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ABSTRACT. We provide a thorough explanation of stochastic (random) pro-
cesses, specifically Brownian motion, before rigorously introducing It6 Calcu-
lus. This allows us to evaluate integrals with respect to Brownian motion and
solve stochastic differential equations (SDE). We then develop the SDE and
measure-theory machinery to derive the famous Black-Scholes model for pric-
ing options. A detailed overview of the Girsanov Theorem, the Feynman-Kac
Formula, and the concept of arbitrage is included to tie together intuition,
theory, and application.
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INTRODUCTION

Ordinary calculus is characterized by differentiable functions; however, many
random processes are necessarily non-differentiable, having “rough” paths. If they
were in fact differentiable, that would allow one to predict how the process would
change over time before observing it. This renders ordinary calculus ineffective for
stochastic processes, which appear frequently in real-world applications. However,
we can still describe how a stochastic process changes or accumulates over time by
extending our usual notions of calculus to Stochastic Calculus.

One framework for doing so is Itd Calculus, named after Kiyosi It6 who developed
much of its fundamental theory and techniques. At the heart of It6 Calculus is the
It6 Integral and It6’s Formula. The former gives precise meaning to integrating with
respect to Brownian motion, which is a continuous but non-differentiable stochastic
process. The latter is the equivalent of the chain rule for Stochastic Calculus, and
has wide-ranging applications.
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Most notably, It6 Calculus is essential in the derivation of the extensively-used
Black-Scholes Equation and Black-Scholes Formula, which comprise the Black-
Scholes Model for pricing financial derivatives. The partial differential equation
describes how prices changes over time assuming that arbitrage — risk-free profit
— is impossible. The formula allows one to calculate the price of an option given
certain information. This gave much more credibility and popularity to options
markets, accelerating the fields of financial economics and quantitative finance.

In this paper, we first explain in detail the fundamentals of probability the-
ory and measure theory, which may be review to some but nonetheless provides
the necessary background for It6 Calculus. We introduce Brownian motion, which
models continuous random movement, and proceed to develop the calculus theory.
We examine common stochastic differential equations in finance and devise intu-
itive methods for changing probability measures, developing useful machinery for
more-involved financial applications. We are then able to derive the Feynman-Kac
Formula, Black-Scholes Equation, and Black-Scholes Formula while ensuring that
we have clear intuition for how and why we apply various It6 Calculus and measure
theory results.

1. PROBABILITY SPACES AND RANDOM VARIABLES

We introduce the basics of theoretical probability before delving into more ad-
vanced applications in later sections. This section mainly consists of essential defi-
nitions that many readers may be familiar with.

We use a probability space to observe and analyze some procedure (i.e., ex-
periment, observation, process) that has various possible outcomes. The realized
outcome of the procedure is in some way chosen “randomly” rather than determin-
istically.

Definition 1.1 (Sample Space). A sample space  is a nonempty set of all out-
comes of a procedure.

After a procedure has taken place, exactly one outcome must have taken place.
In many cases, the probability of an outcome w may be zero but w is still a possible
outcome. As an example, when picking a random number from [—1, 1], the proba-
bility of picking any particular number is zero. Oftentimes, events, or sets of zero
or more outcomes, are more natural for defining probabilities. In the same exam-
ple, the probability of picking a positive number is one half. The use of o-algebras
helps us avoid such issues. In probability theory, the o-algebra is the set of relevant
events or “event space,” where each event can be assigned a probability.

Definition 1.2 (o-Algebra). A o-algebra F on a set Q is a collection of subsets of
Q satisfying the following properties:

e Qe F.

e If Ac F then A ;= Q\ A € F. (Closed under Complement)

o0
o If Ay, Ao, ... € F then |J A; € F. (Closed under Countable Unions)
i=1

As a consequence of these properties, we know that a o-algebra contains the
empty set and is closed under countable intersections. Also, we know that the
power set 2% is a g-algebra on .

We often use a function o, where for a collection F of subsets of Q, o(F') gives
the smallest o-algebra on  such that F' C o(F). It is defined as the intersection
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of all g-algebras on ) that contain F'; the result is called the o-algebra generated
by F'.

The Borel o-algebra R is the o-algebra generated by all open sets of R. Elements
of R are called Borel sets. Open sets, closed sets, countable unions of open or closed
sets, and countable intersections of open or closed sets are all Borel sets, although
this is not an exhaustive description.

Oftentimes, F will not be explicitly defined. We can think of the o-algebra F
as the “information” available to us. Event F is an element of F if and only if we
can determine whether or not any given outcome w belongs to E. In other words,
given any w, we can determine whether or not any event £ € F has occurred. So,
F represents what questions we can answer from the procedure.

Definition 1.3 (Probability Measure). A probability measure P is a function P: F —
[0, 1] that satisfies the following properties:

e P()) =0 and P(Q) = 1.
(o) o0
o If £y, Es,... € F are pairwise disjoint, then PP ( U El> = > P(E;).
1 i=1

im

Together, these make up a probability space, denoted (€2, F,P) which is used to
model a procedure. Note that we can define different probability measures on the
same sample space to define two different scenarios. For example, a fair coin flip
and an unfair coin flip will have the same sample space and o-algebra, with different
probability measures.

An event E is F-measurable if E € F. So, the event is measurable if we can
tell whether or not the event occurred based on the information available, that is,
the o-algebra. This allows us to measure the probability of the event occurring.
A function X defined on () is F-measurable if for any Borel set B € R, the pre-
image X ~'(B) = {X € B} is F-measurable. This allows us to measure, or evaluate,
P(X € B) which is the probability that an outcome w occurred such that X (w) € B.
We call such a function a random variable.

Note that we write {X € B} as short-hand for {w € Q : X(w) € B}. Also, we
write P(X € B) as short-hand for P({X € B}).

Definition 1.4 (Random Variable). A function X: Q@ — R is a random variable
on (Q, F,P) if it is F-measurable. Explicitly, X is a random variable if

{XeB}eF
for all B € R.

We can extend the function o to random variables: o(X) is the smallest o-algebra
such that X is measurable. Explicitly,

o(X)={{X € B}: BeR}.

Given an event E € F, one commonly used random variable is the indicator random

variable 1g, given by
1 wekE
1 = ’
£ () {0 wée¢E.

Each random variable has a distribution function, a distribution (i.e. induced
measure), and oftentimes a density.
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Definition 1.5 (Distribution Function). The distribution function F: R — [0,1]
of a random variable X on () is defined by
F(z) :=P(X < z).
If F' is continuous, then X is a continuous random variable.

Definition 1.6 (Density and Distribution). Let X be a continuous random vari-
able. If there exists a function f such that

F(z) = / Fw)dy,

then f is the density of X. The distribution of X is the induced measure Px on R
where Py is defined by Px(A) = P(X € A) where A is Borel. If f is the density of
X, then

Px(A) = | f(x)dx.
/

Definition 1.7 (Independence). Two events E; and Es are independent if
P(E; N Es) = P(E,)P(E,).

Two random variables X and Y are independent if for all Borel A, B € R, the
events By = {X € A} and E; = {Y € B} are independent. Two o-algebras F and
G are independent if for all E; € F, Fy € G, events E7 and Es are independent.

It is very useful to consider the expectation (i.e., expected value) of a random
variable. It can be thought of as a weighted average of all possible outcomes, with
each being weighted by its likelihood.

Definition 1.8 (Expectation). The ezpectation of a continuous random variable
X is given by

E[X] := / XdP.
Q
If X has density f, then
E[X] = /:cf(m)dm
—0o0
In contrast, a discrete random variable X that only takes on values x1,zs,..., 2,

has no density function. Its expectation is given by
n
E[X] =) xP(X = ;).
i=1

Definition 1.9 (Moment-Generating Function). The moment-generating function
of a random variable X is given by

m(t) := E[e™].

If two random variables have the same moment-generating function, they are
said to be identically distributed.
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Definition 1.10 (Conditional Expectation). If X is a random variable on probabil-
ity space (Q, F,P), and Fy C F is a sub-c-algebra, then the conditional expectation
E[X | Fo] is the unique random variable satisfying the following properties:

o E[X | Foy] is Fo-measurable.
o If E € Fy, then E[E[X|Fy]lg] = E[X1g].

If Y is another random variable, then E[X|Y] := E[X|o(Y)].
Definition 1.11 (Variance). The variance of X is given by
Var[X] := E[(X — E[X])?] = E[X?] — E[X]?.

Definition 1.12 (Standard Normal Distribution). A random variable with stan-
dard normal distribution has distribution function

b
1 2
(b) = / \/T?eﬁ P dg.

From this we can see that the standard normal distribution has density

o) := \/1276_;”2/2.

