MARSTRAND’S THEOREM AND TANGENT MEASURES

ALEKSANDER SKENDERI

ABSTRACT. This paper aims to prove and motivate Marstrand’s theorem,
which is a fundamental result in geometric measure theory. Along the way,
we introduce and motivate the notion of tangent measures, while also proving
several related results. The paper assumes familiarity with the rudiments of
measure theory such as Lebesgue measure, Lebesgue integration, and the basic
convergence theorems.
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1. INTRODUCTION

Some of the most important objects in all of mathematics are smooth manifolds.
Indeed, they occupy a central position in differential geometry, algebraic topology,
and are often very important when relating mathematics to physics. However,
there are also many objects of interest which may not be differentiable over certain
sets of points in their domains. Therefore, we want to study more general objects
than smooth manifolds; these objects are known as rectifiable sets. The following
definitions and theorems require the notion of Hausdorff measure. If the reader is
unfamiliar with Hausdorff measure, he should consult definition 2.10 of section 2.3
before continuing to read this section.

Definition 1.1. A k-dimensional Borel set E C R™ is called rectifiable if there
exists a countable family {I';}°, of Lipschitz graphs such that H*(E \ UT;) = 0.

From Rademacher’s theorem, we know that Lipschitz graphs are differentiable
almost everywhere. Therefore, we can associate a tangent plane to almost every
point of our set E. One of the first results to characterize the geometry of rectifiable
sets is the following theorem due to Besicovitch.
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Theorem 1.2 (Besicovitch, 1928). Let E C R? be such that H'(E) < co. If for
H!'—a.e. € E .

lim H (B (z) N E) -1,

r—0 2r
then E is rectifiable.

This is the foundational result in geometric measure theory; it is the archetypal
example of the idea that we use information about the measure supported on a set
to study the geometry of that set. Marstrand, Mattila, and Preiss have generalized
this theorem, but a great deal of work had to be done to get there. We include the
statements of these theorems below. A further discussion of these theorems can be
found in chapters five and six of [2].

Theorem 1.3 (Marstrand-Mattila Rectifiability Criterion). Let E be a Borel set
such that 0 < HF(E) < oo and assume that E is weakly linearly approzimable at
HFE—a.e. x € E. Then E is rectifiable.

Theorem 1.4 (Preiss). Let m be an integer and p a locally finite measure on
R™ such that 0 < 07 (u,z) < 6*™(p,x) < oo for p—a.e. © € E. Then, u is an
m—dimensional rectifiable measure.

This paper aims to give an introduction to geometric measure theory. In par-
ticular, we discuss and prove Marstrand’s theorem, which is a fundamental result
in this field, especially since its proof techniques are needed to establish the two
theorems above. In section 2, we introduce the necessary measure theoretic notions
that are needed to understand the main results of the paper. Finally, section 3 is
devoted to developing intuition for the concept of tangent measures and proving
Marstrand’s theorem in such a way as to illuminate its central ideas.

2. PRELIMINARIES ON MEASURE THEORY

2.1. Weak Convergence of Measures. As is common, we equip the space C.(R™)
of continuous compactly supported functions on n-dimensional Euclidean space
with the topology of uniform convergence on compact sets. That is, a function ¢,
converges to ¢ if there exists a compact set K such that supp(¢;) C K for all n,
and if the convergence is uniform.

For any locally finite measure p on R™, the map

ors [ o au

induces a continuous linear functional on C.(R™). The following important theorem,
whose proof can be found in a graduate text in analysis, tells us that the converse
is true for any nonnegative linear functional.

Theorem 2.1 (Riesz Representation Theorem). Let L : C.(R™) — R be a linear
functional such that L(¢) > 0 for every ¢ > 0. Then there exists a locally finite
nonnegative measure p such that

L(e) = [ o dn

This enables us to equip the space of locally finite nonnegative Euclidean mea-
sures with the topology of the dual space of C.(R™). We now introduce a very
important definition, which will play a crucial role in many results of this paper.
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Definition 2.2. Let {4} be a sequence of locally finite nonnegative measures on
R™. We say that p; converges weakly to p (and we write pu; o) if

i [ 6 du;= [0 du.
j—o0

When comparing two different measures p and v on an open set A, it is frequently
helpful to use the total variation of u — v on A, which we denote by |u —v|(A) and
define as

for every ¢ € C.(R").

peri=  sw [odu-v),
PeC(R™),|$|<1

It can often be quite useful to use the total variation if we have an intuition for
what the weak limit of some sequence of measures might be. Indeed, if for every
bounded open set A we have [u; — p|(A) — 0, then p; = pu.

