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Abstract. Manifolds can be defined as subsets of Euclidean space by immer-

sions and embeddings. The dimension of the Euclidean space required is a

function of the dimension of the manifold. The metric on a manifold can be
maintained by a C1 immersion.
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1. Introduction

The study of manifolds in the 19th century gave rise to a natural question: for
some intrinsically defined manifold M , is there a Euclidean space Rn of which the
manifold can be a subset? This question went unanswered until Whitney proved
his weak and strong embedding and immersion theorems. These not only proved
the existence of a Euclidean space in which the manifold can be defined but also
proved that the dimensions required for the Euclidean space can be predicted by
the dimension of the manifold. Whitney also proved that there was a minimum
to the dimensions required in the Euclidean space. The weak and strong Whitney
immersion theorems and weak embedding theorem presented in this paper address
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these questions[1]. The strong Whitney embedding theorem uses the theory of
characteristic classes, which is too advanced for this paper and will not be proved
[2].

The next question is what happens to the structures of manifolds. In particular,
what happens to the metric on the manifold as we apply these immersions and
embeddings? The inspiration here comes from cartography. People wanted maps
in which the distance in real life would be conserved in the distance presented
in the map. These maps are not really immersions of the two-dimensional globe
into two-dimensional space. Whitney proved that such immersions are impossible
[1]. The motivation from cartography, however, is the same motivation that drove
Nash in his isometric immersion and embedding theorems. In even the simplest
manifolds these isometric immersions are difficult to find. Nash proved that these
metric preserving immersions and embedding are not only possible to find, but also
that we can find ones that have increasing levels of niceness. In this paper, we will
prove that we can find a C1 immersion that preserves the metric defined on the
manifold. This proof, along with the C1 isometric embedding proof was originally
completed by Nash in 1954 [3]. The genius of this proof came from his discovery
of a function, which he called the ‘step device,’ that would correct the metric. He
later proved in 1956 that these immersions and embeddings could be found to be
Ck [4]. In 1966 he completed the proof for analytic immersions and embedding as
well [5].

In this paper, we will start by providing necessary definitions in the field of dif-
ferential geometry and topology. After we provide some examples, we will proceed
with a proof of Sard’s theorem- a theorem that will be immensely helpful in the
proof of Whitney’s theorems. After the proofs of Whitney’s weak immersion and
embedding theorems, and Whitney’s strong immersion theorem, we will move onto
a adaptation of Nash’s original proof of his isometric C1 immersion theorem. This
proof was later simplified using complex analysis.

2. Definitions

Definition 2.1. A manifold M is a second countable topological space that is
Hausdorff, and in which for every point p there exists an open set U containing p
that is homeomorphic to a subset of Rk. On any open subset U of M we define a
chart (x, U) where x is a homeomorphism from U to Rk. We say that (x, U) acts
as a local coordinate system to M .

Definition 2.2. Let (x, U) and (y,W ) be two charts on a manifold Mk. If U∩W 6=
∅, then a transition is defined to be:

x ◦ y−1 : y(U ∩W )→ x(U ∩W ).

Intuitively, a transition function is a way to relate different coordinate systems.

Remark 2.3. The manifold M is said to be smooth if between every coordinate
system there is a smooth transition function. In this paper, we will deal only with
smooth manifolds.

Definition 2.4. An immersion of Mk into Rm is a differentiable function f : Mk →
Rm such that dfx : TxM

k → TyRm is injective at each x ∈Mk, where TxMk is the
tangent space to Mk at x, TyRm is the tangent space to Rm at y. Here f(x) = y.

If f is injective and an immersion, then we call f an injective immersion.
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Definition 2.5. A function f is a submersion of Mk onto Rm if m ≤ k and
dfx : TxM

k → TyRm is surjective at every x ∈Mk.

Definition 2.6. A function f : Mk → Rm is an embedding if it is both an injective
immersion and proper. We define a proper function to be a function for which the
preimage of every compact set is compact. We note that for any compact manifold,
an injective immersion defined over it is automatically proper, so is an embedding.

Definition 2.7. The tangent bundle of Mk ⊂ Rn is denoted TMk where

TMk = {(x, v) ∈Mk × Rn; v ∈ TxMk}

We can think of a tangent bundle as a way to organize the manifold along with
all the tangent spaces at each point. Note that the tangent bundle of Mk produces
a copy of Mk when v is set to zero. Also note that copies of tangent space at each
x ∈Mk will be included in our bundle of Mk.

Remark 2.8. Note that an embedding is quite similar to an immersion, but it does
not allow for self intersections. This is the biggest intuitive difference between the
two.

While we provided the definitions for much of the machinery involved in the
study of manifolds, the visualization of immersions and embeddings might still
be unclear to the reader. We will now proceed onto some important examples of
embeddings and immersions.

3. Motivating Examples

3.1. The Circle: S1.

Example 3.1. Consider the circle S1 = {x ∈ R2 : ‖x‖ = 1}. Now consider the
function f : S1 → R where f(θ) = θ2 with θ(x) being a local coordinate system
on S1. Then the derivative df(θ) = 2θ, which is injective. So f is an immersion.
However, f is not injective, so f is not an injective immersion.

Example 3.2. Now, let us try to see what an immersion and embedding of the
circle S1 in R2 could look like. Since any embedding that we make is automatically
an immersion, we will first find an immersion of the circle that does not qualify as
an embedding due to its self-intersections. Intuitively, this can be done by taking
the circle and twisting it into a lemniscate. Below is a picture of the lemniscate
immersion of the circle into R2.

Figure 1. A lemniscate immersion of S1 into R2.

The equations for such parametrizations are as follows:

(3.3) φ(θ) = ±
√
a2 cos 2θ



4 ZOË SMITH

where θ ∈ [0, 2π). It is easy to see that φ is not injective, while

dφ(θ) =
a2

cos 2θ

is injective. So φ is an immersion of S1 into R2.
Now that we have an example of the circle S1 immersed into R2, we can move

on to an embedding of the circle into R2. We will see that this is the image most
intuitively have of a circle. One example of an embedding of S1 in R2 is

g : [0, 2π)→ R2

g(θ) = (cos θ, sin θ),(3.4)

where θ(x) is a local coordinate system on S1. Below is a depiction of this parametriza-
tion of S1.

Figure 2. A circle embedding of S1 into R2.

In order to prove that g is an embedding, we will first show that it is an injective
immersion. First consider the derivative

dg(θ) = (− sin(θ), cos(θ)).

Suppose dg(θ1) = dg(θ2). Then− sin θ1 = − sin θ2 and cos θ1 = cos θ2. Therefore
for θ1 and θ2 in [0, 2π), θ1 must equal θ2. So the derivative dg is injective. Note
that the same argument shows that g is injective. So g is an injective immersion.
By applying the fact stated in the definition 2.6 and the compactness of S1, the
injective immersion g is proper and therefore an embedding of the S1 into R2.

Now we can move on to a more complicated example, the Klein bottle.

3.2. The Klein Bottle.

Example 3.5 (The Klein Bottle). The Klein bottle is a famous two-dimensional
manifold that can be represented by the fundamental polygon depicted below.

This diagram can be interpreted by matching corresponding sides (signified by
the number of arrows present) of the square together with the arrows of correspond-
ing sides pointing in the same direction at their meeting.