If X has a normal distribution with mean p and variance o2, we write X ~ N (u, 0?).
In this case, X has moment-generating function m(t) = ehter /2,

2

Proposition 1.13. If XY are independent N(0,1) random variables, then
X+Y X-Y
= + 5 |/I/ =
V2 V2

are independent N(0,1) random variables.

Z

For the proof, see Proposition 2.2.1 on page 39 of [6].

Theorem 1.14 (Central Limit Theorem). Let X1, Xo,... be independent, identi-
cally distributed random variables with E[X;] = p and Var[X;] = 0 < co. Let

g Xt X)) —mp
" ovn ’

Then as n — oo, the distribution of Z,, approaches a standard normal distribution.
Le., if a <b, then

lim P(a < Z, <b) = ®(b) — D(a).

n—oo

For the proof, see Section 3 of [9].

2. STOCHASTIC PROCESSES

The rest of this paper will heavily involve stochastic process. We define this and
important concepts to analyze them, focusing on martingales.

Definition 2.1 (Stochastic Process). A stochastic process X; is a collection of
random variables indexed by time t € 7' C R. If T is an interval in R then time is
considered continuous; if T' is a countable set in R then time is considered discrete.
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We may think of this explicitly as a collection {X;}:er of random variables, or
as a random variable whose value is a function X : T' — R. We can also consider
stochastic processes Y (¢, X;) that depend on both ¢ € T and a random variable X,
from another stochastic process.

Definition 2.2 (Filtration). Let X; be a stochastic process on (Q, F,P). For all
teT,let F; C F be a o-algebra on (2 such that if r < s, then F,. C F,. Then the
collection of increasing o-algebras {F;} is a filtration.

For stochastic process X; and filtration {F;}, we think of the o-algebra F; as the
“information” from X, for 0 < s < ¢. The condition that if » < s, then F,. C Fy
means that no information is lost over time; as time progresses, we can answer
the same questions as before, plus additional ones. Note from the definition of
filtration that there is some flexibility in defining the o-algebra for some t € T'. In
this paper however, we will be using the natural filtration unless otherwise specified.
The natural filtration holds all information available from the process so far, and
nothing more. It is constructed so that each o-algebra F; is the smallest one such
that X; is Fi-measurable.

Definition 2.3 (Natural Filtration). Let X; be a stochastic process on (Q, F,P).
The natural filtration {F;} is the filtration where

.Ft = O—({Xg}ggt)
If we have multiple stochastic processes X; and Y;, then
Fii= o ({Xshoc, {Yetsct)-

If X; is a stochastic process such that X; is F;-measurable for all ¢, then we
say X is adapted to filtration {F;}. It may seem like this is true for any process.
When we use a natural filtration, as we do in this paper, this in fact is the case;
more generally, however, it is not.

Proposition 2.4. Let X; be a stochastic process with respect to filtration {F;}rer
and let Y be a random variable. Then the following properties hold:

o IfY is Fi-measurable, then E[Y|F] =Y.

e For any Fi-measurable event E, E[E[Y|F|1g] = E[Y1g]. Letting E = Q,
we get that E[E[Y|F]] = E[Y].

o If {X }s<t mandom variables are independent of Y, then F, has no infor-
mation about Y, so E[Y|F] = E[Y].

e ElaY + bZ|F]) = aE[Y|F] + bE[z|F] for random variables Y, Z and
constants a, b. (Linearity)

o If s <t, then E[E[Y|F]|Fs] = E[Y|Fs]. (Tower Property)

o If Z is an Fi-measurable random variable, then E[Y Z|F;] = ZE[Y | F].

For the proof, see Proposition 1.1.1 on page 6 of [6].

Definition 2.5 (Martingale). A stochastic process M, is a martingale with respect
to filtration {F;} if:

e For all ¢, M; is an Fi-measurable random variable with E[|M;|] < co.
o If s <t, then

E[M|Fs] = M.
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The second condition can be equivalently expressed as
E[M; — M,|Fs] = 0.
When M; is a martingale, we know
E[M;] = E [E[M|Fo]] = E[My] = M.
A martingale is typically meant to model a “fair game.” We can think of M, as the

price of an asset or the winnings in a game, where regardless of past prices or past
winnings before time ¢, the expected change from time ¢ to any time s > ¢ is 0.

3. EXAMPLE: SIMPLE RANDOM WALK

In this section, we explore the simple random walk to see concrete examples of
concepts defined in the previous sections. The simple random walk is closely related
to Brownian motion, which we will examine in great detail in the next section. In
particular, we aim to make o-algebras and filtrations more understandable using
concrete examples.

Consider an infinite stochastic process of identically distributed random variables
X1,Xs,... where P(X; =1) = P(X; = —1) = 5. Then

Q={w=(w1,ws,...):w; =—1orw; =1 for all i}.
It is helpful to consider the finite process with X1, X5,..., X,, and
Q, ={w = (w1,wsa,...,wn) :w; = —1 or w; =1 for all ¢}.

The sample space €2, has 2™ outcomes, each equally likely. On this finite sample
space, we use the power set 2» as our o-algebra . The probability measure function
on (£2,,2%), which we denote P,,: 2» — [0, 1], is given by

Pn(E) = Z pn(w)

weE

where
1

Pr(w) == g € Q.
We let F,, be the collection of subsets E of  such that there exists E/ € 2%
satisfying F = {w : (w1,...,w,) € E'}. In fact, each F,, is the o-algebra generated
by the random variables X, Xo,...; we are actually forming the natural filtration
explicitly. Note that the o-algebra F,, and the o-algebra 2% are on different sample
spaces. Each F,, is a g-algebra on ), though the o-algebra F of (2, F,P) will not
be any one of these o-algebras, as we will see.
For n = 1, we have:

O ={M), (=1},

Fr={0A{w: (w1) = W} {w: (w1) = (-1}, 2}
={ECQ:E={w:(w)ecE e2%}}
For n = 2, we have:
0y ={(1,1), (1, -1),(=1,1), (=1, =1},
Fo={ECQ:E={w:(w,ws) € E' €2},
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Note then that F; C Fo C F3.... For example, {w : (w1) = (1)} € F; as seen
above, but where does it appear in F3? It is the event

E={w: (wy,ws) € {(1,1),(1,-1)} € 29},

These increasing o-algebras give the natural filtration {F,,} for this process. Over-
all, the o-algebra we use for the infinite process is

f:<[jf>

The probability measure P for the infinite process is defined for any event E be-
longing to some F,,, and is accordingly given by

P(E) := P, (E')

where E C Q and E’ € 29 as described earlier.

Consider random variable Y := % This is an example of a random variable
that is F5- measurable but not Fj;-measurable.

Note that E[X;] = 1-34(—1)-1 =0, and Var[X;] = E[X?]-E[X;]* =1-1-0 = 1.
Consider the stochastic process S, given by S, = X7+ Xo+---+ X,,. S, is called
a simple random walk. As we can see, it is adapted to the natural filtration {F,},

Sn

as expected. By Central Limit Theorem, we see that the distribution of Z,, = 7

approaches a standard normal distribution. Then as n — oo, E {S—\/%} = 0, so
E[S,] = v/n-0=0. Also, as n — o0,

s =[G -< ] <[ ()]

Then E[S?] = Var[S,] = n, so the distribution of S,, approaches N(0,n). We will
further explore the relationship between random walks and normally distributed
random variables when we study Brownian Motion in the next section.

Proposition 3.1. Let X;,...,X,,, Sy, and F,, be defined as above. Then S, is a
martingale with respect to F,.

Proof. Let m < n. We want to show that
E[Sy|Fm] = Sm.-

We know that X is independent of F,,, if j > m. Then

E[S,|Fm]) = E[Sm + (Sn — Sm)|Fm]
= E[Sp|Fm] + E[Sn — Sm|Fm]
=Sm + E[Xpy1 + - 4 X | Fn]
= Sm + E[Xpq1|Fn] + - - + E[ X | Finl
=Sn,+0-(n—m)
=Sn. O
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4. BROWNIAN MOTION

In this section, we introduce Brownian Motion, one of the most important sto-
chastic processes. It also goes by the name Wiener Process.

In the last section, the simple random walk was assumed to have time increment
At = 1 and space increment Ax = 1. We can think of Brownian Motion as the
limit of a random walk as each increment approaches zero, while preserving certain
normalization. Note that in the previous example, Var[S;] = 1. We want to
preserve this as we take our limit.

Let N be a large positive integer. We denote our process as Wt(N). Let time
increment At := % As before, we observe the process X, Xo,... where P(X; =

-1)=PX;=1) = %, and each X; corresponds to the i-th jump of length Az up
or down. Now, however, the i-th step is completed at time At rather than at time
i.

Then at time 1 = NAt, N steps have been completed, giving

WY = Aw(X; + - + Xn).