Notice that if p; X 4, then {p;} is locally uniformly bounded. That is, for
every compact set K, there exists a constant Cx such that p;(K) < Ck for every
j € N (to see this, take ¢ in the above definition to be the indicator function on K
and the conclusion quickly follows). Additionally, since the space of locally finite
nonnegative Euclidean measures is the dual of the topological vector space C.(R™),
the following compactness property holds:

Proposition 2.3. Let {i;} be a sequence of uniformly locally bounded measures.
Then there exists a subsequence {u;,} and a locally finite measure p such that

1, = po.

We now state a proposition that will be used in many instances throughout the
paper. Its proof can be found in section 2.2 of [2].

Proposition 2.4. Let {v;} be a sequence of measures such that v; X v, Then,

liminf v;(A) > v(A) for every open set A,

limsup v;(K) < v(K) for every compact set K.

7

Therefore,
v;(A) = v(A) for every bounded open set A such that v(0A) =0, and

for any point z there exists an at most countable set S, C R such that

vi(B,(x)) = v(B,(z)) for every p € RT\S,.

2.2. Differentiation of Measures and Covering Theorems. So far, the only
way we know of comparing two distinct measures p and v is by looking at their
total variation over some set A. However, it often happens that we are interested
in analyzing how the measures act locally around a point, as opposed to studying
their behavior over a set. This leads to the following definition:
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Definition 2.5. Let p and v be locally finite Borel measures on R™. The
upper and lower derivatives of pu with respect to v at a point z € R™ are defined
respectively by

D(u,v,r) = lim sup

r—0 ( r
(B (z)
D li f—
Do) =N igl 5y
At the points = where the limit exists, we define the derivative of u with respect to
v at = to be the common value, and denote it by D(u, v, x).

In this paper, we will need to use a theorem, due to Besicovitch, on the differ-
entiation of measures. We first state the main tool to prove this theorem (which
will also be used later on), and then the theorem itself. Proofs of both of these
statements may be found in chapter two of [1].

Theorem 2.6 (Besicovitch-Vitali Covering Theorem). Let A be a bounded Borel
Euclidean set and B a collection of closed balls such that for every x € A and every
r > 0 there exists a ball B,(z) € B with radius p < r. If p is a locally finite
measure, then there exists a countable subset C C B of pairwise disjoint balls such

that p(A\ UBeC B) =0.

This theorem tells us that if, given a set A, there exists a collection of closed
balls of arbitrarily small radii centered at points in A, then we can cover A almost
everywhere by a countable, pairwise disjoint subcollection of these closed balls. We
now state the aforementioned theorem on the differentiation of measures.

Theorem 2.7 (Besicovitch Differentiation of Measures). Let v and p be locally
finite Euclidean measures. Then, D(v, u,x) exists and is finite at pu — a.e. point

x € supp(p). Moreover, the Radon-Nikodym decomposition of v with respect to u
is given by v = D(v,pu, ) - p+ vL E, where

E = (R"\supp( )) U{z € supp(p) : D(v, i, x) = 0o}

Recall that fu(A) = [ 4 f du. Thus, the theorem provides us with intuition as to
why we call the quantlty D(v, u, x), the derivative: it is the analog of the derivative
that we are familiar with from calculus. Note also how u and v are symmetric in the
formulation of the theorem and so the roles of the two measures can be reversed.
Before we state an application of this theorem that will be useful later, we need the
following definition:

Definition 2.8. Let f be a y-measurable function. We say that f is
Lebesgue continuous at a point x with respect to the measure p if

1

tiy s [ 1) - sy =o.
=0 u(Br(2)) JB, (2

Proposition 2.9. If i is a locally finite measure and f € L*(u), then for p—a.e. z,

f is Lebesgque continuous at x with respect to .

