
DYNAMICAL SYSTEMS ON THE CIRCLE

GEORGE TURER

Abstract. In this paper we introduce dynamical systems on the circle. Beginning with
elementary notions of dynamical systems, we develop several tools to study these systems,

leading to the rotation number, a key invariant of circle homeomorphisms. We then
show that any non-periodic circle homeomorphism is semiconjugate to the rotation by

its rotation number. Finally, we present a proof of Denjoy’s Theorem, which states that

any non-periodic circle diffeomorphism with derivative of bounded variation is conjugate
to the rotation by its rotation number.
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1. Introduction

As one of the oldest and most studied mathematical objects, the circle lends itself as
a natural space for the elementary study of dynamical systems. Indeed, the “father of
dynamics” Henri Poincaré studied such systems in depth; we will prove part of a theorem
attributed to him in §66. The circle is dynamically interesting in that it is one of the
simplest one-dimensional spaces where homeomorphisms can have non-trivial periodicity,
a property that it does not share with the line (see [11, §1.1]). Furthermore, the circle’s
rich algebraic nature, relationship to oscillation, and proclivity to being embedded in other
spaces has maintained interest in circle dynamics, as a field with application to other areas
of mathematics and science, but also as an interesting subject in its own right. A new result,
continuing from that with which we conclude this paper, was published as recently as 2007
in [22].

We begin this paper with the basic notions of dynamical systems, and introduce the circle
as a dynamical object. We then develop the key tools of the lift and the rotation number,
the latter of which allows us to determine the periodicity of homeomorphisms on the circle.
Next, we relate the dynamics of non-periodic homeomorphisms on the circle to the dynamics
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of irrational rotations. Finally, we use this to prove Denjoy’s Theorem. This key result can
be thought of as a “linearization” theorem for a class of non-peridoic circle diffeomorphisms,
in that it allows the dynamics of such maps to be entirely characterized by the dynamics
of irrational rotations. The only background necessary for this paper is the basic notions of
topology and one-dimensional analysis that one would encounter in a first undergraduate
analysis or rigorous calculus course. All the necessary results can be found in [33].

2. Basic Notions of Dynamical Systems

Broadly speaking, the study of dynamical systems concerns the way that systems change
over time. The system consists of points in a mathematical space, and the change is described
by a function acting on that space, determining the evolution of the system at each point in
time. Time can either be continuous in the form of the real line, or discrete as the integers.
In the continuous case, the function may be some system of differential equations. Discrete
dynamical systems, like those examined in this paper, are given by a map from a space to
itself, which is iterated to give the state of the system at each step. For instance, if we have
a space X and a map f : X → X, then the state of the system at a time n ∈ N is given by

the value of fn = f ◦ n times· · · ◦ f at each point in X.11 Note that it only makes sense for n to
be a negative integer if the map is invertible.

The subject of this paper lies within topological dynamics, which studies dynamical sys-
tems given by continuous maps on topological spaces. This means that we only consider
negative time if the map of our system is a homeomorphism, i.e. a continuous function with
a continuous inverse. For the rest of this section, we will introduce the basic notions of
dynamical systems, with a focus on topological dynamics.

If we have a system defined by a map f : X → X, then for each point x ∈ X, we

define the forward orbit of x under f as the set O
+

(x) =
{
fk(x) | k ∈ Z, k ≥ 0

}
. If f is a

homeomorphism, then we also define the backward orbit of x under f as the set O
−

(x) ={
fk(x) | k ∈ Z, k ≤ 0

}
, and simply define the orbit of x under f as the union of these sets,

O(x) =
{
fk(x) | k ∈ Z

}
.

For a map f : X → X, we say a point p ∈ X is periodic with period n ∈ N if fn(x) = x.
Note that this means that, for any natural number m, fmn(x) = f (m−1)n(x) = · · · =
fm(x) = x. We call n the prime period of x under f if fn(x) = x and fk(x) 6= x for any
natural number k < n. Furthermore, we can see that the whole forward orbit of a periodic
point must be periodic with the same period, so the forward orbit of a periodic point has
cardinality equal to the prime period of the point. If the map is a homeomorphism, we can
extend this to the whole orbit of the point.

This also means that the orbit of a point is infinite if and only if it is not periodic. Hence,
it is possible for non-periodic orbits to have limit points. For a given map, we call the set
of limit points of the forward orbit of a point x the ω-limit set of x, or ω(x), and when the
map is a homeomorphism, the corresponding set for the backward orbit is called the α-limit
set of x, which is of course the ω-limit set of x under the inverse of the map.

Proposition 2.1. Let X be a topological space, and let f : X → X be a continuous map.
Then for any x ∈ X, the ω-limit set of x is closed and invariant under f . Furthermore, if
f is a homeomorphism and X is a metric space, ω(x) is invariant under f−1.

1We will typically use ticks (′) to represent derivatives. We will not encounter large-order derivatives which

will lead to ambiguity with iterates in this paper.
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Proof. First, since ω(x) is the set of limit points of O
+

(x), it is closed, a classic result which
follows from the fact that any open neighborhood of any limit point of ω(x) must contain a

point in ω(x) and thus a point in O
+

(x).
Then, to see that ω(x) is invariant under f , consider some point p ∈ ω(x), and any open

neighborhood U of f(p). The preimage of U, f−1(U), is an open neighborhood of p, so it

contains some point y ∈ O+
(x). Thus f(y) ∈ U, and f(y) ∈ O+

(x), so f(p) ∈ ω(x).
Furthermore, if f is a homeomorphism, then for any open neighborhood V of f−1(p),

f(V ) is an open neighborhood of p, and thus contains infinite points in O
+

(x) if X is a
metric space, so the same is true for V.

�

Finally, we introduce a key concept in dynamical systems which will be at the core of our
analysis.

Definition 2.2. Let X and Y be topological spaces, and let f : X → X and g : Y → Y be
continuous maps. If there exists a continuous surjective map h : X → Y such that

(2.3) h ◦ f = g ◦ h

then we say f is topologically semiconjugate to g through h, and h is called a topological
semiconjugacy from f to g. If h is a homeomorphism, then we say that f and g are
topologically conjugate, and we call h a topological conjugacy between f and g.

Remark 2.4. Take note of the direction implied in the statement, “f is semiconjugate to g,”
which is absent when we say, “f and g are conjugate.” This is an important distinction: since
the inverse of a homeomorphism is a homeomorphism, it can be seen that if f is conjugate
to g, then g is conjugate to f . Thus, we can just say that f and g are conjugate (we will still
say, “f is conjugate to g through a homeomorphism h,” to imply that these three functions
satisfy (2.32.3)). However, f can be semiconjugate to g without g being semiconjugate to f .

Topological conjugacy can be seen as a sort of topological “change of coordinates,” which
may be more apparent if we rewrite (2.32.3) as f = h−1 ◦ g ◦ h. Two topologically conjugate
maps share almost any dynamical property that doesn’t explicitly require differentiation.
For instance, if f is conjugate to g through the homeomorphism h, we first note that
for any natural number—or, if applicable, integer—m, fm is conjugate to gm through h.
Then, it can be readily checked that f has a periodic point p of period n if an only if
h(p) is periodic under g with period n. Topological conjugacy similarly carries many other
important dynamical properties, especially in the study of chaotic dynamics. Furthermore,
while in this paper we will discuss conjugacies between maps on the same space (the circle),
there are very interesting and useful conjugacies which can be found between maps on
seemingly unrelated spaces, especially in the field of symbolic dynamics. For an introduction
to these concepts, we point the interested reader to [11, §1].