As mentioned earlier, we want Var[Wl(N)} = 1. Note that E[Wl(N)] = 0. Then

Var[WV)] = Var[Az (X, + - + X))
= (Az)?(Var[X;] + - - + Var[Xy))
= (Az)*N
= 17

/1
so Az = v v/ At. This result is important; in Brownian Motion, we will show

that dB? = dt which is analogous to the square of this equation.
From Central Limit Theorem, we see that the distribution of Zy =

Ax(Xi+--+ Xy) = WI(N) approaches N (0, 1).

This gives an intuitive idea of what Brownian Motion is. Brownian Motion is a
stochastic process modeling continuous random motion. By = B(t) is the value of
the Brownian Motion at time . We can think of the process either as a collection
of random variables B; defined for each ¢ > 0, or as a random function (a function-
valued random variable) t — B,. When we say that it is continuous, we mean that
any such function ¢t — B, is continuous in the standard sense. We often say that
By = 0 but other starting conditions are also valid. In this paper, we only consider
the one-dimensional case, and By = 0 always.

Xyt 4 Xy _
N

Definition 4.1 (Brownian Motion). A continuous stochastic process B, is a one-
dimensional Brownian motion with drift m and variance o2 starting at the origin
if it satisfies the following properties:

e By=0.

e For s < t, the distribution of B; — B, is N(m(t — s),02(t — s)).

e If s <t, then the random variable B; — B, is independent of values B, for

r<s.
e With probability one, the function ¢ — B; is a continuous function of .

When m = 0,02 = 1, we call B; a standard Brownian motion.
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As a result of these properties, we see that the distribution of By = By — By is
N(mt,o?t). In particular, By ~ N(m,o?), and so for standard Brownian motion,
B has standard normal distribution. Also, we know that if X ~ N(0,1) and
Y = 0Z +m, then Y ~ N(m,o?). Using this, we can show that for standard
Brownian motion B, W; = 0 B; +mt is Brownian motion with drift m and variance
o2.

Note that we have merely described a standard Brownian motion B; without
ever proving that there exists such a process satisfying all necessary properties.
Once this existence is proven, existence of non-standard Brownian motion naturally
follows. For the complete proof, see Section 2.5 of [6]. The overall proof layout is
as follows:

e Define B; on dyadic rationals t.

e Prove that with probability one, the function ¢ — B; is continuous on the
dyadics.

e Extend B; to all other ¢ by continuity.

We will carry out the first step, defining B; for dyadic rationals ¢ on [0, 1] to give
intuition for how the standard Brownian motion is constructed. Note that even
carrying out the first step is a lengthy task, and is not necessary for understanding
and using Brownian Motion. The reader may skip over it, but due to its importance
in It6 Calculus, we provide the proof for curious readers. Once Brownian motion
is constructed for all ¢ € [0, 1], we can “connect” countably many such processes to
define any B, for ¢ > 0.

Proposition 4.2. There exists a stochastic process B, defined on the dyadic ra-
tionals in [0, 1] that satisfies the first three properties of Brownian motion.

k n
D, :{2n:k—0,1,...,2 }

Proof. Let

denote the dyadic rationals in [0,1] that are multiples of 27", Let D := |J D,
n=0

denote all dyadic rationals in [0, 1].

We proceed by defining B; on Dy = {2,1}, then on D; \ Dy = {3}, then on
Dy\Dy = {%, %}, and so on recursively such that the properties of Brownian motion
are satisfied. D is countable, and we use a corresponding N (0, 1) random variable
Z4 from the countable set

{Z, ~ N(0,1): g € D}

to help define each By, ¢ € D besides By.
We define By = 0 as our standard Brownian motion initial condition, and By =
Zy since it is N(0,1) for standard Brownian motion. Then
By | Zi
By =— .
/2= + 9
We can think of this as E[B /2| Bo, B1] plus some independent randomness so that
it has the appropriate variance. We see that
By Zy

31*31/2:7*Ta
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so by Proposition 1.13, B/, and By — By, are independent N (0,1/2) variables.
Continuing, we note that if ¢ € D41 \ D, then ¢ = (2k + 1)/2""! for some
k=0,1,...,2" — 1. Then we define

B+1)/2n — Bryon Zq

By := Byjon + 2 + o(n+2)/2°

Again, we think of this as
By = E[By|By 2, B(i41) /2] + independent randomness

where

E[By|Bij2n, Brs1y/2n] = o +QB(k+1)/2n.

In other words, it is an average of its D,, neighbors’ values, plus randomness.
Now we examine the randomness. We know from earlier that for n = 1, the ran-

dom variables { By on — B(x—1)/2n: k =1,...,2"} are independent with N(0,27")

distribution. Suppose this is true for n = m. We define B, for any ¢ € Dy, 41\ Dy

as above. Then

B+1)/2m — Bryjam Zq
Bq = Brjam = 2 2mt2)/2’
B k+1 om Bk om Z
B(t1)/am — By = e 2 S 2(m+q2)/2'

Note that B(j1)/2m — Bg/2m is a random variable with distribution N(0,27™) or
equivalently 277/2 . N(0,1). Let this N(0, 1) variable be denoted X. Then

9—m/2x Z, Cmanyy2 (X + 2,
Ba = Biyam = 5 T oo = g~ 4/ (ﬂ) ;

2-m/2X Z e (X —Z
Brnyjam = By = —5—— 2<m+qz>/2 =27/ <\/§q) '

Then by Proposition 1.13, By — By/om and By1)/om — By are independent with
2-(m+1)/2N(0,1) distributions, or equivalently N(0,2~(m+1) distributions. Since
this is true for all k£, we have shown that for n = m + 1, the random variables
{Bijon — Bs—1y/2n: k = 1,...,2"} are independent with N(0,27") distribution.
So, by induction, we have shown this is true for all n.

Then, it is not hard to show that {B,: ¢ € D} satisfies all properties of Brownian
motion except continuity of paths. O

Although Brownian motion is continuous, it is quite “rough.” In fact, the paths
are differentiable nowhere with probability 1. To see this, imagine discretizing time
by choosing a small At such that you sample

BOa BAt7 BQAta cee

Then for any k, B(;11)at — Bra¢ is a random variable with distribution N (0, At) or

equivalently vAtN(0,1). Let Ny, N1, ... be independent N (0, 1) random variables.
Then

ABgat = Byiyar — Brar = VAN,

2
Then E[|B(x11)at — Brat|] = VALE[|Ng|] which turns out to be VAt- /= ~ VAL.
™
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The derivative at time t, if it existed, would be

. Biiae — By
lim —//—=—
Aglo At

However, the abolute value of the numerator is of order v/ At, which is much
larger than denominator At for small A¢. Intuitively then, we can say that this
limit does not exist.

Theorem 4.3. With probability one, the function t — By is nowhere differentiable.

For the full proof, see Theorem 2.6.1 on pages 48-51 of [6]. The fact that Brow-
nian motion is not differentiable partially explains why we need a new form of
Calculus to address continuous stochastic processes.

Proposition 4.4. A standard Brownian motion By is a continuous martingale with
respect to filtration {F;}.

Proof. Let s <t. Then
E[B,|F;] = E[Bs|Fs] + E[B; — Bs|Fs] = Bs + E[B; — Bg|Fs] = Bs.
O

Proposition 4.5. Suppose B; is a standard Brownian motion and a > 0. Then

Bat

Wy =
" Va
is a standard Brownian motion.
B
Proof. Wy = 7% =0.
Ba - Bas . _

Let s < t. Then the distribution of Wy — W, = tT is a= 2N (0,a(t —s)),

or equivalently N(0,t — s).
. Bat - Bas .. Bar
The random variable W; — W, = ————— is independent of values W, = —

a Va
for r < s since By — Bgs is independent of values By, for ar < as. Dividing both
quantities by the constant v/a does not change independence.

Continuity is implied by continuity of B, which is in turn implied by continuity
of By. O

Definition 4.6 (Quadratic Variation). If X, is a process, the quadratic variation
of the process is given by

w2 1) ()

Quadratic variation will be a very important property in stochastic calculus. To
determine the quadratic variation of Brownian motion, we first consider the similar
sum for some fixed n and t = 1:

Pz () o (5] S ) ()

j<n j=1
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‘We can rewrite each term:

ORICO

n n

B(i) - BT
NG

Note that by Proposition 4.5, each is an N(0,1) random variable,

which motivates us to write
P

where each Y; has distribution Z 2 where Z is standard normal. Through integration
by parts, we see that E[Z?] =1 and E[Z"] = 3. Then Var[Y;] = E[Y}] — E[Y;]?> =
3 — 1= 2. Hence,

BIQY) = Y B = E =1,

Var| =3 ZVar 2.

Then as n — oo, the random variable Qg") tends to the constant (zero variance)
random variable of 1. If we consider

- 2 [o(2)-n (5]

we see that

BlQf) = - Y By =" oy
Var Qt" = Z Var[Y;] = m = %

As n — oo, the random variable an) tends to the constant (zero variance) random
variable t. Then (B); =t for standard Brownian motion B;. We now generalize.

