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ABSTRACT. This paper is an introduction to certain topics in graph theory,
spectral graph theory, and random walks. We begin with basic definitions
in graph theory, moving then to topics in linear algebra that are necessary
to study the spectra of graphs. Then, finally, to basic results of the graph’s
matrices and an introduction to random walks.
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1. INTRODUCTION

While graphs are typically represented as a set of vertices and a set of edges,
they can also be represented by several different matrices. This naturally motivates
the inquiry as to the nature of a graph’s spectrum. The spectrum of a graph has
proven itself to be surprisingly informative about that graph’s characteristics, such
as the diameter of a graph and its connectivity. We will explore some of these
results within this paper as well as discuss the basics of random walks on graphs.

We begin with basic but necessary definitions in graph theory that are important
to both describe and prove results in spectral graph theory. Then, we move to topics
in linear algebra that are required to understand spectral graph theory, such as the
Rayleigh quotient and spectral theorem. Next, we discuss basic results of a graph’s
matrices and characteristics of a graph that can be read from the matrices and their
corresponding eigenvalues. Finally, we begin a very basic introduction to random
walks on graphs with a discussion of the transition matrix.

2. BASIC DEFINITIONS

Definition 2.1. A graph is a pair G = (V, E), where E is a multiset whose elements
are 2-subsets of V.
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Elements of V' are called the vertices of a graph G and the elements of E are
called the edges of a graph GG. The above definition is sometimes referred to as an
undirected graph. Edges can be thought of as lines connecting two vertices or as
loops starting and ending at the same vertex.

Definition 2.2. An edge e = (v;,v;) is incident to a vertex v if v = v; or v = v;.
Definition 2.3. An edge e = (v;,v;) joins the two vertices v; and v;.

An edge that joins a vertex v to itself is called a loop, and if there exists more
than one edge that is incident to a pair of vertices u and v, then there are multiple
edges joining those u and wv.

Definition 2.4. Two vertices v and u are adjacent if there exists an edge e € F
where e joins v and u. If v and u are adjacent, then v ~ w.

Definition 2.5. A simple graph G is a graph that contains no loops or multiple
edges.

Unless stated otherwise, in this paper graphs will be simple and finite. This
means that the set of vertices is finite.

Definition 2.6. The degree of a vertex v, denoted d,, is the number of edges
incident to v.

U1 V2

Simple graph G
Multigraph H Q

V3 V4

Example 2.7. The diagram above on the left is a simple graph G with vertex set
V = {v1,v9,v3,vs4} and edge set E = {{v1, v}, {v1,v3}, {v1, v}, {v2,v3},{vs, v},
{va,v4}}. A special property of the above graph is that every pair of vertices is
adjacent, forming a complete graph. Complete graphs are denoted by K,,, with n
being the number of vertices in the graph, meaning the above graph is a K4. It
should also be noted that all vertices are incident to the same number of edges.
Equivalently, for all v € V', d,, = 3. We call a graph where d,, is constant a regular
graph. Therefore, all complete graphs are regular but not all regular graphs are
complete.

The graph on the right, H, is the simplest example of a multigraph: a graph
with one vertex and a loop.

Definition 2.8. A walk on a graph G = (V, E) is a sequence of vertices (vg, . .., vp_1)
where {v;_1,v;} € E for 1 <i <n — 1. The length of the walk is n — 1.

Definition 2.9. A path on a graph G = (V, E) is a walk where all vertices and
edges are distinct.

Definition 2.10. If there exists a path in G from vertex v; to vertex vy, then
vy and vg are connected. A graph G is connected if every pair of vertices in G is
connected.
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Remark 2.11. We will assume in this paper that graphs are connected unless stated
otherwise.

Other than representing graphs visually with vertices and edges, one can also
represent them in terms of matrices. Three matrices that can be used to study
graphs are the adjacency matrix, the Laplacian, and the normalized Laplacian.
While all three matrices have different constructions and eigenvalues, they all can
indicate important features of a graph, including regularity, connectedness, and
completeness.

Definition 2.12. The adjacency matriz A of a graph G is an n X n matrix indexed
by V', where n = |V|, defined as:

1 v ~wv;
Aij = .
{0 otherwise
Definition 2.13. The Laplacian matriz L of a graph G is also an n x n matrix
indexed by V', where n = |V, defined as:

dv,; v = ”Uj
L'L',j = -1 Vg ~ ’Uj
0 otherwise

Remark 2.14. An equivalent definition of the Laplacian would be L = D — A, where
D is a diagonal matrix with the degrees of the vertices down the diagonal and A is
the adjacency matrix.