An intuition for topological semiconjugacy is somewhat less clear. We can think that
if a map f is semiconjugate to a map g, then the dynamics of f are “contained within”
the dynamics of g. For instance, we can see that, if f is semiconjugate to g through the
continuous surjection h, then h maps periodic points of f to periodic points of g as in the
case with full conjugacy. However, not all periodic points of g necessarily correspond to
periodic points of f since h may not be continuously invertible. We will see an explicit
construction of a (rather special) semiconjugacy in §66, but for a more detailed list of the
elementary properties of topological semiconjugacy and conjugacy, we recommend [44, §11].
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3. Maps of the Circle

We now move to our space of study: the circle, also called S1. We have several ways of
defining the circle for the purposes of our study. There is of course the usual Euclidean
circle, given by {(x, y) | x2 + y2 = R2}, where R is the radius. Another common definition
is the circle about 0 in C :

{
z ∈ C | z = R · ei2π·θ, θ ∈ R

}
. However, while the former is

very useful for visualization and the latter simplifies some computations, for this paper
we will use the less intuitive but computationally simpler definition S1 = R/Z, the real
numbers modulo the integers. We can imagine this space as the unit interval connected at
its endpoints.

One reason R/Z will be our definition is that it allows us to naturally carry basic notions
of analysis in R to the circle by treating S1 as [0, 1) ⊂ R and being careful with the
endpoints. In particular, it will give us an easy way to lift maps on the circle to R, as will
be the focus of the next section. This will also make it much easier to visualize maps on the
circle and their analytic properties. We must note that, while all Euclidean and complex
circles are equivalent to R/Z in an intuitive sense (through smooth diffeomorphisms, for the
topologically inclined reader), the notion of distance we will use will be distance in R/Z,
which corresponds to angular distance in radians divided by 2π in other models.

One key topological property of the circle upon which we will rely is that it is a compact
metric space. This means that any infinite subset of the circle has a limit point. It also means
that any continuous bijection from the circle to itself is a homeomorphism (see [33, Thm.
5.6.33]). We will rely on both of these facts.

While we often work with R/Z as though it is the real interval [0, 1), one important
difference is that, from one point to another in the circle, there are two intervals: one
corresponding to traveling forward (except at the endpoint) along the interval [0, 1), and
one corresponding to going backwards. If we have two points a and b in the circle, we will
adopt the convention that (a, b) is the interval wrapping forward from a to b.

By the same token, the notion of order does not translate directly. Instead we have the
more general notion of orientation. We will call a map f : S1 → S1 orientation-preserving
if, for any two points a, b in the circle, every point in [a, b] is mapped into [f(a), f(b)], and
we call f orientation-reversing if [a, b] is mapped into [f(b), f(a)]. In this sense, orientation-
preserving on the circle corresponds to increasing for maps of R, and orientation-reversing
corresponds with decreasing (this is because order provides an orientation of the line). Also
similar is the fact that any continuous injection—and thus any homeomorphism—on the
circle is either strictly orientation-preserving or strictly orientation-reversing.

Now we introduce our first and most important examples of circle maps: rotations. A
rotation is exactly that from basic geometry, shifting every point by some fixed value, say α.
In R/Z, this is simply the function rα(x) = x+α. It can be readily checked that a rotation
is an orientation-preserving homeomorphism.

Rotations have very different dynamics depending on whether the argument of rotation

is rational or irrational. Consider the rotation rp/q(x) = x+
p

q
, where p, q ∈ Z. We see that

rqp/q(x) = (q · p
q

+ x) mod Z = (p+ x) mod Z = x,

since p is an integer. Thus every point in S1 under a rational rotation is periodic with the
same period.

If we rotate by an irrational number α, then no point can be periodic, since m ·α can’t be
an integer for any non-zero integer m. Of course, this means that the orbit of every point in
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the circle under an irrational rotation contains infinitely many distinct points, so the orbit
must have a limit point. However, a much stronger statement is true:

Theorem 3.1. Let rα : S1 → S1 be the rotation by α ∈ (0, 1). If α is irrational, the orbit
of any point in S1 under rα is dense in S1.

Proof. Let ε > 0, and let x be any point in the circle. Pick a natural number t such that
1

t
< ε. Since rα has no periodic points, there must be two different natural numbers m,n ≥ t

such that the points rmα (x) and rnα(x) are within ε of each other. Hence rn−mα is a rotation
by less than ε, so the orbit of x under rn−mα —which is a subset of the orbit of x under
rα—contains points within every interval of length ε around the circle. Therefore, rα is
dense in S1. �

The behaviour of rational and irrational rotations will be our benchmark for studying
other orientation-preserving homeomorphisms on the circle.

Finally, we would like to provide a brief historical comment on visualizing circle maps.
While this writer likes to imagine various ways of turning, flipping, and deforming a circular
rubber band such that it stays circular, another interesting and beautiful representation is
in curves on a torus. In this case, a function on the circle is mapping from the toroidal
angle (around the outer circle) to the poloidal angle (around the inner tube). This was the
viewpoint from which much of the early theory of dynamics on the circle was developed.
Arnaud Denjoy’s proof of the theorem with which we end this paper originally appeared in
a paper ([55]) titled, “Sur les courbes définies par les équations différentielles à la surface du
tore,” or, “On curves defined by differential equations on the surface of the torus.”

(a) A rotation. (b) Another homeomorphism. (c) A continuous map that is
not a homeomorphism. Note the

axes of the φ vs. θ plot.

Figure 1. Continuous circle maps represented as curves on tori. Below are the
(lifted, see §44) maps on the interval. The black circles meet where θ, the toroidal
angle, and φ, the poloidal angle, are both 0. Hence these points correspond to
the origins in the lower plots. Drawn using [66].
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4. Projection and Lifts

In these next two sections, we develop some of the key machinery with which we will
analyze our maps of the circle.

First, let us define the projection of R onto the circle, which we will denote π : R → S1

for the rest of the paper. Since we defined the circle as S1 = R/Z, this function is defined
as π(x) = x mod Z, which can also be thought of as “wrapping” the real line about the
circle. The properties of π that we need to remember are that it is continuous, orientation-
preserving, surjective, injective on any half-open interval of length 1, and satisfies π(x+n) =
π(x) for any real number x and integer n. In algebraic topology, π is called a covering map
with R as the covering space of S1 (see [77, §53] and [88, §3]).

This allows us to lift continuous circle maps to continuous maps on R:

Definition 4.1. Let f : S1 → S1 be a continuous map of the circle. Then a continuous
function F : R→ R is called a lift of f to R if

(4.2) π ◦ F = f ◦ π.

Since π is continuous and surjective, this means that a lift of a continuous map on the
circle is semiconjugate to that map.

Proposition 4.3. Every continuous map of the circle has a lift to the real line.

Proof. We first remark that this is really an application of the “general lifting lemma” from
algebraic topology, which can be found with proof in [77, Lem. 79.1]. We show here how
such a lift is constructed, following a similar approach to the lifting of paths in S1 to paths
in R found in [88, §1.5].

We can see that if π : R→ S1 is restricted to any interval of length less than 1 in R, then
it is a homeomorphism from that interval to S1. Thus, if J is any closed interval which is a
proper subset of S1, then π−1(J) is a family of disjoint closed intervals in R, each contained
within an interval of length 1 (remember that π(x) = x mod Z). Hence, for any j ∈ J ,
if we pick a point p ∈ π−1 ({j}), p belongs to exactly one interval L in π−1(J) which is
homeomorphic to J through the restriction of π to L.