The immersion that we would like to use for the Klein bottle into three-dimensional
space is the twisted figure-eight. To verify that the twisted figure-eight is really the
Klein bottle shown in the fundamental polygon above, we start by curling the
square so that the top and the bottom intersect along the mid-line of the square.
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Figure 3. Beginning to construct a twisted figure-8. The red
signifies the line of self-intersection.

This step is shown below.

By viewing the resulting object from the side, we can see that this looks exactly
like the fundamental polygon for a möbius strip. With this knowledge, we can
construct the twisted figure-eight in the same manner that we would construct a
möbius strip. Wrap the square so that it resembles a doughnut, while introducing
one 180 degree twist in one end. This will result in a twisted-figure-eight. Note
that there is a circle of self intersection around the ring of the doughnut. Shown
below is a depiction of the completed twisted-figure-eight:

Figure 4. A completed twisted figure-8. The red signifies the line
of self intersection.

Now that we understand qualitatively what the shape of our immersion is, we can
move on to proving that it is, in fact, an immersion. The parametrization of the
two dimensional Klein bottle into 3-space is:

(3.6) ψx(θ, φ) = (a+ b(cos
θ

2
sinφ− sin

θ

2
sin 2φ)) cos θ

(3.7) ψy(θ, φ) = (a+ b(cos
θ

2
sinφ− sin

θ

2
sin 2φ)) sin θ

(3.8) ψz(θ, φ) = b(sin
θ

2
sinφ− cos

θ

2
sin 2φ)
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To prove that this is an immersion, we call upon a linear algebra fact that states
a function is injective if and only if the nullity of the Jacobian is zero. We can call
upon the Rank-Nullity theorem in linear algebra that states the nullity of an n×m
matrix is zero if the matrix is of rank n. This means that a linear transformation
is injective if and only if the rank of the corresponding n×m matrix is of rank n.

The derivative for our immersion takes the form of a 3× 2 Jacobian matrix. For
ψ to be an immersion, we must show that the Jacobian, Dψp, is injective at each
p = (x, y, z) in our manifold. Here our Jacobian is the 3× 2 matrix:
(3.9)

ψp =

{
−a sin θ − b sin θ(cos θ

2
sinφ− sin θ

2
sin 2φ)− bθ

2
cos θ(sin θ

2
sinφ− cos θ

2
sin 2φ) b cos θ(cos( θ

2
cosφ− 2 sin θ

2
sinφ)

a cos θ + b cos θ(cos θ
2

sinφ− sin θ
2

sin 2φ)− bθ
2

sin θ(sin θ
2

sinφ− cos θ
2

sin 2φ) b sin θ(cos( θ
2

cosφ− 2 sin θ
2

sinφ)
bθ
2

(cos θ
2

sin θ + sin θ
2

sin 2φ) b(sin θ
2

cosφ− 2 cos θ
2

sin 2φ)

}
By some simple if not tedious row reduction, we find that the Jacobian can be
reduced to the two linearly independent columns:1 0

0 1
0 0


which is exactly what we needed for a rank of 2. So Dψp is injective. Therefore, ψ
is an immersion of the Klein bottle into R3.

Now consider an embedding of the Klein bottle into R4. The self intersection of
the twisted figure-8 immersion around the circle of radius r centered at the origin
can be avoided by having the two incoming surfaces ‘wiggle’ around each other in
the 4th dimension. Doing this will prevent pesky intersections and provide for an
injective immersion into R4. Since the Klein bottle is compact, the fact from above
will ensure our injective immersion is an embedding.

The parametrization of the twisted figure-8 in R4 is as follows:

Fx(θ, φ) = R(cos
θ

2
cosφ− sin

θ

2
sin 2φ)

Fy(θ, φ) = R(sin
θ

2
cosφ− cos

θ

2
sin 2φ)

Fz(θ, φ) = P cos θ(1 + ε sinφ)

Fw(θ, φ) = P sin θ(1 + ε sinφ)

where ε is some constant. By using the same linear algebra trick we used before,
we will find that our 4× 2 Jacobian has a rank of 2 and is therefore injective.

To prove that F is an embedding, we can simply prove that F injective immersion
and apply the fact that the manifold of the Klein bottle is compact. To prove that
F is injective we assume for contradiction that (θ1, φ1) 6= (θ2, φ2) but F (θ1, φ1) =
F (θ2, φ2). Then, from our definition of F we get the following four equations.

(3.10) R(cos
θ1

2
cosφ1 − sin

θ1

2
sin 2φ1) = R(cos

θ2

2
cosφ2 − sin

θ2

2
sin 2φ2)

(3.11) R(sin
θ1

2
cosφ1 − cos

θ1

2
sin 2φ1) = R(sin

θ2

2
cosφ2 − cos

θ2

2
sin 2φ2)

(3.12) P cos θ1(1 + ε sinφ1) = P cos θ2(1 + ε sinφ2)

(3.13) P sin θ1(1 + ε sinφ1) = P sin θ2(1 + ε sinφ2)
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We can cancel the R and P from each side of equations 3.10, 3.11, 3.12 and 3.13.
By squaring equation 3.12 and equation 3.13 and adding them together to get:

cos2 θ1(1+ε sinφ1)2+sin2 θ1(1+ε sinφ1)2 = cos2 θ2(1+ε sinφ2)2+sin2 θ2(1+ε sinφ2)2

By applying the trig identity sin2 θ + cos2 θ = 1 we get:

(1 + ε sinφ1)2 = (1 + ε sinφ2)2

From this we can see that sinφ1 = sinφ2. Since our φ1 and φ2 are defined on
the domain of one period and φ1 6= φ2 we have that cosφ1 = − cosφ2. By apply-
ing double angle formulas, we also have sin 2φ1 = − sin 2φ2 By substituting these
relationships into 3.10 and 3.11 we get:

(3.14) cos
θ1

2
cosφ1 − sin

θ1

2
sin 2φ1 = − cos

θ2

2
cosφ1 + sin

θ2

2
sin 2φ1

and

(3.15) sin
θ1

2
cosφ1 − cos

θ1

2
sin 2φ1 = − sin

θ2

2
cosφ1 + cos

θ2

2
sin 2φ1

Next, by moving each term of 3.14 and 3.15 to one side and adding them together
we get the following:
(3.16)(

cos
θ1

2
+cos

θ2

2
+sin

θ1

2
+sin

θ2

2

)
cosφ1−

(
sin

θ1

2
+sin

θ2

2
+cos

θ1

2
+
θ2

2

)
sin 2φ1 = 0.

By factoring out the terms in parentheses and dividing each side by the term
dependent only on φ1 we get:

(3.17) cos
θ1

2
+ cos

θ2

2
+ sin

θ1

2
+ sin

θ2

2
= 0

From the fact that θ1 and θ2 are both over one period, θ12 and θ2
2 have the domain

of one half period. This fact, along with equation 3.17, tells us that θ1 = θ2.
So F is injective. Therefore, F is an embedding of the Klein Bottle in to R4.

Now that we have completed our examples of immersions and embeddings, we
will move onto the proof of Sard’s theorem. This theorem will be very helpful as
we move on in our study of manifolds and their immersions and embeddings into
Euclidean space.

4. Sard’s Theorem

Theorem 4.1 (Sard’s Theorem). The set of critical values of the smooth map
f : Mn → Rp has Lebesgue measure zero.