Definition 2.15. The normalized Laplacian L is an n X n matrix defined as:

1 Vi = Uy
r 1
o= vy~
1,7 J
dy,dy;
0 otherwise

Remark 2.16. Again, the normalized Laplacian can be defined with another, equiv-
alent definition. It can be seen as the product of both the diagonal matrix D and
the Laplacian L. More specifically, it can be defined as £ = D~1/2LD~1/2,

All of the matrices that were defined depend on a numbering of the vertices in
V. However, different numberings can be thought of as simple permutations of the
vertices. This means that the different matrices are unique up to conjugation by
permutation matrices. So then, no matter the numbering placed on the vertices of
a graph G, the spectral properties of all three matrices defined will be consistent.

U1 V2

U3 V4
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Example 2.17. The vertices of the above graph have been assigned an order, so
the adjacency, Laplacian, and normalize Laplacian matrices can be expressed as:

0100
1010
A= 01 01
0 010
1 -1 0 0
-1 2 -1 0
L= 0o -1 2 -1
0 0 -1 1
1
1 ~s 0 0
_ 1 1 _1 0
L= V2 2
0o -3 1 -1
1
0 0 —7 1

3. RELEVANT LINEAR ALGEBRA

Spectral graph theory, as implied by the name, relies heavily on linear algebra.
Before the results of the eigenvalues of the various matrices can be discussed, certain
features of linear algebra must be defined and proven. By definition and seen in
Example 2.14, all three matrices are symmetric, and therefore all of their respective
eigenvalues, are real.

Definition 3.1. The standard inner product (-, -) of vectors a,b € C™ is defined to
be -
(a,b) = a™b

Theorem 3.2. If A is a symmetric matriz with all real entries, then all eigenvalues
of A are real. There also exists a basis for R™ comprised of orthonormal eigenvectors

of A.
Proof. Let A € C be an eigenvalue of A with corresponding eigenvector v. Note
that since A is a symmetric matrix, we know that A = A = AT, Then:
Mo, v) = (Av,v)

= (v, Av)

= (v, \v)

= Mv, v)
Because A = A, it must be true that A € R. So if A is an eigenvalue of A, then A

must be real.
A proof for the basis of orthonormal eigenvectors can be found [4]. O

Definition 3.3. A matrix A is called Hermitian if A = AT.

Because the adjacency matrix, Laplacian matrix, and normalized Laplacian ma-
trix are all real, symmetric matrices, it is clear that all three of them are Hermitian
matrices. A useful property of Hermitian matrices is that the Rayleigh quotient
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can be used to find the eigenvalues, and by extension the eigenvectors, of Hermitian
matrices.

Definition 3.4. Let A be an n X n, Hermitian matrix. The Rayleigh quotient R
is a function R™ \ {0} — R where

2T Ax
Ra(z) =

zTx
Quickly note that if x is an eigenvector with corresponding eigenvalue A, then
Ra(z) = X because

T T T
' Ar ozt Mz Tt x
Ra(z) = ——=—F%—=A—4—= A
T zTx Ty
The Rayleigh quotient can be used to find the minimum and maximum eigen-
values of a Hermitian matrix. Using those corresponding eigenvectors, all of the

intermediate eigenvalues can be found.

So starting with a symmetric, n X n matrix A, there is a basis for R™ of or-
thonormal eigenvectors vy, ..., v, with corresponding eigenvalues Aq,..., A, where
A1 < Ao < ... < \,. Then, because vy, ...,v, forms a basis for R™, for any vector
x € R™, we can express = as a linear combination of those eigenvectors

T = Zawi (a; € R).

First looking at the denominator of the Rayleigh quotient:
n n
I'TZL' = Z O[iaj’l);r’l)j = Zaf
i=1,j=1 i

Note that the j term is eliminated because when i # j, v} v; = 0 because they are
orthogonal. Now, the numerator of Rayleigh’s quotient:

n n n
2T Az = 27 <Z aiAvi> = Z izt (\vy) = Z \ia?
i=1 i=1 i=1
The entirety of Rayleigh’s quotient can then be expressed as:
Dt af
i1 0f
Then, because of the ordering placed on the eigenvalues:
i1 3N < Yo}
n - n
i of i of

Because Ra(z) has a maximum value of \,, and we know that R4(x) achieves its
maximum when x = v,, we have that m;%( Ry(x) = Ayp. A similar arguement
xr