Let f : S1 → S1 be any continuous circle map. It is possible to to divide R into a
countable family of closed intervals I such that, for any I ∈ I , f (π(I)) is a closed, proper
subinterval of S1. This allows us to construct a lift F : R → R. Let’s say 0 ∈ I0 ∈ I . We
choose a point p0 ∈ π−1 ({f(0)}), and set F (0) = p0. Then p0 belongs to one interval L0

which is homeomorphic to f (π(I0)) through π �L0
, the restriction of π to L0. Accordingly,

on I0 we set F = π �−1L0
◦f ◦ π, which clearly satisfies (4.24.2). If a and b are the endpoints

of I0, then F (a) and F (b) similarly determine F on the intervals to the left and right of
I0, and this process continues to define F on R. It is best to understand a picture of this
procedure, as shown in Figures 22, 33.

�

Remark 4.4. If we add any constant integer m to the lift F which we have constructed,
then the new function still satisfies (4.24.2) in Definition 4.14.1, and thus is a lift. Also, since
π(x) = π(y) if and only if x and y differ by an integer, any two lifts must differ from each
other by a constant integer. Therefore, all lifts of f are equal to F (x) +m for some integer
m. See Figures 2d2d, 3d3d.
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(a) A continuous circle
map (in R/Z). The
dashed line shows that
the function is continu-
ous at x = 0 = 1 mod Z.

(b) Lifting the function
within [0, 1). The sec-
ond dashed line is 2 units
above the first.

(c) Extending the lift to
the entire line.

(d) All lifts of the circle
map.

Figure 2. Lifting a continuous, non-injective circle map to R. Plots made in [99].

(a) (b) (c) (d)

Figure 3. Lifting a circle homeomorphism. Plots made in [99].

Proposition 4.5. F : R→ R is a lift of a continuous map of the circle if and only if F is
continuous and there exists d ∈ Z such that, for all x ∈ X,

(4.6) F (x+ 1) = F (x) + d.

Inductively, this means F (x+m) = F (x) + dm, for any natural number (or integer, if f is
a homeomorphism) m.

Proof. We can see that any lift must satisfy (4.64.6) for some integer d at each point to satisfy
(4.24.2). Furthermore, d must be the same integer for all points since F (x+ 1) is continuous.

For the other direction, we can define f : S1 → S1 by considering π ◦ F on [0, 1) =
π ([0, 1)) . Since F (0) and F (1) differ by an integer, f will be continuous at 0 = 1 ∈ S1. �

Corollary 4.7. If F : R → R is a lift of a continuous circle map, then for the integer d
given by Proposition 4.54.5,

F (x)− d · x = F (x+ 1)− d · (x+ 1),
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so the function given by F (x)− d · x is periodic22 with period 1.

Remark 4.8. If f is a homeomorphism, then its image wraps around the circle exactly
once, so d = ±1, where the sign is positive if f is orientation-preserving and negative if
orientation-reversing. However, d = ±1 does not imply that f is a homeomorphism, as we
see in §66.

The following properties of lifts follow from the definition and a sound understanding of
what lifts look like.

Let f : S1 → S1 be any continuous circle map, and let F : R→ R be a lift of f. Then,

(i) if F is surjective, then f is surjective.
(ii) f is injective if and only if F is injective.
(iii) f is orientation-preserving if and only if F is orientation-preserving (i.e. increas-

ing), and f is orientation-reversing if and only if F is orientation-reversing (i.e.
decreasing).

(iv) if G : R → R is a lift of g : S1 → S1, and H : R → R is a lift of h : S1 → S1,
such that F is semiconjugate or conjugate to G through H, then f is respectively
semiconjugate or conjugate to g through h.

(v) for any n ∈ N, Fn is a lift of fn.
(vi) if f is a homeomorphism, then so is F and F−1 is a lift of f−1. It follows that Fm

is a lift of fm for any integer m.
(vii) if x ∈ R is a periodic point under F with period n ∈ Z, then π(x) is periodic under

f with period n. Note that the converse may not be true, as we can see with any
lift of f = Id given by F (x) = x+m, where m is a non-zero integer.

(viii) the derivative of F exists at x if and only if the derivative of f exists at π(x), and
if they exist these derivatives are equal. This extends to higher order derivatives.

One may be wondering what benefit we get from having all these lifts of a given circle
map which vary only by constant integers. Isn’t the natural lift of f : S1 → S1 the one
which sends 0 to f(0)? For the remainder of the paper, we will focus on orientation-
preserving homeomorphisms of the circle, but we conclude this section with a nice result
about orientation-reversing homeomorphisms, which we quickly prove using two different
lifts of the same map.

Proposition 4.9. Let f : S1 → S1 be an orientation-reversing homeomorphism. Then f
has exactly two fixed points.

Proof. Consider two lifts of f : F, the lift where F (0) ∈ [0, 1), and F̂ (x) = F (x) + 1. Thus

on [0, 1), F is decreasing down from F (0) ∈ [0, 1) to F (0)− 1 ∈ [−1, 0) and F̂ is decreasing

down from F (0) + 1 ∈ [1, 2) to F (0). Therefore, both F and F̂ must cross Id(x) = x in this

interval, so each has fixed point p and p̂, respectively, in [0, 1). Furthermore, F and F̂ are
never equal, so p 6= p̂. Since π is injective on [0, 1), π(p) and π(p̂) are distinct fixed points
of f . See Figure 4a4a.

Finally, since f is orientation-reversing, the image of the interval ((π(p), π(p̂)) is (π(p̂), π(p)),
and the image of ((π(p̂), π(p)) is (π(p), π(p̂)), following the direction of intervals as defined
in §33. Therefore, any point in the circle other than π(p) and π(p̂) is sent to the other of the
two intervals between π(p) and π(p̂) and thus cannot be fixed. See Figure 4b4b. �

2i.e. f repeats over every interval of length 1, not that f has a periodic point.



DYNAMICAL SYSTEMS ON THE CIRCLE 9

(a) Two lifts which both intersect y = x in [0, 1). (b) The two fixed points and the flipping of the inter-
vals.

Figure 4. Existence and uniqueness of two fixed points for orientation-reversing
circle homeomorphisms.

5. Rotation Number

With lifts in place, we may now develop the key tool for the remainder of our analysis,
an invariant which we note is unique to maps of the circle:

Definition 5.1. Let f : S1 → S1 be an orientation-preserving homeomorphism. Then we
call

ρ(f) =

(
lim
n→∞

Fn(x)

n

)
mod Z

the rotation number of f, where x is any point in S1 and F is any lift of f.

Note that we have now restricted our focus to homeomorphisms of the circle. At the mo-
ment, the rotation number may not be well-defined. To prove that this is a good definition,
we have the following proposition:

Proposition 5.2. Let f : S1 → S1 be an orientation-preserving homeomorphism, and let

F and F̂ be any lifts of f. Then the limits

lim
n→∞

Fn(x)

n

and

lim
n→∞

F̂n(x)

n
exist, are independent of x ∈ S1, and differ from each other by an integer.

Proof. First we prove that if lim
n→∞

Fn(p)

n
exists for some point p in R, then lim

n→∞

Fn(x)

n
exists and has the same value for all x ∈ R.

Suppose lim
n→∞

Fn(p)

n
exists. For any x ∈ R, there exists an integer k such that

p− k ≤ x ≤ p+ 1− k.
For all n ∈ N, Fn is a lift of fn, so by Proposition 4.54.5,

Fn(p)− k = Fn(p− k) ≤ Fn(x) ≤ Fn(p+ 1− k) = Fn(p) + 1− k,
so

Fn(p)

n
− k

n
≤ Fn(x)

n
≤ Fn(p)

n
+

1− k
n

.
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Since k is fixed, lim
n→∞

Fn(x)

n
= lim
n→∞

Fn(p)

n
.

Thus for existence we just need to show that there is some point p such that lim
n→∞

Fn(p)

n
converges. We modify a proof in [11, §1.14].