2.3. Hausdorff Measure and Densities. Recall that the Lebesgue measure is
the standard way of assigning measure to subsets of n-dimensional Fuclidean space.
For n = 1,2,3, it coincides with our notions of length, area, and volume, respec-
tively. Although the Lebesgue measure allows us to gain valuable information
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about many sets in Euclidean space that we would otherwise not be able to say
much about, it still has its limitations. For example, £! assigns measure zero to
both a set consisting of a single point and the Cantor set, although they are quite
different sets. Therefore, we require a generalization of Lebesgue measure that will
allow us to properly study the geometry of sets that Lebesgue measure tells us little
about. This is known as the Hausdorff measure.

Definition 2.10. Let £ C R™. The a — dimensional Hausdorff measure of E is
denoted by H*(E) and defined by

HO (E) = lim 3 (B),

where H§ (E) is given by
HE(E) = w, inf{z <dlamz(E)) . diam (E;) < 6,E C UE}

il iel
When « is a natural number, the constant w, is equal to the £% measure of
the Euclidean unit ball in R®. We can then generalize w, for all nonnegative real
numbers « using the gamma function, but this is not very important. Now that we
have defined Hausdorff measure, we conclude our preliminary discussion of measure
theory with the definition of a-densities.

Definition 2.11. Let p be a locally finite Euclidean measure and a a nonnegative
number. Then we define the upper (respectively lower) o — density of p at x as

* (B
o* =1 ——
(s ) = Tinsup ===,
B
0% (11, x) = lim inf w
r—0 WaT®

When the two quantities coincide, we speak of the av — density of p at x and denote
it by 0*(u, x).

If we restrict the a—dimensional Hausdorff measure to some a—plane, then the
measure of a ball B,.(z) is war®. Therefore, the a-density compares the locally
finite measure p to the a-dimensional Hausdorff measure in the neighborhood of a
point. As we will see later, it is very useful when the a-density is constant for p
almost all points in a given set. Indeed, this tells us, intuitively speaking, that the

measure u behaves, up to a constant, like «—dimensional Hausdorff measure.

3. MARSTRAND’S THEOREM

3.1. Tangent measures and uniform measures. Having introduced a-densities,
we are now able to state the main result of the paper.

Theorem 3.1 (Marstrand’s Theorem). Let u be a measure on R™, a a nonnegative
real number, and E a Borel set with u(E) > 0. Assume further that

0 <8 (p,x)=60"%p,x) <oo for p—ae z€kE.
Then, « is an integer.

This is a very beautiful result. It tells us that if the a—density of u at x exists
for almost all € E, then u behaves locally like £ (up to a constant, which is the
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a—density at the point x). Indeed, since H® coincides with £% on R* for natural
numbers «, we see that
o (Br(x) o p(Br(x))
= 0%, x) =1 =1 ,
= ) = 0 e (B ) P £ (B, (@)
implies that for r sufficiently small,
1(Byr(x)) = o LY(By(x)).

Naturally, we ask ourselves the following question: what is a good way of tackling
this problem? Since our density is finite, when analyzing the ratio

1(By(x))
wWare

we might as well omit the constant w, and only look at the behavior of
(B (x))
TC!
as 7 — 0. One way of doing this is by seeing if the sequence of measures % (or

something similar) converges weakly to some measure as the sequence {r;} decreases
to 0. This leads to the following definition.

Definition 3.2 (Tangent Measures). Let u be a measure, € R™, and r a positive
real number. We define the measure ji; , by

tar(A) = p(z +rA) for all Borel sets A C R™.

For any nonnegative real number «, we denote the set of a—tangent measures to i at
x by Tan,(u, ), and define it as the set of all measures v for which there exists a
sequence r; decreasing to 0 such that

Hazr;  * ”

(e}
L

Tan, (u, x) is actually a subset of Tan(u, x), the set of tangent measures to p at x.
However, for our purposes, Tan, (i, ) contains all the information we need, and so
there is no need to go into the (slightly) more general case.

Tangent measures have a very nice geometric interpretation. They can be viewed
as a generalization of the concept of tangent planes to a C' submanifold of R™.
Indeed, let I be a k—dimensional C' submanifold of R", set p := H¥LT and fix
some x € I'. Consider some set A containing z. Then,

Pl (A) =17 Fu(z +rA) = 1 F(HELD) (@ + 7 A)
= 1T EHE( O (4 7 A)) = 1 EHA(,),

where we define I',. := {y € A | x + ry € I'}. Since the set I is C*, as 7 — 0, the
sets I',. begin to look like the tangent plane T, to I' at z. In fact,

HELD, B HE LT,

For a proof of this statement, refer to section four of [2]. We now prove a useful
result about tangent measures.