RA(:L‘) =

RA(Z‘) =

follows for min R4 (x) = A;.
z#0

We can expand this method to include all eigenvalues rather than just A; and
An. For any k where 1 < k < n, let W = span(vy,...,v;). Then, for any z € W,
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k
we can represent x as x = Zaivi. Therefore, the Rayleigh quotient for x € W

=1
will have similar bounds as the Rayleigh quotient for x € R™:

k k
Dic1 af)\i < > i1 af

R4 (I) = % =~ = ! )\k = )\k
i1 O D1 O
So we have that
Ak = R
£ LR, Ra@)
For finding the kth eigenvalue with the minimum, we let W = span(vg, ..., v,)

and the bounds on the Rayleigh quotient are reversed

k k
Dic1 azz)‘i D i1 0%2
ey A
Doie1 O D1 O

Ry(x) =

So we have that
A= min Ra(z
€W, x#0 ( )
4. RESULTS OF THE LAPLACIAN AND ADJACENCY MATRICES

As stated previously, different properties of a graph can be identified through the
adjacency matrix, Laplacian matrix, and normalized Laplacian matrix. All three
can display the regularity of a graph, whether a graph is connected, and if a graph
is complete.

Theorem 4.1. Let G = (V,E) be a graph, where |V| = n, and let A be the
adjacency matriz of G. If A is raised to the m-th power, then the entry AZ”J is the
number of walks from v; to v; of length m.

Proof. We induct on m.

Base Case: Let m = 1. The A; ; entry of the adjacency matrix is by definition 1 if
v; ~ v; and 0 otherwise. Therefore, the A; ; entry is the number of walks from v;
to v;.

Inductive Step: We assume the theorem is true for £k > 1. Now let m = k+ 1. We
begin with A, where Aﬁ ; is the number of length k walks from v; to v;. Then,
the number of walks from v; to v; is the sum of the number of walks from v; to
v; multiplied by the number of walks from v; to v; for all v; ~ v;. So the desired
number of walks can be represented as

n

k
E Az’,l : Al,j
=1

n

This is the formula for matrix multiplication so A?jl = Z Af,l - A; j. Therefore,
1=1

Afjl is the number of walks of length & 4 1 from v; to v;. O

Remark 4.2. Notice that the diagonal entries of A**! will be the number of closed
walks, or the number of walks of length k4 1 from a vertex w to w, which leads to
an interesting property of the trace of A**1.

Lemma 4.3. Let M be an n x n matriz. If B is an eigenvalue of M, then 5™ is
an eigenvalue of M™.
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Proof. We induct on n.

Base case: Let n = 1. Then 8! = 3 is the definition of eigenvalue of M.

Now we assume that the statement holds for for k > 1. Let n = k + 1. Because
B is an eigenvalue of M, there is a corresponding eigenvector v. So then gFtly =
B - *v = BAFv by the Inductive hypothesis. Then

BAFv = A* o
= AFAv
= Ay
Therefore, if § is an eigenvalue of M, then 8" is an eigenvalue of M™. (I

We denote the eigenvalues of A as a1 < ... < ap,, the eigenvalues of L as
A1 < ... < A\, and the eigenvalues of £ as 71 < ... < y,.

Theorem 4.4. Let G = (V, E) be a graph with adjacency matriz A. Then Y . af =
tr(A¥) is the number of closed paths on G.

Proof. Let k € N. By Theorem 4.1, Z A¥ . is the total number of closed walks of

0,1

i=1
length k on G. By Lemma 4.3, A* has eigenvalues of, ..., a%. The trace of A* is
Z?:l ai'cv S0 Z;L:l Afz = Z?:l 0‘?-

Therefore, Z?:l a¥ is the number of closed paths on G. O

Now, shifting focus to the Laplacian, we can use the Rayleigh quotient to observe

an interesting property of the Laplacian’s eigenvalues. Let G = (V, E) be a graph
T

with vertices uq, ..., u,. Looking just at the numerator of the quotient , for

any f e R™

frf
fPLf =5 (D - A)f
difi = e, fi
= (flw"vfﬂ)'
dnfn - ZuiNun fz

=> fildifi—= > f
=1

UG~ Usg

=D |dfP= > S
i=1

UG~ UG
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=S| ar -5 S G- f g X g

=1 UjUG Uj UG
ZZdiff+§ 2. Z (fi—= 15)° —% Z fiz_%zdifiz
i=1 Ui U (u“uj) =1
uy~Uj
= > (i= 5
Ui UG

Therefore, fTLf > 0 for all f € R™, which means that \; > 0 for all 1 < i < n.
Also, this means that v; > 0 for all 1 < i < n.