Since Fn is a lift of an orientation-preserving homeomorphism, it is increasing and in-
creases in value by 1 over any interval of length 1. By Corollary 4.74.7, Fn− Id is periodic with
period 1. Since − Id is decreasing and decreases in value by 1 over any interval of length
1, there exists Bn ∈ R such that, for all x ∈ R, Bn ≤ Fn(x) − x ≤ Bn + 1. Thus for any
natural number m, by plugging F tn(x) into this inequality for every integer t from 0 to m,
we get the system of inequalities,

Bn ≤ Fn(x)− x ≤ Bn + 1,

Bn ≤ F 2n(x)− Fn(x) ≤ Bn + 1,

. . .

Bn ≤ Fmn(x)− F (m−1)n(x) ≤ Bn + 1.

When we sum all the lines we get a telescoping sum in the center which collapses to

mBn ≤ Fmn(x)− x ≤ mBn +m.

Plugging in x = 0 yields

mBn ≤ Fmn(0) ≤ mBn +m,

so
Bn
n
≤ Fmn(0)

mn
≤ Bn + 1

n
.

Furthermore,
Bn
n
≤ Fn(0)

n
≤ Bn + 1

n
,

so together, ∣∣∣∣Fn(0)

n
− Fmn(0)

mn

∣∣∣∣ ≤ 1

n
.

This argument can redone for m and a bound Bm to get that∣∣∣∣Fmn(0)

mn
− Fm(0)

m

∣∣∣∣ =

∣∣∣∣Fm(0)

m
− Fmn(0)

mn

∣∣∣∣ ≤ 1

m
.

Thus, we get that ∣∣∣∣Fm(0)

m
− Fn(0)

n

∣∣∣∣ ≤ 1

m
+

1

n
.

Therefore, by taking m and n to be sufficiently large, we see that the sequence is Cauchy
convergent.

Now, we just need to show that the limits differ by an integer for different lifts of f ,

F and F̂ . By Remark 4.44.4, there exists an integer j such that F̂ (x) = F (x) + j for all

x ∈ R. Hence by Proposition 4.54.5, F̂ 2(x) = F (F (x) + j) + j = F 2(x) + 2j, and inductively

F̂n(x) = Fn(x) + nj for all n ∈ N. Therefore,

lim
n→∞

F̂n(x)

n
= lim
n→∞

Fn(x) + nj

n
= lim
n→∞

Fn

n
+ j.

�
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We can see by the last part of this proof and Remark 4.44.4 that there is always exactly

one lift F0 of any order-preserving circle homeomorphism f such that lim
n→∞

Fn0 (x)

n
= ρ(f),

without any additional integer term.
The somewhat intuitive understanding of what the rotation number represents is the

average distance along the circle that a point is moved by a circle map, i.e. what rotation
the map most resembles, on average. The relationship between a circle homeomorphism and
the rotations by its rotation number will be the main focus in the rest of our analysis. While
the “average rotation distance” is a good starting intuition, it is not actually the size of the
rotation number that we initially care about, but—in correspondence with the behaviour of
rotations—the rationality of the number.

Before we discuss this, we need a quick Lemma:

Lemma 5.3. If f : S1 → S1 is an orientation-preserving homeomorphism with rotation
number ρ, then for any integer m, fm has rotation number mρ mod Z.

Proof. First note that f0 = Id clearly has rotation number 0. Thus let m 6= 0, and let F

be any lift of f. Then lim
n→∞

Fn(x)

n
= ρ+ k, where k is an integer. Hence lim

t→∞

F tm

tm
= ρ+ k,

too, so

lim
t→∞

F tm

t
= m · lim

t→∞

F tm

tm
= mρ+mk.

�

Theorem 5.4. Let f : S1 → S1 be an orientation-preserving homeomorphism with rotation
number ρ. Then ρ is rational with (not necessarily reduced) denominator d if and only if f
has a periodic point of period d.

Proof. If f is periodic at some point y ∈ S1 with period d, then consider any point x ∈ R
such that π(x) = y. For any lift F of f, since fd(y) = y, F d(x) = x + m, where m is some
integer. Furthermore, we can see inductively that for any t ∈ N,

F td(x) = F d
(
F (t−1)d(x)

)
= F d (x+ (t− 1)m) = F d (x) + (t− 1)m = x+ tm,

so
F td(x)

td
=

x

td
+
m

d
. Therefore,

lim
n→∞

Fn(x)

n
= lim
t→∞

F td(x)

td
=
m

d
,

so the rotation number ρ must have d as its (potentially unreduced) denominator.
As for the converse, we will start with the case of a fixed point, and then extend to

periodic points. Suppose the rotation number of a circle homeomorphism f is 0, and let F

be the lift of f such that lim
n→∞

Fn(x)

n
= 0. Then, we note that F − Id cannot be bounded

away from 0 : if for all x ∈ R, F (x) − x > r > 0 (the case where F (x) − x < r < 0 will be
similar), then inductively

Fn(x) = F
(
Fn−1(x)

)
> Fn−1(x) + r > Fn−2(x) + 2r > · · · > x+ nr.

Then we would get that lim
n→∞

Fn(x)

n
> r > 0, a contradiction.

Thus there is a sequence of points (tn) such that lim
n→∞

F (tn) − tn = 0. However, since

F (tn)− tn is periodic with period 1, such a sequence must exist within any compact interval
of length 1, where it will converge to a fixed point.
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For the general case, if the rotation number of f is
c

d
, where c and d are integers, then

by Lemma 5.35.3, the rotation number of fd is c mod Z = 0. Therefore fd has a fixed point,
so f has a periodic point of period d. �

Remark 5.5. Note that it follows that the prime period of a periodic point under f corre-
sponds with d being the reduced denominator of ρ. Also, an immediate consequence of this
theorem is that, if a circle map has periodic points, they all have the same prime period.
Furthermore, the other critical result is the contraposition of the theorem: f has no periodic
points if and only if ρ(f) is irrational.

We can now see that a circle homeomorphism is characterized by its rotation number
similarly to how a rotation is characterized by its argument. For the rest of the paper, we
will restrict our attention to non-periodic maps, where the degree of this similarity can be
made more precise.

However, for the reader interested in the world of periodic circle maps, see [11, §1.15],
in which Devaney introduces a class of periodic circle maps known as Morse-Smale Dif-
feomorphisms. Morse-Smale Diffeomorphisms are periodic diffeomorphisms which are also
hyperbolic, a key notion in dynamics through which many pathological differentiable systems
can be removed by putting a fairly light condition on the derivatives of periodic points. The
key facts Devaney shows about Morse-Smale Diffeomorphisms is that they can approximate
any orientation-preserving diffeomorphism on the circle arbitrarily well (in terms of close-
ness, not dynamical behaviour), and that their dynamics are stable within some degree of
perturbation.

6. Irrational Rotation Number: Topology and Dynamics

We will now consider homeomorphisms on S1 with irrational rotation number. As a
result of Theorem 5.45.4, such maps have no periodic orbits, as is the case with rotations by
irrational angles. While we can still characterize much of the dynamics of a homeomorphism
with rational rotation number in terms of the dynamics of the corresponding rotation,33 when
the rotation number is irrational we can obtain a much stronger result. In this section, we
show that any homeomorphism on S1 with irrational rotation number is semiconjugate to
the corresponding rotation, and that if such a homeomorphism has dense orbits, this gives
rise to full topological conjugacy with the rotation. In the next section, we use these results
to prove a theorem by Denjoy providing conditions on the differentiability of such maps that
are sufficient for this conjugacy to exist. The structure of the proofs in this section largely
follows [1010, §11.2, pp. 395-398].