Proposition 3.3. Let pu be a measure on R™ and f € L'(u) a Borel nonnegative
function. Then,

(3.4) Tan, (fp, ) = f(z)Tan, (p, x) for p—a.e. x.
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Proof. Consider the set of points

1
(3.5) S = {x eR"™ : lim 7/ If(y) — f(z)|duly) = O}.
r=0 w(Br()) Jp, (x)
By Proposition 2.9, u(R™\ S) = 0. Therefore, it suffices to prove that equality (3.4)
holds for all z in S. Fix € S, v € Tan,(u, ) and a sequence {r;} decreasing to 0
such that

Haor;  *
( ) vV, o v
If we define
l/; — (f,u?;:,m’
r¢

K

then for every ball B,(0), we obtain

s vl y0) = | s L 50

«
T

1

sup / 6 d(F (@i, — (F@)1)ar)
B, (0)

i [¢ecc<Bp<o>>,|¢<1

IA

1
- /B XA @~ )

= TX(f(x)Mw,m - (f(y)u)a:,m)(BP(O))

1
_ /B @ = 1) duty

o
T

1

o
T

IN

[ 1) - r@ldatw)
B/”“i (z)

— /J’(BPTi(x)) . 1 _ T
o 7";‘1 N’(Bp?”q‘, (CL')) /Bpri(x) |f(y) f< )|d/’(‘(y)

But, the quantity
1

1(Bpr, () /B o ) = F@)ldn(y)

vanishes in the limit as r; — 0 because x € S, whereas the term
(B, (1))

«
T

is bounded because of (3.6). Tt follows that | f(z)v; —v;|(B,(z)) — 0 for every p > 0

and therefore v; = f(x)v. This shows that Tany(fu,z) C f(z)Tang(u, ). The
reverse inclusion follows by similar reasoning. [
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Remark 3.7. As a corollary of Proposition 3.3, we obtain the very intuitive fact
that, for every Borel set B,

Tan, (L B,z) = Tany (u, ) for p—a.e. x € B.
Before returning to Marstrand’s theorem, we need one more definition.

Definition 3.8 (a—uniform measures). We say that a measure u is o — uniform if
w(Br(x)) = war® for every x € supp(p) and every r > 0.
We let U*(R™) denote the set of a—uniform measures p such that 0 € supp(u).

3.2. Proving Marstrand’s Theorem. Proving Marstrand’s theorem can be re-
duced to proving the following two propositions:

Proposition 3.9. Let i be as in Theorem 3.1. Then, for p—a.e. © € E, we have
0 # Tang (p, ) C {0%(p,x)v + v e U (R™)}.

Proposition 3.10. If U*(R™) # 0, then a is a nonnegative integer less than or
equal to n.

Proving Proposition 3.10 will comprise the vast majority of our work. Before ana-
lyzing the statement of this proposition more carefully, we prove Proposition 3.9.

Proof of Proposition 3.9. To clarify the technical details of the proof, we split the
proof into three parts. The main purpose of the proposition is to show that
Tan, (g, ) C {0*(p,x)v : v € U*(R™)}. Thus, if v € Tan, (i, z), our goal is
to find a bound on
(B, (y)) — 0° (1 )|
that can become as small as desired. Since we wish to show the result for u — a.e.
x € E, we employ the common technique of writing F in a crafty way as a countable
union of sets. Bearing this in mind, we begin the proof.
Part 1 For every ¢, j, k € N consider the sets

Emhz%“u—u%<uwmw<0+0%ﬂmam<i}
2

) ro

Since the a—density is, by hypothesis, finite almost everywhere in F, we obtain for
every fixed 1,

(3.11) Ac|JEW*,

Jik
where A C F is the set of points where the a—density is finite. Indeed, for arbitrary
x € A, e >0, and r > 0 sufficiently small, we obtain

(6 (0 2) = e < P2 < (47 ,2) +

For suitable k£ and j, the above inequalities show that x is contained in some
Ebk We claim that, for 4 — a.e. € E"3* the following holds: For every v €
Tan, (uL E9F 2), we have the inequality

2w
(3.12) V(B () — 0% (1, 2)war®| < % for every y € supp(v) and r > 0.