First we will prove Fubini’s theorem, which we will need to prove Sard’s Theorem.
This proof is adapted from Sternberg’s book, Differential Geometry [6].

Theorem 4.2 (Fubini’s Theorem). Let Pw be a p − 1 dimensional plane in Rp
containing some w ∈ Rp. Let B be a compact subset of Rp such that its intersection
with every hyper-plane Pw has measure zero with respect to Pw. Then B has measure
zero in Rp.
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Proof. In this proof we will need the following quality of compactness: for any
covering of the interval [a, b] by intervals, you can find a subcovering whose total
length is less than or equal to 2|b− a|. To prove this, first we will choose the finite
minimal subcovering: I1, ..., Is of the covering such that

[a, b] ⊂
s⋃
j=1

Ij ,

but

[a, b] 6⊂
s⋃

i=1,i6=q

Ii,

with 1 ≤ q ≤ s. This exists since [a, b] is compact. Next, we will number intervals
according to the order of their left hand endpoints. So ai ≤ ai+1 < bi < bi+1 and
the total overlap is at most length |b− a|. This means that the total length of the
intervals is at most 2|b− a|.

Now suppose that B ⊂ Rp−1 × [a, b] and that the measure of (B ∩ Pw) is zero.
Then by the definition of measure zero sets, for any ε > 0 we can find a covering
of B ∩ Pw by open sets {Riw}i∈I in Pw of total volume less than ε. For sufficiently
small α, the sets Riw × Iwα cover

B ∩
⋃

zw∈Iwα

Pwz

where Iwα is an interval of length α centered at w. This comes from the compactness
of B. The sets Iwα form a covering of [a, b] of which we can find a finite subcovering
{Ij} of length less than or equal to 2|b− a|. Let

RLj = {Riw if Ij = Iwα }.

Then Rij × Ij forms a cover of B whose total volume is at most 2|b− a| which can
be made arbitrarily small. So B is measure zero in Rp.

�

Now we can turn to the proof of Sard’s Theorem 4.1, which we have adapted
from Milnor’s proof [7].

Proof. We will first consider the open manifold U ⊂ Rm. We will conduct the
following proof by induction on n. For our base case, when n = 0 the critical
values of f are certainly measure zero, since C can be at most one point. Now for
our inductive hypothesis assume that for some n, the set of critical values of f is
measure zero.

C = {x ∈ U | rank(dfx) < p}
be the set of critical points of f . Define C1 = {x ∈ U |dfx = 0} and define Ci =
{x ∈ U | all partials of order ≤ i vanish at x}. Note that the Cis are nested. A
graphic depiction of the Cis is as follows:
To show that C is measure zero, our first step will be to show that the set f(C \C1)
has measure zero. Step two will be to generalize this to the point that f(Ci \Ci+1)
has measure zero. Finally, step three will be to show that for a large enough k, the
set f(Ck) has measure zero. The nested nature of the Cis will tell us that f(Ck+1)
and subsequent sets will also be measure zero. These three steps together will tell
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Figure 5. The construction of the Cis.

us that f(C) can be covered by a finite number of measure zero sets and is therefore
measure zero.

Step One: Assume that p ≥ 2. The case in which p = 1, we have that C = C1L
which is trivial. Let x̄ ∈ C \ C1. Take an open set V ⊂ Rn such that the set
f(V ∩ C) has measure zero. The set C can be covered by a countable number of
V s so by showing that the set f(V ∩ C) has measure zero, we will prove that the
set f(C) has measure zero.

Since x̄ is in C \ C1, we know that there exists a ∂fi
∂xi
6= 0 at x̄. Now, we can

define a function h : U → Rn where

h(x) = (f1, x2, ..., xn).

Now, note that by our definition of h, dh is non-singular at x̄ and therefore h is
a diffeomorphism. Therefore, h maps the open V diffeomorphically into an open
V ′ ⊂ Rn.

Since we know that the inverse of h exists, we can define g = f ◦ h−1 : V ′ → Rp.
The construction of the function and labeling of spaces is depicted below.

Figure 6. the construction of g
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Since h(V ∩ C) is the set C ′ of critical points of g, the set g(C ′) is the set of
critical values of g. Our definition of g as a composition gives us

g(C ′) = g(h(C ∩ V )) = f(C ∩ V ).

Now let us consider another aspect of g: g maps hyperplanes to hyperplanes. For
any y = (t, x2, ..., xn) ∈ V ′, we have g(y) ⊂ t × Rp−1. From the fact that g maps
hyperplanes to hyperplanes, we can define a restriction of g to each hyperplane
since

gt : {t} × Rn−1 ∩ V ′ → t× Rp−1.

The matrix of first derivatives of g′ has the form

(4.3)
( ∂gi
∂xi

)
=

[
1 0

∗
( ∂ti
∂xi

)]
so the critical points of g′ are the exact set of critical points of g. However, the
domain of g′ is a p − 1 dimensional space, so the set of critical values in g′ is of
measure zero in {t} × Rp−1 by our induction hypothesis. This means that the set
of critical values of g are measure zero in each ‘layer’ of Rp. Since C can be covered
by a finite number of V ’s, then g(C ′) can be covered by a finite number of compact
sets. So g(C ′) is measurable. By applying the Fubini theorem stated above, we can
see that g(C ′) is measure zero. As g(C ′) = f(C ∩ V ), the set f(C ∩ V ) is measure
zero. So the critical values of f are measure zero in Rp. Now we can proceed on to
step two.

Step two: In this step, we use a similar procedure to the one used in step one.
This time, we apply it to Ck and Ck+1. Let x̄ ∈ Ck \Ck+1. From our definitions of
the Ci’s there is some derivative

∂k+1fr
∂xs1 ...∂xsk+1

that does not vanish at x̄. Then function

w(x) =
∂kfr

∂xs2 ...∂xsk+1

vanishes at x̄ while
∂w

∂xs1
=

∂k+1fr
∂xs1 ...∂xsk+1

does not vanish at x̄. To simplify our notation, let s1 = 1. By defining h(x) =
(w(x), x2, ..., xn), with h : U → Rn, we will have constructed a diffeomorphism that
acts similarly to our h in step one. Next, define g = f ◦ h−1 : V ′ → Rp where V ′

is the open set to which h maps the measure zero open set V surrounding x̄. Note
that for any x ∈ Ck ∩V we have h1(x) = 0. So h carries Ck ∩V into the hyperplane
{0} × Rn−1.

Let

ḡ : {0} × Rn−1 ∩ V ′ → Rp

be the restriction of g onto the hyperplane 0 × Rn−1. Then by induction, the
critical values of ḡ have measure zero in Rp since the hyperplane is really an n− 1
dimensional space.

Note that

ḡ(h(Ck ∩ V )) = f(Ck ∩ V ).
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Then the critical points in h(Ck ∩ V ) are a subset of the critical points of ḡ since
all partial derivatives of order less than or equal to k vanish.

Since Ck\Ck+1 can be covered by countably many V ’s, f(Ck\Ck=1) has measure
zero. Now we can move on to step three.