Theorem 4.7. Suppose W; is a Brownian motion with drift m and variance 2.

Then (W), = o%t.
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Proof. Brownian motion with drift m and variance o2 can be written W, = 0 B; +
mt. Let

ez ) (5l
= o) (B) oo () (5]
eadoRieyliy]

As n — oo,
L 1\12
o? Z {B (i) - B <J - >] — 0%(B); = o*t,
j<tn
2 j— 1 2
n - n n
Jj<tn
2 2
t
m_mil
: n n
j<tn
Then

5. ITtO CALCULUS

In regular calculus, we examine differential equations of the form

df(t) = C(t, f(t))dt, or equivalently, % = f'(t) = C(t, f(1)).

A solution to such an equation satisfying initial condition f(0) = z¢ would be

£(t) = 2o + / C(s, £(5))ds.

With stochastic calculus, we aim to examine stochastic differential equations or
SDE’s of the form
dXt = m(t, Xt)dt + O'(t, Xt)dBt

A solution to such an equation satisfying initial condition X = ¢ would be

¢ ¢
X =z —|—/ m(s, Xs)ds —|—/ o(s, Xs)dBs.
0 0

The It6 integral gives precise meaning to this last term. The reader will likely
find it similar to the Riemann integral.
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Definition 5.1 (Simple Process). A stochastic process A; is a simple process if
there exist times 0 =ty < t; < -+ < t, < tp41 = 00 and ftj—measurable random
variables Y for j = 0,1,...,n such that

At:Y},tj §t<tj+1.

We think of A; as a step function. Note that A; is 3 ,-measurable and is therefore
Fi-measurable. Then A, is adapted to filtration {F;}.

Definition 5.2 (It6 Integral for Simple Processes). Let A; be a simple process as
defined in Definition 5.1, with the additional condition that E[Y?] < co. Then we

define Z; := fot AydBg by:

Zt = th +Y7[Bf - Btj] if t] <t< tj-l—lv

t
/ Asst = Zt —

Proposition 5.3. Let A;, C; be simple processes with Z; = fot A.dBy, and let By
be a standard Brownian motion.

e Let a,c be constants. Then aA; + c¢Cy is a simple process and
t t t
/ (ads + cCy)dBs = a/ A,dBg + c/ CsdBs. (Linearity)
0 0 0

e Ziisa martingale with respect to {F}. (Martingale Property)

e Var[Z;] = fo E[A2%])ds. (Variance Rule)
o With probabzlzty one, the functzon t — Z; is continuous. (Continuity)

Proof. Linearity follows from the definition of the integral, and continuity follows
from the continuity of ¢t — B;.
Let s < t. To prove the Martingale Property, it suffices to show that

E(Zy— Z4|Fs) =0

Let t; < s <tjy1 and &, <t < tpq1 where j < k. Then Z, = Z;, + Y;[Bs — By,]
and Zt = Ztk + Yk[Bt — Btk}- Then

Bz~ 207 =B(ViBo B+ S VB, B W B - B 7
_]+1
:E(Y}[Btj+1 BSH]:S)
k—1
+ E(}/;[Bti+1 - Bti]l]:s)
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Each term in this summation is of the form E(Y,[B;, — By, ]|Fs) where s < t, <
ty < t.. Then

E(Yu[Bt, — By, ]| Fs)

E(E(Ya[Br, — By, ]| Fi, )| Fs)
E(YoE(B;, — By, | Ft,)|Fs)

E(Y, - 0|Fs)
0

Then E(Z; — Zs|Fs) =0, so Z; is a martingale.
To prove the variance rule for ¢ = ¢;, we must show that

j—1j-1

VarlZ) = B2 = 3" S BYlBe, — BuVilBu, — Bul) = [ ElAds
i=0 k=0 0

When ¢ < k,

]ED/?;[BMJA - Bti]Yk[Bthrl - Btk”

E[E(Y[Bti+1 - Bti]Yk[Bthrl - BtkH]:k]
ED/Z[Bt i1 Bti]YkE(Btk+l - Btk|]:k)]
=E[Y;[Bt,, — B,]Yk - 0]

i+1

I
o

Similarly, when i > k,

E[Yé[BtHl - Bti}Yk[Btk+1 - Btk]] = E[E(Y;[Bt1+1 - Bti]Yk[Btk+1 - Btk”fk] =0.

Then we want to show that

Jj—1 t
Var[Z;] = E[Y?[By,,, — Bi,]*] = / E[A?]ds
=0 0
‘We proceed:
E[Yi2[Bti+l - ] ] = E[E(Y2[Bt1+1 - Btz]2|fl)]
= E[}/z ([Btz+1 - Btz]2|]:l)]
= E[Yz2( i1 — b )]
= E[Y7?](tis1 — ta).

The function s — E[A?] is a step function taking value E[Y;?] when ¢; < s < t;41.
Then
j—1

¢
Var[Z,] = E[Z?] :ZE 7l z+1*ti):/ E[AZ]ds
i=0 0
O

We can generalize the integral to process A; adapted to filtration {F;} having
piece-wise continuous paths. We first generalize to A; bounded, continuous paths
by approximating A; with simple processes. We then account for unbounded paths,
and finally piece-wise continuous paths.
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Lemma 5.4. Let A; be a stochastic process adapted to filtration {F;} with contin-
uous paths. Suppose there exists C < oo such that with probability one |A;| < C for

all t. Then there exists a sequence of simple processes Ag") such that for all t,
t

lim [ E UAS —AM

n—oo

2
]dSZO

and for all n,t,
Azl < C.

For the proof, see Lemma 3.2.2 of [6].

Definition 5.5 (It6 Integral for Bounded Process with Continuous Path). Let A,
be a bounded process adapted to filtration {F;} having continuous paths. Then

there exists a sequence of simple processes A§”> such that

n— oo

’ 2
lim EUAS—A@ ]dS:O.

Then we define .
Zy = lim [ AMdB,.

n—oo 0
Definition 5.6 (It6 Integral for Unbounded Process with Continuous Paths). Let
A; be a possibly unbounded process adapted to filtration {F} with continuous
paths. Let T,, = inf{¢ : |A;| = n} for all n = 0,1,... < co. Then A§”) = Anin(t,T0)
is a sequence of continuous, bounded processes with corresponding well-defined 1t6
integrals Zt(") = fot Ag")st. Then we define
Z, == lim z™.
n—oo
Continuity and Linearity still hold for unbounded processes, and the Variance
Rule holds although it is possible that Var[Z;] = oo. However, the Martingale
Property might not hold since A; can grow to infinity. We still know that the
integral is a local martingale though. Local martingales involve stopping times; T
is a stopping time if it is a positive integer random variable with respect to {F,}
such that for each n the event {T' = n} is F,-measurable.

Definition 5.7 (Local Martingale). A continuous process M; adapted to filtration
{F:} is a local martingale on [0,T) if there exist stopping times

1< <713

such that
lim 7; =T
Jj—oo

and for each 7, Mt(j) = Min(t,r;) 15 @ martingale.

For the proof of how Proposition 5.3 extends to unbounded processes with con-
tinuous paths, see Theorem 3.4 in [2].

Returning to our previous discussion, we can now make sense of stochastic dif-
ferential equations of the form

dXt = m(t, Xt)dt —+ O'(t, Xt)dBt,
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as their integral form

¢ t
X =X, +/ m(s, Xs)dt +/ o (s, Xs)dBs
0 0

is now well defined.

We can now derive 1t6’s Formula, which is the foundation of 1t6 Calculus. 1t6’s
Formula is the analog of the chain rule in ordinary calculus. Due to the non-
differentiability and the non-zero quadratic variation of Brownian motion, we must
include more terms in the Taylor expansion for chain rule. Note that the proof is
lengthy and not necessary for understanding its applications. The reader may skip
over it, but due to its importance in It6 Calculus, we provide the proof for curious
readers.

We say that a function f(z) is C* in z if it has k continuous x-derivatives; we
use it to denote that a function is sufficiently differentiable.

Theorem 5.8 (It6’s Formula). Let f(t,x) be C* in t and C? in x. Let By be a
standard Brownian motion. Then

o5 = 50.50) + [ {058+ g0 5.8 s+ [ ousts.mya.
0 0
and in differential form

df(t7 Bt) = [atf(ta Bt) + axacf(tv Bt)] dt + 8wf(t’ Bt)dBt-

Proof. We write the Taylor expansion:

ft+ At,z + Ax) — f(t,x) =0 f(t, 2) At + o(At)

+ 0. f(t,x)Azx + %axwf(t7 z)(Az)? + o ((Az)?).

Let At := 1. We write the telescoping sum for f(t,B;) :

s - 1080 = Y |1(L3) -1 (L B ).