We will prove this claim in the next part of the proof. For now, we show how it
implies that Tan, (u,z) C {0*(p,x)v : v € U*(R™)}. Notice that combining this
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claim with Remark 3.7 shows that if we fix ¢, then for every j and k, the inequality
(3.12) holds for yu — a.e. x € E¥9F for all v € Tan, (i, x).

From (3.11) we see that for p — a.e. x € E, the bound (3.12) holds for every
v € Tan,(u, z). Since ¢ runs through the set of natural numbers, we conclude that
for all such = and v,

V(B (y)) = 0% (1, x)war® for every y € supp(v) and r > 0.

ig 1 ia 3 . 1
That is, gag =¥ is an a— uniform measure. To conclude that gz —v € U~ (R"),

it suffices to show that 0 € supp(v). By Proposition 2.4,

B i \ L
p “v(B,(0)) > p~*limsup g, r, (B,(0)) = limsup #Bpr. (1))
i—00 i—00 pri)e

Letting p increase to r, we conclude that r~*v(B,.(0)) > w0 (i, ). Thus, 6¢(v,0) >
0% (1, x) > 0, as desired.

Part 2 We now have to prove (3.12) for y — a.e. x € E»F. To simplify the
notation, set

N B.(z)\ F
Fi=E"F B o= {x e : lim MB@\F) :0}.

r—0 ro

2 wa b (p, ).

By Proposition 2.9, we have u(F \ Fy) = 0 and therefore it suffices to prove (3.12)
in the case when z € Fy. Fix ¢ € Fi,v € Tan,(uL F,z), and r; — 0 such that

Y (BLF)ar,  « y
e

Notice that for every y € supp(v) there exists a sequence of points {z;} C F such
that
Ty — &
Yi = Y,

T,

for some subsequence {r,.} of {r;}. Since y € supp(v), for all s > 0, v(Bs(y)) > 0.
Choose s; | 0. Since

Jim (L F)o.r; (Bsi (y)) > 0,
there exists an N such that j > N implies that
#(Bu, (@ + i) N F) > 0.
Therefore, for these j, we have
By, (x +r5y) N F #0.

This shows that there exists a subsequence {r,,} and a sequence of points {z;}
such that
z; € Bs,r,, (x 4+ rn,y) N F.

Thus, there exists a sequence of points {y;} with |y;| < s;7,, such that

Ly

n; Tn;

mi=x+rniy+y;=>

As i — oo, Tyi — 0 and so the above statement is valid.

n,;

We now claim that there exists a set S C R, which is at most countable and such
that

(3.13) lim v*(B,(y;)) = v(B,(y)) for every p € RT \ S.

1—00
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If we define ¢' := v _, ,, then we see that & = v. Indeed, notice that for every

bounded open set A,
(A =vi (A =1 ((yi —y) + A) = V(A), as i — 0.

Yi—Y,
Hence,

€ —vj(A)=  sup /A b d(E —v)

peC.(R™),|¢|<1
s/xA d(E—v) = (€ — v)(A).
A

But as i — oo, we know that £°(A) — v*(A). Moreover, since v = v, we see that

1€ — v|(A) — 0. Hence, &' = v, as desired. Therefore, by Proposition 2.4, there
exists an at most countable set S C R such that

m vy, 1(Bp(y)) = lim (B, (y)) = v(By(y)) for every p € RT\ 5.

=1l
17— 00

lim (B, (41))
71— 00
This is precisely (3.13). We now compute

p(Bpr; (x:) N F)

lim v/(B,(y;)) = lim ——"2 2
71— 00 11— 00 3
Since *—* — y, we have that |z; — 2| < Cr; for some sufficiently large constant C.
Thus,
B, (z;) \ F B T, F
fim KB @INF) w( <c+p>;($)\ ) _o,
71— 00 r 1—00 r

7 %

with the last equality following from the fact that x € F;. Hence,

i B, (x;
lim (B, (y:)) = lim BerlT2)).
11— 00 1—>00 T

From this equality and the definition of F, we see that inequality (3.12) holds for
every p € RT \ S. Since S is countable, for every p € S, there exists a sequence
{pj} € Rt \ S increasing to S. Therefore, v(B,(y)) = lim; o v(B,,(y)) and
therefore inequality (3.14) holds for every r € RT.