Step three: In this step, we will show that for a large k there is a covering
of cubes of f(Ck) which will be measure zero. In this step, let Iδ ⊂ U be a n
dimensional cube with side length δ. For some integer k > n

p − 1 we will prove that

the set f(Ck ∩ Iδ) has measure zero.
By applying Taylor’s theorem and the compactness of Iδ, we have that

f(x+ h) = f(x) +R(x, h)

where

||R(x, h)|| ≤ c||h||k+1.

Here, x ∈ Ck∩Iδ, x+h ∈ Iδ and c is a constant depending only on f , Iδ. The norm
||h|| is the standard Euclidean norm. Most of the terms in the Taylor expansion
have disappeared here since x ∈ Ck which requires derivatives up to the order of k
vanish.

Now, split Iδ into rn cubes with side length δ
r . Call these cubes Ir. For our

x ∈ Ck, let Ior be the cube that contains x.
Any point in Ior can be written as x + h for some h, where ||h|| ≤

√
n δr . From

our Taylor expansion’s remainder term, f(Ior ) lies inside a cube with edge length

2c(
√
nδ)k+1

rk+1
||h||k+1

centered at f(x). Call these cubes containing the images I∗n. The volume V of all
rn cubes satisfies:

V ≤ rn
(2c
√
Nδk+1

rk+1

)p
.

Then by picking k such that k+1 > n
p , we can ensure the volume converges to zero

since the limit of r approaches infinity. So

f(Ck ∩ Inδ ) ⊂
rn⋃
n=1

I∗n,

and the volume of these cubes limr→∞ ∪r
n

n=1I
∗
n = 0, limr→∞ f(Ck∩Inδ ) = 0. There-

fore f(Ck ∩ Iδ) is measure zero. This completes the proof of Sard’s Theorem. �

Remark 4.4. Note that cubes are not an essential part of our proof and we could
just as easily have used balls.

Now that we have completed our proof of Sard’s theorem, we will apply it in our
proofs of Whitney’s immersion and embedding theorems.

5. Whitney’s Theorems

5.1. Weak Whitney Immersion.

Theorem 5.1. Let Mk be a smooth k-manifold. Then for all k ≥ 0, Mk can be
injectively immersed in R2k+1.

This proof, and all subsequent Whitney proofs will be adapted from Guillermin
and Pollack’s book Differential Topology[1].
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Proof. This proof will proceed by induction down on m. Let Mk be a smooth
k-dimensional manifold. Let f be an injective immersion of Mk into Rm where
m > 2k + 1. Now define

h : Mk ×Mk × R→ Rm(5.2)

by h(x, y, t) = t(f(x)− f(y)).(5.3)

Also define g : T (Mk)→ Rm by g(x, v) = dfx(v). Note that, since h maps from
a domain of dimension 2k+1 onto a dimension of m > 2k+1, then by applying the
Rank-Nullity theorem, every point of the image of h is a critical value. Also note
that h is smooth, since f is smooth so h is just a polynomial of smooth functions.
Because of this, we can apply Sard’s theorem to state that the image of h is measure
zero. We can see that g is smooth, since it is a derivative of a smooth function f .
By applying Sard’s theorem, we have that the set of critical values of g is measure
zero. By the application of these two facts, there exists a vector a ∈ Rm such that
a is in the image of neither g nor h.

Now define π to be the projection of Rm onto the orthogonal complement H =
{x ∈ Rm : x ⊥ a}. We will now show that π ◦ f is both injective and an immersion.
By contradiction, if π ◦ f is not injective, then π ◦ f(x) = π ◦ f(y) for some x 6= y.
Because π is a projection, we have that f(x) = f(y) + ta for some t ∈ R. Since
x 6= y and f is injective, t is non-zero. Then h(x, y, 1

t ) = a which is a contradiction
to our choice of a. To show that π ◦ f is an immersion, we require that d(π ◦ f)x(v)
is injective at (x, v) ∈ Tx(MK). By applying the chain rule to this, since π is a
linear transformation,

d(π ◦ f)x(v) = π ◦ dfx(v).

If v 6= 0, suppose for contradiction that d(π◦f)x(v) = 0. Then dfx(v) = ta for t ∈ R.
Then t 6= 0 because f is an immersion,. So g(x, 1

t ) = a, which is a contradiction to
a not being in the image of g. So d(π ◦ f) is injective.

Now we have an injective immersion into H which is an m − 1 dimensional
subspace of Rm. We can continue this by induction downwards on m right to a
injective immersion into R2k+1, where we will be stopped, as the image of h will
no longer all be critical values of h which will stop our ability to choose an a not
in the image of h and g. �

5.2. Weak Whitney Embedding.

Theorem 5.4. If Mk is a k-dimensional smooth manifold, Mk embeds into R2k+1.

Remark 5.5. Before we move onto the proof of embedding a k manifold into 2k− 1
dimensions, we need to develop the notion of partitions of unity.

Theorem 5.6 (Partitions of Unity). For X ⊂ Rn, then for any open cover of X
by {Uα} where Uα is open relative to X, there exists a sequence of smooth bump
functions {θi(x)} on X, called a partition of unity subordinate to the open cover
{Uα} such that the following properties hold:

1. For all x ∈ X and all i, 0 ≤ θi(x) ≤ 1.
2. Each x ∈ X has a neighborhood on which all but finitely many functions θi are
identically zero.

3. Each function θi is identically zero except on some closed set contained in one of
the Uα.
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4. For each x ∈ X,
∑
t θi(x) = 1.

Remark 5.7. The proof of this theorem and the following theorem is adapted from
Guillermin and Pollack [1].

Proof. First use the notion of each Uα begin open relative to X and set each
Uα = X ∩Wα where each Wα are open sets in Rn. Now set W = ∪αWα. Note that
W is the union of the open sets Wα , and is therefore open as well. Let {Ki} be a
nested sequence of compact sets that exhaust W . The sets will grow with i so that
Ki ⊂ Ki+1. Now consider the open cover G of W to be the set of all open balls
in Rn such that the closure of the ball belongs to at least one Wα. Since K2 is a
subset of W and K2 is compact, we can extract a finite subcovering of K2 from G .

Now, construct a smooth bump function on each ball that is one inside the ball
and that is zero outside a closed set contained in one of the Wα. We know that
we can find such a closed set because we chose the balls so that their closures were
contained in at least one Wα. For the m balls Ni in our finite subcovering, call the
bump functions φi with 1 ≤ i ≤ m.

Now we can expand this construction out for subsequent Kj ’s. For j > 2, we
can take the set Kj \ (Kj−1)o, where o indicates the interior of a set, to be compact
since the difference of a compact set and an open set is compact. We also know
that W \Kj−2 is open and

Kj \Kj−1 ⊂W \Kj−2.

We can create an open cover of Kj \ Kj−1 by taking the collection of open
balls whose closures are contained in some Wα and contained in W \Kj−2. Since
Kj \Kj−1 is compact, we can extract a finite subcover. We can now expand our
sequence of functions {φi} by adding a smooth bump function over each of the
neighborhoods in our finite subcover. This will ensure that we have a finite open
cover of Kj with smooth bump functions defined on each neighborhood. More
notable is that for each j ≥ 3 we only add a finite number of neighborhoods to our
open cover, so over each Kj only a finite number φi will be nonzero. Since W is
open, W ⊂ Ko

j for some j. Then the sum
∑∞
j=1 φi is finite on some neighborhood

around every point of W . Also, for every point in W , at least one term of
∑∞
j=1 φi

is nonzero. Every element of W is in a finite number of the Ni, which ensures that
the sum

∑∞
j=1 φi is finite and nonzero on a neighborhood around any point in W .