Jj<tn

Let Aj, := Bj/n — B(j—1)/n - Applying the Taylor expansion, we get

J Jj—1
f<naBj/n) f( n 7B(]—1)/n)

] 1 1

n n n

J 1 J
+ 8mf (n7 Bj/n) A]/n + iaw:vf (TL7 Bj/n) (Aj,n)2 +o ((Aj7n)2> .
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Then f(¢,B;) — f(0, By) is equal to

1
s o (58)

7<tn

+nlinéoz ( )

j<tn

+ lim Y9 f( ) (Ajn)

j<tn

2
im0 (310, ) 0
Jj<tn
: 2
+ lim > o ((40)%)
j<tn
The first term sum is the Riemann integral approximation of d;f(t, B:), so tak-
ing the limit, the first term is equal to fot 0sf(s, Bs)ds. The second term sum is

proportional to
1 o(:
nt~0(>—t ("),
n —
n

so taking the limit, the second term is equal to 0 by definition of o (n) The third
term sum is a simple process approximation of the It6 integral of 9, f(t, B:), so
taking the limit, the third term is equal to fg 0 f (s, Bs)ds.

The fourth term is less straightforward. Suppose that 0,.f (¢, Bt)) is constant
with value a on some interval from t; to t5. Then we know that

1. J a ..
§nlgr;o Z Oza f (naBj/n) (Ajn)* = §n11_{20 Z [Bj/n = Bj-1)/ml®

tin<j<tan tin<j<tan
a
= 2(Bu) — (B,
a
= §(t2 —t1).

For any € > 0, we can approximate O, f (¢,x) by a simple process g. (¢, x) such
that for all ¢, z, |g- — f| < €. Since the sum can be broken up into several sums on
which g is constant, we see that for fixed ¢,

L j , 1 [
§nhan<}o < Ge <naBj/n) [BJ/n - B(j—l)/n} - §A gE(SaBS)dt'
ISstn

Also,
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Then the fourth term is equal to

1 ] 1 ¢
5 lim g, <i,Bj/n) (B /=B -1yml” = 5 lim gg (t, B,)dt = / Buu f(t, By)d

e—0
Finally, for the fifth term, let Yj,, ~ N(0,1). Then (A ,)? = [Bj/n — Bi—1y/ml> =
[\/7}/3 "} = 711Y32n Since E[(Aj,,)°] = 1 E [Y2 | =1, it follows that o ((A;,,)?) ~

( ) so after taking the limit, the fifth term is equal to 0 just like the second term.
Then

f(t,Bt):f(O,Bo)+/0 [8sf(s,Bs)+8mf(s,Bs)]ds+/0 9, f(s, B)dBs.
O

Definition 5.9 (It6 Process). If dX; = A;dt+CdBy, where A; and C; are adapted,
continuous processes, then X; is an [to process.

All processes we mention hereafter will be It0 processes; it may not always be
immediately apparent, but after simplifying and grouping dt and dB; terms, the
SDE can be expressed in the form above. We can think of this Itd process as a
Brownian motion with variance C? and drift A; at time ¢. Note that if A, # 0 for
all t, then X; cannot be a martingale. This will be important, as we may know that
a given process is a martingale and can thus set all dt terms to 0. For example, we
will see this in the Feynman-Kac Formula derivation in Section 8.

Theorem 5.10 (It6’s Formula, Generalized). Let f(t,z) be C int and C? in x,
and let Xy and Yy be Ité processes where dX; = Aidt + CydB; and dY; = Jydt +
thBt- Then

df (X1, Ys) =0, f (X4, Yy )d Xy + 0, f (X4, Y3)dYs
1 1
+ §Cfémf(Xt,Yt)dt + §Kt28yyf(Xt,Yt)dt
+ Cy KOy f (X, Yy )dt
:[Atawf(Xh }/t) + Jtayf(XhY;f)
1 1
+ QCfamf(Xt,Y;) + inayyf(Xt, Y:)

+ O K0y f (X4, Yy)dt
+ [C0. f (X1, Ys) + K0y f (X4, Y2)|dBy.

The proof of this theorem is similar to the original It6’s Formula proof.

Theorem 5.11. Let f(t,z) be C' int and C? in x, and let X; be an Ité process
where dX; = Aidt + CydB;. Then

1
df (t, X1) =0, f(t, X¢)d Xy + Op f(t, X¢)dt + §Cfamf(t, X,)dt
1

Proof. Let Yy = Jydt + KydB; = t. Then J; = 1 and K; = 0. Applying Theorem
5.10 yields the result, as all terms with K; vanish. [
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Recall that for standard Brownian motion By,

S ORI

We can rethink these expressions as an It6 integral and a Riemann integral:

(AtungzlAtud@.

From this, we get the formal rule that dB? = dt. We will soon show that dB;dt = 0
as well. This motivates the following definition.

Definition 5.12 (Covariation). Given two processes X; and Y3, their Covariation
is given by

el () 2 ()P ()

Note that the quadratic variation of a process is the same as its covariation with
itself.

Proposition 5.13. If X; is continuous and Y; has finite variation, then (X,Y); =
0.

For the proof, see Theorem 3.12 of [2].
Since Brownian motion By is continuous and ¢ has finite variation, from this we
get the additional formal rules dB;dt = 0 and dt®> = 0.

Theorem 5.14. Let X; and Y; be Ité processes where dX; = Aidt + CydB; and
dY; = Jydt + KidBy. Then (X, YY), = fg CsKds or in differential form d(X,Y); =
CiKydt.

Proof. We give a formal proof using differential form:

d(X,Y) = (dX)(dYr)
= [Adt + CydBy][J;dt + K;dBy)
= CyKdB} + [AiK; + CyJy]dBedt + Ay Jydt?
= C,K,dt.

O

From this, we see that for adapted process A; with continuous paths, the qua-
dratic variation of the It6 integral Z; = fot AsdBy is given by

t
0

We now look to derive the stochastic product rule. Before, however, it will be
helpful to derive the usual product rule formally.
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d(f(t) - g(t)) = f(t+dt) - g(t +dt) — f(t) - g(t)
= ft+dt)-g(t+dt) = f(t)-g(t) + gt +dt) - f(t) —g(t +dt) - f(t)]
[f(t +dt) — f(B)lg(t + dt) + f(B)[g(t + dt) — g(t)]

= (df)(g +dg) + f(dg)
= (df)g + f(dg) + (df)(dg).

In ordinary calculus, due to the differentiability of f and g, the final term (df)(dg)
can be ignored. This is related to the quadratic variation and covariation of func-
tions that are differentiable being 0. In the Stochastic Product Rule, however, we
must include the covariation, giving the following theorem.

Theorem 5.15 (Stochastic Product Rule). Let X; and Y; be Ité processes where
dXt = Atdt + CtdBt and dY;g = Jtdt + thBt. Then d(Xt . }/t> = Xtdet + deXt +
d(X,Y):. Equivalently,

t t
XY, :XO-YO/ Xdes+/ YodX, + (X -Y)e
0 0
t
=Xo Yo +/ [XsJs + Y As + CsKlds
0

t
+/ [XsCs + Y As]dBs.
0

6. STOCHASTIC DIFFERENTIAL EQUATIONS IN FINANCE

In this section, we apply what we know from stochastic calculus to stochastic
differential equations that we will encounter in finance.

Example 6.1. Let f(t,7) = ze™*?® and let X; = f(t, B;) = e* "Bt Then
dXy = df (t, By)

1
b2
== (a + th) dt + bXtdBt

Suppose we know that dX; = mX;dt + 0 X;dB;. Then by equating terms, we get

a:mf";andbza. Then

2
m—”—)t+oB
X = xoe( 2 L
X, is an example of geometric Brownian motion. Geometric Brownian motion is
used commonly in finance because it models how asset prices change as a percentage
rather than as a difference, which is oftentimes more accurate and intuitive.

Definition 6.2 (Geometric Brownian Motion). Let B; be a standard Brownian
motion. A process X; is called a geometric Brownian motion with drift m and
volatility o if it satisfies

dXt = thdt —+ O'XtdBt = Xt [mdt + O'dBt].
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Definition 6.3 (Exponential SDE). The exponential SDE is
dX; = xgA; X;dBy, where Xg = xg.

Example 6.4. We look to prove that X; = xoexp {fot Ay dBg — % fot A?ds} solves
the exponential SDE.

Let
t 1 t
Y, = / AydBg — 7/ A2ds.
0 2 0
Then
A2
dy; = f?tdt + A;dB;.

Let f(t,x) = zpe®. Then f(x) = f'(z) = f"(x). Then

(V) = (YdY: + 5 A2 (Vo)

2 2
—F- ALt + AdB) + o f(i)a

—[(Y:)AdB,.
Then f(Y;) = xg exp {fot AydBs — 3 fg Agds} solves the exponential SDE.