Theorem 4.5. Let G = (V, E) be a graph where d is the mazimal degree of the
vertices in G. The interval [—d,d] contains the adjacency eigenvalues. The in-
terval [0,2d] contains the Laplacian eigenvalues. The interval [0,2] contains the
normalized Laplacian eigenvalues.

Proof. Let o be an adjacency eigenvalue with eigenvector a having entries a; for
1 <7 < n. Then for vertices v; for 1 <17 < n:

Then, aa; = Z a;. Let vy € V be a vertex in G where |a| is maximal. Then:

Vj~YU4
offax] < D lail < Y lax

Vi U Vi U

Zdy-|ak| <d- \ak|

Therefore, |a] < d, implying that —d < o < d.
Next, let A be a Laplacian eigenvalue with eigenvector b. Then for vertices v; for

1<i<n:
dy by — > b;
Vi~V
L-b=Xb= :
dy,bn = Y b;
Then, Ab; = d,,b; — Z bj. Let vy, € V be a vertex in G where |b;| is maximal.
Then: .

o = Allbel < D il < [brlde,

Vi~UE
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This implies that |d,, — A| < d,,. Therefore, 0 < A < 2d,, < 2d.
Lastly, let v be a normalized Laplacian eigenvalue with eigenvector ¢. Then for
vertices v; for 1 < i < n:

virvy V dy, dy,

vi~U1 \/ VU, 1;1

Then, v¢; = ¢; — Z . Let v, € V be a vertex in G where |ci| is maximal.

v~ V U7 Ut

Then:
ci
11— llex] < Z Z -+ <Ck
dU dy,
VU J v]~vk
This implies that |1 — | < 1. Therefore, 0 < v < 2. O

Definition 4.6. A graph G = (V, E) is called bipartite if V is the union of two
disjoint, independent sets V; and V, where every edge connects a vertex in V to a
vertex in Vo. We call V; and V5 partite sets.

Lemma 4.7. A graph is bipartite if and only if it only contains even closed walks.

Proof. First, let us prove the forward direction. Let G be a graph with partite sets
V1 and V5. Let v € V', and without loss of generality let v € V7. A closed walk from
v to v has to alternate between V; and V3, starting and ending in V3. Therefore,
the closed walk must have an even length, or it would never return to v.

Now we prove the reverse. Assume that G has no odd closed walks. Then let
u € V and divide the remaining vertices into two sets:

A = {v € V|the shortest path between u and v has an odd length}

B = {v € Vthe shortest path between u and v has an even length}

Then let u € B. Suppose that there exists a,b € A such that a ~ b. Then there is
an odd path from u to a, an odd path from u to b, and a path of length 1 from a to
b. Combined, this would form an odd closed walk, so no such a, b exist. A similar
argument follows for adjacent vertices in B. Therefore, GG is bipartite. (]

Theorem 4.8. Consider a graph G = (V, E). The following statements are equiv-
alent:

(1) G is bipartite.
(2) Ifa 1s an eigenvalue of A, then —a is also an eigenvalue.

(3) Za r(A") =0 for all odd r.

Proof. First we prove that (1) implies (2): Let G be a bipartite graph. Then, if
G is bipartite, disconnected vertices can be added to both partite sets in order to
make them the same size. Each disconnected vertix will add a row of zeroes to
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the adjacency matrix, meaning the rank of the matrix will not change. Then, the
matrix can be permuted to achieve a matrix that resembles this form:

0 M
A= (o )
Now, consider « to be an eigenvalue of A with a corresponding eigenvector

U Mv
T = (v> Then Az = az = MTu>

. [ u _ (—Mv\  [—au Coe
Consider then vector y = (—v)' So then Ay = ( Mu > = ( v >, which implies

. This implies that Mv = au and MTu = aw.

that —a is an eigenvalue of A.
Now we prove that (2) implies (3): For each eigenvalue «; there is a corresponding
eigenvalue a; where aj = —a;. Then, for all odd r, af = —a;. Therefore,

n
> aj =0 for all odd 7.

i=1
Finally, we prove that (3) implies (1): This implies that there are no closed walks
of odd length in G. So by Lemma 4.7, G is bipartite. O

5. Basics or RANDOM WALKS

Random walks on a graph can be thought of as choosing, at random, a vertex of
the graph. Then taking a step away from the chosen vertex simply entails moving
randomly to one if its neighbors. The sequence of randomly chosen vertices can
then be referred to as a random walk. When discussion random walks on graphs,
the graphs discussed will typically be connected.