Part 3 Thus far, we have shown that

Tang (g, z) C {6%(p, z)v : v e U(R™)}.
What remains to show is that for yu — a.e. € R™ the set Tan, (i, ) is nonempty.
Fix any x such that 8**(u,z) < oo. Then, for every p > 0, the set of numbers
= w(Bpr(x)) = 17" o (B,(0)) where r <1
is uniformly bounded. Hence, the family of measures {r~*u,  }r<1 is locally uni-
formly bounded. By Proposition 2.3, there exists a sequence {r;} decreasing to

0 and a measure fi such that fig X i Hence, fi € Tang(u,x), completing the
proof. O

We now return to Proposition 3.10. We first provide an outline of the proof,
before introducing the technical lemmas necessary to prove the proposition.

Outline of the proof of Proposition 3.10. There are three main parts to the proof.
Part 1 The Besicovitch Differentiation Theorem (Theorem 2.7) implies that
U(RF) = @ for every a > k. Indeed, fix some u € U*(R¥). Since both p and
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L are locally finite measures on R*, we can apply the Besicovitch Differentiation
Theorem to obtain that
w(Br(z)) . war?

ooy _
(3.14) D, £, ) = Iy gy = oy

exists for £¥ —a.e. € supp(p). Notice that the support of 1 is all of R¥. Moreover,
if & > k, then the set of points where the derivative D(u, £L¥, ) is infinite is empty.
It follows that

w= D(u, LV, z)C".

That is, for every measurable set £ C R*, we have
W(E) = [ Dl ¥, )",
E

But if a > k, then (3.14) shows that the derivative is 0, and so p reduces to the
trivial measure. Thus, U (R*) = () whenever a > k.

Part 2 This step, which is at the heart of the proof, aims to show that if o < k,
then

(3.15) U (R*) # ) = U~ (RFT) £ 0.
Part 3 Finally, arguing by contradiction, we assume that U*(R") # @) for some

a € RT \ N. Letting k := |a] < @ < n and applying (3.15) n — |«] times, we
conclude that U*(R¥) # 0, which contradicts the conclusion of part 1. O

Therefore, we have reduced proving Proposition 3.10, which implies Marstrand’s
Theorem, to proving the claim in part 2 above. The proof of this claim is split up
into the following three lemmas. The first is highly similar to Proposition 3.9.

Lemma 3.16. Let a > 0, € U*(R¥),and z € supp(u). Then
() # Tang (u, x) C U*(RF).

The second is a geometric observation characterizing the support of a tangent
measure.

Lemma 3.17. Let 0 < a < k and u € U*(R¥). Then there exists y € supp(u) and
a system of coordinates x1, ...,z on R* such that

supp(v) C {x1 > 0} for every v € Tan, (1, y).

The final lemma builds upon the previous one and is the core of Marstrand’s
proof.

Lemma 3.18. Let 0 < a < k and v € U*(R¥). If supp(v) C {x1 > 0}, then
supp(?) C {x1 = 0} for every v € Tan,(v,0).

The result of the last lemma deserves special attention. The fact that the support
of every tangent measure U of v is contained in the hyperplane {x; = 0} shows that
we can construct tangent measures of uniform measures (which by Lemma 3.16 are
themselves uniform) whose support lives in a set of dimension exactly one smaller
than that of our initial measure v. This means that © can be viewed in a natural
way as an element of /*(R" 1), which is exactly what we wanted! We now proceed
to prove these lemmas.
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Proof of Lemma 3.16. The argument given in part 3 of the proof of Proposition 3.9
shows that Tan, (i, z) # 0 for every x € supp(p). Fix some arbitrary = € supp(u)
and any v € Tan, (p, z), and let {r;} be a sequence decreasing to 0 such that

Ty M, 2
Given any y € supp(v), the same argument as in part 2 of the proof of Proposition
3.9 shows both that there exists a sequence {z;} C supp(u) such that

T, — &

Yi = Y,
T

and that there exists a countable set S C RT such that

T 7 e, (By(3:) = v(B,(y)) for every p € R\ 8.
3 o0

Another way of saying the second statement is that for every p € RT \ S we have

v(By(y)) = lim B @) _ e

i—00 T

For every p € RT, there exists a sequence {p;} € R* \ S such that p; 1 p. This
implies that v(B,(y)) = wap® for every p > 0. Since y was arbitrary, we conclude
that v € U~ (R™). O

We now prove Lemma 3.17.