This means that the quotient

θi =
φi∑∞
j=1 φi

is well defined and smooth. By restricting each θi to X, we have our desired result
of a partition of unity. �

We require partitions of unity for the proof of the next corollary, which is what
we will need for our proof of the weak Whitney’s embedding into 2k+1 dimensional
Euclidean space.

Corollary 5.8. On any smooth manifold X there is a proper function p : X → R.

Proof. Let the set {Uα} be open subsets of X with compact closures with partitions
of unity θi defined on each. We can show that

p =

∞∑
i=1

iθi
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is our smooth function. First we can note that p is smooth. To show that p is
proper, we need to show that the preimage of compact sets will be compact under
p. To do so, note that any compact set in R can be written as a subset of [−j, j]
for some j large enough. This means that if we can show the preimage of [−j, j]
is compact we will have succeeded. If p(x) ∈ [−j, j] for some j, then one of the
θi, ..., θj must be nonzero at x. So

p−1
(
[−j, j]

)
⊂

j⋃
i=1

{x : θi(x) 6= 0}

which has compact closure. So p is proper.
�

We can now begin the proof of theorem 5.4.

Proof. First, use the weak Whitney immersion theorem to make an injective im-
mersion of Mk into R2k+1. So we have found an injective immersion g of Mk into
R2k+1. By composing g with the diffeomorphism h of R2k+1 into the unit ball where
h(z) = z

1+|z|2 , The composition f = g ◦ h will result in a smooth diffeomorphism of

the manifold Mk into S2k, with |f(x)| < 1 for all x ∈Mk.
From the previous corollary, we know that we can find a proper function p :

Mk → R. We can define a new injective immersion F : X → R2k+2 where F (x) =
(f(x), p(x)). We know this is injective since f is injective, and dF is injective since
df is injective as well. So F is an injective immersion.

Now we can apply Sard’s theorem. This means that we can find some a ∈ S2k

such that a is not in the image of F . As we have a whole lot of possibilities, we can
pick any unit vector a ∈ S2k such that a 6= (0, 0, ..., 0, 1) and a 6= (0, 0, ..., 0,−1).
We will call these the north and south poles of S2k.

Now, since a is not in the image of F , we can take a projection π of F from
R2k+1 → H where H is the orthogonal complement of a. This π◦F is our candidate
for an embedding. To be our embedding, it must be an injection, an immersion,
and proper.

We know that π ◦F is an injective immersion by applying the procedure used in
the weak Whitney immersion proof. The next step is to prove that π ◦F is proper.
To do so, first consider the bound c > 0. Consider the following claim: There exists
a d > 0 such that

{x ∈Mk : ||π ◦ F (xi)|| < c} ⊂ {x ∈Mk : |p(x)| < d}.

If we can prove this is true, we will have shown that the preimage of the compact
ball of radius c under π ◦ F is a subset of the preiamge of a compact ball of radius
d under p. Because p is proper, we know that the preimage of any compact ball is
compact. Therefore we will have shown that the preimage of a compact set under
π ◦ F is compact. So π ◦ F is compact.

All that is left to prove the claim. To do so we will proceed by contradiction.
Suppose that there exists a sequence {xi} ⊂ Mk such that ||π ◦ F (xi)|| < c but
|p(xi)| > d for all d. We repeat the procedure from the proof of the weak Whitney
Immersion theorem. Let F (xi)−π◦F (xi) = tia where ti is some real number. Now
define

wi =
1

p(xi)
[F (xi)− π] ◦ F (xi).
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Note that wi is simply a re-scaling of

F (xi)− π ◦ F (xi)

by a real number, so, if we denote this real number as tia,

wi =
ti

p(xi)
a.

First consider that as i→∞,

F (xi)

p(xi)
= (

f(xi)

p(xi)
, 1)→ (0, 0, ..., 0, 1)

because |f(xi)| < 1. Now note that as i→∞,

π ◦ F (xi)

p(xi)
=

1

|p(xi)|
||π ◦ F (xi)|| ≤

c

|p(xi)|
→ 0

as |p(xi)| → ∞. Therefore, the difference

wi =
F (xi)

p(xi)
− π ◦ F (xi)

p(xi)

approaches (0, 0, ..., 0, 1) as i gets very large. But, since each wi is a within a scalar
multiple ti of a, the limit of the wi’s will also be a scalar multiple of a. So a must be
either the north or south pole of S2k+1, which contradicts our choice of a. Therefore
π ◦ F is an embedding into R2k+1 as desired. �

5.3. Strong Whitney Immersion.

Theorem 5.9. Let Mk be a k-manifold that is smooth. Then Mk can be immersed
in R2k.

Proof. First, we use Whitney’s embedding theorem for R2k+1 to find an embedding
of f : Mk → R2k+1. Now, we define g : TMk → Rm where m > 2k such that
g(x, v) = dfx(v). Recall that dimTMk = 2k. Then since m > 2k we know every
point in TMk is a critical point of g. By applying Sard’s theorem, we know that the
image of g is a set of measure zero in Rm. Therefore, we can pick an a ∈ Rm such
that a 6∈ g(TMk) and a 6= 0. Let π be the projection of Rm onto the orthogonal
complement of a, Ha. The composition π ◦f : Mk → Ha is an immersion if d(π ◦f)
is injective.

To prove f is injective, suppose for contradiction that v 6= 0, and v ∈ TxM
k

such that d(π ◦ f)x(v) = 0. Note that since π is linear, d(π ◦ f)x = π ◦ dfx by the
chain rule. So π ◦ dfx(v) = 0. The projection of a vector dfx(v) onto an orthogonal
complement of a is only zero if that vector is a scalar multiple of a. So dfx(v) = ta
for some t ∈ R. If t = 0, then dfx(v) = 0. This however cannot happen, because
0 6∈ g(TMk). So t is not equal to zero. Therefore g(x, 1

t ) = a or, dfx( 1
t ) = a. which

is a contradiction since our choice of a prohibits it from being part of the image
of g. So d(π ◦ f) is injective. Note that π ◦ f creates a immersion into the m − 1
dimensional subspace of Rm. This process can be continued by induction on m
until m = 2k, so by repeating this process we will have found a immersion of Mk

into R2k. �

Hassler Whitney also proved many other results in his study of manifolds. He
proved that a k-dimensional smooth manifold can be embedded in 2k-dimensional
Euclidean space[2] and can be immersed in to 2k−1-dimensional Euclidean space[2].



16 ZOË SMITH

We state the following theorem, which is slightly stronger than theorem 5.9 stated
above, without proof [8].

Theorem 5.10. For any smooth k-manifold Mk there exists an analytic immersion
into R2k.

Theorem 5.10 is the result that we will apply in the following proof of Nash’s
isometric immersion theorem. Up to this point, we have not required, or ignored
the metric on a manifold and the metric that is induced onto the manifold in the
process of the immersion. Now, we begin to consider these metrics.

6. Nash Isometric Immersion Theorem

Now that we have an understanding of the dimensions required to immerse a
smooth manifold into Euclidean space, we can consider how immersions could effect
a metric on the manifold. In Nash’s isometric immersion theorem, we will see that
there exists a metric that will preserve distances for a C1 immersion. Before we
state the theorem, the following definitions will be helpful.