7. CHANGE OF MEASURE AND GIRSANOV THEOREM

In this section, we explore how and why we change our probability measure. In
particular, we want to use a different measure to change the drift of a Brownian
motion.

Definition 7.1 (Absolutely Continuous Measures). Let P, Q be probability mea-
sures on (2, F). Q is absolutely continuous with respect to P if for every E € F,
if P(E) = 0 then Q(E) = 0. In other words, if Q(F) > 0, then P(E) > 0. This
is denoted Q < P. If Q < P and P <« Q, then Q and P are mutually absolutely
continuous or equivalent measures.

Definition 7.2 (Singular Measures). Let P, Q be probability measures on (€2, F).
If there exists an event E € F such that P(F) = 0 and P(2\ E) = 0, then P and
Q are called singular measures. This is denoted P L Q.

Example 7.3. Let Q be all continuous functions from [0, 1] to R. This set contains
all possible values that any Brownian motion’s function-valued random variable ¢ —
B, could potentially take, regardless of drift or variance. For any Brownian motion
with drift 0 and variance o2, there is a probability measure P, which describes
the distribution of this random variable ¢t — B;. We call this the Wiener measure.
Consider P, and P, where o # ¢'. Let E, denote the set of functions f that have
(f)1 = v2. We know that Brownian motion with variance o will have quadratic
variation o2 at ¢ = 1 and Brownian motion with variance ¢’ will have quadratic
variation (¢/)? at t = 1. Then P,(E,) =1, Py/(Ey) =1, and E,» N E, = ). Then
P,(Q\ E,)=0and P,/(E,)=0,s0 Py, L Py.

This also implies that for a given measure, two It6 processes with equal dB;
terms have the same events of probability 1 and the same events of probability 0.
This will be important later as we see that we can change the drift term alone by
using a different but equivalent probability measure.
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Example 7.4. Lebesgue measure p is a measure on (R, R) such that the measure
of any interval is its length. Then for a continuous random variable X with density
f, the distribution Py can be denoted

P,(A)=P(X € A) = /Af(:c)dac = /Afd,u.

Note that Px(A) < u. Then we say that % = f, so then Px(A) = [, %dﬂ.

Let Y be another continuous random variable with density g. If Py < Px, then

we say that % = % Then

dP;
Py(A) =P(Y € A) = / gdu = / I fdy = / LY ipy.
A At A dPx
Definition 7.5 (o-finite Measure). A measure p is o-finite if there exist A1, As, . ..
such that p(4;) < oo and Q = J:2, A;.

Theorem 7.6 (Radon-Nikodym Theorem). Let P and Q be o-finite measures on
(Q,F) with Q < P. Then there exists f such that for every E € F,

we) - | .
E
This f is the Radon-Nikodym derivative of Q with respect to P and is denoted
dQ
f=

We think of this as the ratio of the measures for any value; note that if x is a
point, it is possible for P(z) = 0, Q(z) = 0, but % > 0. We use notation Ep to
denote expectation with respect to measure P, and likewise for Q.

Note that

_ _ [ Rp_ [ p_E, |9Q
Q(E)[EdQ/EdeIP’/delEdIP’]EP{d[PlE}

_ _ aQ 1 _ dQ
EQ[X]_/QXd(@_/QXdeP_IEP {Xdp].

We now explore how changing measure will allow us to change the drift of a

Brownian motion with drift m and variance o2:

dX; = mdt + ocdB;.

To illustrate this, we discretize the process as a random walk, similar to our
discussion in Sections 4 and 5. We wish to discretize in such a way that the
path remains on a lattice of points (multiples of Az = ov/At). Then at any
time, the process has two options: X(t + At) — X(t) = +oAt. We also must
maintain that E[X (¢ + At) — X¢|F] = m(t, X;)At, so we cannot simply let the
probability of either outcome be the same, which would always result in expected
change of 0. We arrive at the equation m(t, X;) = p(cAt) 4+ (1 — p)(—oAt) where
p=P{X(t + At) — X(t) = 0 At}. Solving yields

1 {H m(t,Xt)At] |

Also,

P{X(t+At) = X () = oAt} = A

P{X(t+ A) — X(t) = —oAt} = {17”(”@&} '

2 o
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We fix ¢ = 1, and we look to sample from X; using values from standard Brown-
ian motion B;. However, a set of paths that might be likely for B; might be possible
but less likely for X;; as we will see, a change of measure is required. So, we need
a way to describe the ratio between probabilities of a path for X; and B;.

We observe a discretized standard Brownian motion B;. Let N be a very large
positive integer, and let At := %, so Az = /At = \/% After n steps, there are 2"
equally probable paths that B; could have taken. We denote these paths as

w= (wy,wsa,...,wn)
where w; is 1 or —1 if the i-th step is up or down, respectively. Let .J be the number
of steps up in the path w that we observe. Let r := QZ{/_N” The position at time

t=nlAt= g is

B(t) = B(nAt)
=Az(wy + - +wp)
1
— U= (=)
_2J-n
VN

= 2r.

For each possible w, the probability of it occurring as B, is (%)” The probability
of it occurring as X; however is

Qw) = (;)n [1 + m\/i} ! [1 - m\/ﬂnﬁ].

Note that J = (n/2) + rv/N. Then the ratio of probabilities from X, to By is

J n—J

m :|(n/2)+r\/ﬁ|: m :|(n/2)r\/ﬁ

VN TUN

i m n/2 m n/2 m
- _{”m] [1m] {”m
5L E A

m

N

VN

"

(b1 (bl ()

We use (14 %)Y ~ ¢e* and find that the limit as N — oo is

(e~ )2 (MY (=) T = o TH R grmerm _ o5 2rm B2t

This gives us the ratio of probabilities between X; and By, meaning that we can
sample from B; and weight the samples by

2
m-t
6th7 T
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In fact, this gives the Radon-Nikodym derivative

dQ
@ =M

where Q is the probability measure for X; and P is the probability measure for B;.
In other words, for any V € Fy,

Q(V) = E[M;1v].
Note from Example 6.4 that M, solves the exponential SDE

m2
dM; = e™B=" M, = 1.

771,2
Proposition 7.7. Let B; be a standard Brownian motion. Then M; = emBe— 1t

is a martingale.

Proof. Let s < t. Recall that B; — By is independent of B, and has distribution
N(0,t— s), meaning that it has moment generating function f(m) = ette” ™*/2 =
eO-te(t—s)m2/2 _ e(t—s)m2/2 Then

m2s
=]
77n2t

— e % E[em(Bt—BS)+mBS|BS]

m2t
B[M|M,] = BlemPt= "5 |embem

= e 2

2¢
+mBS]E[€m(BthS)}

—m?2t 2
—¢ 5 +mBse(t—s)m /2

_m2s
—¢ 5—+mBg

= M,.
0

Example 7.8 (Risk-Neutral Measure). Let B; be a standard Brownian motion
under measure P. Let X; be a geometric Brownian motion satisfying

dXt = Xt [mdt + O'dBt].

We aim to find an equivalent measure Q such that X; has drift » under measure Q.
Then if W; is a standard Brownian motion with respect to Q, we want mdt+odB; =
rdt + odWy, so dBy = =™ dt + dW;. Since only the drift term changed, we know
that Q is an equivalent probability measure. Oftentimes, in finance, if X; models
stock price and R; satisfying dR; = rR;dt models bond price, we want to consider a
risk-neutral measure such that X;/R; is a martingale. As long as certain conditions
are met to avoid local martingales, we see that changing the measure so that the
drift term is rdt is a useful step. This will be applied in the next section, when
deriving the Black-Scholes Formula.

So far, we have changed measure so that a standard Brownian motion gains a
constant drift m. However, with the Girsanov Theorem, we can give Brownian
motion drift A;.

Theorem 7.9 (Girsanov Theorem). Let By be a standard Brownian motion under
measure P. Let My satisfy

th == AtMtdBt, MO = ].
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That is, M; = e¥* where Y; = fg AgdB, — %fot AZds. Let
T,=inf{t : My + (V) =n}, T =Ty := lim T,.

n—oo

Note that if My is a non-negative martingale, then T = oco. Let Q be the equivalent
probability measure such that for all V € Fy,

Q(V) = E]p[lth}.
Let ,
Wt:Bt—/ Agds, t < T.
0

Then with respect to measure Q, the process Wy for t <T is a standard Brownian
motion, so
dBt = Audt +dWt, t <T.

If any of the following conditions hold, then My is a martingale for s < t.

e QM +(Y); <o0)=1.
o Ep[M;] = 1.

+ 5 oo { 20)] <

For the proof, see pages 153-155 of [6]. An intuitive explanation can be found
through binomial approximation as shown earlier.