Before we construct the aforementioned semiconjugacy, we develop some of the related
dynamical properties of homeomorphisms of irrational rotation number, namely the topology
of their ω-limit sets (see §22). This will provide a clearer picture of the behaviour of these
maps, and lead to a more natural construction of the semiconjugacy with the conditions for
full conjugacy.

Proposition 6.1. Let f be an orientation-preserving homeomorphism on S1 with irrational
rotation number. Then the ω-limit sets of all points in S1 coincide. We will call this set E.

3see [1010, §11.2] for the full treatment of Poincaré’s classification by rotation number; in this paper we will

focus on the irrational case.
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Figure 5. The intervals Ik
wrapping around the cir-
cle.

Proof. Let x ∈ S1, and suppose z ∈ ω(x). Then for any ε > 0,
there are integers t1 and t2 such that f t1(x) and f t2(x) are within
ε of z. Without loss of generality, let I = [f t1(x), f t2(x)] be the
closed interval between these points within the ε-neighborhood of
z. We will show that the forward orbit of every point in S1 enters
I and thus comes within ε of z, for all positive ε.

The clever manipulation we use now comes from [1010, Lemma
11.2.6]:

We are going to prove the case where t1 > t2, such that t1−t2 >
0. For the other case, swap t1 and t2 in every place in the following proof, and note that
the sequence of contiguous intervals we are about to construct will wrap the other direction
around the circle.

For any non-negative integer k, let Ik = f−k(t1−t2) (I) . One can check that

Ik =
[
fkt2−(k−1)t1(x), f (k+1)t2−kt1(x)

]
,

so the right endpoint of Ik is the left endpoint of Ik+1. Hence the intervals travel forward
around the circle contiguously, so the union of all of these intervals up to any integer n,
n⋃
i=0

Ii, is one large interval, wrapping around the circle. See Figure 55.

Suppose for contradiction that there is no n ∈ N such that

n⋃
i=0

Ii = S1. Then the right

endpoints of the intervals must be bounded to the left of f t1(x). Thus there exists p ∈ S1

such that

lim
k→∞

f−k(t1−t2) = p.

However, we then note that

p = lim
k→∞

f−k(t1−t2)(x)

= lim
k→∞

f−(k−1)(t1−t2)(x)

= lim
k→∞

f t1−t2
(
f−k(t1−t2)(x)

)
= f t1−t2

(
lim
k→∞

f−k(t1−t2)(x)

)
= f t1−t2(p).

Thus f is periodic at p, which it can’t be since it has irrational rotation number. Therefore,

there exists an integer n such that

n⋃
i=0

Ii = S1.

Let y be any point in S1. Then y ∈ IN , for some non-negative integer N, so fN(t1−t2)(y) ∈
I. Hence fN(t1−t2)(y) ∈ O+

(y) is within ε of z. It follows that z ∈ ω(y). Therefore, by the
symmetry of the argument, ω(x) = ω(y), for all x, y ∈ S1.

�

This set E has a very particular topology.
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Definition 6.2. A set in a topological space is perfect if every point is a limit point, and is
nowhere dense if every point in the set belongs to the boundary of the set, or equivalently
if it has no interior. A Cantor set is a set that is non-empty, perfect, and nowhere dense.

Theorem 6.3. Let f : S1 → S1 be an orientation-preserving homeomorphism of irrational
rotation number, and let E be the universal ω-limit set as in Proposition 6.16.1. Then E is
either S1 or it is a Cantor set.

Proof. First, we note that E is non-empty, which follows from the fact that the forward
orbit of any point is an infinite set since f is not periodic. Then since S1 is compact, we
may apply the Bolzano-Weierstrass Theorem.

Next, we note that E is the minimal non-empty invariant closed subset of S1: E is
invariant and closed by Proposition 2.12.1. If A ⊂ S1 is non-empty, closed, and invariant, then
for any a ∈ A,

E = ω(a) ⊂ O(a) ⊂ A.
Now, notice that the boundary of E, ∂E, is closed. To show that ∂E is invariant, begin by

considering any point p ∈ ∂E. Then there exists a sequence (pn) ⊂ S1 \ E which converges
to p. Since E is invariant under both f and f−1, this means that each term f(pn) ∈ S1 \E.
Yet lim

n→∞
f(pn) must converge to f(p) ∈ E, so f(p) ∈ ∂E.

However, ∂E ⊂ E. Therefore, since E is the minimal closed, invariant, and non-empty
subset of S1, this means that either ∂E = Ø, or ∂E = E. In the first case, this means that
E = S1, and in the latter E has no interior, and is thus nowhere dense.

To complete the theorem, we just need to show that E is perfect, so that if it is nowhere
dense it is a Cantor set. If x ∈ E, then x ∈ ω(x), and thus is a limit point of its own forward

orbit. Since E is invariant, O
+

(x) ⊂ E, so x is a limit point of E. Thus every point in E is
a limit point of E.

�

Since E is the ω-limit set of any point in S1, the orbit of any point is dense in E. In the
case where E = S1, this should remind the reader of the behaviour of an irrational rotation,
and with good cause, as we will see. In the case where E is a Cantor set, then there are
infinitely many open intervals within S1 \ E, and these intervals contain no limit points
of any orbits, since the set of such points is E. This is qualitatively different dynamical
behaviour from the dense orbits of an irrational rotation. Thus, we can begin to intuit how
these two behaviors relate to the conditions for full topological conjugacy, and indeed this
will be formalized as a direct corollary of our following construction of the semiconjugacy.

Our semiconjugacy will be constructed on the real line through lifts of the functions
involved. We first prove a lemma about the lifts of orientation-preserving homeomorphisms.

Lemma 6.4. [1010, Lem. 11.2.4] Let f be an orientation-preserving homeomorphism on S1

with irrational rotation number ρ, and let F be the lift of f such that lim
n→∞

Fn(x)

n
= ρ,

without any additional integer part. Then for any integers n1, n2, m1, and m2, and any
x ∈ R,

Fn1(x) +m1 < Fn2(x) +m2

holds if and only if

n1ρ+m1 < n2ρ+m2.

Proof. This proof mostly follows that of Katok and Hasselblatt.
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First, note that the statement follows trivially if n1 = n2. Next, if the integers n1, n2, m1,
and m2 are fixed such that n1 6= n2, then the continuous function given by Fn1(x)−Fn2(x)+
m1 −m2 must never change sign, as if it passes through 0 at some point z, then π(z) is a
periodic point of f . This is impossible since ρ is irrational. Thus, it suffices to prove the
statement for one point in R, so we choose 0.

Suppose that Fn1(0) +m1 < Fn2(0) +m2. Then,

F−n2 (Fn1(0) +m1) < F−n2 (Fn2(0) +m2) .

Since F−n2 is a lift of a homeomorphism, by Proposition 4.54.5 we get

Fn1−n2(0) +m1 < 0 +m2, i.e. Fn1−n2(0) < m2 −m1.

Similarly,

F 2(n1−n2)(0) < Fn1−n2(m2 −m1) = Fn1−n2(0) +m2 −m1 < 2(m2 −m1),

and inductively, we can see that, for all t ∈ N,

F t(n1−n2)(0) < t(m2 −m1).

Furthermore, a nearly identical process shows that

t(m1 −m2) < F t(n2−n1)(0).

Therefore, if n1 − n2 > 0, then

ρ = lim
t→∞

F t(n1−n2)(0)

t(n1 − n2)
<
m2 −m1

n1 − n2
,

with the strict inequality because ρ is irrational. Similarly, if n2 − n1 > 0, then

ρ = lim
t→∞

F t(n2−n1)(0)

t(n2 − n1)
>
m1 −m2

n2 − n1
.