Definition 6.1. A covering is uniformly star-finite if no point is in more than some
finite number s of the neighborhoods in the covering.

Definition 6.2. A short immersion is one such that the measured distance in the
immersion is always shorter than the distance on the metric on the manifold.

Now we state Nash’s C1 isometric immersion theorem.

Theorem 6.3. Any smooth manifold can be isometrically embedded into Euclidean
space.

This proof is adapted from Nash’s original proof [3].

Proof. The scheme of this proof will be to start with an initial smooth short im-
mersion of our manifold M into R2n space. Then, we will modify the immersion
of the manifold in a countable number of stages to decrease the error by at least
half the error in the metric in the previous stage. To do so, we will split each
stage into a countable number of steps that address only local corrections to the
error of the metric. Each step will make a correction to the induced metric in one
direction, so there will be a multiple but finite number of steps associated with each
neighborhood. In the construction of the step device, we ensure that at any stage
until the process is finished, only a finite number of steps have been completed.
After we have set up our stages and step devices, we must verify that each step is
performable. After that, we must show that the metric converges over the course
of each stage to be isometric to the target metric of the manifold. Finally, we will
show that the limit as the stages are performed is still an immersion, and is C1.

6.1. Constructing the Initial Immersion. For a closed manifold, we apply
Whitney’s strong immersion theorem, theorem 5.10 for analytic immersion into
R2n. Then we re-scale the metric everywhere.

For an open manifold, we must cover it in closed cells such that there is a
partition of unity subordinate to the cover, which is given from theorem 5.6. Call
the smooth bump functions {φp}p∈P and the countable set of neighborhoods {Np}.
Recall from theorem 5.6 that each neighborhood Np intersects with only a finite
number of the other Nps. We call this condition being uniform-star-finite, which
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has a bound s on the number of intersecting neighborhoods. The establishment of
these Np comes from a fact from point set topology. Let {xip} be the coordinate

systems defined on each Np. We re-scale each xip such that |xip| < 1 for all p. Now
place each Np into s distinct classes so that no two intersecting neighborhoods are
in the same class. Let εp be some sequence of small real numbers that converges to
zero. In later sections, we will use εp to be the maximum size of permissible error
due to all steps associated with a neighborhood Np. For now, εp is a small number

that converges to zero as p grows. We will define the immersion of M into Rs(n+2)

by f : M → Rs(n+2) such that f(x) = (uσ, vσ, wσ,i) where

(6.4) uσ =

{
εpφp when in Np

0 when not in Np
,

(6.5) vσ =

{
ε2pφp when in Np

0 when not in Np,

and

(6.6) wσ,i =

{
εpφpx

i
p when in Np

0 when not in Np.

Here, the εp are strictly decreasing scalars which converge to zero and can be
controlled, and σ is from 1 to s. The function f is injective because if x 6= y and they
are in different neighborhoods, their respective εp will be different. Therefore, the
ratio vσ

uσ
will be different so f(x) 6= f(y). If x and y are in the same neighborhoods,

then the wσ,i will ensure that f(x) 6= f(y). A similar argument will show that df
is injective.

Now we must check that f is short. This will be done by controlling εp. If the
first εp has been chosen so that the metric is short of the first p neighborhoods by
1
3 (2− 1

p ), then we can choose a subsequent εp small enough that the metric induced

on the first p+ 1 neighborhoods is short by a factor of 1
3 (2− 1

p + 1). Therefore we

have a smooth, short immersion into Rs(n+2) where the origin is the limit set. The
limit set and the immersion make an n dimensional set. The use of the projection
trick to eliminate dimensions that was used in the Whitney proofs will bring our
immersion to the dimension of 2n without lengthening our immersion or causing
singularities.

Now that the first smooth short immersion is established, we begin the discussion
on the necessary metric corrections.

6.2. Metric Corrections. We define gij to be the metric intrinsic to the manifold.
We also define the metric hij be the induced metric by the immersion function. Let
the coordinates of the manifold in Euclidean space be the set {zα}. The immersion
will make the zα’s a function of the coordinate systems xi on the manifold. By the
definition of a metric, hij we can write:

(6.7) hij =
∑
α

∂zα

∂xi
∂zα

∂xj
.

Note that the immersion is short if gij − hij is positive definite. Let

(6.8) δij = gij − hij
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be the error in the induced short metric. The purpose of each stage is to decrease
the error in short metric while maintaining the short quality of the immersion after
the stage is complete. Since our immersion is short, in each stage we will aim to
increase the immersed metric by 1

2δij in each stage. So the metric h̄ij after one
stage will be

(6.9) h̄ij = hij +
1

2
(gij − hij).

We will now take a break in our proof to consider the following lemma, that will
be essential in our step device formation.

Lemma 6.10. Use the definitions of the Np, φp, gij, hij and δij defined above. If
βij is a smooth positive definite tensor within Np that approximates δij, then

(6.11)
1

2
φpβij =

∑
ν

aν

(∂ψν
∂xi

)(∂ψν
∂xj

)
.

can be satisfied where the ψν are a finite number of linear functions, the xi are the
local coordinate systems and aν are non-negative smooth functions.

Proof. We begin by considering the fact that the positive definite symmetric ma-
trices of rank n form a 1

2n(n+ 1) dimensional cone.
It is topological fact that a covering of the cone by open simplicial neighborhoods

that are geometric simplices can be found with a uniform-star-finite condition. Since
these simplices are uniform star-finite, we can use the bound W for the maximum
number of neighborhoods in which any matrix in our cone can be. The bound W
depends only on the dimensions of our cone, in this case 1

2n(n+ 1).
A matrix in the interior of a simplex can be considerd as a linear combination

with positive coefficients of the matrices that represent the vertices of the simplex.
We want to find coefficients that are smooth weighted functions of the matrix as it
moves through the cone. To do so, we first set up coefficients so that each matrix
is represented as a sum of matrices, weighted towards the simplices in our covering.
We define these coefficients for our matrix to be:

C1,1 C1,2 C1,3 ...
C2,1 C2,2 C2,3 ...
.
.
.

Cq,1 Cq,2 Cq,3 ...


where the first index corresponds to one of the q different simplicial neighborhoods
that our matrix is in and the different weighted representations that these simplicial
neighborhoods yield.

We use these coefficients to define new coefficients that are smooth functions
through the cone. By defining the new coefficients in the following manner, we will
ensure that our coefficients are weighted correctly. We define:

C∗(µ,ν)ij =
Cµ,ν exp

(
−
∑
σ

1
Cµ,σ

)∑
ρ exp

(
−
∑
σ

1
Cρ,σ

) .
In this equation, define the exponential to be zero in cases where the argument

is either zero or undefined. Note that at any matrix in the cone there are at most
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W [ 1
2n(n + 1) + 1] of the C∗(µ,ν)ij that are non-zero. If βij is a smooth function

mapping Np into the cone, then we can write

βij =
∑
µ,ν

C∗µ,νM(µ,ν)ij

where each M(µ,ν)ij is a matrix represented as a vertex of one of the simplices.
For each of these n× n, symmetric, and positive definite matrices M(µ,ν)ij that

represent vertices of our simplices, there are n positive eigenvalues vr and n orthog-
onal unit eigenvectors {Vr} that we can associate them with.