We can think of this as “tilting” the Brownian motion’s measure by the specified
local martingale, and weighting samples accordingly as we described earlier. This
will be used in deriving the Black-Scholes Formula.

8. APPLICATION: OPTIONS PRICING

One of the most significant uses of It6 Calculus is in the derivation of the Black-
Scholes Equation. This partial differential equation describes the price of various
financial assets, most notably European options. We derive the related Feynman-
Kac partial differential equation before deriving the Black-Scholes Equation, and
finally we solve the Black-Scholes Equation for pricing European options, arriving
at the Black-Scholes Formula. Note that the Black-Scholes Model works under
certain assumptions about the market, many of which are not completely accu-
rate. In modern-day applications, it is often altered to take into account these
simplifications, but it is still extremely useful.

The owner of a European call option has the right to buy an underlying stock at a
specified strike price K, at a specified expiry time 7. It is important to realize that
this is a right instead of an obligation, so naturally the option is only exercised (i.e.,
the stock is bought at K dollars) if the stock price is above K dollars; otherwise
the option owner simply does nothing. It is also important to realize that unlike an
American option, the European option cannot be exercised before expiry time T,
even if the owner finds the price suitable. A put option gives the right to sell the
underlying stock; mathematically this is no more complicated, and any calculations
or analysis we perform for call options could be easily modified to address put
options. From now on, when we say option without further specification, we assume
the option to be a European call option.

Suppose that the underlying stock’s price is described by

dSt = m(t, St)dt + O'(t, St)dBt
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For example, it could be the case that m(t,S;) = mS; and o(t,S;) = 05, which
would give geometric Brownian motion. Note that S; is a Markov process, which
means that if r > ¢, then E[S,|F;] = E[S,|S].

It only makes sense to exercise this right if Sp > K, so the payoff of this option
at T is

(ST—K) ,ST>.K7

FSr) = (51 = K)+ = {0 Sy < K.

We also suppose an inflation rate of r(¢,x) such that Ry dollars at time 0 is
worth R; dollars at time ¢, where

th = ’I"(t, St)tht

t
R, = Rypexp {/ (s, Ss)ds} .
0

To illustrate how we use this, say we have X dollars at time b and we want to find
the value of this amount at time a < b. Due to inflation, we know that our answer
should be less than X. We know that R, dollars at time a are worth R; dollars at

time b, so X i« = X exp{ — fb r(t, S¢)dt ; dollars at time a are worth X dollars at
Ry a

time b.
We aim to find the expectation of the payoff at expiry time 7', and find the value
of that payoff amount in time ¢ < T dollars. Mathematically, we are looking for

T
exp {—/t r(s7Xs)ds} F(S7)|S: = x] .

We assume that f is C! in ¢ and C? in z.
Consider the process

Then

f(t.a) = E U;;F(Smst _ x} _B

M, = E[R;"F(Sr)|7].
Since R; is Fi-measurable and S; is a Markov process, we can also write
T
M, = R; ' Elexp {/ r(s, Ss)ds} F(S7)|S: = 2] = R ' f(t, Xy).
t
Note that My = E[R;'F(St)|Fr] = R:'F(St), so we plug in to get M, =
E[Mr|F:]. We then note that M; is a martingale, since if s < ¢, then
E[M{|Fs] = E[E[Mr|F]|Fs) = E[Mr|Fs] = M
by Tower Property. Since it is a martingale, we can apply Stochastic Product Rule
and It6’s Formula and set all dt terms to 0. Note that R; has finite variation so

the resulting covariation is 0. Also, we can see from normal calculus that d[R; '] =
Ry (—r(t,S;))dt. Then
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£,8,)dS: + D f(t, Sy)dt + %a(t, )20, (£, Sy)dt]
r(t, Sy)dt]

=R; '[(—r(t, S¢) +m(t, Sp)0uf(t,St) + O f(t, Se) + %0(t7 54)0ue f(t, Sy))dt
+[o(t S0)0, f(t, SO)dB.

We set the dt term to 0 and isolate 0 f(t,x) on the left hand side to get the
Feynman-Kac PDE:

1
atf(t7x) = _m(ta m)@zf(t,x) - ia(tvx)Qaaxrf(ta QJ) + T(ta J))f(t,l‘)
We have proven the following theorem.

Theorem 8.1 (Feynman-Kac Formula). Suppose the price S; of a stock is described
by
dSt = m(t, St)dt + O'(t, St)dBt
and the value of Ry dollars at time t is Ry satisfying
th = T‘(t7 St)tht

where r(t,S) is the rate of inflation. Suppose there exists a payoff F(St) at time
T based on the stock price, satisfying E[|F(Sy)|] < oo. Then if

f(t,x) = E[Ry/RF(ST)|S; = ]

is C' int and C? in x, then it satisfies
0uf(1,2) = ~m{t, )0, (1,2) — 50 (2000 f(1,2) + r(t,) £ (1,2)
for 0 <t <T with f(T,x) = F(z).

The Feynman-Kac PDE is very similar to but still different from the Black-
Scholes PDE, which describes how options are priced. It turns out that pricing
an option according to its expected value in time ¢ dollars, though an intuitively
sensible idea, can lead to arbitrage opportunities. Arbitrage occurs when a trading
strategy has a positive probability of making money and a zero probability of losing
money. In other words, there is risk-less profit; we naturally expect this to be im-
possible when things are priced correctly. Someone seeking arbitrage might hedge,
or reduce risks, using a self-financing portfolio. Changes in a self-financing portfo-
lio’s value are only caused by changes in its assets; there is no inflow or outflow of
funds to the portfolio.

Suppose we have a call option on a stock priced at f(t,S;) with payoff F(St)
at time T'. Note that at time T', there is no uncertainty about the payoff, so the
option price would be equal to the payoff. If f(T,Sr) < F(Sr) then one could
arbitrage by buying the option and collecting the payoff; in the other case, one
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would sell the option knowing that the payoff is less. Even if f(T,Sr) = F(Srt),
arbitrage for this option could still occur if one could construct a self-financing
portfolio (a, b;) with the same payoff F/(St) as the option, having a; shares of the
underlying stock at price S; and b; risk-free bonds at price R;, but the portfolio
can be obtained for a price different from the option. In other words, arbitrage is
possible if the portfolio value V; = a;S; + by R; satisfies Vr = F(St) = f(T, St) with
probability one but V; # f(¢,S;) at some t < T. If V; < f(t,S;), then an investor
could sell an option for f(t,S;) dollars, then invest V; dollars in the portfolio and
the remaining f(¢,S;) — V(¢) dollars in risk-free bonds; the portfolio will have the
same outcome as the option, so f(¢,S:) — V(t) would be instant risk-less profit.
Conversely, if the option is under-priced, one could buy the derivative and sell the
portfolio accordingly.

We now aim to derive the Black-Scholes Equation by assuming no-arbitrage
pricing of an option and evaluating a self-financing portfolio that replicates its
price. Suppose that the stock price S; satisfies

dSt = St [m(t, St)dt + O'(t, St)dBt]

This time, we let r(t,S;) represent the risk-free rate so that R; represents the
risk-free bond price, satisfying the same SDE

th = ’f'(t, St)tht

This is a similar notion to before, as an Ry dollar bond bought at time 0 should
be worth R; dollars at time ¢t. Let V; be the value of a portfolio of a; stocks and
b; bonds that is constructed to guarantee a value of Vr = F(St) at expiry. We
note that constructing such a portfolio is not only possible but straightforward: the
initial value of the portfolio is simply the option price

Vo = f(OvSO)

and we then switch between stocks and bonds such that the overall value is always
equal to the option price

V;f = f(tvst)

thereby guaranteeing that Vp = f(7,S7) = F(St). We can solve for the exact
manner in which we would have to switch between stocks and bonds in order to
maintain the relationship V; = f(¢t,S;). In fact, this is the exact portfolio we will
examine, as Vpr = F(St) with probability one but there is no possibility for the
arbitrage process we described earlier, since V; = f(t, St).

By Stochastic Product Rule and Proposition 5.13, we know that

d‘/;g = atdSt —+ Stdat —+ <CL, S>t + btht + thbt.
However, the mathematical consequence of being self-financing is that
d‘/;: = atdSt + btht,

so after placing this self-financing condition, we can proceed by substituting d.S;
and dRy:

d‘/t = a¢ [St [m(t, St)dt —|— O'(t, St)dBt]] + bt [’I"(t, St)tht]
= Q¢ [St [m(t, St)dt + O'(t, St)dBt]] + T'(t, St)[‘/t - atSt]dt
= [m(t, St)atSt + T(t, St)(‘/t — atSt)] dt + O'(t, St)atStdBt.
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Alternatively, we can apply 1t6’s Formula:
df (t,x) =0, f(t, S¢)dt + 0, f(t, S:)dS; + %Sfa(t, S1)? O f (£, Sy)dt
=0¢ f(t,S)dt + Oy f (£, Se)[Se[m(t, S)dt + o(t, Sy)dBy]]
4 S8yt sy

O'(t, St)Q

SQ
= [0:f(t,S;) +m(t, S:)S: 0, f(t,S;) + 5 L O f(t, )| dt

+ U(t, St)St(')mf(t, St)dBt

Since V; = f(t,St), we now equate the dB; terms, and then the dt terms. The
former tells us how exactly to manage the portfolio, as it gives an equation for a,
which in turn gives a formula for b;:

f(t,x) —aS
R, '
After substituting for as, the latter gives the Black-Scholes Equation:

Of(t, ) = r(t,2) f(t, &) — r(t, 2)20u f (£, &) — %amf(t,x).