Proof of Lemma 3.17. Set E := supp(u). We first want to show that E # R¥. In
fact, since o < k, it makes sense that even Bj(0) is not contained in E. Indeed,
by the Besicovitch-Vitali Covering Theorem (Theorem 2.6), we can cover L£"—
almost all B;(0) by a countable collection of pairwise disjoint closed balls { B, (z;)}
contained in Bq(0) and with r; < 1 for all j. If we had B;(0) C E, then we could
obtain

(o) o0 o0 (o)
— w —
u(B1(0 ZZ (B, xj))—waZrk>waZT Zfzﬁk(Brj(xj))
=1 j=1 j=1 k=1
w
= iﬂ B 0 — Wq-

2L (B1(0) =w
This contradicts the fact that u(B1(0)) = w,. Notice that we used the identity
w(Br; () = war§; even though in the definition of a—uniform measures this

identity holds for open balls, it is a quick exercise to see that it holds for closed
balls as well.

Since £ # RF, fix some y ¢ E. Because F is a nonempty closed set, there
exists a z € E such that dist(y, E) = |y — 2| =: a. Without loss of generality, we
assume that z is the origin and we fix a system of coordinates 1,9, ..., T such
that y = (—a,0, ...,0). From the definition of dist(y, E), we see that E is contained
in the set

E:=R"\ B,(y ={z:(a+21)* + 23+ ... + 22 > a*}.

Fix some v € Tan, (i, 0) and a sequence r; | 0 such that

_ Hory =
ro

(2
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Then, the support of v; is given by
E -
Ej:=—=CE;:={z:(a+mrz)*+ri(ad+..+22) >a’}.
T

Notice that for any « € {z1 < 0} there exists N > 0 and p > 0 such that B,(x) N
E; =0 for i > N. Therefore, v;(B,(x)) = 0, which yields = ¢ supp(v). Therefore,
supp(v) C {x1 > 0}, as desired. O

Before presenting the proof of lemma 3.18, we make a small remark that will be
valuable in the proof.

Remark 3.19. Let p € U¥(R™) and let f: RTY — R be a simple function. Then,
we can write f as

N
f= Z a;iX[0,r:)
i=1

for some choice of N € N,r; > 0 and a; € R. Then, for any y € supp(u), we have

N
/fMdu E)MLn D:Zﬁm@%@D:/ﬂvfMMMﬁ
=1

Therefore, if ¢ is a radial function (meaning its value at a point depends only on
the distance between that point and the origin), then an approximation argument
using simple functions shows that, for all y € supp(u), we have

(3.20) [o@autz) = [ ot~ wiuco).

Proof of Lemma 3.18. We first define the quantity

71/(BT(O)) /BT(O) zdv(z) =r~¢ /BT(O) zdv(z).

Let (by(r),ba(r), ..., bp(r)) denote the components of the vector b(r). Notice that
the quantity b(r) is w, multiplied by the center of mass of the measure vL B,.(0).
By hypothesis, we know that supp(v) C {1 > 0}, and hence by (r) > 0. Moreover,
b1(r) = 0 would imply the claim of the lemma. For if this were not the case, then
there would exist some » € Tan, (v, 0) such that the support of 7 is not contained
in {x; = 0}. Therefore, there exists some z = (z1,...,2)) such that (without loss
of generality) z; > 0 and D(B,(z)) > 0 for some p such that B,(z) C {1 > 0}.
Let {r;} be a sequence decreablng to zero such that

(3.21) b(r) =

Vo,r;
i R~
V.

ro¢

7

Then,

(3.22) / z dv(z) = lim z d(yo ”) = lim r; / z dv.
Bp(m) 1— 00 B,,(z) Tz 1—00 B

pri(x)
For r sufficiently large, B,y C B;(0). Therefore, the first component of b(r),
for this r, is at least as large as that of the first integral in (3.22). It follows
that the first component of this integral must be zero. This is impossible, since
B,(z) C {x1 > 0} and the first component of f(z) = z is positive on this ball.
Therefore, if by (r) = 0, then the claim of the lemma is true.
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When by (r) > 0, the main idea of the proof is to study the limiting behavior of
the quantity b(r) as r decreases to 0. More explicitly, given some 7 € Tan,(v,0)
we define

(3.23) e(r):=r=¢° /B . 2dv(z),

which plays exactly the same role for 7 that b(r) does for v. We want to show that
e(r) = 0 for all r. Since supp(?) C {x1 > 0} this would immediately imply that
supp(?) C {x1 = 0}, concluding the proof. We split this into two parts.