There are several types of graphs random walks can take place on, namely un-
weighted, undirected graphs and weighted, undirected graphs. A common feature
of both is that the transition probabilities, which are the probabilities from one ver-
tex to another, are described in a matrix P called the transition matriz. It should
be noted that unlike other matrices discussed in this paper, the transition matrix
is not symmetric.

Definition 5.1. For an unweighted graph, the i, jth entry of the transition matrix
P is described by

1
Pi7j _ dfl if Vi ~ Uy
0 else

Definition 5.2. An edge weight w(u,v) is a weight on moving from vertex u to
vertex v where w(u,v) = w(v,u) and d,, = >, w(u,x).

Definition 5.3. The i, jth entry for the transition matrix for a weighted graph is
then described by
w(v;, v5)
Pi j= dl
0 else

if v; ~ v,

For an unweighted graph, it is fairly clear that for a vertex w, Y Py, = 1,
showing that it is a probability distribution. For a weighted graph, it is still true
that > P, ., = 1 by how the edge weights are defined, so it is also a probability
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distribution. For a graph G = (V, E) where |V| = n, the initial distribution can be
n

determined by a 1 x n vector f where Z fi=1
i=1

Lemma 5.4. Let G be a graph and P be the corresponding transition matriz. Then
the rows of P* are distributions.

Proof. We induct on k.
Base case: Let k = 1. By definition the rows of P are distributions.

Now we suppose the statement is true for [ > 1. Let £k = [+ 1. We have that
P! = PIP and by the inductive hypothesis the rows of P! are distributions. Let
Pil,j denote the i, jth element of P'. The product P'P gives us

[ [ ! )
Piy - P\ (Pi1 - Pia PP o 2P Pin

PvlL,l PrlL,n Pnl Pnn Zip,,ll’i ZLP;L)Zle

s s

Without loss of generality, let us look at the first row. The sum of all the elements
in the first row can be expressed as >, >, P} ,P; ;. However this can be rearranged
to be:

YD PLiPi=) Pli) P
J % i J
A
= pr,i
7

=1

Therefore, the rows of P* are distributions. O

Theorem 5.5. Let G = (V, E) be a graph where |V| = n, P is the transition matriz,
and f is the initial distribution. Then for any k € N, fP* is the distribution after
k steps.

Proof. We induct on k.

Base case: Let £ = 1. By definition, P is the transition matrix containing the
probabilities of taking one step from one vertex to another. The product of f and
P is then

> fiPi
fP= l
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To prove this is a distribution we take the sum ZZ fiP; ;. This sum can be
i

ZZfiPi,j = ijzp‘,i
=> fi-1
j
Zij
j

=1

reordered so that

Therefore, fP is the distribution after one step.

Now we suppose the statement is true for [ > 1. Let k = [ + 1. We begin with P!,
where Pil’ ; 1s the probability of moving from v; to vj in [ steps. Then the probability
of moving from v; to v, in [ 4 1 steps is the sum of the probability of moving from
v; to v; in [ steps multiplied by the probability of moving from v; to vy, in one
step. This can be represented as

> PP,
J

This is the formula for matrix multiplication so Pil";l =3 j PijjJ. Therefore Pil’":nl
is the probability of moving from v; to v,, in [ + 1 steps. The proof of fP'*! being
a distribution is similar to the proof in the base case. (I

6. ACKNOWLEDGMENTS

It’s a very great pleasure to thank my mentor Thomas Hameister for all of his
amazing help and guidance throughout this whole process. I would also like to
thank Peter May for organizing the REU.

REFERENCES

[1] Chung, Fan. Spectral Graph Theory. CBMS Regional Conference Series in Mathematics, March
1996.

[2] West, Douglas B. Introduction to Graph Theory. Upper Saddle River: Prentice-Hall, 1996.

[3] Nica, Bogdan. A Brief Introduction to Spectral Graph Theory. Ziirich: European Mathematical
Society Publishing House, 2018.

[4] Cooke, Roger L. ” An Uncharacteristic Proof of the Spectral Theorem.” Mathematics Magazine
52, no. 5 (1979): 302-04. doi:10.2307/2689783.



