From Cheeger’s inequality, % <\ < %. As the path grows
longer (m grows larger), A1 approaches 0 and the graph becomes more disconnected.
Once the path graph becomes infinite, the graphs basically become disconnected
from one another and A\ = 0.

Remark 6.12. In the example above, we assumed the graph in Figure 3 had sim-
ple weights. This allowed us to simply look at the graph to determine Cheeger’s
constant because we only needed to count vertices to determine which subset of
vertices (2 had the smallest ratio of boundary vertices to the number of vertices
within the subset.
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