From here, we can see that if for each r corresponding to the linear functions ψr:

M(µ,ν)ij =
∑
r

∂ψr
∂xi

∂ψr
∂xj

.

when
√
vrVr is the gradient vector of ψr. This definition of the ψr will ensure

that each ψr will point in the direction in which the metric is in the most need of
correction.

In substituting our equation M(µ,ν)ij into our equation for βij , note that µ is
a finite index that counts up to at most some finite W derived from the uniform
star-finiteness condition. Then, when multiplying βij by 1

2φp, we get:

(6.12)
1

2
φpβij =

∑
p

νaν
∂ψν

∂xi
∂ψν

∂xj

where aν is a sequence of constants accounting for the C∗(µ,ν)ij summed over µ

and the factor of 1
2φp. Note that since at most W [ 1

2n(n + 1) + 1] of the C∗(µ,ν)ij

are nonzero at any point, only a finite number of the aν are non-zero at any time.
This will be crucial in the performability of our step device.

�

6.3. The Step Device. Each stage will be split into steps that address the error
in the metric locally, and in only one direction. Use the closed neighborhoods Np
that were used in constructing the original immersion to cover the manifold in
section 6.1. Recall that on the Np there is a sequence of functions {φp} that form
a partition of unity. These φp form weighting functions over the neighborhoods.
Therefore in each step we will attempt to increase the metric by 1

2βijφp, so the total

metric change in each step over the whole manifold will be the 1
2δij as desired. Each

step will correspond to a neighborhood, though there may be many steps over each
neighborhood. By applying lemma 6.8, we can write

(6.13)
1

2
φpβij =

∑
ν

aν
∂ψν

∂xi
∂ψν

∂xj

where aν are non-negative smooth functions, the xi are local coordinate systems
on an Np, and the ψν are a finite number of linear functions in xi. Each ψν will
have one step device associated with it. The step device associated with each stage,
neighborhood and ψν will be called z̄α and will modify the short immersion zα.

First, we cite theorem 6.7, pg 25 and corollary 11.5 pg 53 from Steenrod[9] that
provides he existence of two orthonormal unit vector fields that are normal to our
immersion.
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In the following definition of the step device, we will need these orthonormal
fields which we call ηp and ζp. We define our step device to be:

(6.14) z̄α = zα + ζα
√
aν
λ

cosλψν + ηα
√
aν
λ

sinλψν .

Here λ is a positive constant that we will control to ensure convergence. By defini-
tion, the metric change will be

(6.15)
∑
α

∂z̄α

∂xi
∂z̄α

∂xj
−
∑
α

∂zα

∂xi
∂zα

∂xj
.

We would like for this to be controllable by λ. This could be done if the metric
change was to the order of 1

λ . This could be done by computing the terms. The

product ∂z̄α

∂xi
∂z̄α

∂xj will have 25 terms. First, we take the partial derivative with

respect to some xi:

∂z̄α

∂xi
=
∂zα

∂xi
+
∂ζα

∂xi

√
aν

λ
cosλψ

ν − ζα
√
aν
∂ψν

∂xi
sinλψ

ν
+
∂ηα

∂xi

√
aν

λ
sinλψ

ν
+ η

α√
aν
∂ψν

∂xi
cosλψ

ν
.(6.16)

By multiplying this by ∂z̄α
∂xj , each term that is of the form ∂z̄α

∂xi
∂z̄α
∂xj will disappear

from equation 6.16 by the subtraction of the second summation. The product of
any terms that are to the order of 1

λ with any other term in the summation will

yield a product to the order of at least 1
λ and so will be controllable by a choice of

λ. The only terms we must worry about now are the products of the third and fifth
terms in equation 6.16. These might have a factor of either ηαζα, ηα ∂z

α

∂xi , ζα ∂z
α

∂xi ,
or ζαηα. Each of these terms will be zero from the orthonormality of ηα and ζα to
each other and to the immersion. The rest of the terms will use both the normality
of ηα and ζα and the trigonometric identity sin2(λψν) + cos2(λψν) = 1. We find
that equation 6.16 is equal to

(6.17) aν
∂ψν

∂xi

(∂ψν
∂xj

)
+ o
( 1

λ

)
.

This is the metric change (corresponding with one term in equation 6.13) that
we wanted to approximate. Calculation shows that the error can be controlled by
λ.

The next thing we need to consider is how much our immersion changes with
each step, and how much the first derivative changes in each step.

6.4. Performability and Change in Immersion Due to a Step. First we can
check the performability of each step. Each step requires that we start with a
smooth, non-singular immersion. Note that we have already shown how to find the
first immersion in section 6.1.

We can prove that the induced metric is positive definite. This result will ensure
the performabliltiy of each step because a positive definite induced metric with a
smooth immersion function will require that each immersion is not singular after
each step.

We can prove the positive definiteness of the metric through induction. Each

step results in an increase of aν(∂ψ
ν

∂xi )(∂ψ
ν

∂xj ) in our metric which is a non-negative
tensor. This corresponds to one term in the summation in equation 6.13. This
implies that the only way our metric may not be positive definite is from the error
involved in each step. Therefore, we can always pick a sufficiently large λ such that
our metric is positive after each step.
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Now that we know each step can be performed, we can consider how much each
step changes our immersion. First, our definition of the step device z̄α will tell us
that z̄α − zα is to the order of 1

λ . Understanding how the first derivative changes

is also important to us, since we require that our resulting immersion is C1. To do
so, first note that

(6.18)
∣∣∣∂z̄α
∂xi
− ∂zα

∂xi

∣∣∣ ≤ 2
√
av

∣∣∣∂ψν
∂xi

∣∣∣+ o
( 1

λ

)
.

To understand how the derivative changes solely with lambda, however, we will
need to consider the change caused not only by one step, but by all the steps local
to one neighborhood. This corresponds to the contribution in the metric change
from equation 6.13. By considering the diagonal entries of the matrices we can
estimate this change.

Recall that the preceding lemma required that there was some bounded function
in n that dictated the number of the aν that could be simultaneously non-zero.
Call the function K(N). Therefore, we have

(6.19)
∑
ν

√
aν

∣∣∣∂nu
∂xi

∣∣∣ ≤ (K
1

2
φpβij)

1
2 ≤ (Kβij)

1
2

Here, we applied the Cauchy-Schwarz inequality for the first inequality and used
the fact that the φp ≤ 1 for the second.

Now we can connect the change in the first derivative by one step, shown in
equation 6.18, and the change in the first derivative by every step local to a specific
neighborhood and this stage. We have that total change in the difference of the
first derivatives is bounded by

(6.20)
∣∣∣(∂zα
∂xi

)
after

−
(∂zα
∂xi

)
before

∣∣∣ ≤ 2
√
Kβij + o

( 1

λ

)
+ ...

So the total change in the first derivative over every local step in one stage is
controllable by λ.

6.5. Convergence of Induced Metric to Target Metric. There are two sources
of error with which we must be concerned. First, is the error that occurred with
our approximation of δij by βij . Recall that

δij = gij − hij(6.21)

where gij is our intrinsic metric on M and hij is the extrinsic metric induced by
our immersion. To control this error, we will show that |βij − δij | < ε∗p where ε∗p is
some minimum bound on the error.