In either case, we see that n1ρ+m1 < n2ρ+m2.
The other direction follows from exactly the same proof if proven by contraposition, i.e.

that Fn1(x) +m1 6< Fn2(x) +m2 implies that n1ρ+m1 6< n2ρ+m2, since Fn1(x) +m1 6=
Fn2(x) +m2 whenever n1 6= n2 because f is not periodic.

�

We now construct the semiconjugacy:

Theorem 6.5. (Poincaré)
Let f : S1 → S1 be an orientation-preserving homeomorphism with irrational rotation

number ρ. Then f is semiconjugate to rρ, the rotation of S1 by ρ, via an orientation-
preserving function.

Proof. This proof is based off of [1010, Thm. 11.2.7, Lem. 11.2.8]. We will construct our
semiconjugacy through lifts of f and rρ to R, which is sufficient due to the results in §44.
Let F : R → R be the lift of f as in Lemma 6.46.4, and let R : R → R be the lift of rρ given
by R(x) = ρ + x. Pick x ∈ π−1(E), where E is the universal ω-limit set from Proposition
6.16.1 and π is the projection from R to S1 from §44. Let B = {Fn(x) + m | n,m ∈ Z}. Due
to Remark 4.44.4, we see that B is the union of the orbits of x under every lift of f , and thus
π(B) is the full orbit of π(x) under f. Furthermore, since ω(π(x)) = E, and π(x) ∈ E, we
can see that the closure of B, B, projects to E through π. We will proceed by constructing
a function on B that satisfies the equation for semiconjugacy, (2.32.3), then extend it to B.
Finally, we will extend this to a monotone continuous surjection on R.
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Define Ĥ : B → R by

Ĥ (Fn(x) +m) = nρ+m.

First, we show that this satisfies Ĥ ◦ F = R ◦ Ĥ:

Ĥ (F (Fn(x) +m)) = Ĥ
(
Fn+1(x) +m

)
[by Proposition 4.54.5]

= (n+ 1)ρ+m

= R (nρ+m)

= R
(
Ĥ (Fn(x) +m)

)
.

We note that Ĥ is strictly increasing due to Lemma 6.46.4. Since ρ is irrational, by Theorem

3.13.1 the set {nρ mod Z | n ∈ Z} is dense in R/Z. Thus Ĥ(B) = {nρ+m | n,m ∈ Z} is dense
in R.

Now we extend Ĥ to B by choosing, for each point y ∈ B, a sequence (yn) ⊂ B that
converges to y. We then define the function H : B → R by

H(y) = lim
n→∞

Ĥ(yn).

To show that this function is well-defined, we will show that this limit always exists and is
independent of the choice of sequence. First, for each y ∈ B, we pick a sequence (yn) which

converges to y such that the sequence is monotone. Since Ĥ is increasing, the sequence(
Ĥ(yn)

)
is also monotone. B is unbounded in R, so we can pick points in l, u ∈ B where

l < y < u. Hence
(
Ĥ(yn)

)
is bounded above by Ĥ(u) or below by Ĥ(l), depending on if it

is increasing or decreasing, and thus
(
Ĥ(yn)

)
converges to its supremum or infimum, which

we are designating H(y). If we take any other sequence (y′n) ⊂ B such that lim
n→∞

y′n = y, we

can use the fact that Ĥ(B) is dense in R to find points s, t ∈ B such that

H(y)− ε < Ĥ(s) < H(y) < Ĥ(t) < H(y) + ε,

for any ε > 0. Thus (y′n) must eventually stay within the interval (s, t), which means that(
Ĥ(y′n)

)
is eventually bounded within ε of H(y).Therefore lim

n→∞
Ĥ(y′n) = H(y).

Note that, for any b ∈ B, it follows that H(b) = Ĥ(b). Now we show that H is continuous,
by extending the unique convergence of sequences in B to sequences in B. If z ∈ B and
(zn) is any sequence of B which converges to z, then by picking close enough terms from
sequences in B which converge to each term zn, we can find a sequence (z′n) ⊂ B such that

|z′n − zn| <
1

n
and

∣∣H(z′n)−H(zn)
∣∣ < 1

n
. Thus lim

n→∞
z′n = lim

n→∞
zn = z, and it follows that

lim
n→∞

H(zn) = lim
n→∞

H(z′n) = H(z).

We also find that H is increasing: if v, w ∈ B and v < w, then for any sequences (vn) ⊂ B
and (wn) ⊂ B such that lim

n→∞
vn = v and lim

n→∞
wn = w, there must be an N ∈ N such that,

if k ≥ N, vk < wk, so

H(v) = lim
n→∞

Ĥ(vn) ≤ lim
n→∞

Ĥ(wn) = H(w).

Furthermore, H(v) = H(w) if and only if the interval (v, w) contains at most one point from
B (and thus at most one point from B). To prove this, we note that since H(B) is dense
in R, then if H(v) < H(w), there must be infinitely many points in H(B) in the interval
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H(v), H(w)

)
, so there must be infinitely many points in B in the interval (v, w). Thus by

contraposition, if there is one point or no points from B in (v, w), then H(v) = H(w). The
other direction can be seen from the fact that H is increasing on B and strictly increasing
on B, so if H(v) = H(w), then H is constant on [v, w]. Therefore (v, w) can contain at most
one point in B.

The last property of H we note before we extend its domain to R is that H is already

surjective onto R. We can see this by remembering that Ĥ(B) is dense in R, so for any r ∈ R,
we can find, for instance, an increasing sequence of points (rn) ⊂ Ĥ(B) which will converge
to r. Thus the preimage of that sequence will be a bounded increasing sequence (bn) ⊂ B,

which therefore must converge to some point p ∈ B. Hence H(p) = lim
n→∞

Ĥ(pn) = r.

Thus, we are left with one possible way of extending H to H : R → R such that H is
continuous and surjective, as well as monotone. We set H = H on B, and on any open
interval contained in R \B, we set H equal to the value at its endpoints. Since π

(
B
)

= E,

such intervals project to intervals in S1 \ E.
Now we need to show that H still satisfies the semiconjugacy relationship, H ◦F = R◦H.

Since H = Ĥ on B, this relationship still holds on this set. Since H, F, and R are continuous,
for any y ∈ B we can again take a sequence (bn) ⊂ B which converges to y, and then we
get that

H(F (y)) = lim
n→∞

H(F (yn)) = lim
n→∞

R(H(yn) = R(H(y)).

The final case is where r is a real number in one of the intervals in the complement of B,
say r ∈ (b1, b2) ⊂ R \ B where b1, b2 ∈ B. Since F is continuous and strictly increasing,
F (r) ∈ F (b1, b2) = (F (b1), F (b2)) , so H(F (b1)) ≤ H(F (r)) ≤ H(F (b2)). Since H(b1) =
H(r) = H(b2),

H(F (b1)) = R(H(b1)) = R(H(r)) = R(H(b2) = H(F (b2)).

Thus the inequality above collapses to H(F (b1)) = H(F (r)) = H(F (b2)), and we see that
H(F (r)) = R(H(r)), as desired.

All we need to do is prove that H is actually a lift of a continuous, orientation-preserving
surjection h : S1 → S1. By Propositions 4.54.5 and the other results of §44, it suffices to show

that H(y + 1) = H(y) + d, where d is an integer. Since Ĥ = H on B, we see that for any
point Fn(x) +m ∈ B,

H (Fn(x) +m+ 1) = nρ+m+ 1 = H (Fn(x) +m) + 1,

as desired. This property then extends to B through limits of the continuous functions
H(x + 1) and H(x) + 1. Finally, it extends to points r ∈ R \ B by the same method of
the collapsing inequality by which we extended the semiconjugacy equation to such points
above.