Part 1 We first prove the following claim:

(3.24) [(b(r),y)| < C’(Oz)|y|2 for every y € supp(v) N Ba,(0).

We wish to show this because, if we can find a bound on an inner product with
the quantity b(r), then we can also find one on an inner product with ¢(r), seeing
as ¢(r) and b(r) are related through a limiting process. This will, in turn, help us
show that ¢(r) = 0. From the identity

2z, y) = [yl + (0 = o —y*) = (r* = |2*),

we compute

= ’[“_a

y2(B,(0)) + /B .

For y € supp(v), Remark 3.19 shows that

/B e uave) /B PRGRERTZE
_ 7’2 — | — 2 vix) — 7‘2 — | — 2 v(x
‘/B,,,m)( & — y[2)du(z) / (2 [z — y)dv(z)

By (y)

(12 — & — y[?)dv(x) - / (r2 — [a?)dv(x)|.

B;-(0)

= 7’27‘%721/1'7 7’271721/(17.
(326) = /B o 7l / (r? [z — yP)dv(a)

Br(y)\Br(0)

Combining (3.25) and (3.26) we obtain

20(b(r), 4)] < walyl> + 77 /

Br(0)\B:(y)

r? — |z — y[?|dv(z)

(3.27) + ’I“_a/ r? — |z — y|?|dv(z).
Br(y)\Br(0)

For z € B,(0) \ B,(y) we have
0< o~y —r? <|o—yP —2® = (lo —yl + |2])(|o — y| - |z]) < 4rlyl,
whereas for x € B,(y) \ B,(0) we similarly obtain

0<r —fz—yl? <o® o~y = (Jz — y| + 2]} (2| — |z — y]) < 4rly].
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Therefore, (3.27) yields

21001501 < all? + 222 |oB 0\ B 0) + (B, 005 )|

irlyl,, {<Br<y>\Br<o>> + <Br<0>\Br<y>>} -

(3.28) = walyl* +

If |y| < r, then one verifies that

(Br(y) \ Br(0)) U (Br(0) \ Br(y)) C (Brs1y(0) \ Broyy(y))-

Therefore, we obtain

2/(b(r), )| < walyl® +

5,10 = (5,1 )|

Aylwa a
—wall? + 5 1 - = e
(-]

r r
By Newton’s Binomial Theorem (notice that @ < 1), this becomes
S y y
m|y|2+4T|y|wa[z(k)(' ) S e(9)() ]
k=0 k=0
—wa|y|2+4r|ywa[ (1) (1)
k odd

by 8(pn | X 2(2) (1Y)

¢ “ k T '
k odd,k>3

Notice that the sum in the brackets can be bounded by 2%, since both the terms in
the brackets in equation (3.29) are less than 2¢. Therefore,

4ly|wa

ra—l

. [}

(3.29) = wa |yl +

This yields (3.24) for |y| <r. For r < |y| < 2r we use

B.(y) \ B-(0)U B.(0) \ B(y) C B4y (0)

and a similar computation.
Part 2 To reach the desired conclusion, fix 7 € Tan, (v, 0) and a sequence r; | 0
such that
v = VO’; Ny

T

Moreover, let b(r) and ¢(r) be the quantities defined in (3.21) and (3.23). By
Proposition 2.4, there is a set S C R which is at most countable and such that

c(p) = lim0 b(pr;) for pe RT \ S.
Ti—>
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Let p € RY \ S and z € supp(?) N B,(0). Then there exists a sequence {z;}
converging to z such that y; := r;2; € supp(v). Using (3.24) we obtain

e(p), 2] = tim L@ oy gy P

r;i—0 T r;—0 T

0.

Since (c(p), z) = 0 for every z € supp(#) N B,(0), we find that
0= [ telp).2) ditz) = el
B, (0)

This holds for every p € RT \ S. Since for p € S there exists a sequence {p;}
increasing to p, we conclude that

c(p) = lim ¢(p;) = 0.
11— 00
Therefore, ¢(p) = 0 for every p > 0, completing the proof. (]
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