Let B be the largest allowable error in the approximation to the metric change
corresponding to one term in the summation of equation 6.13. This error should be
the largest possible at any point in the neighborhood. We would like to know what
the maximum permissible error allowed in each step is, but first to do so we must
understand how much error is allowed for each neighborhood and stage that the step
is associate with. This will include the error due to all of the steps associated with
the neighborhood and some of the error associated with neighboring cells’ steps.
After we understand the amount of error allowed for one neighborhood in one step,
we will decide the maximum permissible error for each individual step. Recall that
δij is the error that is remaining between the induced and target metrics at the
beginning of our stage. Our goal in one stage is to increase induced metric(because
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it is short) to have approximately half of the error, 1
2δij , that was present at the

beginning of the stage. The metric after the stage will be

h̄ij = gij −
1

2
δij + eij .

Here, eij is the error corresponding to a less than perfect execution of our goal of
increasing the induced metric by 1

2δij . To simplify our notation, let us call

δ′ij −
1

2
δij − eij

the error between the induced and target metric after the stage has been completed.
Since δ′ij = gij − h̄ij, we need to ensure that our δ′ij is positive definite so that our
induced metric is still short. We also want to ensure that our eij is small enough
to ensure convergence. We use the maximum of the absolute values of the entries
of eij and δij to measure the size of the tensors. By requiring that

(6.22)
(

max size in Np of eij

)
≤
(

max size in Npof δij

)
we can compute the following inequalities.(

max size in Np of δ′ij

)
≤ 1

2

(
max size in Np of δij

)
+
(

max size in Np of eij

)
≤ 1

2

(
max size in Np of δij

)
+

1

6

(
min size in Np of δij

)
≤
(1

2
+

1

6

)(
max size in Np of δij

)
This can be summarized in the following inequality:

(6.23)
(

max size in Np of δ′ij

)
≤
(2

3

)(
max size in Np of δij

)
The sequence of metrics from the stages will converge to the desired metric since
the corresponding sequence of compounded errors is a geometric series. We must
confirm that δ′ij is positive definite. To do so, we can find a sufficiently small εp
in each compact Np where

(
size eij

)
≤ εp assures that δ′ij = 1

2δij − eij is positive
definite in Np. This is the same εp that was used in the construction of our initial
immersion. We see that it can be chosen so that the sequence of εp converges to
zero.

6.6. Dividing the Error in a Neighborhood between the Steps. Now that
we have ensured the metric convergence on the scale of stages, we must know how
to divide the allowed error up among each step in a stage. To do this, it is not
enough to understand how to control the metric change associated with one step.
This is because each neighborhood overlaps with σ other neighborhoods including
itself. From our uniform star-finite condition on the Np we know that this σ is fixed
and finite. Because of this overlap however, each step correction on any intersecting
neighborhood will affect the metric and its error on the neighborhood we are trying
to control. Therefore, we must try to understand the allowable error due to all
steps associated with a Np and ensure its convergence.

First, we take some bound εp to be the bound for the error in the steps associated
with a neighborhood Np. For each Nq that Np intersects with, there is a similar
bound. Since there is a finite number, σ, of these neighborhoods, there will be a
finite number of these εqs. From this we can see that there will be a bound on the
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εqs that will satisfy the limitation εp in the overlap of Np and Nq. We find this
bound by dividing the limits on Np required in equation 6.24 and equation 6.23 by
σ. By applying these bounds to each respective Nq that intersects with Np, each
neighborhood will have a finite, though slightly enlarged, set of size limitations on
eij . The result of this process is to have bounds that only deal directly with the
steps explicitly associated with one Np and not with every step that effects the
metric on the neighborhood.

We call dij the error due to steps associated with a neighborhood Np and let ε∗p
be the minimum size limitation on dij . We now want to show the allocation and
controllability of the error dij among the steps directly associated with Np. There
are two sources of error we need to consider with respect to each step. The first is
the individual error of the step device, and the other is the approximation of δij by
βij in Np. If we stipulate that

(δij − βij) <
1

2
ε∗p.

Then

(
1

2
φpδij −

1

2
φpβij) <

1

2
ε∗p.

This will control the error due to the approximation of δij with βij . By dividing the
error in the metric B into a sequence, listed in the order of performance of steps,
we can require that

B1 ≤
1

4
ε∗p,

B2 ≤
1

8
ε∗p,

B3 ≤
1

16
ε∗p

...

where each Bi corresponds to a step associated with our neighborhood Np. This
will result in the convergence of the total error in Np due to its associated steps in
one stage. The sum of the Bis will converge to a value that is less that or equal to
1
2ε
∗
p. By combining the two sources of error we get a total error of

[dij ] ≤
1

2
ε∗p +

1

2
ε∗p = ε∗p.

So the induced metric will converge to be isometric to the target metric over the
series of steps and stages.

6.7. Convergence of Sequential Immersions to C1 Immersion. Now that
we have shown that the induced metric will converge to be isometric to the target
metric of our manifold M over the series of steps and stages, what remains to be
proven is the convergence of our immersion to a C1 immersion. This will be done by
showing that the change in the immersion with each step z̄α − zα, and the change
in the derivative 2

√
Kβii+o

(
1
λ1

)
+o
(

1
λ2

)
+ ... from equation 6.18 can be controlled.

From the definition of z̄α we can see that the change in the immersion with each
step, z̄α − zα, will be of the order of 1

λ . If we use s to denote the specific stage,
and r to denote our specific step in a stage in performance order, then choosing
a λ such that z̄α − zα < 2−r−s will ensure that the difference in the immersion
between consecutive steps in a convergent geometric series. This will ensure that
our sequence of immersions will converge to an immersion.
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To ensure that the limit is C1 as desired, we must control the change in the
derivative due to all of the steps in one stage associated with one Np in a way that
will ensure convergence over all the stages. By picking each λ in the same manner
as above so that o

(
1
λ

)
< 2−r−s, we can control every term of 2

√
Kβii + o

(
1
λ1

)
+

o
(

1
λ2

)
+ ... except for the 2

√
Kβii term. In order to control this, we must know how

close the approximation βij of δij in a neighborhood Np must be. By stipulating
that βij must approximate δij in Np closely enough so that

(6.24)
9

10
≤ max size in Np of βij

max size in Np of δij
≤ 9

8

we can show that our βij will decrease as a geometric series. To do so, we manipulate
6.24 so that(

max size in Np of β′ij
)
≤ 9

8

(
max size in Np of δ′ij

)
≤
(9

8

)(2

3

)
δij

and (
max size in Np of δij

)
≤
(10

9

)(
max size in Np of βij

)
.

By combining these two inequalities, we get

(6.25)
(
max size in Np of β

′
ij

)
≤

( 9

8

)( 2

3

)( 10

9

)(
max size in Np of βij

)
=

5

6

(
max size in Np of βij

)
Because of this, maximum value of βij decreases as a geometric series throughout
the stages. Because K depends only on n, the change in the derivative throughout

the stages will be a series dominated by the geometric series with a ratio of
√

5
6 .

This result, along with the control of λ ensure that the first derivative converges
uniformly in each neighborhood. Therefore, our immersion that results from the
limit of each stage will be C1. So we have found a C1 isometric immersion of our
manifold M . �
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