�

Corollary 6.6. The homeomorphism f is topologically conjugate to rρ if and only if S1 = E.

Proof. Using the notation from Theorem 6.56.5, if S1 = E, then B = R. Thus, the intervals
which were constant under H disappear so H is strictly increasing. Hence h is a continuous
bijection, and therefore a homeomorphism since S1 is compact, as noted in §33.

Conversely, if f is conjugate to an irrational rotation rρ through a homeomorphism
h : S1 → S1, then if we take any point p ∈ S1 and any open interval U ⊂ S1, h(U) is an open
interval in S1. Hence rkρ(h(p)) enters h(U) for some integer k. Since h(fk(p)) = rk(h(p)),

this means fk(p) is in U. Thus every orbit of f is dense—like rρ—so E = S1.
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�

Finally, using this semiconjugacy, we would like to present a clearer image of the dynam-
ical behaviour of homeomorphisms with irrational rotation number that are not conjugate
to rotations.

Definition 6.7. Let f : X → X be a bijective map. We call a set W ⊂ X wandering if all
of its images and preimages under f are disjoint, or equivalently if the orbit of any point in
W enters fk(W ) exactly once, for all k ∈ Z.
Proposition 6.8. Let f : S1 → S1 be a homeomorphism with irrational rotation number
ρ that is not conjugate to a rotation. Then there exists an interval I ⊂ S1 \ E, and I is
wandering.

Proof. By Theorem 6.36.3 and Corollary 6.66.6, E is a Cantor set, so there are intervals contained
in S1\E. We constructed our semiconjugating function h such that h mapped these intervals
in S1 \ E to single points. For such an interval I, let’s call this point y, so h(I) = {y}. Let
m and n be two distinct integers. The semiconjugacy we constructed provides that

h(fm(I)) = rmρ (h(I)) = {y +mρ}
and

h(fn(I)) = {y + nρ}.
Since ρ is irrational, these two singletons are disjoint, and thus their preimages are disjoint.
Therefore fm(I) and fn(I) are disjoint.

�

Hence we see how, when conjugacy fails, it is because points in the intervals in the
complement of E are in each of these intervals at most once. This is quite different from an
irrational rotation, under which every point enters every interval infinitely often

Now, we have not actually shown that such a homeomorphism exists. Thus we sketch
the construction of such a map, following Devaney in [11, §14]. We will briefly return to this
construction at the end of the paper.

We start with some irrational rotation rρ and some point p ∈ S1. Let pn denote rnρ (p).
At each point pn we insert an interval In into to the circle, where the lengths of these
intervals are terms of a convergent series. Thus the circle is made finitely larger by this
process. See Figure 66. Our homeomorphism f on this larger circle is equal to rρ outside of
the added intervals, and must only map each interval In to the interval In+1, so that these
are wandering intervals. Then we shrink the circle back to scale.

Figure 6. Expanding the orbit of an irrational rotation to a collection of wan-
dering intervals.
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7. Denjoy’s Theorem

Now that we have the dynamical conditions for a homeomorphism of irrational rotation
number to be topologically conjugate to the corresponding rotation, we would like to know
what types of maps actually satisfy these conditions. For this, we consider differentiablity.
For r ∈ N, we call a homeomorphism a Cr diffeomorphism if both the function and its inverse
can be continuously differentiated r times. In this section, we prove a theorem by Denjoy
that a small amount of differentiability (slightly less than C2, which we will make precise
later) is sufficient for conjugacy. Again, we largely follow the structure presented by Katok
and Hasselblatt in [1010, §12.1]. However, one may also want to consider [1111, §3.1], which
includes a similar proof to this one, a somewhat different proof with a similar concept, and
the motivation (in the form of an exercise) for a third proof of a statement that is slightly
weaker than this theorem but which follows a fairly different argument.

We shall proceed as follows. First, through the course of several rather technical lemmas,
we show that a global constraint on the behaviour of the first derivative of such diffeomor-
phisms leads to bounds on the derivative as a consequence of the dynamics of these maps.
We will then assume that there is a diffeomorphism of irrational rotation number satisfying
these constraints which is not conjugate to a rotation, and thus has wandering intervals
as shown in Theorem 6.86.8. Finally, we will use the bounds on the derivatives to show that
the total combined length of these disjoint intervals in the circle is infinite, providing our
contradiction.

Lemma 7.1. (Adapted from [1010, Lem. 12.1.2]) Let f : S1 → S1 be an orientation-preserving
homeomorphism of irrational rotation number. There exists an infinite set of natural num-
bers N such that, for any n ∈ N, any point x ∈ S1, and for one of the two closed intervals
between x and f−n(x), which we call In, the intervals given by fk(In) are disjoint for distinct
integer values of k satisfying 0 ≤ k ≤ n− 1.

Figure 7. A simple exam-

ple of the disjoint intervals
in Lemma 7.17.1. The green

points are in O
+

(x) under

rρ, and the blue points are

in O
−

(x). The rotation is
shown by the arrows.

Proof. In Theorem 6.56.5, we showed that f is semiconjugate to the
corresponding rotation rρ : S1 → S1, where ρ is f ’s rotation num-
ber. We start by demonstrating that the property we are trying to
prove for f holds for rρ, and then we will use the semiconjugacy
to prove it for f.

As noted in Theorem 3.13.1, the orbit of any point in S1 under
an irrational rotation is dense. Thus there is a sequence of points

in O
−

(x) for rρ that converges to x, so if we have finitely many

points in O
−

(x) we can find another point in O
−

(x) which is closer
to x than all of them. This allows us to inductively build a set of
natural numbers N such that, for any n ∈ N, r−nρ (x) is closer to

x than r−mρ (x)—and thus also closer to x than rmρ (x)—for any
natural number m < n. We call this closed interval between x and
r−nρ (x) Jn.

Thus for any l, k ∈ N such that 0 ≤ l < k ≤ n−1, rk−l−nρ (x) and

rk−lρ (x) lie outside of Jn. Hence rk−nρ (x) and rkρ(x)—the endpoints

of the interval rkρ (Jn)—lie outside of rlρ (Jn) , because rotations preserve orientation. Since

rkρ (Jn) and rlρ (Jn) are distinct intervals which have the same length, it is impossible for

one to completely contain the other. Therefore, the only way for both endpoints of rkρ (Jn)
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to lie outside of rlρ (Jn) is for the intervals to be disjoint. This is better understood with a
picture, so see Figure 77.

Since any point in S1 is equal to some rotation of x, and rotations commute and preserve
orientation and length, it follows that this set N is the same for all points in S1.

Finally, let h : S1 → S1 be the semi-conjugacy from f to rρ constructed in Theorem 6.56.5.
Then h is orientation-preserving. Hence, for any point y ∈ S1 and any integers a and b,

h
([
fa(y), f b(y)

])
=
[
h (fa(y)) , h

(
f b(y)

)]
=
[
raρ (h(y)) , rbρ (h(y))

]
,

and since the preimages of disjoint sets are disjoint, the statement follows. �

We are now going to define the condition which we will show provides conjugacy.

Definition 7.2. Let X be a compact interval (for our purposes, S1). A partition of X is a
finite set {t0, t1, . . . , tm} ⊂ X, where m may be any natural number, such that

t0 < t1 < · · · < tm

and t0 and tm are endpoints of the interval. As we are working with S1, this will just mean
that t0 = tm. Let P be the collection of all partitions of X.

We say the function g : X → R is of bounded variation if there exists a real number V > 0
such that, for any partition {t0, t1, . . . , tk} ∈P,

(7.3)

m∑
i=1

|g(ti)− g(ti−1)| ≤ V.

The least such upper bound is called the total variation of g.