Note that m(¢, S;) does not appear in this PDE. This is because It processes with
the same o(t,S;) have the same events of probability one; this fact was shown
in Example 7.3. So, this relationship describing how the price changes over time
should be independent of the drift term of S;. Also, if we apply the Feynman-Kac
Formula to this scenario, we get

o(t,x)?x?

Ocf(t,2) = r(t,2)f(t,2) = m(t, 2)20:f(t,2) — =0 f(t, 7).

The only difference is that the m(¢,z) in the Feynman-Kac PDE is replaced by
r(t,x) in the Black-Scholes PDE. We have proven our earlier statement that pricing
according to Feynman-Kac PDE may lead to arbitrage opportunities: arbitrage is
only eliminated when pricing follows the Black-Scholes PDE, and it cannot simulta-
neously follow both PDE’s when m(t, z) # r(t, ), so in this case arbitrage must be
possible under Feynman-Kac PDE pricing. It is worth considering how one would
find arbitrage in this case.

ay = 8xf(ta St)7 by =

Example 8.2 (Arbitrage with Feynman-Kac PDE Pricing). We construct a self-
financing portfolio with value V; = a;S; + b:R; as before with V, = f(0,.5), al-
though V and f will not always be equal. We simplify the SDE for dV; under the
self-financing condition, and simplify the SDE for df (¢, ) under It6’s formula. This
time, however, we do not equate V; and f(¢,z). We equate the dB; terms to get the
same result a; = 9, f(t, ). This tells us how to manage the self-financing portfolio.
We can then subtract df (¢, z) from dV;, and since the dB; terms are eliminated, we
get a deterministic PDE. Solving this, we get an expression for Vi — f(T, S1). We
can then arbitrage as described earlier based on the sign of this expression.

Nevertheless, if we were to have m(¢,z) = r(t,z), then the Feynman-Kac PDE
would hold true; the option price at time ¢ would be described by the expected
value of the payoff in time ¢ dollars. We use this fact to solve the Black-Scholes
equation and get the Black-Scholes Formula which gives a closed form equation for
the option price. We want to use the Feynman-Kac Formula to price the option,
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since the Feynman-Kac formula gives a closed form expression for f(t,z) using
expected value. Since changing the drift term does not affect the Black-Scholes
PDE but can allow us to use the Feynman-Kac Formula, we must find a different
probability measure Q such that if W; is a standard Brownian motion in Q, then
dSt = St [’/’(t, St)dt + ('J'(Z‘f7 St)th]
This is in fact the risk-neutral measure referred to in Example 7.8. Since we know
that dS; = Si[m(t, S¢)dt + o(t, S¢)dB;], we can set the inner expressions equal to
each other and solve to get
t,S¢) —m(t, S
dBt:T(7 t) m(7 t)
O'(t, St)

Note that since these Brownian motions only differ in their drift term, the corre-
sponding measures are equivalent; this was shown in Example 7.3.

We must “tilt” the measure by the local martingale M, that satisfies
r(t, St) —m(t, St)

O'(t, St)

We know how to solve this SDE, as shown in Example 6.4. Under certain conditions,
W is uniformly bounded, M; is in fact a martingale. This
allows us to apply Girsanov Theorem for all ¢ > 0.

So, we know that we can find an equivalent measure Q by Girsanov’s Theorem
such that dS; = S¢[r(t, St)dt + o(t, St)dWy], so then the portfolio value and option
price satisfy the Feynman-Kac PDE using expectation with respect to Q:

Vi = f(t,S:) = Eg(R:/RrF(St)|St) = Eg(R:/ Ry F(St)|Fy).

dt + dWy.

dM, = M, dB;.

such as when

The processes gt = S;/R; and ‘Z = V;/R; are the stock price and portfolio value
discounted by the bond rate. Applying Stochastic Product Rule, we see that

dS, = d[S;R;" ']
= S;d[R; ] + R;'dS,
= Sy[R; (—r(t, Sy)dt] + R[S [r(t, Sp)dt + o (t, Sp)dWy]]
= S/ Ry[(—r(t, Sy)dt + r(t, Sy)dt + o(t, S;)dW]
= S,0(t, S;)dW;.

Then, as expected under risk-neutral measure Q, §t is a martingale given certain
conditions on o(t,S;), for example it being uniformly bounded. Also,

Vi = Vi/ Ry = Ry ' Eg(Ri/ RrF(S1)|Fy) = Eo(Ry' F(Sr)|Fy) = Eo(Ve|F).
By multiplying by R;, we get the following theorem.

Theorem 8.3. Let B; be a standard Brownian motion with respect to probability
measure P. Let stock price S; satisfy

dSt = St [m(t, St)dt + O'(t, St)dBt}
and risk-free bond value Ry with risk-free rate r(t, Sy) satisfy

th = ’I”(t, St)tht

Suppose that % is uniformly bounded and o(t,S:) > 0 is uniformly

bounded. Then there exists a probability measure Q that is equivalent to P such that
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the discounted stock price §t =S¢/ Ry is a martingale under Q. Suppose there is an
option for the stock with payoff F(St) at time T, satisfying Eg[R;" |F(St)|] < oo.
Then the arbitrage-free price of the option at time t is

Vi = RyEg(Ry' F(Sr)|F).
One necessary assumption for the Black-Scholes Formula is that r(¢,S;) and

o(t,S;) are constants 7 and . Then we let S, = ¢S, V, = e "V, K = ¢"TK,
so that

Vr=e "V =e "F(Sr) = e " (Sr — K)4 = (57— K)4.

Then if Z is the conditional distribution of Sz given F; and g is the density of Z,
we get

Vi = Eol(ValSe) = Bo((Sr - K)+18) = [ (2 = R)ig(ehdz = [ (- Rogle)a.
J J

Now we must find Z and ¢(z), and then compute. S, satisfies the exponential SDE
dgt = Ugtth,

so we know from Example 6.4 that

o t 1/t
Sy = Spexp {/ odWy — 7/ 02d5}
0 2 Jo

~ 2¢
= Spexp {O’Wt - 02}

and hence

Sp = S, exp {U(WT - W) — ‘TQ(T_t)} .

2

Given F;, the distribution of Wy — Wy is /T — tD where D has a standard normal
distribution. The rest of the expression is known. Then

7 = S, exp {a\/ﬁD - "2(7;_75)} = exp {U\/ﬁD - w + log(St)} .

Let a = ov/T —t and y = log(S) — % be constants. Then
Z = exp{aD + y}.

Note that aD+y ~ N(y,a?). Then since log(Z) has a normal distribution N (y, a?),
we say that Z has a log-normal distribution with density g(z) = é(é(log%) We
omit this density calculation; we refer the reader to page 10 of [§].

Lemma 8.4. If Z has log-normal distribution with density function g(z) under
measure Q, and the variance of log(Z) is a®, then

(oo}

[~ Kygle)dz = Belzio(a) - Kady)

K
where
_ log(BqlZ]/K) + % 5
a a

dq
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For the proof, see pages 380-381 of [7].
Then

7, = /(z ~ R)g(2)dz = Eg[Z]®(dy) — Kd(do)
e

where )

_ log(BolZ)/K) + % log(BglZ)/K) ~ %

a a
We know that Eg[Z] = E@(§T|§t) = S, since S; is a martingale. We substitute
this for Eg[Z] and substitute a = o+/T — ¢, multiply by €™, and then simplify in
terms of the original (not discounted) prices.

dy

e log(gt/f?)—l—@ e log(gt/f() — @
V;g =€ Stq) —e""Ko
oI —t ovIT —t
oo (s (REr) + 2\ (s () - 25
o T —1 e T -1
o (185 E) + (T 1)+ of=t)
o oI —t
T g (1085 E) (T —t) - of-t) .
oI —t

This gives the Black-Scholes Formula, which says that the no-arbitrage price of this
option is
Vi = $1®(dy) — e "I K ®(dy),

where
g = o8(Se/K) + (r + a®/2)(T —t) g — o8(Se/K) + (r — o?/2)(T - t)
! ovVT —1t 2 ovVT —1t '
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