Lemma 7.4. Let f : S1 → S1 be a C1 orientation-preserving diffeomorphism where f ′ is
of bounded variation. Then φ(x) := log f ′(x) is a function of bounded variation.

Proof. We first remark that, since f is orientation-preserving, f ′ is strictly positive, so φ is
well-defined. Moreover, f ′ is bounded away from 0: if f ′ became arbitrarily close to 0, then
(f−1)′ wouldn’t be bounded, which contradicts the fact that (f−1)′ is continuous and S1 is

compact. Thus there exists λ > 0 such that f ′(x) ≥ λ, so
1

f ′(x)
≤ 1

λ
, for all x ∈ S1.

Let P = {t0, t1, . . . , tk} ∈P be any partition of S1, and consider (7.37.3) for P and φ. Note

that any term |log(f ′(ti))− log(f ′(ti−1))| within this sum is equal to

∣∣∣∣∣
∫ f ′(ti)

f ′(ti−1)

1

x
dx

∣∣∣∣∣ . Thus,

the above bound on
1

f ′(t)
provides the following bound for the full sum:

k∑
i=1

|φ(ti)− φ(ti−1)| =
k∑
i=1

∣∣∣∣∣
∫ f ′(ti)

f ′(ti−1)

1

x
dx

∣∣∣∣∣
≤

k∑
i=1

∣∣∣∣∣
∫ f ′(ti)

f ′(ti−1)

1

λ
dx

∣∣∣∣∣
=

k∑
i=1

∣∣∣∣ 1λ ((f ′(ti)− f ′(ti−1))

∣∣∣∣
≤ V

λ
,

where V is the total variation of f ′.
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�

Lemma 7.5. (Adapted from [1010, Lem. 12.1.3, Lem. 12.1.4]) Let f : S1 → S1 be a
C1 orientation-preserving diffeomorphism where f ′ is of bounded variation, and thus so is
φ(x) := log(f ′(x)) by Lemma 7.47.4. Let V ≥ 0 be the total variation of φ. Then for infinitely
many natural numbers n,

e−V ≤ (fn)′(x) · (f−n)′(x)

holds for all x ∈ S1.

Proof. By Lemma 7.17.1, there is an infinite set of natural numbers N such that, if n ∈ N,
then for all x ∈ S1, the pair of points fk(x) and fk−n(x) given by any integer k such that
0 ≤ k ≤ n− 1 determine a collection of pairwise disjoint intervals of S1. Thus, if

P = {fm(x) | −n ≤ m ≤ n− 1} ,
then P is a partition of S1. Furthermore, the pairs of points fk(x) and fk−n(x) are adjacent
in the sense that there are no other points of P between them. Since φ(x) := log(f ′(x)) is
a function of bounded variation on S1, then using P as the partition and φ as the function
in (7.37.3), we get that

V ≥
∑
ti∈P
|φ(ti)− φ(ti−1)|

≥
n−1∑
k=0

∣∣log(f ′(fk(x)))− log(f ′(fk−n(x)))
∣∣

≥

∣∣∣∣∣
n−1∑
k=0

log(f ′(fk(x)))− log(f ′(fk−n(x)))

∣∣∣∣∣
=

∣∣∣∣∣
n−1∑
k=0

log(f ′(fk(x)))−
n−1∑
k=0

log(f ′(fk−n(x)))

∣∣∣∣∣
=

∣∣∣∣∣log

(
n−1∏
k=0

f ′(fk(x))

)
− log

(
n−1∏
k=0

f ′(fk−n(x))

)∣∣∣∣∣ .
We note that for any natural number j,

(f j)′(x) =

j−1∏
k=0

f ′(fk(x))

and

1

(f−j)′(x)
=

j−1∏
k=0

f ′(fk−j(x))

can be proven inductively. Hence,

V ≥
∣∣∣∣log ((fn)′(x))− log

(
1

(f−n)′(x)

)∣∣∣∣ =
∣∣log

(
(fn)′(x) · (f−n)′(x)

)∣∣ .
Therefore,

−V ≤ log
(
(fn)′(x) · (f−n)′(x)

)
≤ V,

so
e−V ≤ (fn)′(x) · (f−n)′(x) ≤ eV .

�
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We are now ready to complete our proof of Denjoy’s Theorem.

Theorem 7.6. (Denjoy’s Theorem) Let f : S1 → S1 be a C1 orientation-preserving diffeo-
morphism with irrational rotation number ρ, for which f ′ is a function of bounded variation.
Then f is topologically conjugate to the rotation by ρ.

Proof. Assume for contradiction that f is not conjugate to the rotation. Then by Proposition
6.86.8, there exists a wandering interval I ⊂ S1. Thus the intervals fk(I) are disjoint for distinct
integer values of k.

For any interval J ⊂ S1, let l(J) denote its length. Let N be the infinite set of natural
numbers from Lemma 7.17.1, and for each n ∈ N, consider the intervals fn(I) and f−n(I).
The lengths of these intervals are given by

l (fn(I)) =

∫
I

(fn)′(x) dx

and

l
(
f−n(I)

)
=

∫
I

(f−n)′(x) dx.

Therefore, by the AM-GM inequality and Lemma 7.57.5, we get that

l (fn(I)) + l
(
f−n(I)

)
=

∫
I

(fn)′(x) + (f−n)′(x) dx

≥
∫
I

2
√

(fn)′(x) · (f−n)′(x) dx

≥
∫
I

2
√
e−V dx

= 2 · e
−V
2 · l(I),

which is some positive real number. Since N is infinite, the sum of the lengths of all such
intervals, ∑

n∈N
l (fn(I)) + l

(
f−n(I)

)
,

must be infinite. However, this means that all of these intervals cannot be disjoint since the
length of the circle is finite, which provides our contradiction.

�

We would like to provide some remarks as to what it actually means for the derivative of
a function to be of bounded variation.

Definition 7.7. Let X be a metric space with a norm ‖ · ‖ (in our case S1, with the usual
notion of distance). We call a function f : X → X Lipschitz continuous (or simply Lipschitz )
if there is a real number L ≥ 0 such that, for all x, y ∈ X, ‖f(x)− f(y)‖ ≤ L‖x− y‖.

We first note that every Lipschitz function is of bounded variation. The condition of
Lipschitz continuity is important across analysis, but one key result is that any continuously
differentiable function is Lipschitz. Hence the first derivative of any C2 function is of
bounded variation. Therefore, it is a corollary of Theorem 7.67.6 that any C2 diffeomorphism
on S1 with irrational rotation number is conjugate to the corresponding irrational rotation.

For proofs and more discussion of these results, we point the reader to [33], in particular
§7.6. We also note that, while being continuously differentiable is included in being Lipschitz
which is included in having bounded variation, bounded variation is a more general condition
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than this. For an in-depth discussion of what it means for a function to be of bounded
variation, we point the reader to [1212].

Finally, one may be wondering how much the condition of Denjoy’s Theorem can be
relaxed. To discuss this, we define Hölder continuity. A map f : X → X is α-Hölder
continuous if there exist non-negative real numbers H and α, where 0 < α < 1, such that
for any x, y ∈ X, ‖f(x)− f(y)‖ ≤ H‖x− y‖α. We can see that if α is instead equal to 1, f
is Lipschitz continuous, and hence is of bounded variation. Thus, it is somewhat surprising
that we can refine the construction at the end of §66 to create a diffeomorphism of irrational
rotation number which is not conjugate to a rotation, but whose first derivative is α-Hölder
continuous, such that α is as close to 1 as we wish. For a proof of this, we refer the reader
to [1010, §12.2], where Katok and Hasselblatt also show that the wandering intervals of such a
map may make up nearly as much or as little of the circle as desired, in the sense of measure.
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